
ECE 5984: Power Distribution System Analysis

Lecture 4: Series Impedance of Distribution Lines
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Reference: Textbook, Chapter 4
Instructor: V. Kekatos



• Different from transmission, in distribution systems
(a) lines are not transposed; and
(b) loads (currents) are unbalanced

Motivation
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• Study the effect of earth based on Carson’s equations

• Derive two-port multi-phase network with the minimum information required

• Model untransposed distribution lines with any number of conductors

• Cover the cases of multiphase and multi-neutral (overhead or underground) lines



• Current flowing through a wire induces magnetic field [Ampere’s law]

Flux linkage
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• Flux linkage induced from wire center till point at distance R

scaled wire radius

• Inductance: flux linkage produced per ampere of current

L =
�

i
v =

d�

dt
= L

di

dt
)

• Time-varying magnetic field induces voltage drop at ends of wire [Faraday’s law]
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Self and mutual inductance
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• Self inductance

• Reactance at 60 Hz

1

2
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D12 : wire distance

• Mutual inductance:
Only external flux from wire 2 beyond wire distance 
is captured by wire 1
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Total flux linkage due to multiple conductors
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• Due to superposition of magnetic fields

as all actually different Rk become equal  

• Linkage goes to infinity as distant point moves away from conductors…

• For zero-sum currents (not necessarily balanced), linkage simplifies
0

• Problem with infinity resolved; but self and mutual inductances persist
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Dnk =

⇢
radius of conductor n , k = n
distance between conductors n and k , k 6= n
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Three-phase transposed line
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Dab
Dac

• Mutual linkages vanish allowing for per-phase (separable and identical) analysis

• Assumption (a1) does not hold under faults

• If (a1) currents sum up to zero; and (a2) lines are transposed

• Symmetry in transmission infrastructure allows for symmetrical components

• None of the (a1)-(a2) holds in distribution grids

D̄ := 3

q
D2

abDac

�a = 2 · 10�7
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(ib + ic)

◆

= 2 · 10�7 ln
D̄

Daa
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Ground return
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• Current flows through ground return or fictitious ‘dirt’ conductor

• Assumption (a1) on zero-sum currents re-established

Ia

Ib

Id

zaa

zbb zab

zadzbdzdd

may have multiple non-dirt 
conductors (neutrals, phases)

• Previous analysis holds with self and mutual inductances present

id = �
NX

n=1

in
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Self and mutual impedances
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Ia

Ib

Id

zaa

zbb zab

zadzbdzdd

self impedance (non-dirt)

mutual impedance (non-dirt)

mutual impedance (dirt/non-dirt)

self impedance (dirt)

zmd = j0.1213 · ln 1

Dmd
[⌦/mile]
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zmn =

8
<

:

rm + j0.1213 · ln 1
Dmm

[⌦/mile], m = n

j0.1213 · ln 1
Dmn

[⌦/mile], m 6= n
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zdd = rd + j0.1213 · ln 1

Ddd
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Primitive impedance matrix
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va

vb

vd v0d

v0a

v0b
Ia

Ib

Id

• Partition into non-dirt and dirt parts


v � v0

vd � v0d

�
=


Z zd
z>d zdd

� 
i
id

�

• Voltages are referenced to vd

• Zero-sum currents yield id = �1>i

• Subtract last row from all other rows to refer voltages to their related grounds

�v = (v � vd1)� (v0 � v0d1) =
�
Z� 1z>d � zd1

> + zdd11
>�

| {z }
Z0

i



Primitive impedance matrix (cont’d)
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• Entries of primitive matrix

Z0 := Z� 1z>d � zd1
> + zdd11

>

• Dirt resistance and a reactance term are added on all entries of original Z!

• Structure of primitive matrix Z’?

• Replace 0.1213 with for general formula [Ohms/meter]  ! · 2 · 10�7
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z0mn = zmn � j0.1213 · ln 1

Dnd
� j0.1213 · ln 1

Dmd
+ rd + j0.1213 · ln 1

Ddd

= zmn + rd + j0.1213 · ln DndDmd

Ddd
[⌦/mile]

• However, we do not know 
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rd, Dnd, Dmd, Ddd...



Experimental approach
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• Subtract last row from first to get

• Ground all conductors on right-hand side

va � (v0a � v0d) = zaaIa + zabIb + zadId � zadIa � zbdIb � zddId )
va = (zaa + zdd � 2zad)Ia + (zab + zdd � zbd � zad)Ib
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va � v0a = zaaIa + zabIb + zadId

vb � v0b = zabIa + zbbIb + zbdId

vd � v0d = zadIa + zbdIb + zddId
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v0a = v0b = . . . = v0d
<latexit sha1_base64="Qu2yzqm6Zv3i3tqaBKR1YSrun5c="></latexit><latexit sha1_base64="Qu2yzqm6Zv3i3tqaBKR1YSrun5c="></latexit><latexit sha1_base64="Qu2yzqm6Zv3i3tqaBKR1YSrun5c="></latexit><latexit sha1_base64="Qu2yzqm6Zv3i3tqaBKR1YSrun5c="></latexit>



Carson’s equations

12

• Carson developed detailed physical model to capture effect of earth [1926]

• In practice, use modified (approximate) Carson’s equations to account for earth
<latexit sha1_base64="ct1Ff4uOepF0Vn8iz5dZh2uJxi0="></latexit>

⇢ : resistivity

f : system frequency

• For typical values

<latexit sha1_base64="rAsW/a6FtEp24eLMR17vQwKNuq8="></latexit>

z0mn � zmn = 0.00158836 · f + j!

✓
7.6786 +

1

2
ln

⇢

f

◆
⌦/mile

• Carson’s equations provided unknown terms

<latexit sha1_base64="e0+Bswm4TRR5rrsZkSKJX6nKHAs="></latexit>

f = 60 Hz and ⇢ = 100 ⌦-m

<latexit sha1_base64="rfpI8sVX40Sg4W4VoIU2Nipmaqg="></latexit>

z0mn � zmn = 0.0953 + j · 0.12134⇥ 7.93402 ⌦/mile

• Because De is in ft for 7.93402, all other distances under ln should be in ft!

<latexit sha1_base64="EMAUMbK4uDXJquq3vk8kVKLEcZI="></latexit>

z0mn = zmn + rd + j0.1213 · ln DndDmd

Ddd

= rmn + rd|{z}
=0.0953

+ j · 0.12134 ·
⇣
ln

1

Dmn
+ ln

DndDmd

Ddd| {z }
lnDe=7.93402

⌘
[⌦/mile]



Primitive impedance matrix
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• Modified Carson’s equations showed that

• From now on, we will be using symbol Z to denote Z’

§ Overhead 4-wire grounded line: 4x4
§ Underground cable with three concentric neutral cables: 6x6

• Primitive impedance matrix is NxN, where N is # of conductors

<latexit sha1_base64="Zzq90rli2oMjUlhelIwY6JBZECU="></latexit>

Z0 = Z+ zd11
>

zd = rd + j! · 2 · 10�7 lnDe

Primitive impedance matrix



Phase impedance matrix

14

• Reduce primitive matrix to a 3x3 matrix capturing only phase conductors

• Partition voltage drop equations as [check dimensions]

• Key point: neutrals are grounded

• Kron reduction: linear system where the given vector has a zero block 

neutral transformation matrix

phase impedance matrix
<latexit sha1_base64="XFF1sCxaNf7N05dvki7qbhHNLJk="></latexit>

v� � v0
� =

�
Z�� � Z�nZ

�1
nnZ

>
�n

�
i�

in = �Z�1
nnZ

>
�ni�

<latexit sha1_base64="LGpcZYBU4XyHd//7mmt4/UhhGNE="></latexit>
v� � v0

�

vn � v0
n

�
=


Z�� Z�n

Z>
�n Znn

� 
i�
in

�

<latexit sha1_base64="wyn63bspI2FthQaLuipiFodzAtA="></latexit>

vn = v0
n = 0



Special cases
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symmetric matrix

• Transposed three-phase line

due to averaging across segments

• single-phase line

• three-wire delta connection: 
no need for Kron reduction, but Carson’s correction is still needed

Z� :=

2

4
0 0 0
0 zbb 0
0 0 0

3

5

<latexit sha1_base64="ObmZ/NaVWcQcVMEIqAUXTrDS1oA="></latexit><latexit sha1_base64="ObmZ/NaVWcQcVMEIqAUXTrDS1oA="></latexit><latexit sha1_base64="ObmZ/NaVWcQcVMEIqAUXTrDS1oA="></latexit><latexit sha1_base64="ObmZ/NaVWcQcVMEIqAUXTrDS1oA="></latexit>

• two-phase line

• primitive is 3x3
• Kron-reduced is 2x2
• zero-padded is 3x3

Z� :=

2

4
zaa 0 zac
0 0 0
zac 0 zcc

3

5

<latexit sha1_base64="LtK/ba7xuymdN4/QaemCevEQZGY="></latexit><latexit sha1_base64="LtK/ba7xuymdN4/QaemCevEQZGY="></latexit><latexit sha1_base64="LtK/ba7xuymdN4/QaemCevEQZGY="></latexit><latexit sha1_base64="LtK/ba7xuymdN4/QaemCevEQZGY="></latexit>

<latexit sha1_base64="A5WgY+tAwGBU2A1R8wlqx4Es+1I="></latexit>

Z� :=

2

4
zs zm zm
zm zs zm
zm zm zs

3

5 = (zs � zm)I3 + zm11>

<latexit sha1_base64="ritSos6L70jjt7qCRzxUzOWcaiU="></latexit>

zm = (zab + zac + zbc)/3

<latexit sha1_base64="RtbNbgBJ4/EFp+LXNXcDlyUK91g="></latexit>

Z� := Z�� � Z�nZ
�1
nnZ

>
�n =

2

4
zaa zab zac
zab zbb zbc
zac zbc zcc

3

5



Transposed three-phase line
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• Primitive impedance matrix

• Phase impedance matrix

<latexit sha1_base64="Ln3hxMQ1F0PynyuWqfSbLI1Jbc0="></latexit>

zii = ri + rd + j! · 2 · 10�7 ln
De

R̄i

zij = rd + j! · 2 · 10�7 ln
De

D̄ij

zin = rd + j! · 2 · 10�7 ln
De

D̄in

znn = rn + rd + j! · 2 · 10�7 ln
De

Rn

<latexit sha1_base64="DJ9HfTbc1pIsQ9ysX1WFJcKYbBs="></latexit>

Z =

2

664

zii zij zij zin
zij zii zij zin
zij zij zii zin
zin zin zin znn

3

775

<latexit sha1_base64="hU6/dOam9Z/T0TMqN/7ucFEyGdQ="></latexit>

Z� =

2

4
zii zij zij
zij zii zij
zij zij zii

3

5� 1

znn

2

4
zin
zin
zin

3

5

2

4
zin
zin
zin

3

5
>

=

2

4
zs zm zm
zm zs zm
zm zm zs

3

5

= (zs � zm)I3 + zm11>

<latexit sha1_base64="n8i8CnbuwHSnctOY6fuYZ9md8vg="></latexit>

zs = zii �
z2in
znn

and zm = zij �
z2in
znnwhere



Transposed three-phase line (cont’d)
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• Single-phase equivalent and line impedance

• Voltage drop under transposed lines and zero-sum currents
<latexit sha1_base64="sQbuRpmAgOBAGGVCjLCfsNeInQc="></latexit>

(1>i� = 0)

<latexit sha1_base64="nizD97pDb2mC+mG1Fld5pP9eC34="></latexit>

v� � v0
� = Z�i�

= (zs � zm)i� + zm11>i�

= (zs � zm)i�

<latexit sha1_base64="8PInBfKE6Npm0vAvj5dLOpYGBvM="></latexit>

zs � zm =

✓
zii �

z2in
znn

◆
�
✓
zij �

z2in
znn

◆

= zii � zij

=

✓
ri + rd + j! · 2 · 10�7 ln

De

R̄i

◆
�

✓
rd + j! · 2 · 10�7 ln

De

D̄ij

◆

= ri + j! · 2 · 10�7 ln
D̄ij

R̄i

• Effect of earth disappears; no Carson’s modification needed of line impedances!

0

• That is why approx. analysis of Chapter 3 involved single z for a line



From phase to sequence domains
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• Phase to sequence domain

• Transformation matrix • Useful properties

conjugate 
transpose

• The angle of 120o

<latexit sha1_base64="Zby3N6jXKUscWIb0aWXU3fkHHhY=">AAADQ3iclVLLbtQwFHXCqwyPPtggsbEYgVgMo6QUgZCQith0WSSmrTROR45zk7HqOKntjBhZEV/DFr6Cj+Ab2CG2SDiTIGbaYcGVLB+d63vP9bHjUnBtguCb51+5eu36jY2bvVu379zd3NreOdJFpRiMWCEKdRJTDYJLGBluBJyUCmgeCziOz942+eMZKM0L+d7MS4hymkmeckaNoybb3n2SUzONU/umnuhXr4mA1IxJDBmXli pF57VljNW98DEOsVuENJBQUU7p6S7+A5dp/DfvaAIy6Tr1iOLZ1EQDcl7RBPeWpU/t07B2+qmizIa1fVb/1yirmv+YcM0oK4LL4xxMtvrBMFgEvgzCDvRRF4fOyx2SFKzKQRomqNbjMChN5AQNZwKcZKWhpOyMZjB2UNIcdGQXb1jjR45JcFoot6TBC3ZtxSCZ8VK3UM+yFhjqHjyyH9pmy3WW5lrP83iQgWx2p9RcU18805DrcuPKpC8jy2VZGZCsHTStBDYFbj4UTrgCZsTcAcoUd3fFbEqdqcZ9u55zMbzo2WVwtDsMnw+Dd3v9/aDzcwM9QA/RExSiF2gfHaBDNELM++h98j57X/yv/nf/h/+zPep7Xc09tBL+r998Ewec</latexit>

As :=

2

4
1 1 1
1 ↵2 ↵
1 ↵ ↵2

3

5 , A�1
s

:=
1

3

2

4
1 1 1
1 ↵ ↵2

1 ↵2 ↵

3

5 =
1

3
AH

s

<latexit sha1_base64="ENff5W9jqcDhSke8Fs/DVc1XtbA="></latexit>

↵ = ej
2⇡
3 = �1

2
+ j

p
3

2

<latexit sha1_base64="JPwqm0KggziJbfjyHA9jqAieUeY="></latexit>

(p1) ↵2 = ↵⇤

(p2) 1 + ↵+ ↵2 = 0

(p3) As1 = 3

2

4
1
0
0

3

5 = 3e1

(p4) A�1
s 1 = e1

<latexit sha1_base64="tycogthBhps0Pn3MsU211URW93I=">AAACO3icbZBNS8NAEIY3ftb61dajl2ARREpJiqIXoeDFYwX7AW0sk+0mXbrZhN1NtYT+FK/6K/whnr2JV+9umxy07cCyD+/M7M68bsSoVJb1Yaytb2xubed28rt7+weHhWKpJcNYYNLEIQtFxwVJGOWkqahipBMJAoHLSNsd3c7y7TERkob8QU0i4gTgc+pRDEpL/UKxBywawmPtJoPzfqFsVa15mMtgZ1BGWTT6RaPUG4Q4DghXmIGUXduKlJOAUBQzMs33YkkiwCPwSVcjh4BIJ5nPPjVPtTIwvVDow5U5V1d2VAZjGskU5dhPQYFe1Eme08f+9iUQSDkJ3IpP+OzWPwWghnKxZiauynVj5V07CeVRrAjH6aBezEwVmjMjzQEVBCs20QBYUL2riYcgACttd167aC96tgytWtW+rFr3F+W6lfmZQ8foBJ0hG12hOrpDDdREGD2hF/SK3ox349P4Mr7T0jUj6zlC/8L4+QVAy61Z</latexit>

↵2 = ↵⇤

<latexit sha1_base64="iZ2Eq2wxiOvtwPrc8EdUoXF3V84=">AAACLnicbZDNSsNAEMc3ftb61dajl2ARPJSSiKLHghePFewHtKFMNpt07WYTdjfFEvoOXvUpfBrBg3j1Mdw0OWjbgWV//Gdmd+bvxoxKZVmfxsbm1vbObmmvvH9weHRcqda6MkoEJh0csUj0XZCEUU46iipG+rEgELqM9NzJXZbvTYmQNOKPahYTJ4SAU59iUFrqDoHFYxhV6lbTWoS5CnYBdVREe1Q1akMvwklIuMIMpBzYVqycFISimJF5eZhIEgOeQEAGGjmERDrpYty5ea4Vz/QjoQ9X5kJd29HwpjSWOcppkIMCvZuTPueP/e1LIZRyFrqNgPDs1j+FoMZyuSYT1+UGifJvnZTyOFGE43xQP2GmiszMO9OjgmDFZhoAC6p3NfEYBGClHS5rF+1lz1ahe9m0r5vWw1W9ZRV+ltApOkMXyEY3qIXuURt1EEZP6AW9ojfj3fgwvozvvHTDKHpO0L8wfn4BZ6KpAw==</latexit>↵

<latexit sha1_base64="POynIEy2s3ORd9O9XENpDB8RGog="></latexit>

v� = Asvs , vs = A�1
s v�



Sequence impedance matrix

19

• Voltage drop in two domains

• Sequence impedance matrix

• Special case: Transposed lines

zero, positive, negative sequence 
self/mutual impedances

<latexit sha1_base64="TS2MrSnLt+9YDU3GTUC/PxLu87g="></latexit>

Zs = A�1
s Z�As =

2

4
z00 z01 z02
z01 z11 z12
z02 z12 z22

3

5

<latexit sha1_base64="B7LXjYHvq91YSGdcXivSaGFc2Os="></latexit>

v� � v0
� = Z�i� )

As(vs � v0
s) = Z�Asis )

A�1
s As(vs � v0

s) = A�1
s Z�Asis )

vs � v0
s = Zsis

<latexit sha1_base64="VdEEQVZljkbUsEfQqsiW9gyhwno="></latexit>

Z� = (zs � zm)I3 + zm11>

• Neutral impedance and ground effect appear only on
<latexit sha1_base64="aqbNVx5uegZuPHRc/NbIiy+rJig="></latexit>

z00 = zii + 2zij � 3
z2in
znn

<latexit sha1_base64="vQRv27tB20xUxPn0DjprtQVBZBY="></latexit>

ri + j! · 2 · 10�7 ln
D̄ij

R̄i

<latexit sha1_base64="ozf1OHY46Td1nqDsN3YHXHtbakU="></latexit>

Zs = (zs � zm)I3 + zmA�1
s 11>As

= (zs � zm)I3 + 3zme1e
>
1

=

2

4
zs + 2zm 0 0

0 zs � zm 0
0 0 zs � zm

3

5



Z =

Z� =

⌦/mile
<latexit sha1_base64="WH3Mnty1B0Ap7Gnu9SjRGM6Igns=">AAACPHicbZDLSgMxFIYz9Vbrra1LN4NFcCF1RgRdFty4s4JthXYomfR0DE0yQ3KmtAx9Fbf6FL6He3fi1rVppwtvB0I+/nPJyR8mghv0vFensLK6tr5R3Cxtbe/s7pUr1baJU82gxWIR6/uQGhBcQQs5CrhPNFAZCuiEo6t5vjMGbXis7nCaQCBppPiQM4pW6pervRsJET3tIUwwk1zArF+ueXVvEe5f8JdQI8to9itOtTeIWSpBIRPUmK7vJRhkVCNndmCplxpIKBvRCLoWFZVggmyx/Mw9ssrAHcbaHoXuQv2342Qw5onJ0YyjHJDanwbZJB/2vS+j0pipDE8iUPPbviQpPpjfNXPxv1w3xeFlkHGVpAiK5YsOU+Fi7M6ddAdcA0MxtUCZ5vavLnugmjK0fpesi/5vz/5C+6zue3X/9rzW8Jd+FskBOSTHxCcXpEGuSZO0CCMT8kieyLPz4rw5785HXlpwlj375Ec4n19h0a57</latexit><latexit sha1_base64="WH3Mnty1B0Ap7Gnu9SjRGM6Igns=">AAACPHicbZDLSgMxFIYz9Vbrra1LN4NFcCF1RgRdFty4s4JthXYomfR0DE0yQ3KmtAx9Fbf6FL6He3fi1rVppwtvB0I+/nPJyR8mghv0vFensLK6tr5R3Cxtbe/s7pUr1baJU82gxWIR6/uQGhBcQQs5CrhPNFAZCuiEo6t5vjMGbXis7nCaQCBppPiQM4pW6pervRsJET3tIUwwk1zArF+ueXVvEe5f8JdQI8to9itOtTeIWSpBIRPUmK7vJRhkVCNndmCplxpIKBvRCLoWFZVggmyx/Mw9ssrAHcbaHoXuQv2342Qw5onJ0YyjHJDanwbZJB/2vS+j0pipDE8iUPPbviQpPpjfNXPxv1w3xeFlkHGVpAiK5YsOU+Fi7M6ddAdcA0MxtUCZ5vavLnugmjK0fpesi/5vz/5C+6zue3X/9rzW8Jd+FskBOSTHxCcXpEGuSZO0CCMT8kieyLPz4rw5785HXlpwlj375Ec4n19h0a57</latexit><latexit sha1_base64="WH3Mnty1B0Ap7Gnu9SjRGM6Igns=">AAACPHicbZDLSgMxFIYz9Vbrra1LN4NFcCF1RgRdFty4s4JthXYomfR0DE0yQ3KmtAx9Fbf6FL6He3fi1rVppwtvB0I+/nPJyR8mghv0vFensLK6tr5R3Cxtbe/s7pUr1baJU82gxWIR6/uQGhBcQQs5CrhPNFAZCuiEo6t5vjMGbXis7nCaQCBppPiQM4pW6pervRsJET3tIUwwk1zArF+ueXVvEe5f8JdQI8to9itOtTeIWSpBIRPUmK7vJRhkVCNndmCplxpIKBvRCLoWFZVggmyx/Mw9ssrAHcbaHoXuQv2342Qw5onJ0YyjHJDanwbZJB/2vS+j0pipDE8iUPPbviQpPpjfNXPxv1w3xeFlkHGVpAiK5YsOU+Fi7M6ddAdcA0MxtUCZ5vavLnugmjK0fpesi/5vz/5C+6zue3X/9rzW8Jd+FskBOSTHxCcXpEGuSZO0CCMT8kieyLPz4rw5785HXlpwlj375Ec4n19h0a57</latexit><latexit sha1_base64="WH3Mnty1B0Ap7Gnu9SjRGM6Igns=">AAACPHicbZDLSgMxFIYz9Vbrra1LN4NFcCF1RgRdFty4s4JthXYomfR0DE0yQ3KmtAx9Fbf6FL6He3fi1rVppwtvB0I+/nPJyR8mghv0vFensLK6tr5R3Cxtbe/s7pUr1baJU82gxWIR6/uQGhBcQQs5CrhPNFAZCuiEo6t5vjMGbXis7nCaQCBppPiQM4pW6pervRsJET3tIUwwk1zArF+ueXVvEe5f8JdQI8to9itOtTeIWSpBIRPUmK7vJRhkVCNndmCplxpIKBvRCLoWFZVggmyx/Mw9ssrAHcbaHoXuQv2342Qw5onJ0YyjHJDanwbZJB/2vS+j0pipDE8iUPPbviQpPpjfNXPxv1w3xeFlkHGVpAiK5YsOU+Fi7M6ddAdcA0MxtUCZ5vavLnugmjK0fpesi/5vz/5C+6zue3X/9rzW8Jd+FskBOSTHxCcXpEGuSZO0CCMT8kieyLPz4rw5785HXlpwlj375Ec4n19h0a57</latexit>

⌦/mile
<latexit sha1_base64="WH3Mnty1B0Ap7Gnu9SjRGM6Igns=">AAACPHicbZDLSgMxFIYz9Vbrra1LN4NFcCF1RgRdFty4s4JthXYomfR0DE0yQ3KmtAx9Fbf6FL6He3fi1rVppwtvB0I+/nPJyR8mghv0vFensLK6tr5R3Cxtbe/s7pUr1baJU82gxWIR6/uQGhBcQQs5CrhPNFAZCuiEo6t5vjMGbXis7nCaQCBppPiQM4pW6pervRsJET3tIUwwk1zArF+ueXVvEe5f8JdQI8to9itOtTeIWSpBIRPUmK7vJRhkVCNndmCplxpIKBvRCLoWFZVggmyx/Mw9ssrAHcbaHoXuQv2342Qw5onJ0YyjHJDanwbZJB/2vS+j0pipDE8iUPPbviQpPpjfNXPxv1w3xeFlkHGVpAiK5YsOU+Fi7M6ddAdcA0MxtUCZ5vavLnugmjK0fpesi/5vz/5C+6zue3X/9rzW8Jd+FskBOSTHxCcXpEGuSZO0CCMT8kieyLPz4rw5785HXlpwlj375Ec4n19h0a57</latexit><latexit sha1_base64="WH3Mnty1B0Ap7Gnu9SjRGM6Igns=">AAACPHicbZDLSgMxFIYz9Vbrra1LN4NFcCF1RgRdFty4s4JthXYomfR0DE0yQ3KmtAx9Fbf6FL6He3fi1rVppwtvB0I+/nPJyR8mghv0vFensLK6tr5R3Cxtbe/s7pUr1baJU82gxWIR6/uQGhBcQQs5CrhPNFAZCuiEo6t5vjMGbXis7nCaQCBppPiQM4pW6pervRsJET3tIUwwk1zArF+ueXVvEe5f8JdQI8to9itOtTeIWSpBIRPUmK7vJRhkVCNndmCplxpIKBvRCLoWFZVggmyx/Mw9ssrAHcbaHoXuQv2342Qw5onJ0YyjHJDanwbZJB/2vS+j0pipDE8iUPPbviQpPpjfNXPxv1w3xeFlkHGVpAiK5YsOU+Fi7M6ddAdcA0MxtUCZ5vavLnugmjK0fpesi/5vz/5C+6zue3X/9rzW8Jd+FskBOSTHxCcXpEGuSZO0CCMT8kieyLPz4rw5785HXlpwlj375Ec4n19h0a57</latexit><latexit sha1_base64="WH3Mnty1B0Ap7Gnu9SjRGM6Igns=">AAACPHicbZDLSgMxFIYz9Vbrra1LN4NFcCF1RgRdFty4s4JthXYomfR0DE0yQ3KmtAx9Fbf6FL6He3fi1rVppwtvB0I+/nPJyR8mghv0vFensLK6tr5R3Cxtbe/s7pUr1baJU82gxWIR6/uQGhBcQQs5CrhPNFAZCuiEo6t5vjMGbXis7nCaQCBppPiQM4pW6pervRsJET3tIUwwk1zArF+ueXVvEe5f8JdQI8to9itOtTeIWSpBIRPUmK7vJRhkVCNndmCplxpIKBvRCLoWFZVggmyx/Mw9ssrAHcbaHoXuQv2342Qw5onJ0YyjHJDanwbZJB/2vS+j0pipDE8iUPPbviQpPpjfNXPxv1w3xeFlkHGVpAiK5YsOU+Fi7M6ddAdcA0MxtUCZ5vavLnugmjK0fpesi/5vz/5C+6zue3X/9rzW8Jd+FskBOSTHxCcXpEGuSZO0CCMT8kieyLPz4rw5785HXlpwlj375Ec4n19h0a57</latexit><latexit sha1_base64="WH3Mnty1B0Ap7Gnu9SjRGM6Igns=">AAACPHicbZDLSgMxFIYz9Vbrra1LN4NFcCF1RgRdFty4s4JthXYomfR0DE0yQ3KmtAx9Fbf6FL6He3fi1rVppwtvB0I+/nPJyR8mghv0vFensLK6tr5R3Cxtbe/s7pUr1baJU82gxWIR6/uQGhBcQQs5CrhPNFAZCuiEo6t5vjMGbXis7nCaQCBppPiQM4pW6pervRsJET3tIUwwk1zArF+ueXVvEe5f8JdQI8to9itOtTeIWSpBIRPUmK7vJRhkVCNndmCplxpIKBvRCLoWFZVggmyx/Mw9ssrAHcbaHoXuQv2342Qw5onJ0YyjHJDanwbZJB/2vS+j0pipDE8iUPPbviQpPpjfNXPxv1w3xeFlkHGVpAiK5YsOU+Fi7M6ddAdcA0MxtUCZ5vavLnugmjK0fpesi/5vz/5C+6zue3X/9rzW8Jd+FskBOSTHxCcXpEGuSZO0CCMT8kieyLPz4rw5785HXlpwlj375Ec4n19h0a57</latexit>

Example

20

Find phase impedance matrix and zero-/positive-sequence impedances for the untransposed
three-phase line

• Compare r/x ratios; value range; and (off)-diagonal entries



Example (cont’d)
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• Assume now the line has been transposed

• Average the (off)-diagonal entries of the phase impedance matrix 

Zs = z11 = z22

Ztr
s =

• Find the related sequence impedance matrix

• How does Zstr compare to Zs?



Discussion on symmetrical components

22

• Symmetrical components were used in older power distribution software
(for computational efficiency) 

• Analysis with symmetrical components (diagonal ) is equivalent to replacing diagonal 
and off-diagonal elements of        with their averages  Z�
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• Example: balanced voltage source, untransposed 3-phase line; and unbalanced load

2

4
V̂a

V̂b

V̂c

3

5 =

2

4
157.97
155.52
93.25

3

5V
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2

4
Va

Vb

Vc

3

5 =

2

4
155.24
156.86
98.167

3

5V
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exact voltages voltages approximated 
with symmetrical components

a : �1.75%
b : +0.85%
c : +5.00%
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errors

• Symmetrical components cannot be applied for 1- or 2-phase lines

• Full phase impedance analysis needed and is currently implemented in software



Parallel lines
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• Lines may run parallel sharing a pole, right of way (different poles), or trench

• Usually, one neutral per pole

• Use modified Carson’s equations to find the primitive impedance matrix

• Use Kron reduction to find the coupled phase impedance matrix

n

1-a

2-c

Line 1

Line 2

1-b 1-c

2-b2-a

Dij Djk

D1n

Dng

D12 Dnk



Underground cables
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• Above 1kV, concentric neutrals/shields needed to reduce electrical stress on insulation

concentric neutral

insulation 
screen

insulation phase 
conductor

conductor shield

jacket

usually for unbalanced residential

tape shield

usually for relatively balanced industrial

• Additional neutrals may also be present; all grounded

[PEguru.com]



Primitive matrix for underground cables
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• Apply Carson’s equations and Kron reduction as before

10 in.

4 in. 4 in. 2 in.

a b

4 in. 4 in.

c

5 in.

b ca

• Resistances, GMRs, and GMDs are given for phase and regular neutral conductors

• Need to find resistances, GMRs, and GMDs for concentric & tape-shielded neutrals



Concentric neutrals
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• Resistance

• GMR follows from formula for bundled transmission lines

• Textbook switches often between ft=12 in, in, and mil=0.001 in

k : # concentric neutrals

rs : neutral strand resistance

R =
dod � ds

2

see Problem 4.16 in 
Glover, Sarma, & Overbye
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GMRcn = k
p
GMRs · k ·Rk�1
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rcn =
rs
k

⌦/mile



Concentric neutrals (cont’d)
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• GMD between neutral and related phase conductor

• GMD between neutral and other phase conductor can be approximated by 
replacing the concentric neutral with one strand at the top

• In this way, GMD between neutrals captured correctly too

Dmn

Dmn

1 12 2

3 34 4
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D13 =
k
p
Rk = R
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D14 =
q
D2

12 +R2



Tape-shielded cables
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• Resistance of tape

• GMR of tape shield is radius from center to midpoint of tape
[symmetry or limiting case for concentric neutrals]

• GMD between tape shields or a tape shield and another conductor equals 
distance between conductors

GMRshield

rshield = 7.93 · 108 · ⇢

dsT
⌦/mile



• Modify impedances to capture the effect of earth

Summary

29

• Convert primitive to phase impedance matrix via Kron reduction

• Connection with special case of transposed lines and symmetric components

• Two-port model for multiphase lines

• Studied the cases of parallel lines and underground cables

v� � v0
� =

�
Z�� � Z�nZ

�1
nnZ

>
�n

�
i�

• Find impedances from geometric configurations


