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Outline
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1) Local, centralized, and decentralized inverter control

2) LDF-OPF deterministic formulation 

3) Robust optimization

4) Chance-constrained optimization

5) Scenario-based optimization

6) Multi-parametric programming

7) Polytopic approximation of quadratic constraints 



Reactive power control schemes
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ü high cyber requirements
ü optimal

ü decisions may be 
obsolete due to delays

utility utility utility

centralized decentralized local

ü moderate computations

ü high communication

ü no cyber requirements
ü suboptimal

• Categorized based on required communication



Deterministic OPF under LDF
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• To ease computations, consider 
OPF under LDF model 

• Previous setup assumes grid conditions are fixed (deterministic) and known

• Other objectives/constraints can be envisioned (EVs, batteries, TCLs)

• Lecture 11 posed inverter control as SOCP/SDP under AC grid model

resource constraints
(DER inverters)

voltage limits 

<latexit sha1_base64="cSy0jFadsErS0pz+tVWwVQSfSYo="></latexit>

min
p,q

f(p,q)

s.t. v  Rp+Xq+ v01  v̄

q  q  q̄

p  p  p̄

• Depending on cost, we may get linear program (LP) or quadratic program (QP)
<latexit sha1_base64="vyZme8bZxWOLevtaA7j7JRkCGi4="></latexit>

fv(p,q) = kv � v01k22 ' kRp+Xqk22 or f`(p,q) ' p>Rp+ q>Xq

voltage deviations ohmic losses on lines

• What if we are trying to
– control inverter qwhile solar p changes?

– control inverters (p,q) while load (p,q) is uncertain?
– design an inverter rule q=Dp for random solar p?



Optimization under uncertainty
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• Consider a parameterized convex optimization problem [6]

need scenarios 
(forecasts or historical data)

• Having a single constraint is wlog (point-wise max of all)

• Scenario-based optimization: we only have some scenarios for uncertain variables

<latexit sha1_base64="KvqcDOFA2KxKk/w5iheblrGN4Cg="></latexit>

min
x

c>x

s.to g(x,✓)  0

• Robust optimization: satisfy constraint for all values within an uncertainty range
<latexit sha1_base64="XzUaoKZd/4IGD9B7LS2jm4PaV4c="></latexit>

g(x,✓)  0 for all ✓ 2 ⇥

• Chance-constrained optimization: satisfy constraint with some (high) probability

for say
<latexit sha1_base64="vLfb9Rlx344WS0VQ4SLPzQYBUT0="></latexit>

Pr {✓ 2 ⇥ : g(x,✓)  0} � ↵
<latexit sha1_base64="4zWxyzn/OKt4cF7WYdOHPc/Dp5g=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4ColYtAuh4MZlBfuAJpTJdNIOnTyYuRFLaHHjr7hxoYhbf8Kdf+O0zUJbD1w4c869zL3HTwRXYNvfxtLyyuraemGjuLm1vbNr7u03VJxKyuo0FrFs+UQxwSNWBw6CtRLJSOgL1vQH1xO/ec+k4nF0B8OEeSHpRTzglICWOuahS0TSJ1e2VSmPXWAPkMVyNNbPSscs2ZY9BV4kTk5KKEetY3653ZimIYuACqJU27ET8DIigVPBRkU3VSwhdEB6rK1pREKmvGx6wwifaKWLg1jqigBP1d8TGQmVGoa+7gwJ9NW8NxH/89opBJdexqMkBRbR2UdBKjDEeBII7nLJKIihJoRKrnfFtE8koaBjK+oQnPmTF0njzHLKln17XqpaeRwFdISO0Sly0AWqohtUQ3VE0SN6Rq/ozXgyXox342PWumTkMwfoD4zPH6T5ltA=</latexit>

↵ = 0.95 or 0.99

<latexit sha1_base64="27f/KWxZ16fPnluuDzZ1/dRLueE="></latexit>

min
x

c>x

s.to g(x,✓s)  0 s = 1, . . . , S

need pdf for uncertain parameters
and being able to integrate over

need uncertainty range

enforcing constraint for all scenarios may be too conservative or impossible (infeasible)



Robust linear programming

6

• Linear program involving uncertainties in constraints

• Given uncertainty sets for problem parameters

• Solve LP for worst-case of

• Replace bi with the smallest value over

• Replace           with the largest value over        

• Worst-case formulation [2]

<latexit sha1_base64="MQHsDX4wjz5VgZGPuv3oLk0pqJg=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1jEClISUXRZcOOygn1AG8JkOmmHTiZhZiLUUPwVNy4Ucet/uPNvnLRdaOuBgcM593LPnCDhTGnH+bYKS8srq2vF9dLG5tb2jr2711RxKgltkJjHsh1gRTkTtKGZ5rSdSIqjgNNWMLzJ/dYDlYrF4l6PEupFuC9YyAjWRvLtg0o3wnoQhBke++ws8NnpifLtslN1JkCLxJ2RMsxQ9+2vbi8maUSFJhwr1XGdRHsZlpoRTselbqpogskQ92nHUIEjqrxskn6Mjo3SQ2EszRMaTdTfGxmOlBpFgZnMo6p5Lxf/8zqpDq+9jIkk1VSQ6aEw5UjHKK8C9ZikRPORIZhIZrIiMsASE20KK5kS3PkvL5LmedW9rDp3F+WaM6ujCIdwBBVw4QpqcAt1aACBR3iGV3iznqwX6936mI4WrNnOPvyB9fkDjtGUlQ==</latexit>

(ai, bi)
0s

<latexit sha1_base64="qjdplcs3w43cIFkOlvwrPJtf0k0=">AAACK3icdVDLSgMxFM3UV62vUZdugkVwIWVGFF0W3biSKvYBbR2S9E4bmnmYZIQyzP+48Vdc6MIHbv0P08dCWz0QOJxzLrn30FhwpR3n3crNzS8sLuWXCyura+sb9uZWTUWJZFBlkYhkgxIFgodQ1VwLaMQSSEAF1Gn/fOjX70EqHoU3ehBDOyDdkPucEW0kzz6remkrILpH/ZRkHs9aKqEKNNzhsUzT6+z28sDE6D+uZxedkjMCniXuhBTRBBXPfm51IpYEEGomiFJN14l1OyVScyYgK7QSBTFhfdKFpqEhCUC109GtGd4zSgf7kTQv1Hik/pxISaDUIKAmOdxQTXtD8S+vmWj/tJ3yME40hGz8kZ8IrCM8LA53uASmxcAQwiQ3u2LWI5IwbeotmBLc6ZNnSe2w5B6XnKujYtmZ1JFHO2gX7SMXnaAyukAVVEUMPaAn9IrerEfrxfqwPsfRnDWZ2Ua/YH19A0AQqXI=</latexit>

Uai ✓ RN , Ubi ✓ R

<latexit sha1_base64="7k8jxKo3hKFGuC5+/S0Pa8gaW4M="></latexit>

min
x

c>x

s.to a>i x  bi for all ai 2 Uai , bi 2 Ubi i = 1, . . . ,M

<latexit sha1_base64="PAmN4r4tuGSpKZCavhR3YJZVhzw="></latexit>

Ubi : bi

<latexit sha1_base64="vABGLzWOmhq22E6/S6+XGl/tMLY="></latexit>

Uai : max
ai2Uai

a>i x
<latexit sha1_base64="D/WVev6wxj+o/jmaMIt5agX4gkg=">AAACBXicdVDLSgMxFM3UV62vUZe6CBbBVUmK2nZXcOOygn1AOw6ZNNOGZh4kGbEM3bjxV9y4UMSt/+DOvzHTB6jogQuHc+7l3nu8WHClEfq0ckvLK6tr+fXCxubW9o69u9dSUSIpa9JIRLLjEcUED1lTcy1YJ5aMBJ5gbW90kfntWyYVj8JrPY6ZE5BByH1OiTaSax/2AqKHnp+SictvejqK4UK5m7h2EZUQQhhjmBFcOUeG1GrVMq5CnFkGRTBHw7U/ev2IJgELNRVEqS5GsXZSIjWngk0KvUSxmNARGbCuoSEJmHLS6RcTeGyUPvQjaSrUcKp+n0hJoNQ48ExndqH67WXiX1430X7VSXkYJ5qFdLbITwTUEcwigX0uGdVibAihkptbIR0SSag2wRVMCItP4f+kVS7hsxK6Oi3W0TyOPDgAR+AEYFABdXAJGqAJKLgHj+AZvFgP1pP1ar3NWnPWfGYf/ID1/gWmmZlF</latexit>

a>i x



Uncertainty sets
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• Polytopic uncertainty set

⎼ use duality to replace the internal maximization [2]

• Ellipsoidal uncertainty set

⎼ internal maximization has explicit solution [2]

⎼ worst-case formulation remains a linear program (LP)

⎼ worst-case formulation becomes a second-order cone program (SOCP)

<latexit sha1_base64="yK3TORbXlTXDclSKCuCRUYjZM68="></latexit>

Uai = {āi +Piu| kuk2  1}

<latexit sha1_base64="CTYehZG+7NnLO5hNymaagEim1Go="></latexit>

max
ai2Uai

a>i x = ā>i + kP>
i xk2

<latexit sha1_base64="pzzzssF8ZwIfCaKrcV2TI/XbHLQ="></latexit>

min
x

c>x

s.to ā>i x+ kP>
i xk2  bi i = 1, . . . ,M

<latexit sha1_base64="tUNlxQiGULiTaT3kR3zPuUmoa24="></latexit>

min
x,{�i}M

i=1

c>x

s.to �>
i di  bi, i = 1, . . . ,M

D>
i �i = x, i = 1, . . . ,M

�i � 0, i = 1, . . . ,M

<latexit sha1_base64="m2XEMR4AGefzsyeLKQlWyfZS8rg="></latexit>

Uai = {ai|Diai  di}



<latexit sha1_base64="GUeVahmHmMH9CNmlkXf/1zKlOl4="></latexit>

min
D:q=Dp

E[f(q)]

s.to v = Rp+Xq+ v01

Pr{vn  v̄n} � ↵i, n = 1, . . . , N

Pr{vn � �v̄n} � ↵i, n = 1, . . . , N

Voltage regulation using chance constraints
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• Suppose need to design linear inverter control rules

• Stochastic optimization deals with costs and objectives that use random variables

deterministic OPF (fixed p) stochastic OPF (random p)

chance 
constraints

<latexit sha1_base64="zeXslX7LdnNDF6bbPIxfgidW+Y0=">AAACMHicbZBNS8NAEIY3flu/qh69LBZBLyURRS+CoKBHBWuFtpTNdtIu3ezG3YlYQvxHXvwpelFQxKu/wqS24tecHt53hpl5/UgKi6775IyMjo1PTE5NF2Zm5+YXiotL51bHhkOFa6nNhc8sSKGgggIlXEQGWOhLqPrdg9yvXoGxQqsz7EXQCFlbiUBwhpnULB7VQ4YdP0gu070hHqZDitKbmzrCNSaBNtTqEOh6S7C2Vkxu5N7XRLNYcstuv+hf8AZQIoM6aRbv6y3N4xAUcsmsrXluhI2EGRRcQlqoxxYixrusDbUMFQvBNpL+wyldy5QWzW8KtELaV79PJCy0thf6WWd+of3t5eJ/Xi3GYLeRCBXFCIp/LgpiSVHTPD3aEgY4yl4GjBuR3Up5hxnGMcu4kIXg/X75L5xvlr3tsnu6Vdp3B3FMkRWyStaJR3bIPjkmJ6RCOLklD+SZvDh3zqPz6rx9to44g5ll8qOc9w8hB6v9</latexit>

q = Dp for some (diagonal) D

• Solar injections can be modeled as random variables, e.g., 

then reactive power injections are also Gaussian
<latexit sha1_base64="kGtxpc0LHO+9N0y7NGfhwMJ1ol8="></latexit>

q ⇠ N (Dµ,D⌃D)

<latexit sha1_base64="ALENNNzLO9lJjVfhA2Ots/CsZ4Q="></latexit>

p ⇠ N (µ,⌃)

<latexit sha1_base64="v21achNS7hRLB3xdxaagUNc1Va8="></latexit>

min
D:q=Dp

f(q) = q>Rq+ p>Rp

s.to v = Rp+Xq+ v01

v  v  v̄

• Average ohmic losses expressed as quadratic function of D
<latexit sha1_base64="g8qkDNrUT7YJOKivSfPbxMURcs8="></latexit>

E[p>Rp] = Trace
�
RE[pp>]

�
= Trace(R⌃) + µ>Rµ = constant

E[q>Rq] = Trace
�
RE[qq>]

�
= Trace(RD⌃D) + µ>DRDµ



Chance constraints
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• Chance constraints under Gaussian pdf yield second-order conic constraints [4] 

second-order cone (SOC) constraint

• Problem has been reformulated to an SOCP

• Constraint under statistical model 

• Reformulate chance (probability) constraint as
CDF of standard Gaussian

<latexit sha1_base64="mlcwzpeha96jBb+9xhmjmeeDXVk="></latexit>

p ⇠ N (µ,⌃) and q ⇠ N (Dµ,D⌃D)
<latexit sha1_base64="vPgbVoyiXgO6Nc340PPiUw9niog=">AAAB/3icbVDLSgMxFL1TX7W+qoIbN8EiuCozouiy4MZlBfuAzjBk0kwbmsmMSaZQxi78FTcuFHHrb7jzb8y0s9DWA4HDOecmNydIOFPatr+t0srq2vpGebOytb2zu1fdP2irOJWEtkjMY9kNsKKcCdrSTHPaTSTFUcBpJxjd5H5nTKVisbjXk4R6ER4IFjKCtZH86tHYFy6nD8iNTSy/JRtPfWPU7Lo9A1omTkFqUKDpV7/cfkzSiApNOFaq59iJ9jIsNSOcTituqmiCyQgPaM9QgSOqvGy2/xSdGqWPwliaIzSaqb8nMhwpNYkCk4ywHqpFLxf/83qpDq+9jIkk1VSQ+UNhypGOUV4G6jNJieYTQzCRzOyKyBBLTLSprGJKcBa/vEza53Xnsm7fXdQa9aKOMhzDCZyBA1fQgFtoQgsIPMIzvMKb9WS9WO/WxzxasoqZQ/gD6/MHp2yWcw==</latexit>

vn  vn

<latexit sha1_base64="oTHPWW9PI3wVeFzWH3PSlSAwZUs=">AAACLHicbZBLS8NAEMc3Pmt9RT16WSyCUAiJKHoRCr14rGIf0Iaw2W7apZuHu5tCCflAXvwqgniwiFc/h5s2EW0dWPjtf2aYmb8bMSqkaU61ldW19Y3N0lZ5e2d3b18/OGyJMOaYNHHIQt5xkSCMBqQpqWSkE3GCfJeRtjuqZ/n2mHBBw+BBTiJi+2gQUI9iJJXk6PWej+TQ9ZJxelPgfVpQlFYL7PyIjymsjh2z+Fqpo1dMw5wFXAYrhwrIo+Hor71+iGOfBBIzJETXMiNpJ4hLihlJy71YkAjhERqQrsIA+UTYyezYFJ4qpQ+9kKsXSDhTf3ckyBdi4ruqMttQLOYy8b9cN5betZ3QIIolCfB8kBczKEOYOQf7lBMs2UQBwpyqXSEeIo6wVP6WlQnW4snL0Do3rEvDvLuo1IzcjhI4BifgDFjgCtTALWiAJsDgCbyAdzDVnrU37UP7nJeuaHnPEfgT2tc3+impxw==</latexit>

v = Rp+Xq+ v01

voltage at bus n

<latexit sha1_base64="/iEncnZfQNG7mznzuugM+ib1Os8="></latexit>

vn = r>np+ x>
nq+ v0 ⇠ N (µn,�

2
n)

where µn = (rn +Dxn)
> µ+ v0

and �2
n = (rn +Dxn)

> ⌃ (rn +Dxn)

<latexit sha1_base64="td5JhQ0nMS5iQrab2IgaI3X5XP4="></latexit>

Pr (vn  vn) = Pr

✓
vn � µn

�n
 v̄n � µn

�n

◆
= �

✓
v̄n � µn

�n

◆
� ↵i () v̄n � µn

�n
� ��1(↵i) = const.

<latexit sha1_base64="tZnzXDHJUo3rY2QUnP7hi6m85uE=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyxCFSmJKLosuHElFewDmlAm00k7ODMJMxOhhuKvuHGhiFv/w51/46TtQlsPDBzOuZd75oQJo0q77rdVWFhcWl4prpbW1jc2t+ztnaaKU4lJA8cslu0QKcKoIA1NNSPtRBLEQ0Za4f1V7rceiFQ0Fnd6mJCAo76gEcVIG6lr7/mKcp8jPcCIZTejinviHXXtslt1x3DmiTclZZii3rW//F6MU06Exgwp1fHcRAcZkppiRkYlP1UkQfge9UnHUIE4UUE2Tj9yDo3Sc6JYmie0M1Z/b2SIKzXkoZnMc6pZLxf/8zqpji6DjIok1UTgyaEoZY6OnbwKp0clwZoNDUFYUpPVwQMkEdamsJIpwZv98jxpnla986p7e1auHU/rKMI+HEAFPLiAGlxDHRqA4RGe4RXerCfrxXq3PiajBWu6swt/YH3+AEc3lF4=</latexit>

⇠ N (0, 1)

<latexit sha1_base64="CRK5Z4AqsI3RkGtaJoHyNcbfza8="></latexit>

��1(↵i)�n + µn  v̄n () ��1(↵i)k⌃1/2 (rn +Dxn) k2 + (rn +Dxn)
> µ+ v0  v̄n

• If p follows a log-concave pdf (more general family of pdf’s than Gaussian), 
the feasible set is still convex but not intersection of SOCs [5]



• If you sample S scenarios with [6] 

Scenario-based optimization
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• How many scenarios are needed to ensure

⎼ either problem is infeasible

⎼ or problem is feasible (and found solution satisfies original chance constraint)

<latexit sha1_base64="er5m/n23852XmRwgO2qPLt1VGeM="></latexit>

min
x

c>x

s.to g(x,✓s)  0 s = 1, . . . , S

<latexit sha1_base64="2A4T/hgJeIHvtIf8SRGKGS6vX/Y="></latexit>

Pr {g(x,✓)  0} � ↵?

for some 
<latexit sha1_base64="MiCcfORqtO8OS2Pj2FY2ipzHoFw="></latexit>

S �
⇠

2

1� ↵
ln

1

1� �
+ 2N +

2N

1� ↵
ln

2

1� ↵

⇡
<latexit sha1_base64="RH01Ncrb40TOma5MIaPqFNO3T0w=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiih4LXjxWsB/QhLLZbtqlm03cnRRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzgkRwjY7zbRXW1jc2t4rbpZ3dvf2D8uFRS8epoqxJYxGrTkA0E1yyJnIUrJMoRqJAsHYwupv57TFTmsfyEScJ8yMykDzklKCRfC9gSDwuq86Fe94rV5yaM4e9StycVCBHo1f+8voxTSMmkQqiddd1EvQzopBTwaYlL9UsIXREBqxrqCQR0342P3pqnxmlb4exMiXRnqu/JzISaT2JAtMZERzqZW8m/ud1Uwxv/YzLJEUm6WJRmAobY3uWgN3nilEUE0MIVdzcatMhUYSiyalkQnCXX14lrcuae11zHq4q9VoeRxFO4BSq4MIN1OEeGtAECk/wDK/wZo2tF+vd+li0Fqx85hj+wPr8ASFkkPU=</latexit>

� 2 (0, 1)

then with probability       
<latexit sha1_base64="xQUsquQw1EV+FAk7yqVFcLEXGdc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hE0WPBi8cKphbaUDbbSbt0swm7G6GE/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvygTXxvO+ncra+sbmVnW7trO7t39QPzxq6zRXDAOWilR1IqpRcImB4UZgJ1NIk0jgYzS+nfmPT6g0T+WDmWQYJnQoecwZNVYKehEa2q83PNebg6wSvyQNKNHq1796g5TlCUrDBNW663uZCQuqDGcCp7VerjGjbEyH2LVU0gR1WMyPnZIzqwxInCpb0pC5+nuioInWkySynQk1I73szcT/vG5u4puw4DLLDUq2WBTngpiUzD4nA66QGTGxhDLF7a2EjaiizNh8ajYEf/nlVdK+cP0r17u/bDTdMo4qnMApnIMP19CEO2hBAAw4PMMrvDnSeXHenY9Fa8UpZ47hD5zPH78kjpQ=</latexit>

�

• Suppose you solve scenario-based optimization over

• Holds for constraint function g that is convex in x and any dependence on <latexit sha1_base64="KY/RNihwDpN8GCHCg+leNhQTyKY=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFchUQUXRbcuKxgH9CEMplM26GTSZi5EUKov+LGhSJu/RB3/o2TNgttPTDM4Zx7mTMnTAXX4Lrf1tr6xubWdm2nvru3f3BoHx13dZIpyjo0EYnqh0QzwSXrAAfB+qliJA4F64XT29LvPTKleSIfIE9ZEJOx5CNOCRhpaDf8MBGRzmNzFT5MGJDZ0G66jjsHXiVeRZqoQntof/lRQrOYSaCCaD3w3BSCgijgVLBZ3c80SwmdkjEbGCpJzHRQzMPP8JlRIjxKlDkS8Fz9vVGQWJf5zGRMYKKXvVL8zxtkMLoJCi7TDJiki4dGmcCQ4LIJHHHFKIjcEEIVN1kxnRBFKJi+6qYEb/nLq6R74XhXjnt/2Ww5VR01dIJO0Tny0DVqoTvURh1EUY6e0St6s56sF+vd+liMrlnVTgP9gfX5A6BLlVY=</latexit>

✓

<latexit sha1_base64="S/fiXvvH9p384DWb1dNyP+9vRAE=">AAACAnicbVDLSsNAFL2pr1pfUVfiJlgEVyERRZcFN66kin1AE8tkOmmHTiZhZiKWENz4K25cKOLWr3Dn3zhpu9DWAwNnzrmXe+8JEkalcpxvo7SwuLS8Ul6trK1vbG6Z2ztNGacCkwaOWSzaAZKEUU4aiipG2okgKAoYaQXDi8Jv3RMhacxv1SghfoT6nIYUI6WlrrnnRUgNgjB7yD3KJ58gu8nvrrpm1bGdMax54k5JFaaod80vrxfjNCJcYYak7LhOovwMCUUxI3nFSyVJEB6iPuloylFEpJ+NT8itQ630rDAW+nFljdXfHRmKpBxFga4sdpSzXiH+53VSFZ77GeVJqgjHk0FhyiwVW0UeVo8KghUbaYKwoHpXCw+QQFjp1Co6BHf25HnSPLbdU9u5PqnW7GkcZdiHAzgCF86gBpdQhwZgeIRneIU348l4Md6Nj0lpyZj27MIfGJ8/C2uXxg==</latexit>

x 2 RN



Multi-parametric programming

11

• Multiparametric quadratic (MPQP) program over ✓ 2 ⇥

<latexit sha1_base64="Y5UqskRNwLbVtnrMUz6rzUvZ46U=">AAACGnicbVDLSsNAFJ3UV62vqktdBIvgqiRS0WXBjcsKfUETymRy2w6dTMLMjVBCN36HH+BWP8GduHXjF/gbTtoutPXAMIdz7uXee4JEcI2O82UV1tY3NreK26Wd3b39g/LhUVvHqWLQYrGIVTegGgSX0EKOArqJAhoFAjrB+Db3Ow+gNI9lEycJ+BEdSj7gjKKR+uVTL4hFqCeR+TIPR4B06nHpNXPWL1ecqjODvUrcBamQBRr98rcXxiyNQCITVOue6yToZ1QhZwKmJS/VkFA2pkPoGSppBNrPZldM7XOjhPYgVuZJtGfq746MRjpf1FRGFEd62cvFf700GSqA8dJ4HNz4GZdJiiDZfPogFTbGdp6THXIFDMXEEMoUNwfYbEQVZWjSLJlk3OUcVkn7surWqlf3tUrdXWRUJCfkjFwQl1yTOrkjDdIijDySZ/JCXq0n6816tz7mpQVr0XNM/sD6/AF+KKIk</latexit>

min
x

1

2
x
>
Hx+ (C✓ + d)> x (QP)

s.to Ax  E✓ + b : �

<latexit sha1_base64="JfyfPARkiFoOP4K18HYVi/2BsL8="></latexit>

• Need to solve it for all (or many) ✓ 2 ⇥

<latexit sha1_base64="Y5UqskRNwLbVtnrMUz6rzUvZ46U=">AAACGnicbVDLSsNAFJ3UV62vqktdBIvgqiRS0WXBjcsKfUETymRy2w6dTMLMjVBCN36HH+BWP8GduHXjF/gbTtoutPXAMIdz7uXee4JEcI2O82UV1tY3NreK26Wd3b39g/LhUVvHqWLQYrGIVTegGgSX0EKOArqJAhoFAjrB+Db3Ow+gNI9lEycJ+BEdSj7gjKKR+uVTL4hFqCeR+TIPR4B06nHpNXPWL1ecqjODvUrcBamQBRr98rcXxiyNQCITVOue6yToZ1QhZwKmJS/VkFA2pkPoGSppBNrPZldM7XOjhPYgVuZJtGfq746MRjpf1FRGFEd62cvFf700GSqA8dJ4HNz4GZdJiiDZfPogFTbGdp6THXIFDMXEEMoUNwfYbEQVZWjSLJlk3OUcVkn7surWqlf3tUrdXWRUJCfkjFwQl1yTOrkjDdIijDySZ/JCXq0n6816tz7mpQVr0XNM/sD6/AF+KKIk</latexit>

i) is described by a polytope

ii) same constraints become active

iii) optimal primal/dual solutions

• Each region       : ⇥k

<latexit sha1_base64="HZWwXswyAZeJNSAKAcTNxS3q0Zs=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BLx4j5AXJEmYnvcmQ2dllZlYIS65+gFf9BG/i1f/wC/wNJ8keNLGgoajqprsrSATXxnW/nMLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByN/c7j6g0j2XTTBP0IzqSPOSMGit1+80xGjqYDMoVt+ouQNaJl5MK5GgMyt/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxb3zsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uK/XpqMFOJkZb0Jb/2MyyQ1KNlye5gKYmIyT4QMuUJmxNQSyhS3DxA2pooyY3Mr2WS81RzWSfuq6tWq1w+1St3LMyrCGZzDJXhwA3W4hwa0gIGAZ3iBV+fJeXPenY9la8HJZ07hD5zPHx4/mMU=</latexit>

• Space      can be partitioned into critical regions           [7]⇥0
ks

<latexit sha1_base64="DN7Dbaty1JpzqV1S+kO2tEAt7ME=">AAACBnicbVDLSsNAFJ3UV62vqks3wSK6KolUdFlw47JCX9iGMpnetEMmkzBzI5TQvR/gVj/Bnbj1N/wCf8Npm4W2HrhwOOde7r3HTwTX6DhfVmFtfWNzq7hd2tnd2z8oHx61dZwqBi0Wi1h1fapBcAkt5CigmyigkS+g44e3M7/zCErzWDZxkoAX0ZHkAWcUjfTQb44B6SA814Nyxak6c9irxM1JheRoDMrf/WHM0ggkMkG17rlOgl5GFXImYFrqpxoSykI6gp6hkkagvWx+8dQ+M8rQDmJlSqI9V39PZDTSehL5pjOiONbL3kz810uTkQIIl9ZjcONlXCYpgmSL7UEqbIztWSb2kCtgKCaGUKa4ecBmY6ooQ5NcySTjLuewStqXVbdWvbqvVepunlGRnJBTckFcck3q5I40SIswIskzeSGv1pP1Zr1bH4vWgpXPHJM/sD5/AGTHmXM=</latexit>

⇥

<latexit sha1_base64="CKxAc/jkNT+hiXCOTPiRsKHeTjk=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI8BLx4j5CEkS5id9CZjZmeXmV4hLLn5AV71E7yJV3/EL/A3nCR70MSChqKqm+6uIJHCoOt+OYW19Y3NreJ2aWd3b/+gfHjUNnGqObR4LGN9HzADUihooUAJ94kGFgUSOsH4ZuZ3HkEbEasmThLwIzZUIhScoZXaveYIkPXLFbfqzkFXiZeTCsnR6Je/e4OYpxEo5JIZ0/XcBP2MaRRcwrTUSw0kjI/ZELqWKhaB8bP5tVN6ZpUBDWNtSyGdq78nMhYZM4kC2xkxHJllbyb+66XJUAOMl9ZjeO1nQiUpguKL7WEqKcZ0lgcdCA0c5cQSxrWwD1A+YppxtKmVbDLecg6rpH1R9WrVy7tape7lGRXJCTkl58QjV6RObkmDtAgnD+SZvJBX58l5c96dj0VrwclnjskfOJ8/jFyX5w==</latexit>

• Once       is identified, easily solve the QP’s related to all    ✓ 2 ⇥k!

<latexit sha1_base64="YQjeRP1dHfe8HQdqavYvv2qZHOc="></latexit>

⇥k

<latexit sha1_base64="HZWwXswyAZeJNSAKAcTNxS3q0Zs=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI8BLx4j5AXJEmYnvcmQ2dllZlYIS65+gFf9BG/i1f/wC/wNJ8keNLGgoajqprsrSATXxnW/nMLG5tb2TnG3tLd/cHhUPj5p6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByN/c7j6g0j2XTTBP0IzqSPOSMGit1+80xGjqYDMoVt+ouQNaJl5MK5GgMyt/9YczSCKVhgmrd89zE+BlVhjOBs1I/1ZhQNqEj7FkqaYTazxb3zsiFVYYkjJUtachC/T2R0UjraRTYzoiasV715uK/XpqMFOJkZb0Jb/2MyyQ1KNlye5gKYmIyT4QMuUJmxNQSyhS3DxA2pooyY3Mr2WS81RzWSfuq6tWq1w+1St3LMyrCGZzDJXhwA3W4hwa0gIGAZ3iBV+fJeXPenY9la8HJZ07hD5zPHx4/mMU=</latexit>

⇥k := {✓ : Nk✓ + tk  0}

<latexit sha1_base64="m04Tiw0M7nmkTw/cCPd98VpQKs4="></latexit>

x⇤ = Lk✓ + rk and �⇤ = Mk✓ + sk

<latexit sha1_base64="qQ4fMqkLhuP6TcGIP7dBBj/LMAs="></latexit>
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• If optimizing p+jq (solar curtailment), need to enforce kVA inverter ratings

• Outer approximation (relaxation) as intersection of linear inequalities

with relative accuracy of 

• kVA ratings of lines/transformers can be handled similarly

• Bound magnitude of s as 

<latexit sha1_base64="pKN8tv+NYB8LSJNibvrYNpUV29Y=">AAACCnicbVBNS8NAEN3Ur1q/oh69rBahHixJUfRY8CJ4qWA/oAlls920SzebsDsRSujZi3/FiwdFvPoLvPlv3LY5aPXBwOO9GWbmBYngGhznyyosLa+srhXXSxubW9s79u5eS8epoqxJYxGrTkA0E1yyJnAQrJMoRqJAsHYwupr67XumNI/lHYwT5kdkIHnIKQEj9exD99SjsfYEC6HihYrQzEv4JKvdTDzFB0M46dllp+rMgP8SNydllKPRsz+9fkzTiEmggmjddZ0E/Iwo4FSwSclLNUsIHZEB6xoqScS0n81emeBjo/RxGCtTEvBM/TmRkUjrcRSYzojAUC96U/E/r5tCeOlnXCYpMEnni8JUYIjxNBfc54pREGNDCFXc3IrpkJg8wKRXMiG4iy//Ja1a1T2vOrdn5bqTx1FEB+gIVZCLLlAdXaMGaiKKHtATekGv1qP1bL1Z7/PWgpXP7KNfsD6+AdwmmlI=</latexit>

1� cos
⇣ ⇡

2K

⌘

• Inner approximation (restriction) as

<latexit sha1_base64="+mTsVL5p8akg5Q/uj4jzuCrrmfQ=">AAACFXicdVDNS8MwHE3n15xfVY9egkPwMEZb6zYPwsCL4GWC24SujDTLtrD0gyQVRuk/4cV/xYsHRbwK3vxvTLcVVPRB4PHe+yW/PC9iVEjD+NQKS8srq2vF9dLG5tb2jr671xFhzDFp45CF/NZDgjAakLakkpHbiBPke4x0vclF5nfvCBc0DG7kNCKuj0YBHVKMpJL6eiXpzS5x+MhzE6N61qhZdq1iVA2jblpmRqy6fWKnV+dW2tfLeQLmCZgnoKmUDGWwQKuvf/QGIY59EkjMkBCOaUTSTRCXFDOSlnqxIBHCEzQijqIB8olwk9lCKTxSygAOQ65OIOFM/T6RIF+Iqe+ppI/kWPz2MvEvz4nlsOEmNIhiSQI8f2gYMyhDmFUEB5QTLNlUEYQ5VbtCPEYcYamKLKkS8p/C/0nHqpqnVePaLjcrizqK4AAcgmNggjpogkvQAm2AwT14BM/gRXvQnrRX7W0eLWiLmX3wA9r7F9gPmr8=</latexit>

K = 2

<latexit sha1_base64="2EV0YF/dl/7GpnUPGxHmRW8WIcg="></latexit>

K = 3

<latexit sha1_base64="F6EFWstaOvYndlHKVNEdLg4CAGw=">AAACE3icbVA7T8MwGHTKq5RXgJHFokJqGUpSgWCsxMJYJPqQmqhyXKe16tjBdpCqKP+Bhb/CwgBCrCxs/BvcNgO0nGTpdPed7e+CmFGlHefbKqysrq1vFDdLW9s7u3v2/kFbiURi0sKCCdkNkCKMctLSVDPSjSVBUcBIJxhfT/3OA5GKCn6nJzHxIzTkNKQYaSP17VMvlAinYUVVs9TDQlW8eETP6tXMY+QeesKEp3enKuvbZafmzACXiZuTMsjR7Ntf3kDgJCJcY4aU6rlOrP0USU0xI1nJSxSJER6jIekZylFElJ/OdsrgiVEGMBTSHK7hTP2dSFGk1CQKzGSE9EgtelPxP6+X6PDKTymPE004nj8UJgxqAacFwQGVBGs2MQRhSc1fIR4hU5I2NZZMCe7iysukXa+5FzXn9rzccPI6iuAIHIMKcMElaIAb0AQtgMEjeAav4M16sl6sd+tjPlqw8swh+APr8wf2vJ4s</latexit>

f(s)

cos(�/2)
 s

<latexit sha1_base64="C0W44L7UfZQmjsWA0vE91PpqHiQ="></latexit>

cos

✓
�

2

◆
|s|  f(s)  |s|

f(s) = max
k=1,...,K

| cos(k�)p+ sin(k�)q|, � =
⇡

K

<latexit sha1_base64="Icg6CJcjVxaZJGtWNEbUhwML5sk="></latexit>

�s  cos(k�)p+ sin(k�)q  s, � =
⇡

K
, k = 1, ...,K

• Most of previous schemes assumed constraints are linear in 
<latexit sha1_base64="Enh77pHs2uBgQmxCEMd/3Amoha0=">AAACCXicbVDLSsNAFJ34rPUVdelmsAgVJCSi6LLgxmUF+4AmlMlk0g6dPJi5EUvo1o2/4saFIm79A3f+jZM2C229MMzhnHu55x4/FVyBbX8bS8srq2vrlY3q5tb2zq65t99WSSYpa9FEJLLrE8UEj1kLOAjWTSUjkS9Yxx9dF3rnnknFk/gOxinzIjKIecgpAU31TVx3IwJDP8wfJqeun4hAjSP95S4MGZDJSd+s2ZY9LbwInBLUUFnNvvnlBgnNIhYDFUSpnmOn4OVEAqeCTapuplhK6IgMWE/DmERMefn0kgk+1kyAw0TqFwOesr8nchKpwqDuLGyrea0g/9N6GYRXXs7jNAMW09miMBMYElzEggMuGQUx1oBQybVXTIdEEgo6vKoOwZk/eRG0zyznwrJvz2sNq4yjgg7REaojB12iBrpBTdRCFD2iZ/SK3own48V4Nz5mrUtGOXOA/pTx+QMrcpqT</latexit>

(x,✓)

<latexit sha1_base64="Agpfbe41pc6qEELy4MiSII00r8E=">AAACFnicbVBLSwMxGMzWV62vVY9egkUQistuUfRSKHjxWME+oLst2TRtY7OvJCuU7f4KL/4VLx4U8Sre/Ddm2x60dSAwzHyT5Bs3ZFRI0/zWciura+sb+c3C1vbO7p6+f9AQQcwxqeOABbzlIkEY9UldUslIK+QEeS4jTXd0nfnNB8IFDfw7OQ6J46GBT/sUI6mkrn42EZPKJCzdR5OKLSIuk7BThiUYdcoptBmJoB2ofHZ9ItKuXjQNcwq4TKw5KYI5al39y+4FOPaILzFDQrQtM5ROgrikmJG0YMeChAiP0IC0FfWRR4STTNdK4YlSerAfcHV8Cafq70SCPCHGnqsmPSSHYtHLxP+8diz7V05C/TCWxMezh/oxgzKAWUewRznBko0VQZhT9VeIh4gjLFWTBVWCtbjyMmmUDevCMG/Pi1VjXkceHIFjcAoscAmq4AbUQB1g8AiewSt40560F+1d+5iN5rR55hD8gfb5AxVln0M=</latexit>

|s| = |p+ jq| =
p

p2 + q2  s
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