ECE 5984: Power Distribution System Analysis

Lecture 9: Three-Phase Transformer Models

Reference: Textbook, Chapter 8
Instructor: V. Kekatos

WVirginiaTech

Invent the Future



Distribution system transformers

e Found at the substation and in-line

substation transformer pole-mounted transformer pad-mounted single-phase
transformer



Generalized matrices
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Book’s notation
Vn = [Clt]Vm + [bt]im
(backward update) i, = [ci]Vin + [di]im
(forward update) Vi = [A¢]Ve — [Bilim



Conventions

* ANSI/IEEE Std. C57.12.00 for Delta-Wye transformer connections

Voltages and currents on the high-voltage side lead by 30 degrees

* Distribution transformers of <200 kVA and HV<8.66 kV have additive polarity
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TEST CONNECTION
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[source: electrical-engineering-portal.com]



Three-phase connections

* Multi-phase transformers usually implemented by connecting 1¢ transformers

¢ Transformer connections

1) Grounded Wye - grounded Wye

2) Delta - grounded Wye (step-up)

3) Delta - grounded Wye (step-down)

4) Ungrounded Wye - Delta (step-down)
5) Ungrounded Wye - Delta (step-up)

6) Grounded Wye - Delta (step-down)

7) Delta-Delta

8) Open Wye - open Delta

9) Open Delta - open Delta



Voltage conversions (review)

Va
LN voltages v := | V} LL voltages v :=
Ve
1
LN-to-LL conversion v=D;v, D;:= 0
—1

1 -1
0 1

LL voltages are zero-sum: 1'v =V, + Vi +Voy =0

Given LL voltages, recover equivalent LN voltages

Vector of LN voltages represents
- line-to-ground for grounded Wye
- line-to-neutral for ungrounded Wye

- ‘equivalent’ line-to-neutral for Delta connections

singular
matrix!

even for unbalanced

conditions
2
1
W = § O
1

SO N =

N = O



Current conversions (review)

. Ia N Iab
* Linecurrents .= | [, phase currents  {.= | [,.
Ic Ica

¢ Phase to line conversion

Iop — 1cq 1 0 -1
i=| lhe—1Iyp |=| -1 1 0 |i=DJi
Ieq — Ipe 0 -1 1
Ipa
e If line currents exit triangle (delta source), vector i gets negative sign or i:= | I
Iac

Singularity (shift-invariance) can be waived by fixing the sum of delta currents

Given line currents, recover equivalent delta currents

i=W'i

Textbook follows a different derivation and finds matrix L with a zero column



1) Yo — Yo connection

* Turns ratios are typically identical across all phases n; =

H1-A

[ ]
L

n,

e Transformations

Nsecondary

ta

Vac

Nprimary

* Forward model v,, = v; —dg(z)i,

1
—Vy — dg(z)lm

4

diagonal matrix with vector
z on its main diagonal

* Impedances may not be equal; transformers of different power ratings

e Backward model i,

1,

- lm
ne



Discussion on Yo — Y connection

Three-phase four-wire ¥ primary

B
AN\
= C
b
ﬁ
3 — C
] 1 0° angular
a 5 c displacement
A
5 J 120V 1 208V | 208V ]
5 ) Y120V 208V § | 1
H— — — — - _Yy__Y _yl20vV_
120/208 V Three-phase four-wire ¥g_secondary

* Very common in three-phase four-wire systems

* Useful in voltage upgrades: a 2.4kV delta feeder can be converted to 4W-Y (4.16kV) by
reconnecting the same transformers from Delta-Delta to Wye-Wye!

* Issues with third harmonics unless solidly grounded (no grounding impedance)



2) Step-up A — Y connection

H1, H2p H3c Veu
® ®
+ -7+ -
IAl VAB IBl VBC Il[c
N Icy I
- AB
— 14 — 4 Iz N o7] Vg
VLL,primary n, AN \AAAS—
ng = % ]JY\)(Y\_ V JIY‘\/KY\_ Ipc Iy
LN.s d + v, - + vt - + v, - .
secondaty S P x Vi phasor diagrams
Vo, assume balanced
Zt, zt, zt, ,,
conditions
s l [bl Icl
+ Vab - @ Vbc - '®
v, X% X3,
o+ €
X1,
* How can we determine it is a step-up without knowing the turns ratio?
B IAB 1
* Voltage and current transformations v, =n;v; and i, = | Ipc | = —ip
n
Ica ¢

< 1

.H~ .H .H

i v, = (n—lm (nyvy) =1, vy
t

Sanity check (for ideal transformer)
1

Backward model i, = DJHH = n—D}rim
t

1
Vi = vy — dg(z)i, = n—Dan — dg(z)in,
t

Forward model



3) Step-down A — Yg connection

H1, H2p H3c Vea
I . . \
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ny

— Y Y Y \g — Y Y Y\ g VAN

Ve
Vi,
Zt, zt, Zt, I”T
I Ty L Vi
all + s v p
% bc _
ab ( ] ( }
+ X2, X3
Vg ¢ - %
) Vi ab
a

o

why step-down?

Vag 0O 1 0 taki
* Voltage transform v, = | Vo | = —n:A,vi where A,:=| 0 0 1 permu a. ron
Ve 1 0 0 matrix

e Keyproperties pl) A" =A,
p2) —A,D; =Dy
» Forward model vy, = vy —dg(z)in

1
= ——Av, —dg(z)iy,
Tt

n¢ T 11



Step-down A — Y connection

Hl, H2p H3,
o ® [ ]
lIA lIB l I
N Y
7 J
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" s Vﬂg
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e Current transformation i, = | Icp | = n_Avim
¢
Iac
e Backward model i, = _D}rin
1
T .
ne
T T 1 .
t
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Discussion on A — Y connection

Three-phase three-wire A primary

A Py T
B J J.
€ d ) B
A @
/\ b
® X3 X9 X1 X3 X9 J X1 o X3 Xy xe - n
C < < —
&
T 10V ° T Jo08V 08V | 30" angular
120V ) 1208 T displacement
T4 1 v -~
120/208 V | Three-phase four-wire Y secondary [Gonen]

* Typical distribution substation connection
* Easier balancing of (large) 1¢ loads across all three transformers

* Cannot operate with two transformers (no open delta - open Y)
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4) Step-down Y — A connection

ungrounded Y

Voltage and current transformations

H2-B
. -

n, B ANANS—

\VV

(N

Ve

- Ve o+ - Ve o+
BAAAST  AAAS—
A e VY Y
+ thc - + Vtca -

H3-C
+ @

%

n
X1-a® _

Vo — ® -+ Ve

X2-b
V,

ca

® X3-c
"

Key point: phase currents in delta are zero-sum

1

Backward model i, = —Li,,

Forward model

Vm

n¢

w <\7t . dg(z)im)

Vi, = Ny Vi

i, =Dfin =

Veny N Vap, 7
/ Van,
Van,

Iy

1 1 @

and i, =—1,,=— | I
n¢ nt Iac

matrix L can be either WT or
the matrix in (8.63) of book

1
—Wv,, — Wdg(z)Li,,

n¢
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5) Step-up Y — A connection

H1-A H2-B H3-C
ungrounded Y T Vi . e- Vic + e
I,-\ Iﬁl I('
V
TN\ 7T\
t o Vo * ey -~ + Ve
W AN AN N AN
H Y\, Y Y Y\ g, — Y Y Y\ g i . .
D . Vi - vV, - Vay Vi key connection difference
/ : ; with step-down?
Z(( . Im Z’.,/, Il.\'n z{l\ l. b I( ba s
/T /T < >
Iu I,‘\
! B I,,\J/ /
. X s I
& Vab -6 Vi -
Xl-a X2-b X3-¢
T LT3 3 Tea
 Similar analysis observing v, = —-n;A vy and i, =——A i, where i, = | I
Uz
ICLC
o 1 —I— L]
* Backward model i, =—-—A, Li,
ny
1 L]
 Forward model v,, = ——WA,v, — Wdg(z)Li,,

ng



Discussion on Y — A connection

Three-phase three-wire Y primary (ungrounded)

o=
NT—e

Hl
mid-tap of one secondary is

I
) ]
L S L T—

grounded and connected to
secondary neutral conductor

.V3T 'Y \l V3 \l \3‘ xl
v\'z x'z Ve .xz
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i Ve
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b —240 v} 1 ‘
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/
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| 120/208/240 V

Three-phase four-wire A secondary

30° angular
displacement

[Gonen]
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6) Step-down Ys — A connection

Vab

* Challenging part is to relate delta currents to secondary line currents

* Exploit the fact that LL voltages across the delta loop are zero-sum
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Step-down Yo — A connection

1

* Current transformation i, = —i,, (1)
ny
* Voltage transformation v, = n;v, (2)
* Non-ideal secondary v, = v; — dg(z)inm (3)

(1),(2)

1),(2
=

~ Z ~ 3
= nVvy + 211714, %

* LG voltages V, =V, + zgllTin

N
= NyVy + (ntdg(z) + 2—911T> i, (4)
U7
1 -
* Solve for secondary LL voltages v, = n—\_/n — (dg(z) + %11T> im (5)
t ¢

* Solve for secondary equivalent LN voltages

1 ~
Vin = Wi = —Wv, — W (dg(z) + Z—gnT) in  (6)
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Step-down Yo — A connection

Goal: express delta currents in terms of line currents

There are two independent linear equations from 1i,, = D;im

Get one more equation from zero-sum LL voltages across delta

(5)

.
3 -
17y, =0 =24 1Tg = (ntz + ﬁ1> .

Put the three equations together

I, ) 1 0
I = K t,, where K™! = —1 1
19, NiZab + 2L MiZpe + L

Solve for delta currents if K = [k; ks k3]
im = [ki ko O]ip, +ksl'v,  (7)

delta currents depend on line currents and primary voltages!
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Step-down Yo — A connection

* Substitute (7) into (6) to get the forward update with

E=W (il - (dg(z) + 2—9117) kng)

ng ne

F=-W (dg(z) + 2—911T> k; ko O]

nt

* Substitute (7) into (1) to get the backward update with

1 1
i, = C'v, + Fi,, where C' = —k31' and D= — [k; ky O]
n¢ Uz

* Matrix C usually multiplies secondary voltages v,,. However, this equation can still be

used during backward sweep as primary voltages are known and fixed during this update.

* This is the only connection with a C matrix!
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Discussion on Yg — A connection

Three-phase four-wire ¥o_primary

7 =

— >
. 1

240V Three-phase three-wire A secondary

210° angular
displacement

[Gonen]
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7) A — A connection

Use zero-sum voltage drop across delta to

relate phase to line currents

Backward model
Y 1 Y v 1 < . 1 .
Iy = —1p = D}I_ln = —D;crl = 1, = —1,,
Us Uz n¢
1 rq
Voltage transformations A 1)
~ ~ e 1 ~ v IH 1[, 1(.
Vi = vy — dg(2)iy, = —v, —dg(2)i, = l \L l/
:',?/t 5 ‘uh -0 + V,(
11V, =119, =11 dg(2)im = 2'in =0 Xl-a & g ~ & X3-c
’ == vm + ‘

Stack previous equation with two from i, = D]ﬁm =0

I, i 1 0 -1
I, | =K i, where K ' =| -1 1 0 | and K = [k; ko k3]
0 Zab Rbc Rca

Forward model

1
Vi, = Wv,,, = Ev,, — Fi,, where E= —WD/; and F = Wdg(z)k; k2 0]
Tt
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Discussion on A — A connection

A — primary
1

Vir, =2,400 V B

NT—e

J B
c J )
mid-tap of one secondary is Ww
A C

grounded and connected to

secondary neutral conductor

(6! a
)
X1 8
b —
ViL =240 V Z i ) 1 ] Y120v 180° angular
A 120V displacement
C ) 1 p
vy _y__§208V_

120/208/240 V I Three-phase, four-wire A — secondaryl [Gonen]

* Used in three-wire delta systems

* 180° displacement due to additive polarity; 0° displacement for subtractive polarity

* Load connections
- large 3¢ to delta (240V)
—- large 1¢ to one of deltas (240V) or cn (208V)
— small 1¢ to an or bn (120V)
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8) Open Y — open A connection

H1-A H2-B
+

_Nm.] Vi,

v
Zty, T \\ “1
Vab
1
L J/

Vi —©+ Vv,
+ be —
Xl-a & X2-b ¢

1% +

ca

- Vyg + - Vg +
n '\AAJ\J—r '.'\MAJ_, VAGl
t
+ thc
ch

e X3-c

Small 3¢ load (motor) plus 1¢ load (lighting)

2 (2-line) primary and two transformers

If 1¢ load is connected on ab, the ‘lighting” transformer is on AG

Primary phase of lighting transformer (usually larger kVA) determines leading/lagging
connection

24



Open Y — open A connection (cont’d)

Backward model

1 1 0 O
i,=—1|0 0 -1 |i,
"o o0 0
* Secondary voltages
1
Vab — ‘/t,ab - [azab - _VAN - Iazab
U
1
%c — ‘/t,bc + Iczbc — n_VBN + Iczbc & X3
t
‘/;a = —Vab — %c
1 0
e Collecting in matrix form v, = — 0
n¢ O
* Forward model
1 2 1 0 1 2z O
Vin = WV, = -1 1 O Vn—§ —Zap O
M1 —2 0 —Zap O



9) Open A — open A connection

I, |-
v
3-line primary ’ “
1y +
Vg A[% X
—» I3 €%
B e +
P
1 1 0 0
e Backward model i, =—| -1 0 -1 |1,
o0 0 1
1
* Secondary LL voltages Vap = n_t Vag — Lazab
1
‘/bc — _VBC - Iczbc
ny

e Forward model

| 1 0 0 Zau 0 0
Vi = W{/'m = —W 0 1 0 Dan — W 0 0 Zbc im
T 1 -1 0 —Zw 0 —Z.
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Discussion on open A or V connection

Three-phase three-wire — open A primary

o >
MN—N—e

o ———e

M

o—
o—N—o9

240V 240V ]
)
J

p
Z A : j A 120V
Y 1 Y120V
y
N ¥ 528V
120/208/240 V. Three-phase four-wire open A secondary

* Used in emergency or when load is expected to grow

—_————

0° angular
displacement

[Gonen]
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Comparing two ‘open’ connections

* Both use two transformers and can serve 3¢ loads

* One feeds from a 2¢ primary; the other from a 3¢ one

Vv — e +
% o W

C

X1l-a ¢ e X3-c Ce

v

ca

* Compare to the corresponding 3-tranformer bank:
- LL voltages remain unchanged
- line currents become phase (delta) currents

- to comply with power rating, load has to be scaled down by % = 57.7%

* Hence, a bank with two transformers serves only 57.7% rather than
2/3=66.6% of the full-bank capacity
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