
ECE 5984: Power Distribution System Analysis

Lecture 7: Load Models
Reference: Textbook, Chapter 9

Instructor: V. Kekatos
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Outline
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• Wye or delta-connected loads

• Multiple-phase (V- or 1-phase as special cases)

• Power-voltage relationship (ZIP model) and combinations

• Static or dynamic loads (induction motor loads)

Approximate power flow analysis of Chapter 2

• Each loads described as a kVA/PF or kW/kVAR duplet

• Given feeder voltage, find voltages at all buses

• Found currents from complex power and assuming nominal voltage at load

Load models for detailed power flow analysis



Constant-power loads
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• Common in power flow analysis

• Backward sweep: given voltages, update current

• Given: complex three-phase power

• Complex power remains constant at all v:

• Forward sweep: given substation voltage and currents, update voltages downstream

{s0�}�

• Single-/two-phase loads modeled by setting missing currents to zero

<latexit sha1_base64="EsBfLS3NGbZISPoPeC1JhPu7UPs="></latexit>

i� =

 
s0�
v�

!⇤

8� =) i = dg�1(v⇤)(s0)⇤

<latexit sha1_base64="UT0PqTCzRISEJQ6dfbE6wuAeiCs="></latexit>

s�(v�) = s0�, 8�



Constant-impedance loads
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• Constant per-phase impedance found once as

• Given: complex rated three-phase 
power at rated voltage  

• Backward sweep: given voltage, update current as

|vrated� |

• Propagate currents upstream; update voltages downstream; and iterate

• Complex power

magnitude (apparent power) depends quadratically on

power factor remains constant 

|v�|

<latexit sha1_base64="Rr8mn9CPfGhYrGX2udf0RpE5K1s="></latexit>

z0� =
|vrated� |2

(srated� )⇤

<latexit sha1_base64="MG2bJQM/+v8reqL7M8Vh7235l5g="></latexit>

i� =
v�
z0�

8� =) i = dg�1(z0)v

<latexit sha1_base64="hx5rpWVn4FTY+X9bGWu6ZIg9zf0="></latexit>

s�(v�) = v�i
⇤
� =

|v�|2

(z0�)
⇤ 8�



Constant-current loads
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• Constant per-phase current found once as

• Given: complex rated three-phase 
power at rated voltage  |vrated� |

• Propagate currents upstream; update voltages downstream; and iterate

• Complex power

magnitude (apparent power) depends linearly on
power factor remains constant 

|v�|

<latexit sha1_base64="utpkNCbQcsmxGNBR4yEZcojjR1k="></latexit>

i0� =

⇣
srated�

⌘⇤

|vrated� |

<latexit sha1_base64="fpe6ATT2GVsTL/d6efAlcVmA1mo="></latexit>

s�(v�) = |v�| · (i0�)⇤ 8�

<latexit sha1_base64="DgZH3SXFdQ+78uDuFQKHpBz4OKw="></latexit>

vrated�

<latexit sha1_base64="4kQElQmtKYeFrf6tnZ1J6lnM6ZM="></latexit>

i0�

<latexit sha1_base64="6bd6AHxqHCoMZ+X8xrVDQgI0zOI="></latexit>v�

<latexit sha1_base64="ZBq8786k/yAvb51Cuh1Ymvy6EdQ=">AAACPXicbZDLSsNAFIYnXmu99bJ0EyyCi1ISUXRZcOOygr1AE8pkctoOnUzCzKQYQp/FrT6Fz+EDuBO3bp0kXWjbA8N8/Oc283sRo1JZ1oextb2zu7dfOigfHh2fnFaqtZ4MY0GgS0IWioGHJTDKoauoYjCIBODAY9D3ZvdZvj8HIWnIn1QSgRvgCadjSrDS0qhSd/IZqQB/kdKRE03pYlRpWC0rD3Md7CU00DI6o6pRc/yQxAFwRRiWcmhbkXJTLBQlDBZlJ5YQYTLDExhq5DgA6ab55oV5oRXfHIdCH67MXN3Y0fTnNJIFyvmkAIX1V930uRj2ty/FgZRJ4DUnwLNbbwqwmsrVmkzclBvGanznppRHsQJOioeOY2aq0MysNH0qgCiWaMBEUP1Xk0yxwERpw8vaRXvVs3XoXbXsm5b1eN1oW0s/S+gMnaNLZKNb1EYPqIO6iKAEvaBX9Ga8G5/Gl/FdlG4Zy546+hfGzy8Sf69f</latexit>

i�

<latexit sha1_base64="7FY8bKrSx+ZJrjY4471F2hQtq6s=">AAACM3icbZDNTsJAEMe3+IX4BXj00khMPBDSGo0eSbx4xEQ+EmjIdhlgw3bb7E6JpOExvOpT+DDGm/HqO7ilHBSYZLO//Gdmd+bvR4JrdJwPK7e1vbO7l98vHBweHZ8US+WWDmPFoMlCEaqOTzUILqGJHAV0IgU08AW0/cl9mm9PQWkeyiecReAFdCT5kDOKRur2cAxI+71ozPvFilNzFmGvg7uECllGo1+yyr1ByOIAJDJBte66ToReQhVyJmBe6MUaIsomdARdg5IGoL1kMfPcvjDKwB6GyhyJ9kLd2FEdTHmkM9TTUQZIzYJe8pw99rcvoYHWs8CvjkCmt/kpoDjWqzWpuCnXjXF45yVcRjGCZNmgw1jYGNqpgfaAK2AoZgYoU9zsarMxVZShsblgXHRXPVuH1lXNvak5j9eVem3pZ56ckXNySVxyS+rkgTRIkzASkhfySt6sd+vT+rK+s9Kctew5Jf/C+vkF0MerPw==</latexit>

✓�

• Backward sweep: given voltage                         , update current
<latexit sha1_base64="916SqTsHOD22E/yTLAcrsvCa7e0="></latexit>

v� = |v�|ej✓�

<latexit sha1_base64="HiYE0ovzdlptqp/CLarrg6KUZNk="></latexit>

i� = i0�e
j✓� = i0�

v�
|v�|

8�



ZIP model
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• Loads typically described as combination of 3 types

• To specify a ZIP load:

–complex three-phase power
–percentages for either two or all three of the load types (Z%, I%, P%)

–percentages refer to complex power at nominal voltage

• Line current will be updated as the sum of the three respective currents

• Constant load types are special cases (100% Z, I, or P)

[Kevin Schneider, PNNL]

• ZIP is a time-invariant model; recent research on time-variant loads 
(water heaters, HVAC, buildings)

<latexit sha1_base64="zgFbbsDEg/tTRmopMCSqOG2xFUs=">AAACMnicbZBLTsMwEIYdnqW82rJkY1EhsaiqBIFgWYkNyyLRh2iiynGc1KrjWLZTUUW9BVs4BZeBHWLLIXCbLKDtSJY//TNjz/y+YFRp2/6wNja3tnd2S3vl/YPDo+NKtdZVSSox6eCEJbLvI0UY5aSjqWakLyRBsc9Izx/fzfO9CZGKJvxRTwXxYhRxGlKMtJGe3EwNXTGi7mxYqdtNexFwFZwC6qCI9rBq1dwgwWlMuMYMKTVwbKG9DElNMSOzspsqIhAeo4gMDHIUE+Vli5Fn8NwoAQwTaQ7XcKGu7WgEEypUjmoS5aCR2c/LnvPH/vZlKFZqGvuNiPD5bX6KkR6p5Zq5uC43SHV462WUi1QTjvNBw5RBncC5fzCgkmDNpgYQltTsCvEISYS1cblsXHSWPVuF7mXTuW7aD1f1ll34WQKn4AxcAAfcgBa4B23QARhw8AJewZv1bn1aX9Z3XrphFT0n4F9YP78coKro</latexit>

{s�}



Example of ZIP load
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Combination load with rated complex power

• Constant-power component

• Once constants have been calculated, currents are iteratively updated as

• Constant-impedance component

• Constant-current component

• Currents are propagated upstream; voltages are updated downstream

<latexit sha1_base64="fRTkxc2Akx+mgzZ/UEGvCVXvP40="></latexit>

s =

2

4
1.9 + j1.2
2.3 + j0.8
1.8 + j0.8

3

5 MVA at VLL = 12.47 kV and Z : 20%; I : 30%; P : 50%

<latexit sha1_base64="gEd/69+wXKUqJRTlmCM6ZUGeVmo="></latexit>

sratedZ = 0.2s =) z0� =
7, 2002

(sratedZ,� )⇤
<latexit sha1_base64="TCp6uel59U9fosRPlv9d2C6Vq38="></latexit>

sratedI = 0.3s =) i0� =

⇣
sratedI,�

⌘⇤

7, 200

<latexit sha1_base64="nrLtf61HWhCf+6zYv8K+85rIBlU="></latexit>

s0P = 0.5s

<latexit sha1_base64="gmAgoVEDXg06uD/HYr9bHUFuIRc="></latexit>

i�(v
t
�) = iZ,�(v

t
�) + iI,�(v

t
�) + iP,�(v

t
�)

=
vt�
z0�

+
vt�
|vt�|

i0� +

 
s0�
vt�

!⇤



Voltage conversions (LN to LL)
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• LN-to-LL conversion

• LN voltages LL voltages

• LL voltages are zero-sum

singular 
matrix!

even for unbalanced 
conditions

<latexit sha1_base64="vD5n7n/1Vmomcs4WLuv6pZbCGt0="></latexit>

v =

2

4
Va

Vb

Vc

3

5

<latexit sha1_base64="8TE5v2S+BElM7aKt4BuMF5/rMog="></latexit>

ṽ =

2

4
Vab

Vbc

Vca

3

5

• Usual conversion
holds only for balanced voltages

<latexit sha1_base64="M2UiCvCRwn7vwurUVJJOaOkSHcM="></latexit>

ṽ =
p
3ej⇡/6v

<latexit sha1_base64="S6sAVg5vp4qr1EBLDS6GE+w3do4="></latexit>

1>ṽ = Vab + Vbc + Vca = 0

• Difference matrix        not to be confused with matrix       in ABCD models 
<latexit sha1_base64="fgRQ2IhxsS8xgGv1t3JfeRlC1t8=">AAACNHicbZDLSgMxFIYzXmu9tXXpJlgEF6XMiKLLgi5cVrAX6Awlk8m0oZlMSDLFMvQ13OpT+C6CO3HrM5jpzELbHgj5+M85yTm/LxhV2rY/rI3Nre2d3dJeef/g8Oi4Uq11VZxITDo4ZrHs+0gRRjnpaKoZ6QtJUOQz0vMnd1m+NyVS0Zg/6ZkgXoRGnIYUI20k142QHvthej8fhsNK3W7ai4Cr4BRQB0W0h1Wr5gYxTiLCNWZIqYFjC+2lSGqKGZmX3UQRgfAEjcjAIEcRUV66GHoOz40SwDCW5nANF+rajkYwpULlqKajHDQyG3rpc/7Y374URUrNIr8xIjy7zU/Zkmq5JhPX5QaJDm+9lHKRaMJxPmiYMKhjmDkIAyoJ1mxmAGFJza4Qj5FEWBufy8ZFZ9mzVeheNp3rpv14VW/ZhZ8lcArOwAVwwA1ogQfQBh2AgQAv4BW8We/Wp/VlfeelG1bRcwL+hfXzC6acq6w=</latexit>

Df
<latexit sha1_base64="lJaOXm82efjK+JvsIq4EJD2VHdI=">AAACMnicbZDLSgMxFIaTeqv11talm2ARXJQyI4ouC7pwWcFesB1KJpNpQzOZIckUy9C3cKtP4cvoTtz6EGY6s9C2B0I+/nNOcs7vRpwpbVkfsLCxubW9U9wt7e0fHB6VK9WOCmNJaJuEPJQ9FyvKmaBtzTSnvUhSHLicdt3JbZrvTqlULBSPehZRJ8AjwXxGsDbS0yDAeuz6yd18WK5ZDWsRaBXsHGogj9awAqsDLyRxQIUmHCvVt61IOwmWmhFO56VBrGiEyQSPaN+gwAFVTrIYeY7OjOIhP5TmCI0W6tqOujdlkcpQTUcZaGz2c5Ln7LG/fQkOlJoFbn1ERXqbn9IV1XJNKq7L9WPt3zgJE1GsqSDZoH7MkQ5R6h/ymKRE85kBTCQzuyIyxhITbVwuGRftZc9WoXPRsK8a1sNlrWnlfhbBCTgF58AG16AJ7kELtAEBAryAV/AG3+En/ILfWWkB5j3H4F/An1/3AqrT</latexit>

D

<latexit sha1_base64="zA/CIISUshLaeTmsZV63I6AakO4="></latexit>

ṽ = Dfv where Df =

2

4
1 �1 0
0 1 �1
�1 0 1

3

5



Voltage conversions (LL to LN)
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• Without extra info, LN voltages cannot be uniquely recovered from LL voltages

• For example, if 

singular 
matrix!

<latexit sha1_base64="zA/CIISUshLaeTmsZV63I6AakO4="></latexit>

ṽ = Dfv where Df =

2

4
1 �1 0
0 1 �1
�1 0 1

3

5

<latexit sha1_base64="CqRmP9rra0oiqPINwwXripRwxSo="></latexit>

ṽ = Dfv ) ṽ = Df (v + �1) 8� 2 C

• We can recover a set of ‘equivalent’ LN voltages by adding 
the extra info that they are zero sum 

<latexit sha1_base64="jcxOObav6BXJpNiSHWyUhZpBays="></latexit>

1>v = 0

<latexit sha1_base64="QSugcC2F1yCQUetVN34MyyOl6bc="></latexit>

ṽ = Dfv = Dfv +
1

3
11>v =

✓
Df +

1

3
11>

◆
v )

v = Wṽ where W =

✓
Df +

1

3
11>

◆�1

=
1

3

2

4
2 1 0
0 2 1
1 0 2

3

5
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‘Law of cosines’

• Goal: Given LL voltage magnitudes, find LL voltage phasors

• Determine their phase angles using the law of cosines

• Exploit zero-sum property and use         as reference Vab
<latexit sha1_base64="ny7liibTp9aMhu50bAwIdxtKurY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosePFYwX5Au5TZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vp3V209MG67kg52kLExwKHnMKVpntVr9HKNpv1L1a/5cZBWCAqpQqNGvfPUGimYJk5YKNKYb+KkNc9SWU8Gm5V5mWIp0jEPWdSgxYSbM59tOyblzBiRW2j1pydz9PZFjYswkiVxngnZklmsz879aN7PxTZhzmWaWSbr4KM4EsYrMTicDrhm1YuIAqeZuV0JHqJFaF1DZhRAsn7wKrcta4Pj+qloPijhKcApncAEBXEMd7qABTaDwCM/wCm+e8l68d+9j0brmFTMn8Efe5w+bgY8V</latexit><latexit sha1_base64="ny7liibTp9aMhu50bAwIdxtKurY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosePFYwX5Au5TZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vp3V209MG67kg52kLExwKHnMKVpntVr9HKNpv1L1a/5cZBWCAqpQqNGvfPUGimYJk5YKNKYb+KkNc9SWU8Gm5V5mWIp0jEPWdSgxYSbM59tOyblzBiRW2j1pydz9PZFjYswkiVxngnZklmsz879aN7PxTZhzmWaWSbr4KM4EsYrMTicDrhm1YuIAqeZuV0JHqJFaF1DZhRAsn7wKrcta4Pj+qloPijhKcApncAEBXEMd7qABTaDwCM/wCm+e8l68d+9j0brmFTMn8Efe5w+bgY8V</latexit><latexit sha1_base64="ny7liibTp9aMhu50bAwIdxtKurY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosePFYwX5Au5TZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vp3V209MG67kg52kLExwKHnMKVpntVr9HKNpv1L1a/5cZBWCAqpQqNGvfPUGimYJk5YKNKYb+KkNc9SWU8Gm5V5mWIp0jEPWdSgxYSbM59tOyblzBiRW2j1pydz9PZFjYswkiVxngnZklmsz879aN7PxTZhzmWaWSbr4KM4EsYrMTicDrhm1YuIAqeZuV0JHqJFaF1DZhRAsn7wKrcta4Pj+qloPijhKcApncAEBXEMd7qABTaDwCM/wCm+e8l68d+9j0brmFTMn8Efe5w+bgY8V</latexit><latexit sha1_base64="ny7liibTp9aMhu50bAwIdxtKurY=">AAAB7XicbZBNSwMxEIZn/az1q+rRS7AInsquCHosePFYwX5Au5TZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpC4OGdGTLzRqngxvr+t7e2vrG5tV3aKe/u7R8cVo6OW0ZlmrImVULpToSGCS5Z03IrWCfVDJNIsHY0vp3V209MG67kg52kLExwKHnMKVpntVr9HKNpv1L1a/5cZBWCAqpQqNGvfPUGimYJk5YKNKYb+KkNc9SWU8Gm5V5mWIp0jEPWdSgxYSbM59tOyblzBiRW2j1pydz9PZFjYswkiVxngnZklmsz879aN7PxTZhzmWaWSbr4KM4EsYrMTicDrhm1YuIAqeZuV0JHqJFaF1DZhRAsn7wKrcta4Pj+qloPijhKcApncAEBXEMd7qABTaDwCM/wCm+e8l68d+9j0brmFTMn8Efe5w+bgY8V</latexit>

<latexit sha1_base64="aqJnEH/jqQIy+egEF3HnCA1f/nI=">AAAB/3icbVDLSsNAFJ3UV62vquDGTbAIglAmouhGKLhxWcE+oA3hZjpph04mYWYilJiFv+LGhSJu/Q13/o3TNAttPTDcwzn3cu8cP+ZMaYy/rdLS8srqWnm9srG5tb1T3d1rqyiRhLZIxCPZ9UFRzgRtaaY57caSQuhz2vHHN1O/80ClYpG415OYuiEMBQsYAW0kr3rQ9lLws1NTfJIXAtk19qo1XMc57EXiFKSGCjS96ld/EJEkpEITDkr1HBxrNwWpGeE0q/QTRWMgYxjSnqECQqrcNL8/s4+NMrCDSJontJ2rvydSCJWahL7pDEGP1Lw3Ff/zeokOrtyUiTjRVJDZoiDhto7saRj2gElKNJ8YAkQyc6tNRiCBaBNZxYTgzH95kbTP6s5FHd+d1xq4iKOMDtEROkEOukQNdIuaqIUIekTP6BW9WU/Wi/VufcxaS1Yxs4/+wPr8AUawlY8=</latexit>

Vab + Vbc + Vca = 0

<latexit sha1_base64="WzqYQwred3rTa5XgPzze+SPusJg="></latexit>

Vab + Vbc + Vca = 0 )
Vab + Vbc = �Vca )

|Vab|2 + |Vbc|2 + 2Re{VabV
⇤
bc} = |Vca|2 )

|Vab|2 + |Vbc|2 + 2|Vab| · |Vbc| cos(✓ab � ✓bc) = |Vca|2 )
|Vab|2 + |Vbc|2 + 2|Vab| · |Vbc| cos(✓bc) = |Vca|2
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• Phase (delta) currents are computed as in Y-connection based on ZIP parameters

• We are given voltage and complex power ratings for each delta phase

Delta-connected loads

• Line currents are computed as differences of phase currents

<latexit sha1_base64="c04NfZ7mSTmpy3Y8XL2Lk/1r3w0="></latexit>

i =

2

4
Iab � Ica
Ibc � Iab
Ica � Ibc

3

5 =

2

4
1 0 �1
�1 1 0
0 �1 1

3

5 ĩ = D>
f ĩ

line currents

phase (delta) currents

<latexit sha1_base64="DObv3Kx+bypQcsyk2Xz274nPJ+Q="></latexit>

i =

2

4
Ia
Ib
Ic

3

5

<latexit sha1_base64="nve3K2382whOlQMGR0M4pcXo4iI="></latexit>

ĩ =

2

4
Iab
Ibc
Ica

3

5
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• To be precise, they are constant-susceptance loads

• Calculate susceptance from ratings

Shunt capacitors

capacitors on a switched 
pole-top rack [Gonen]

• Update line currents as

• In Ch. 2, capacitors were approximated as 
constant-current

<latexit sha1_base64="9zsFrVjsT+QSQ+4cENfhGId3G7Q="></latexit>

B� =
Qrated

�

|vrated� |2
Siemens > 0

<latexit sha1_base64="+zkIYSmsPkv1CeK2W2qzHE2lHtM="></latexit>

i� = jB�v� 8�
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Delta-connected capacitors

• Phase susceptance

• Update phase (delta) currents as

• Update line currents as

<latexit sha1_base64="zzPVVMfT2Shj2fpk9UnHcQql9DQ="></latexit>

B� =
Qrated

�

V 2
LL

Siemens > 0

<latexit sha1_base64="xiY1j3TNKwLaERRwRjF1y0U2ZZk="></latexit>

ĩ = jdg(B)ṽ

<latexit sha1_base64="FkjPd/pC4J/uVoiIbetDCfZJAm4="></latexit>

i = D>
f ĩ
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Induction machines under unbalanced conditions

• Goal: incorporate induction machines into our power flow analysis

• Questions to be answered

a) Given terminal (stator) voltages, find currents
b) Given stator voltage and current, find rotor voltage/current and losses

c) Find the slip that yields a specified value of power

• Methodology

Step 1) Use existing sequence model to find a phase impedance model
Step 2) Use T-model to propagate voltages/currents from stator to rotor

v = Zi
<latexit sha1_base64="ExZpZcinlQyqT4IGywv/IyXgBpo=">AAACQHicdZBNS8MwGMcTX+d82yZ48VIcgocxWhH0Igy8eJzgXnArI03TLixNS5IWR92X8aqfwm/hN/AmXj2ZrhtMnQ+E/Pg/eZL8/07EqFSm+QZXVtfWNzYLW8Xtnd29/VK50pZhLDBp4ZCFousgSRjlpKWoYqQbCYICh5GOM7rO+p2ECElDfqfGEbED5HPqUYyUlgalw36A1NDx0mRyNcd7OhmUqlbdnJZh/oF5qwpm1RyUYaXvhjgOCFeYISl7lhkpO0VCUczIpNiPJYkQHiGf9DRyFBBpp1MDE+NEK67hhUIvroypunSi5iY0kjnKxM9BIe3WTh/yyxbnUhRIOQ6cmk94tuuXMo/y95lMXNbrxcq7tFPKo1gRjvOPejEzVGhkaRouFQQrNtaAsKDaq4GHSCCsdObFxRT/h/ZZ3TLr1u15tWHN8iyAI3AMToEFLkAD3IAmaAEMHsETeAYv8BW+ww/4mR9dgbOZA/Cj4Nc3TpGwcg==</latexit><latexit sha1_base64="ExZpZcinlQyqT4IGywv/IyXgBpo=">AAACQHicdZBNS8MwGMcTX+d82yZ48VIcgocxWhH0Igy8eJzgXnArI03TLixNS5IWR92X8aqfwm/hN/AmXj2ZrhtMnQ+E/Pg/eZL8/07EqFSm+QZXVtfWNzYLW8Xtnd29/VK50pZhLDBp4ZCFousgSRjlpKWoYqQbCYICh5GOM7rO+p2ECElDfqfGEbED5HPqUYyUlgalw36A1NDx0mRyNcd7OhmUqlbdnJZh/oF5qwpm1RyUYaXvhjgOCFeYISl7lhkpO0VCUczIpNiPJYkQHiGf9DRyFBBpp1MDE+NEK67hhUIvroypunSi5iY0kjnKxM9BIe3WTh/yyxbnUhRIOQ6cmk94tuuXMo/y95lMXNbrxcq7tFPKo1gRjvOPejEzVGhkaRouFQQrNtaAsKDaq4GHSCCsdObFxRT/h/ZZ3TLr1u15tWHN8iyAI3AMToEFLkAD3IAmaAEMHsETeAYv8BW+ww/4mR9dgbOZA/Cj4Nc3TpGwcg==</latexit><latexit sha1_base64="ExZpZcinlQyqT4IGywv/IyXgBpo=">AAACQHicdZBNS8MwGMcTX+d82yZ48VIcgocxWhH0Igy8eJzgXnArI03TLixNS5IWR92X8aqfwm/hN/AmXj2ZrhtMnQ+E/Pg/eZL8/07EqFSm+QZXVtfWNzYLW8Xtnd29/VK50pZhLDBp4ZCFousgSRjlpKWoYqQbCYICh5GOM7rO+p2ECElDfqfGEbED5HPqUYyUlgalw36A1NDx0mRyNcd7OhmUqlbdnJZh/oF5qwpm1RyUYaXvhjgOCFeYISl7lhkpO0VCUczIpNiPJYkQHiGf9DRyFBBpp1MDE+NEK67hhUIvroypunSi5iY0kjnKxM9BIe3WTh/yyxbnUhRIOQ6cmk94tuuXMo/y95lMXNbrxcq7tFPKo1gRjvOPejEzVGhkaRouFQQrNtaAsKDaq4GHSCCsdObFxRT/h/ZZ3TLr1u15tWHN8iyAI3AMToEFLkAD3IAmaAEMHsETeAYv8BW+ww/4mR9dgbOZA/Cj4Nc3TpGwcg==</latexit><latexit sha1_base64="ExZpZcinlQyqT4IGywv/IyXgBpo=">AAACQHicdZBNS8MwGMcTX+d82yZ48VIcgocxWhH0Igy8eJzgXnArI03TLixNS5IWR92X8aqfwm/hN/AmXj2ZrhtMnQ+E/Pg/eZL8/07EqFSm+QZXVtfWNzYLW8Xtnd29/VK50pZhLDBp4ZCFousgSRjlpKWoYqQbCYICh5GOM7rO+p2ECElDfqfGEbED5HPqUYyUlgalw36A1NDx0mRyNcd7OhmUqlbdnJZh/oF5qwpm1RyUYaXvhjgOCFeYISl7lhkpO0VCUczIpNiPJYkQHiGf9DRyFBBpp1MDE+NEK67hhUIvroypunSi5iY0kjnKxM9BIe3WTh/yyxbnUhRIOQ6cmk94tuuXMo/y95lMXNbrxcq7tFPKo1gRjvOPejEzVGhkaRouFQQrNtaAsKDaq4GHSCCsdObFxRT/h/ZZ3TLr1u15tWHN8iyAI3AMToEFLkAD3IAmaAEMHsETeAYv8BW+ww/4mR9dgbOZA/Cj4Nc3TpGwcg==</latexit>
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Induction machine under balanced operation

• Per-phase IM model under balanced conditions

stator rotor

✓
1� s

s

◆
Rr

virtual resistor models power 
converted from electrical to 

mechanical

• Stator windings connected as ungrounded Wye or Delta

<latexit sha1_base64="OMQ3VnkKtXI13ZIJzSuRcvKr3zI="></latexit>

ns =
120fe
P

synchronous speed [rpm]

fe : electric frequency

P : number of poles

nr : mechanical (rotor) speed [rpm]

s =
ns � nr

ns
, s 2 [0, 1]
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Sequence-equivalent circuit

J. E. Williams, “Operation of 3-phase induction motors on unbalanced voltages,” AIEE Trans. 
Power App. Syst., Apr. 1954.

• Zero-sequence current and voltage are zero

• Sequence circuits differ only in slip s1 = s

s2 = 2� s )
✓
1� s2
s2

◆
Rr < 0 negative!

• Study unbalanced conditions through sequence domain

• Equivalent impedance

✓
1� si
si

◆
Rr = Rr,i

<latexit sha1_base64="0h4FFwFrFStPJuF4YUGF7AvMbRs="></latexit>

Z0 = 1

Zi = Zs +
(jXm)(Zr +Rr,i)

jXm + Zr +Rr,i
, i = 1, 2
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Problem setup

• Goal: given unbalanced LN voltages, find line currents; and vice versa

• Consider ungrounded Wye, since sequence networks apply for Wye

• If Delta-connected, convert it to ungrounded Wye with

• Line currents are zero-sum

• LL voltages are zero-sum

• LN voltages assumed zero-sum wlog (‘equivalent’)

<latexit sha1_base64="eOyQ2mbvrb/YnXZhEZ5UFomYH28=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIrkriA90IBV24rGAftglhMp20QyeTMHMjlBA3/oobF4q49S/c+TdOHwttPXDhcM693HtPkHCmwLa/jcLC4tLySnG1tLa+sbllbu80VJxKQusk5rFsBVhRzgStAwNOW4mkOAo4bQaDq5HffKBSsVjcwTChXoR7goWMYNCSb+61/ftLN5SYZG0/c68pB5zn2Unum2W7Yo9hzRNnSspoippvfrndmKQRFUA4Vqrj2Al4GZbACKd5yU0VTTAZ4B7taCpwRJWXjT/IrUOtdK0wlroEWGP190SGI6WGUaA7Iwx9NeuNxP+8TgrhhZcxkaRABZksClNuQWyN4rC6TFICfKgJJpLpWy3SxzoO0KGVdAjO7MvzpHFccc4q9u1puWpP4yiifXSAjpCDzlEV3aAaqiOCHtEzekVvxpPxYrwbH5PWgjGd2UV/YHz+AJenlu4=</latexit>

ZY =
Z�

3
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Step 1: phase impedance matrix

• Per-phase complex power

• Sequence circuits are decoupled z := [Z0 Z1 Z2]
>where

• Sequence-to-phase transformation i = Asdg
�1(z)A�1

s v

• Relating line currents to LL voltages

is = dg�1(z)vs

voltages used must be zero-sum; not LG voltages that may be available

i = Asdg
�1(z)A�1

s Wṽ

• Previous two boxed equations can be inverted

s = dg(v)i⇤

• Total power consumed by motor S = 1>s = v>i⇤

• Phase-frame admittance matrix depends on slip!Asdg
�1(z)A�1

s
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• Input active power is an increasing function of slip (at steady state)

Step 2: computing the slip

• Use bisection or incremental updates to bring the error in input power to zero

• So far: given input voltage and slip, find line currents to propagate upstream

• Motor has been assumed a constant-impedance load depending on given slip

• Usually the input power is specified (constant-power load) and the slip varies

• Given input voltage, iteratively update slip to match specified power
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Step 3: finding rotor voltages/currents

• Sequence circuits are independent; stack together; invert through As

• ABCD model for each sequence circuit

• Inverted ABCD model for each sequence circuit

• Useful to calculate SCL, RCL, converted power, rotor current


V st
s

Ists

�
=


1 + ZsYm Zs + Zr + ZsZrYm

Ym 1 + ZrYm

� 
V r
s

Irs

�
, s = 0, 1, 2

<latexit sha1_base64="AE7YR8dUHTGXbx37dEwwQ1UnIt8="></latexit><latexit sha1_base64="AE7YR8dUHTGXbx37dEwwQ1UnIt8="></latexit><latexit sha1_base64="AE7YR8dUHTGXbx37dEwwQ1UnIt8="></latexit><latexit sha1_base64="AE7YR8dUHTGXbx37dEwwQ1UnIt8="></latexit>


V r
s

Irs

�
=


1 + ZrYm �(Zs + Zr + ZsZrYm)

�Ym 1 + ZsYm

� 
V st
s

Ists

�
, s = 0, 1, 2

<latexit sha1_base64="0oGQtqKOogILpVQ+TDeNlSp8Vts="></latexit><latexit sha1_base64="0oGQtqKOogILpVQ+TDeNlSp8Vts="></latexit><latexit sha1_base64="0oGQtqKOogILpVQ+TDeNlSp8Vts="></latexit><latexit sha1_base64="0oGQtqKOogILpVQ+TDeNlSp8Vts="></latexit>


vst
s

ists

�
=


A B
C D

� 
vr
s

irs

�

<latexit sha1_base64="/t56BvPsw6T9kbmRINWbhYlaZjs="></latexit><latexit sha1_base64="/t56BvPsw6T9kbmRINWbhYlaZjs="></latexit><latexit sha1_base64="/t56BvPsw6T9kbmRINWbhYlaZjs="></latexit><latexit sha1_base64="/t56BvPsw6T9kbmRINWbhYlaZjs="></latexit>

• What if we need to find the internal circuit quantities?
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Sequence networks of T model

• ABCD model for motor’s T circuit

• Zero-sequence can be selected identical to positive sequence to yield identity matrices!

V 0
s

V 1
s

V 2
s V 2

r

V 1
r

V 0
r

I0r

I1r

I2rI2s

I1s

I0s

Zs

Zs

Zr

Zr

Ym

Ym

A = I+AsZsYmA�1
s


vst

ist

�
=


A B
C D

� 
vr

ir

�
B = As(Zs + Zr + ZsYmZr)A

�1
s

C = AsYmA�1
s

D = I+AsYmZrA
�1
s

Zs =

2

4
0 0 0
0 0.1 + j0.25 0
0 0 0.1 + j0.25

3

5

• Inverse model through matrix inversion or circuit trick

Zr =

2

4
0 0 0
0 0.08 + j0.175 0
0 0 0.08 + j0.175

3

5

Ym =

2

4
0 0 0
0 �j0.16 0
0 0 �j0.16

3

5
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Summary

• Time-invariant loads through ZIP model

• Induction motor under unbalanced conditions

a) relate stator voltages to currents for a specific slip
b) given stator voltages/currents, find rotor voltages/currents 

c) find slip to match power (consumed or generated)

• All models can be readily integrated to Forward-Backward Sweep

• Not covered
- fitting ZIP model parameters

- time-variant models (water heaters, HVAC, buildings)
- dynamic modeling (induction machine was assumed in steady-state)


