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Abstract—We consider the problem of link scheduling for
efficient convergecast in a wireless system. While there have
been many results on scheduling algorithms that attain the
maximum possible throughput in such a system, there have
been few results that provide scheduling algorithms that are
optimal in terms of some quality-of-service metric such as the
probability that the end-to-end buffer usage exceeds a large
threshold. Using a large deviations framework, we design a novel
and low complexity algorithm that attains the optimal asymptotic
decay rate for the overflow probability of the sum-queue (i.e.
the total queue backlog in the entire system) as the overflow
threshold becomes large. Simulations show that this algorithm
has better performance than well known algorithms such as the
standard back-pressure algorithm and the multihop version of
greedy maximal matching (combined with back-pressure). Our
proposed algorithm performs better not only in terms of the
asymptotic decay rate at large overflow thresholds, but also in
terms of the actual probability of overflow for practical range of
overflow thresholds.

I. INTRODUCTION

We consider the link scheduling problem in a wireless
multihop network for convergecast. In a convergecast situation,
there is a central node to which each node in the network
forwards data. We assume that each node uses a fixed path
to route data to the central node. The same path is used
irrespective of whether a node is relaying data for other nodes
or is transmitting its own data. This scenario results in a tree
topology for the overall system of flows. Such convergecast
problems arise commonly in sensor networks where there is
a central node that collects data, such as temperature readings
or audio/video signals, from all other nodes in the network.

Since the communication medium is wireless, managing
interference becomes important in order to achieve effective
data transfer. For example, allowing all nodes to transmit at
the same time would lead to a significant number of collisions
whereas allowing only one node to talk at a time is inefficient.
Scheduling algorithms play the crucial role of determining
which links can be activated at a certain time. A first order
requirement made on any desirable scheduling algorithm is
that of throughput optimality. That is, if the desired scheduling
algorithm can not stabilize the system for an offered load,
then no other algorithm can stabilize the system for the same
offered load. There has been a substantial amount of work
in this area of research starting with the seminal work of
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Tassiulas and Ephremides [1]. The backpressure algorithm [1],
[2], exponential rule [3], log rule [4], [5] and α-algorithms [6]
are several throughput optimal algorithms known to date.

However, throughput-optimality alone is not sufficient when
performance metrics such as mean-delay, probability of delay
violation or probability of buffer overflow are considered. For
example, the well known throughput-optimal back pressure
algorithm suffers from large delays [7], [8]. Many throughput-
optimal algorithms make their scheduling decisions based on
the backlog in the system, which in turn depends on past
scheduling decisions and arrival rates. Such cross-dependency
results in system dynamics that are difficult to analyze. Due
to this reason, the behavior of throughput-optimal algorithms
in terms of finer QoS performance metrics, such as those
mentioned before, is difficult to quantify. For single-hop traffic,
several techniques have been used to characterize such finer
QoS metrics, including mean-delay analysis [9], [10], heavy
traffic analysis [3], [11] and large deviations [6], [12]–[15]. For
multi-hop traffic, however, the problem becomes even more
complex due to the coupling between the departure process
of a node and the arrival process of the downstream node.
Hence, the available results are even more limited. [16], [17]
study mean-delay performance in the presence of multi-hop
traffic. While [16] provides lower bounds on the mean-delay,
it does not immediately reveal which algorithm is optimal.
[17] provides an algorithm that is order-optimal for mean-
delay. While the algorithm achieves the optimal order when
the number of nodes is large, for small or moderate size
systems, the algorithm may not be close to optimal. [18]
studies a specific tandem network topology with a single flow
and proposes an algorithm that is sample path optimal for the
sum-queue (i.e., the total backlog of the single flow).

Instead of analyzing the mean-delay performance as in [16],
[17], we seek to design a scheduling algorithm for the tree
topology to minimize the probability that the sum-queue of
the system (i.e., the total backlog of all flows) exceeds a large
threshold. However, it appears difficult to apply the technique
of [18] in this more general tree topology and to derive the
exact probability for sum-queue overflow. Hence, we employ a
large deviations approximation which captures the asymptotic
rate of decay of this probability as the overflow threshold
increases [13].

Specifically, we focus on the so-called one-hop interference
model (as in [19] and [20]) and design a low-complexity



scheduling algorithm called P-TREE that attains the maximum
rate of decay for the probability of overflow of the sum
backlog. (Note that although we do not explicitly prove the
throughput-optimality of the P-TREE algorithm, it can also
be established through the mathematical techniques used in
this paper.) The philosophy behind the P-TREE algorithm is
to ensure that as much data is driven out of the system as soon
as possible. The algorithm achieves this by giving priority
to links that are closer to the destination node and to links
that have a larger capacity. The details of this algorithm are
provided in Section IV. A non-rigorous explanation of the P-
TREE algorithm is the following. The algorithm considers for
activation all the links attached to the root, then it considers
all the links at depth 2 from the root, and so on, till it has
reached the deepest leaf nodes. At each depth, the algorithm
first eliminates from consideration all links that might interfere
with links already activated at a lower depth. Then, from the
remaining links, the algorithm activates those links which will
lead to a maximum net transfer of data across that depth. When
applied to the tandem topology studied in [18], our algorithm
reduces to the algorithm used in [18]. However, we emphasize
that our algorithm works for the more general tree topology.

Simulation results show that the algorithm significantly
reduces the probability of sum-queue overflow even when
the overflow threshold is not very large. It performs much
better than both the backpressure algorithm and the multi-
hop version of the low-complexity greedy maximal matching
(GMM) algorithm. Take L to be the number of links in the
system. For the scenario we consider (1-hop interference), it
is known that the back-pressure algorithm has a complexity of
O(L3) [21] and the greedy maximal matching algorithm has
a complexity of O(L log L) [19]. In comparison, the P-TREE
algorithm has an even lower complexity of O(L).

The large-deviations optimality of the P-TREE algorithm
is based on a result from our earlier work that, under suit-
able assumptions, an algorithm that minimizes the drift of a
Lyapunov function at every time in every fluid sample path
is large-deviations optimal for minimizing the probability that
the Lyapunov function overflows [13]. However, as we will
discuss later, it is not trivial to come up with the P-TREE
algorithm and to verify that it minimizes the drift of the
sum-queue in every fluid sample paths. As readers will see
in Section V, such verification involves novel techniques that
uncover non-trivial insights on the dynamics of the P-TREE
algorithm. These techniques are of independent interest and
may be useful for other settings as well.

The rest of the paper is organized as follows. Section
II defines the system model and Section III introduces the
large deviations preliminaries. Section IV presents the P-
TREE scheduling algorithm, which is shown to be decay-rate
optimal for the sum-queue overflow probability in Section
V. Simulation results are provided in Section VI. Then we
conclude.

II. SYSTEM MODEL

As mentioned in the introduction, the convergecast problem
leads to a tree topology for the flows in the network. The root
of the tree is the destination node for all flows in the network.
Each flow in the network originates at some node of the tree
(other than the root) and follows the shortest path to the root.
There can be only one flow originating at each node. All nodes
in the tree other than the root and leaf nodes will be referred to
as interior nodes. Each node (except the root) in the network
can be associated with a link that connects the node to its
parent node. Since this association is a one-to-one mapping,
we will use a unique identifier l to refer to both the link and its
corresponding node. We will use C(l) to denote the number of
children of node l and C to denote the number of children of
the root. Let L denote the set of all links/nodes in the network.

For ease of exposition, we use a vector l to identify a link
(node), which can be explained through the following recursive
procedure. Consider that we have labelled a node as a vector
l = (l1, . . . , lD(l)) (with D(l) denoting the dimension of l).
Then, the task of labelling its children nodes is accomplished
as follows. The children nodes are ordered according to their
link capacities. The one with the highest link capacity is
labelled (l1, . . . , lD(l), 1), the next is labelled (l1, . . . , lD(l), 2)
and so on. In the future, we will use the notation < l, i > to
denote the vector (l1, . . . , lD(l), i) and < l, i, j > to denote
<< l, i >, j >. To start off this procedure, we label the root
node with a null vector. Hence, the vectors of dimension one,
i.e., 1, 2, . . . , C, represent the nodes at depth 1 arranged in
decreasing order of their link capacities. Please see Fig. 1 for
an example of the labeling scheme.

The interference model that we consider is the so-called
one-hop interference model [19], [20]. This means that a node
can either receive or transmit during a time-slot but not both.
Further, it can only receive from one of its children nodes
at a time. This interference model has been used to study
Bluetooth, UWB, and FH-CDMA systems [19], [22], [23].
We assume that time is slotted and the link capacity is fixed
at all time. Let Fl denote the capacity of link l, i.e., Fl is
the amount of data that can be transmitted over link l in a
time-slot provided that interfering links are silent.

The queue associated with link l, denoted by Xl(t), is
maintained by node l. Let El(t) denote the amount of data
transmitted over link l in time-slot t. We impose the constraint
that El(t) ≤ Xl(t). Let Al(t) denote the amount of data
generated by node l in time-slot t. We assume that Al(t) is
i.i.d. in time∗ and that there is a bound M on the maximum
amount of data that any node can generate in a time-slot. Let
λ̂l � E[Al(t)] be the expected arrival rate. We assume that λ̂
is such that the system is stabilizable, i.e., there exists some
scheduling algorithm that can stabilize the system. The queue

∗This assumption can be relaxed. It suffices that Al(t) satisfies a sample
path LDP [13].



evolution is then as follows

Xl(t + 1) = Xl(t) + Al(t) +
C(l)∑
l=1

E<l,l>(t) − El(t)

if l is not a leaf

Xl(t + 1) = Xl(t) + Al(t) − El(t) if l is a leaf. (1)

The root maintains no queue since it is the destination node
for all flows. Further, Xl(t) ≥ 0 for all t and links l. From
(1), we can derive

∑
l∈L

Xl(t + 1) =
∑
l∈L

Xl(t) +
∑
l∈L

Al(t) −
C∑

l=1

El(t). (2)

Equation (2) states that the sum queue is governed by a simple
queueing equation where the arrival is the sum of the arrivals
at each node in the tree and the service is the sum of service
given to the links connected to the root. Note that the service
given to any other link in the system will not change the sum
queue since it is simply an internal transfer of data.

A. Performance Objective

In this paper, we are interested in designing a scheduling
algorithm to minimize the total buffer occupancy in the
network in the following sense. We want to minimize the
steady-state probability that the total buffer occupancy exceeds
a threshold B. The precise mathematical quantity that we want
to minimize is given by

P

[∑
l∈L

Xl(+∞) ≥ B

]
. (3)

In general this quantity is mathematically intractable. We
instead use the following large deviations quantities

−I � lim inf
B→∞

1
B

log

(
P

[∑
l∈L

Xl(+∞) ≥ B

])
(4)

−J � lim sup
B→∞

1
B

log

(
P

[∑
l∈L

Xl(+∞) ≥ B

])
(5)

to provide an approximation of (3). Note that for large B, we
have e−IB+o(B) ≤ P

[∑
l∈L Xl(+∞) ≥ B

]
≤ e−JB+o(B).

The quantities I and J can be determined by the so-called
fluid-sample-paths (FSPs) [13] described next.

III. LARGE DEVIATIONS PRELIMINARIES

We first define the concept of fluid sample paths.

A. Fluid Sample Paths

For a fixed B and T , define the following scaled quantities
in the time interval [−T,+∞):

aB
l (t) =

1
B

B(T+t)∑
τ=0

Al(τ), xB
l (t) =

1
B

Xl(B(T + t)),

eB
l (t) =

1
B

B(T+t)∑
τ=0

El(τ). (6)

The probabilities in (4) and (5) can now be rewritten
as P[

∑
l∈L xB

l (+∞) ≥ 1]. Denote by aB(t) the vector
[aB

l (t)]l∈L. The vectors xB(t) and eB(t) are defined similarly.
Due to bounded arrival and departure rates, the quantities
(aB(t),xB(t),eB(t)) are Lipschitz continuous. Hence, there
exists a subsequence over which they converge uniformly over
compact intervals (u.o.c.). Any such limit over the interval
[−T, 0] is called a fluid-sample-path (FSP). In other words,
(a(t),x(t),e(t)) is called a FSP if for some T > 0 there
exists a sequence (aB(t),xB(t),eB(t)) that converges to it
u.o.c. over [−T, 0].

Note that FSPs are different from fluid limits [13]. Fluid
limits are limiting processes to which (aB(t),xB(t),eB(t))
converges with probability 1. Hence, fluid limits capture the
mean behavior of the system. In contrast, convergence to an
FSP does not need to be with probability 1. Hence, an FSP
is more general and captures large-deviations behavior that
deviates from the mean.

B. Large Deviations Principle

Since the arrival process is i.i.d. in time, the sequence of
scaled processes aB(t) satisfies a sample path large deviations
principle with some rate function IT

a (·). What this means is
the following. Let Φa[−T, 0] be the space of component-wise
non-decreasing functions a(t) on [−T, 0] with a(−T ) = 0.
Let this space be equipped with the essential supremum norm
[24, p176]. For any set Γ of trajectories in Φa[−T, 0], the
probability that the sequence of scaled arrival processes aB(t)
fall into the set Γ satisfies: limB→∞ 1

B log P[aB(t) ∈ Γ] =
− infa∈Γ IT

a (a). That is, the decay-rate of the probability
P[aB(t) ∈ Γ] is determined by the trajectory a in Γ with
the least cost IT

a (a).
Under a given scheduling algorithm, if the mapping from

the arrival process aB(t) to the queue process xB(t) is con-
tinuous, then one can apply the contraction principle [24] and
conclude that the sequence of scaled queue processes xB(t)
satisfies a large deviations principle as well. That is, the rate
of decay of the probability of overflow P[

∑
l∈L xB

l (0) ≥ 1] is
determined by the minimum cost IT

a (a) among all trajectories
a(t) that causes the queue to grow from a(−T ) = 0 at
t = −T to overflow at t = 0. The trajectory that attains
this minimum-cost-to-overflow is called the “most likely path
to overflow.” Further, as T → +∞, one may show that this
minimum-cost-to-overflow approaches the decay rate of the
steady-state probability of overflow P[

∑
l∈L xB

l (+∞) ≥ 1].
However, for the system that we are interested in, this

approach encounters several difficulties [13]. First, for many
scheduling algorithms it is very difficult to verify the con-
tinuity of the mapping from aB(t) to xB(t) and hence
the contraction principle may not hold. Second, even if the
contraction principle can be applied, it is difficult to find
the minimum-cost-to-overflow because we have to solve a
multi-dimensional calculus-of-variations problem. Third, even
if we can compute the minimum-cost-to-overflow for a given
algorithm, it is unclear how to optimize across algorithms to
find the optimal algorithm.



In our earlier work [13], we establish a new result (Theorem
8 in [13]) that circumvents these difficulties. This result is
re-stated in this paper as Theorem 3. Roughly speaking, this
Theorem states that under certain assumptions on a Lyapunov
function V (x), if the scheduling algorithm π0 minimizes the
drift of the Lyapunov function V (x(t)) at each point in time
in every fluid sample path, then the algorithm π0 must be large
deviations decay-rate optimal for P[V (xB(+∞)) ≥ 1]. This
result has the following intuitive explanation: For any given
FSP under algorithm π0, since the algorithm π0 minimizes the
drift of the Lyapunov function at every time, it is plausible that
the algorithm π0 will also minimize the value of the Lyapunov
function at the end of the FSP. We note however that this
statement is not trivial to hold: minimizing the drift at each
point in time is a myopic property, which may not always lead
to globally optimal behavior! In our prior work [13], we have
rigorously quantified the conditions under which the above
statement holds (see also Theorem 3 in Section V). Once
these conditions are satisfied, we can see that for any FSP
that leads to overflow under algorithm π0, the corresponding
FSP (with the same arrival process a(t) and thus the same cost
IT
a (a)) under any other algorithm must also overflow. Hence,

the minimum-cost-to-overflow (and thus the decay rate of the
overflow probability) under algorithm π0 must be no smaller
than that under any other algorithms.

Hence, our problem becomes that of finding an algorithm
(i.e., the P-TREE algorithm in Section IV) and verifying that
it is drift-minimizing for the Lyapunov function V (x(t)) =∑

l∈L xl(t) at each time in every fluid sample path. This,
however, is not a trivial task. Although it is not difficult to
identify the minimum drift at a given point in an FSP, it is
often much more difficult to find an algorithm in the original
discrete-time system that attains the minimum drift. This is
because drift minimization in FSP, even over an infinitesimally
small interval δ, corresponds to the cumulative effect over time
interval Bδ in the original discrete-time system. However, in
the original discrete-time system, an algorithm cannot know
the “future” in the interval Bδ before hand. As a result, it is not
always easy to design a discrete-time algorithm that minimizes
the drift in each time in every FSP. This discrepancy between
discrete-time and fluid-scaled continuous-time was discussed
in [25] for fluid limits, where the authors establish conditions
under which minimizing the drift in discrete-time is sufficient
for minimizing the drift in fluid limits. However, our Lyapunov
function

∑
l∈L Xl(t) does not satisfy the conditions in [25],

and hence the techniques there do not apply. Further, as
readers will see, the P-TREE algorithm that we will propose
in Section IV does not minimize the drift of the Lyapunov
function

∑
l∈L Xl(t) in discrete-time either. For instance, if

a link has insufficient data, i.e., Xl(t) < Fl, then that link
is not considered for activation in that time-slot even though
serving that link might drain more packets from the system.
Nonetheless, we will develop new techniques that confirm
that the P-TREE algorithm indeed minimizes the drift of
the Lyapunov function at each time in every FSP. These
techniques reveal non-trivial insights on the dynamics of the

system under the P-TREE algorithm.
Finally, we emphasize that our task of proving the drift

minimizing property for fluid sample paths is distinct from
the more common proofs in the literature for proving that
certain algorithms are drift minimizing for the fluid limit. As
stated previously, fluid limits only capture the mean behavior
where-as FSPs capture behaviors that deviate from the mean
as well. Proving an algorithm to be drift minimizing for FSP
is inherently more difficult since drift minimization must be
shown for any conceivable system behavior.

IV. P-TREE SCHEDULER

We next describe P-TREE, a simple priority based schedul-
ing algorithm tailored for the tree network. The algorithm is
based on two guiding principles. First, we give priority to links
that are closer to the root (destination) node and secondly, we
give priority to links that carry more data per timeslot. The
intuition is that by following the two principles, we hope to
move data out of the network as fast as possible and hence
reduce the total buffer occupancy in the network.

Only links that have enough data to fully utilize the capacity,
i.e., Xl(t) ≥ Fl, are considered for activation in time-slot t†.
Let the set of such links be denoted by A(t). To choose the link
for activation, the algorithm first considers links l of dimension
1 (i.e., those links directly connected to the root). It chooses to
activate link l∗ = min{l|1 ≤ l ≤ C, l ∈ A(t)}. Recall that the
links of dimension 1 are numbered in decreasing order of link
capacity. Hence, l∗ is the link with the largest capacity among
links of dimension 1 that are considered for activation. Then
the algorithm considers all interior nodes at depth 1, then all
interior nodes at depth 2, and so on, till it has considered all
interior nodes. Each time the algorithm considers an interior
node l, it performs the following:

If link l is activated, then none of the links< l, l >
(l = 1, . . . , C(l)) will be activated (due to interference).
Otherwise link < l, l∗ > is activated where l∗ = min{l|1 ≤
l ≤ C(l), < l, l >∈ A(t)}. Again, if we recall the structure
used to label links, we can see that the above optimization
problem is choosing the link with the largest capacity among
all contending links.

This algorithm can be considered as a generalization of the
algorithm π0 specified in [18] where the authors establish that
for a tandem topology (i.e., a tree with no branching) the
algorithm is sample path optimal in terms of the sum queue.
In comparison, in this work we will show that the P-TREE
algorithm is large deviations decay rate optimal in terms of
the sum queue for the more general tree topology.

V. ANALYSIS

Due to space constraints, we omit most of the proofs in the
following discussions. We request interested readers to refer
to our technical report [26] for detailed proofs.

Any FSP (a(t),x(t),e(t)) is differentiable almost every-
where in the interval [−T, 0] [13]. Denote the set of time

†Due to this restriction, the P-TREE algorithm does not always minimize
the drift of

P
l∈L Xl(t) in the discrete time.



instances where the FSP is not differentiable as T . Then T
is of measure 0. In the rest of this paper, we will restrict our
discussion to time t /∈ T , and we will call such time a regular
time. Define the following related quantities fl(t) = 1

Fl

d
dtal(t)

and μl(t) = 1
Fl

d
dtel(t).

We remind the readers that Flfl(t) is different from the
mean arrival rate λ̂l(t) since we are considering an FSP. From
the queue evolution equations (1) and (2), we can derive the
following for the FSP:

d

dt
xl(t) = Flfl(t) +

C(l)∑
l=1

F<l,l>μ<l,l>(t) − Flμl(t),

if l is not a leaf
d

dt
xl(t) = Flfl(t) − Flμl(t), if l is a leaf (7)

∑
l∈L

d

dt
xl(t) =

∑
l∈L

Flfl(t) −
C∑

l=1

Flμl(t). (8)

For example, below we briefly illustrate how we can derive
(7) for the case when l is a leaf. From (1), we have

1
B

Xl(B(T + t)) =
1
B

B(T+t)∑
τ=0

(Al(τ) − El(τ)) + O(
1
B

).

The term O( 1
B ) accounts for the terms

1
B (Xl(0) − Al(B(T + t)) + El(B(T + t))). Taking the
limit as B → ∞ along the subsequence that gives us the FSP,
we have xl(t) = al(t) − el(t). Differentiating, we obtain (7).

The following proposition captures fundamental constraints
in a converge-cast for the FSPs under any algorithm.

Proposition 1: For any scheduling algorithm, any FSP
(a(t),x(t),e(t)) must satisfy the following constraints for all
regular time t.
Interference constraint equations:

C∑
l=1

μl(t) ≤ 1 (9)

C(l)∑
l=1

μ<l,l>(t) + μl(t) ≤ 1 for all interior nodes l (10)

μl(t) ∈ [0, 1] for all nodes l. (11)

Flow constraint equations:

μl(t) ≤ fl(t) +
C(l)∑
l=1

F<l,l>

Fl
μ<l,l>(t) (12)

if xl(t) = 0 & l is an interior node

μl(t) ≤ fl(t) if xl(t) = 0 & l is a leaf. (13)

Remark: If we think of μl(t) as the fraction of time that
link l is activated, Equations (9)-(11) state that for any set
of interfering links, the sum of the fractions of time that each
link in the set is activated must be no greater than 1. Equations
(12) and (13) state that when the queue backlog xl(t) at node
l is 0, the net flow of data into the node must be no smaller
than the flow out of the node.

Define the Lyapunov function V (x(t)) �
∑

l∈L xl(t). We
will use the results of [13] to prove that the P-TREE algorithm
is optimal in terms of maximizing the large deviations decay
rate. Specifically, define Iπ and Jπ (correspondingly, Ip−t and
Jp−t) to be the quantities (4) and (5) when the system is op-
erating under scheduling algorithm π (correspondingly, under
P-TREE). We will show that Jp−t ≥ Iπ for all algorithms π.
Hence, the fastest rate of decay of P[

∑
l∈L Xl(+∞) ≥ B] is

that obtained under the P-TREE algorithm. Recall for future
reference that P[

∑
l∈L Xl(+∞) ≥ B] = P[V (xB(+∞)) ≥

1]. We state the main result of the paper formally as follows.
Proposition 2: The P-TREE algorithm attains the optimal

decay rate, i.e., for any scheduling algorithm π, we have

lim sup
B→∞

1
B

log

(
Pp−t

[∑
l∈L

Xl(+∞) ≥ B

])

≤ lim inf
B→∞

1
B

log

(
Pπ

[∑
l∈L

Xl(+∞) ≥ B

])
,

i.e., Jp−t ≥ Iπ .
To prove Proposition 2, we use the result of Theorem 8

from [13] which we restate here for reference.
Theorem 3: Let π0 be a scheduling policy that satisfies As-

sumptions 1, 2, 3, 4, 5 and 6 of [13]. Let π be any scheduling
policy, then lim supB→∞

1
B log(Pπ0 [V (xB(+∞)) ≥ 1]) ≤

lim infB→∞ 1
B log(Pπ[V (xB(+∞)) ≥ 1]).

Assumptions 1, 2, 3, 5 and 6 are restated in our technical
report [26], along with the proof of Lemma 4 (stated below),
which verifies that the P-TREE algorithm in fact satisfies the
stated assumptions. The details are omitted here due to space
constraints. Compared to Assumption 4 (stated below), these
other assumptions are simpler to verify and the techniques are
also similar to those in our prior work [6], [27].

Lemma 4: The P-TREE algorithm and Lyapunov function
V (·) satisfy Assumptions 1, 2, 3, 5 and 6 mentioned in [13].

Assumption 4 is stated below.
Assumption 4: For any FSP (a(t),x(t),e(t)), the algo-

rithm π0 satisfies the following for all regular time t:

d

dt
V (x(t)) = min

µ̂=[μ̂l]

∑
l∈L

Flfl(t) −
C∑

l=1

Flμ̂l

subject to x(t),f(t), μ̂ satisfy FSP constraints

in Proposition 1. (14)

Note that the drift of the Lyapunov function V (x(t)) is
given by d

dtV (x(t)) =
∑

l∈L
d
dtxl(t), where

∑
l∈L

d
dtxl(t) is

given in (8). Thus, the objective function in the optimization
problem on the right-hand-side of (14) is the drift d

dtV (x(t))
at time t when the service vector is μ̂, conditioned on the
given values of x(t) and f(t). Hence, Assumption 4 states
that along every FSP, the scheduling algorithm π0 minimizes
the drift d

dtV (x(t)) at each point in time over all possible
scheduling algorithms. This assumption is more difficult to
verify and is the key assumption that the P-TREE algorithm
needs to satisfy for the result Proposition 2 to hold. The rest



of this section will be dedicated to verifying that the P-TREE
algorithm in fact satisfies this assumption.

First, the optimization problem on the right-hand-side of
(14) can be expanded into the following optimization problem,
which can be interpreted as a lower bound on the drift
d
dtV (x(t)) of any FSP at a regular time t under any scheduling
policy, conditioned on the given values of x(t) and f(t) at
time t.

optA(f(t),x(t)) = (15)

min
µ(t)

∑
l∈L

Flfl(t) −
C∑

l=1

Flμl(t)

sub to (9) − (13).

To see that (15) indeed provides a lower bound for the drift,
note that the objective function of the optimization problem
is d

dtV (x(t)) and the constraints are the set of inequalities
satisfied by any FSP as stated in Proposition 1. By minimizing
over all possible values of μ(t), we obtain a lower bound on
the drift under any algorithm, conditioned on x(t) and f(t)
at time t.

The following Lemma formally states that the P-TREE
algorithm satisfies Assumption 4.

Lemma 5: For any FSP (a(t),x(t),e(t)) of the P-TREE
algorithm, the drift is given by d

dtV (x(t)) = optA(f(t),x(t)).
Before we present the proofs, we briefly illustrate where lies

the difficulty in verifying that the P-TREE algorithm satisfies
Assumption 4. Note that the drift of the Lyapunov function∑

l∈L xl is equal to
∑

l∈L Flfl −Flμl. Suppose that link 1 is
at depth 1, and it has the largest rate among all links at depth 1.
At a given point t in an FSP, suppose that x1(t) > 0, which
means that in the original discrete time system the backlog
of link 1 is very large. Then it is easy to see that P-TREE
minimizes the drift because it will always activate link 1,
and hence μ1(t) = 1. What is more complicated, however,
is when x1(t) = 0. In this case, the backlog of link 1 in
the original discrete-time system is close to (but not always
equal to) zero. Hence, under the P-TREE algorithm, link l will
be served for some fraction of time. The exact fraction will
depend on the services at its children links that feed packets
into link 1. The situation will become even more complicated
when these children links l in turn have xl(t) = 0 in the FSP.
Hence, in order to prove that P-TREE algorithm minimizes
the drift at time t in FSP, we must carefully account for
all possible combinations of the values xl(t) (being zero or
strictly positive), which makes the analysis quite complicated.
However, we will develop an important result (Proposition 7)
that reveals an interesting structure of the dynamics of the
P-TREE algorithm, which successfully addresses the above
difficulty.

The rest of the section is dedicated to proving Lemma 5
and is divided into two subsections. In Subsection V-A, we
derive properties of the FSP under the P-TREE algorithm.
Then, in Subsection V-B, we show that the drift under the
P-TREE algorithm achieves the value of optA(f(t),x(t)).

Since optA(f(t),x(t)) is a lower bound on the drift of any
scheduling algorithm, this implies that the P-TREE algorithm
satisfies Assumption 4 and that Lemma 5 holds.

A. Properties of FSPs under P-TREE Algorithm

The following lemma proves that whenever the backlog for
a link is positive or if the backlog is zero but is growing at a
positive rate, then under the P-TREE algorithm this link must
receive all remaining service possible after service has been
assigned to the higher priority links.

Lemma 6: Any FSP (a(t),x(t),e(t)) under the P-TREE
algorithm satisfies the following for regular time t:
For l = 1, . . . , C, if xl(t) > 0 or if xl(t) = 0 and d

dtxl(t) > 0,
then μl(t) = 1 −

∑l−1
i=1 μi(t).

For any interior node l and l = 1, . . . , C(l), if x<l,l>(t) > 0
or if x<l,l>(t) = 0 and d

dtx<l,l>(t) > 0, then μ<l,l>(t) =
1 − μl(t) −

∑l−1
i=1 μ<l,i>(t).

We can now prove the following proposition which deter-
mines the service received by a link.

Proposition 7: Any FSP (a(t),x(t),e(t)) of P-TREE al-
gorithm satisfies the following for all regular time t:
For l = 1, . . . , C:
If xl(t) > 0, then the following holds: μl(t) = 1−

∑l−1
i=1 μi(t).

If xl(t) = 0, then the following holds

μl(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

min
(
1 −

∑l−1
i=1 μi(t) ,

fl(t) +
∑C(l)

j=1 μ<l,j>(t)F<l,j>

Fl

)
if l is not a leaf.

min
(
1 −

∑l−1
i=1 μi(t), fl(t)

)
if l is a leaf.

For any interior node l, l = 1, . . . , C(l):
If x<l,l>(t) > 0, then the following holds: μ<l,l>(t) = 1 −
μl(t) −

∑l−1
i=1 μ<l,j>(t).

If x<l,l>(t) = 0, then the following holds

μ<l,l>(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

min
(
1 − μl(t) −

∑l−1
i=1 μ<l,j>(t),

f<l,l>(t) +
∑C(<l,l>)

j=1 μ<l,l,j>(t)F<l,l,j>

F<l,l>
)
)

if < l, l > is not a leaf.

min
(
1 − μl(t) −

∑l−1
i=1 μ<l,j>(t), f<l,l>(t)

)
if < l, l > is a leaf.

Remark: The idea expressed by the proposition is the fol-
lowing. Consider link l connected to the root (the first set
of equations). If xl(t) > 0, then under any algorithm, the
link l can at most be assigned all the remaining service after
service has been assigned to higher priority links. Hence,
we will have the inequality μl(t) ≤ 1 −

∑l−1
i=1 μi(t) (see

also Proposition 1). What Proposition 7 states is that under
the P-TREE algorithm, we must have strict equality. Loosely
speaking, this means that the P-TREE algorithm uses up all
the service. On the other hand, if xl(t) = 0, then the amount
of service given to link l will be constrained by the additional



requirement that the out-flow at a node can not exceed the
in-flow into the node (see Proposition 1). For example, if
link l is also a leaf node, then under any algorithm, the
service given to link l will be determined by which of the
two 1−

∑l−1
i=1 μi(t) and fl(t) is smaller. Hence we will have

the inequality μl(t) ≤ min
(
1 −

∑l−1
i=1 μi(t), fl(t)

)
. Again,

what Proposition 7 states is that the P-TREE algorithm attains
strict equality. A similar intuition applies to other parts of the
proposition.

B. Proof of Lemma 5

So far, we have only shown that the FSP of the P-TREE
algorithm satisfies certain properties under different combina-
tions of the value xl(t) (being zero or strictly positive). To
prove Prop. 2, we need to verify that P-TREE minimizes the
drift at each time in every FSPs. More precisely, we need to
prove that any FSP (a(t),x(t),e(t)) of the P-TREE algorithm
has drift equal to optA(f(t),x(t)), i.e., μ(t) is an optimizer
for optA(f(t),x(t)) at every t.

Our strategy is to prove by contradiction. Assume that μ(t)
does not optimize optA(f(t),x(t)). Then, there must exist a
change in service δ such that μ(t)+δ provides a better value
for the objective function of optA(f(t),x(t)) while at the same
time satisfying the constraints of optA(f(t),x(t)). Note that
the difference between the values of the objective function for
μ(t) and for μ(t)+δ is equal to

∑C
l=1 Flδl. Hence, it suffices

to show that no δ can produce
∑C

l=1 Flδl > 0 while still
satisfying the constraints of optA(f(t),x(t)). This is proved
in Proposition 8.

Proposition 8: For all δ such that μ(t) + δ satisfies
the constraint equations for optA(f(t),x(t)), we must have∑C

l=1 Flδl ≤ 0.
Before we can prove Proposition 8, we will need to derive

certain properties of δ based on the assumption that μ(t) + δ
satisfies the constraints of optA.

Lemma 9: If μ(t) + δ satisfies the constraints of
optA(f(t),x(t)), then δ satisfies the following:
For l = 1, . . . , C:

δl ≤

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

max
(
−
∑l−1

i=1 δi,
∑C(l)

j=1 δ<l,j>
F<l,j>

Fl

)
if l is not a leaf.

max
(
−
∑l−1

i=1 δi, 0
)

if l is a leaf.

For any interior node l and l = 1, . . . , C(l)

δ<l,l> ≤

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

max
(
−δl −

∑l−1
i=1 δ<l,j>,∑C(<l,l>)

j=1 δ<l,l,j>
F<l,l,j>

F<l,l>
)
)

if < l, l > is not a leaf.

max
(
−δl −

∑l−1
i=1 δ<l,j>, 0

)
if < l, l > is a leaf.

Remark: Note that this is a critical property for the overall
proof because it holds regardless of the value of xl(t) (which,

as we discussed before, has been the main source of complex-
ity). This Lemma expresses the following intuition. Take a link
l at depth 1 for example. Recall from Proposition 7 that the
P-TREE algorithm uses up all the service available. In such a
situation, the increase in service δl for any link l is constrained
by two factors. We must either sacrifice service (i.e., reduce
δj) at higher priority links j = 1, . . . , l−1 or increase service
to the children of l. Hence, the change in service δl can at
most be max

(
−
∑l−1

i=1 δi,
∑C(l)

j=1 δ<l,j>
F<l,j>

Fl

)
. Note that if

a link is a leaf, then it does not have children and hence the
second factor does not appear.

The following lemma, which uses Lemma 9, is essential to
prove Proposition 8.

Lemma 10: If μ(t) + δ satisfies the constraints for
optA(f(t),x(t)), then δ satisfies the following:
(a) Consider any node l that is not a leaf. Let l be any child of
l. If < l, l > is not a leaf and all its children (i = 1, . . . , C(<
l, l >)) satisfy δ<l,l,i> ≤ max

(
−δ<l,l> −

∑i−1
j=1 δ<l,l,j>, 0

)
,

then δ<l,l> ≤ max(−δl −
∑l−1

j=1 δ<l,j>, 0).
(b) Consider any node l that is the child of the root. If l is not
a leaf and all its children (i = 1, . . . , C(l)) satisfy δ<l,i> ≤
max

(
−δl −

∑i−1
j=1 δ<l,j>, 0

)
, then δl ≤ max(−

∑l−1
j=1 δj , 0).

Remark: Part (a) of the lemma states that if all children of
< l, l > (i.e., < l, l, i >) satisfy the property that, to increase
service to < l, l, i >, we must reduce service from higher
priority nodes < l, l >,< l, l, 1 >, . . . , < l, l, i − 1 >, then
link < l, l > also satisfies this property, i.e., to increase service
to link < l, l >, we must reduce service to its higher priority
links l, < l, 1 >, . . . , < l, l − 1 >. Part (b) is a special case
for when the link is directly connected to the root node.

The significance of Lemma 10 is as follows. As we can see
from Lemma 9, the leaf nodes satisfy the above-mentioned
property that an increase in service to the link must come at a
reduction in service to higher priority links. Lemma 10 states
that if a link’s children satisfy this property, then the link itself
must also satisfy this property. Clearly, this idea leads to the
propagation of this property up the tree from the leaf nodes
and hence we expect that all links in the tree must satisfy this
property. This is explicitly stated in Lemma 11.

Lemma 11: If μ(t)+δ satisfies the constraint equations for
optA(f(t),x(t)), then δ satisfies the following:
(a) Consider any node l that is not a leaf. Let l be any child
of l. Then, δ<l,l> ≤ max(−δl −

∑l−1
j=1 δ<l,j>, 0).

(b) Consider any node l that is the child of the root. Then,
δl ≤ max(−

∑l−1
j=1 δj , 0).

We are now ready to prove Proposition 8.
Proof: [of Proposition 8] By Lemma 11, we know that

δl ≤ max(−
∑l−1

j=1 δj , 0) for l = 1, . . . , C.
To prove the proposition, it is sufficient to show that for any

mathematical quantities δl that satisfy the inequalities

δl ≤ max(−
l−1∑
j=1

δj , 0), (16)

for l = 1, . . . , C, and any non-increasing, non-negative se-



quence {Fl}, the following is true:
∑C

l=1 δlFl ≤ 0.
We emphasize that this is a purely mathematical result and

that allowing {Fl} to represent various sequences is simply a
trick to shorten the proof. It does not mean that we consider
various systems with different values for the link capacities.

We will prove this by induction. By (16), we know that δ1 ≤
0. Hence,

∑1
l=1 δlFl ≤ 0 for any non-increasing, non-negative

sequence of numbers {Fl}. Now, assume
∑2

l=1 δlFl ≤
0,. . .,

∑k−1
l=1 δlFl ≤ 0,

∑k
l=1 δlFl ≤ 0 for any non-increasing,

non-negative sequence of numbers {Fl}. We will show that
this implies

∑k+1
l=1 δlFl ≤ 0. There are two cases to consider.

If δk+1 ≤ 0, then the result immediately follows. On the
other hand, if δk+1 > 0, by (16) we have 0 < δk+1 ≤
−
∑k

l=1 δl. Hence,
∑k+1

l=1 δlFl ≤
∑k

l=1 δlFl−
∑k

l=1 δlFk+1 =∑k
l=1 δl (Fl − Fk+1) . Since {Fl} is a non-increasing se-

quence, the sequence F1−Fk+1, . . . , Fk−Fk+1 is also a non-
increasing non-negative sequence of length k. Hence, by the
induction hypothesis,

∑k
l=1 δl (Fl − Fk+1) ≤ 0. This implies

that
∑k+1

l=1 δlFl ≤ 0 for any non-increasing, non-negative
sequence {Fl}.

VI. SIMULATION

In this section, we present MATLAB simulation results for
the topology shown in Figure 1. Note that the nodes/links are
labelled according to the scheme in Section II. This topology
consists of 12 nodes with two nodes at depth 1, 5 nodes at
depth 2 and 4 nodes at depth 3. Six of the nodes are leaf
nodes. There are 8 flows in the network, each with the root
as the destination. In each time slot, one packet arrives at
(or is generated by) each source node with a certain fixed
probability, independent of other flows and other time slots.
The average arrival rate for the flow originating at a node is
labelled on the node. For example, the average arrival rate
for the flow originating at node (1, 1, 1) is 0.25. The numbers
near the links denote the capacity of the link. For example,
link (1, 1) has capacity 3 and link (2, 1) has capacity 2 (recall
that, according to our convention, links (1, 1) and (2, 1) denote
the links connecting node (1, 1) and node (2, 1), respectively,
to their parents). We define S(X(t)) = X1(t) + X2(t) +
X(1,1)(t) + X(1,2)(t) + X(1,3)(t) + X(2,1)(t) + X(2,2)(t) +
X(1,1,1)(t) + X(1,1,2)(t) + X(2,1,1)(t) + X(2,2,1)(t).

Our metric of interest is the overflow probability
P[S(X(t)) > B]. We simulate the system under different
scheduling policies: P-TREE scheduler, back-pressure & back-
pressure-α schedulers and the multi-hop version of greedy
maximal matching (GMM).

Let us briefly review the back-pressure [1] and greedy max-
imal matching [19] policies. Both policies have the following
common features. The differential backlog across a link is the
difference of the backlog at the source node of the link and that
at the destination node of the link. For example, the differential
backlog of the link (1, 1) is X(1,1)−X1. Each link is assigned
a weight Wl that is the product of the differential backlog
and the link capacity. For example, W(1,1) = (X(1,1) −X1)3.
The back-pressure scheduler will activate links (subject to
interference constraints) in such a fashion as to maximize the

Fig. 1. System topology for simulation

sum of the weights of the activated links. The greedy maximal
matching will instead do the following. It will first activate
the link with the largest weight. Then, it will remove from
consideration all links that interfere with this activated link.
From the remaining links, it will activate the link with the
largest weight and remove from consideration the links that
interfere with this link. This procedure is repeated till there
are no more links available.

The back-pressure-α algorithm is similar to the back-
pressure algorithm except that, instead of taking the differ-
ence of the backlogs, the algorithm takes the difference of
the backlogs raised to a power α. That is, the weight of
link (1, 1) will be W(1,1) = (Xα

(1,1) − Xα
1 )3. It can be

shown that this algorithm minimizes the drift of the Lya-
punov function (

∑
l∈L Xα+1

l )1/(α+1) and hence it is large
deviations decay-rate optimal for the probability of overflow
P((
∑

l∈L Xα+1
l )1/(α+1) > B) [13]. As α → 0, we have

(
∑

l∈L Xα+1
l )1/(α+1) →

∑
l∈L Xl. Hence, as α → 0, one

would expect this algorithm to have near-optimal performance
in terms of the decay-rate for P(

∑
l∈L Xl > B).

Back-pressure and back-pressure-α schedulers entail a high
computational complexity due to the fact that the algorithms
search for the best way to activate links in order to maximize
the total weight. The greedy maximal matching algorithm
overcomes this issue [19], [28]. For the node-exclusive inter-
ference model that we consider, the back-pressure and back-
pressure-α schedulers reduce to a maximum-weighted match-
ing problem that has complexity O(|L|3) [21]. The greedy
maximal matching algorithm has complexity O(|L| log(|L|))
[19]. Our proposed P-TREE algorithm has an even lower
complexity of O(|L|).

In Figure 2, we plot P[S(X) > B] vs B with the y-axis
in log scale. We observe that the P-TREE scheduler has the
best decay rate and indeed performs much better than the other
schedulers. The back-pressure-α algorithm appears to perform
very poorly as α is reduced. This is because of the large-
deviations decay-rate kicking in at higher and higher values
of the threshold B. This effect has been documented in detail
in our other works [6], [27]. In contrast, our P-TREE algorithm
not only maximizes the decay rate but also performs very well
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Fig. 2. The overflow probability of the sum-queue versus threshold B.

at small overflow thresholds.

VII. CONCLUSION

In this work, we consider the problem of scheduling links
in a wireless multi-hop system performing convergecast. The
goal of the scheduling algorithm is to minimize the sum-
queue backlog over the network. We design a novel low
complexity scheduling algorithm called P-TREE scheduler and
prove that this scheduler maximizes the decay rate of the
probability that the sum-queue exceeds a certain threshold.
We use simulations to compare this algorithm with the well
known back-pressure scheduler and the multi-hop version of
greedy maximal matching scheduler. The P-TREE scheduler is
seen to perform much better than these well known algorithms
not only in terms of decay rate but also in terms of actual
probabilities of overflow at small overflow thresholds.
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