
ECE 5984: Power Distribution System Analysis
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Lecture 12: Modeling DERs 

Reference: see publications list at the end
Instructor: V. Kekatos, S. Taheri, M. Singh, and M. Jalali



Outline
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1) Smart inverters

• IEEE 1547 standard

• control curves

• inverter oversizing

• ride-through curves

2) Energy storage units

3) Thermostatically-controlled loads

4) Voltage regulators

5) Squared vs. non-squared voltages



Motivation
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• Voltage fluctuations and transformer overloads due to solar and other DERs
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solar generation

• Inefficiency of voltage control devices 

• Reactive power control using 
smart inverters from 
Distributed Energy Resources 
(DERs)

time delays; excessive switching reduces lifetime 

• How to decide reactive power 
injections by DERs?



Reactive power capability of DERs
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• Four modes of reactive power support per IEEE 1547.8 [1]

1) Constant reactive power
2) Constant power factor

3) Active power-reactive power (Watt/VAR)
4) Voltage-reactive power (Volt/VAR)

<latexit sha1_base64="zOOJGTJ04YZYiTRHpzBMzv6jNwk=">AAACMnicbZDNTgIxEMe7fiJ+AR69NBITD4TsGo1eTEi8eMREPiJsyGwp0NDt1rZLJBvewqs+hS+jN+PVh7CwHBSYpOkv/5lpZ/6B5Ewb1/1w1tY3Nre2MzvZ3b39g8NcvlDXUawIrZGIR6oZgKacCVozzHDalIpCGHDaCIa303xjRJVmkXgwY0n9EPqC9RgBY6XHp5s2cDkALDu5olt2Z4GXwZtDEc2j2sk7hXY3InFIhSEctG55rjR+Asowwukk2441lUCG0KctiwJCqv1kNvIEn1qli3uRskcYPFNXdpS6IyZ1inrUT8GA3c9PntPH/vYlEGo9DoNSn4rpbX8KwQz0Ys1UXJVrxaZ37SdMyNhQQdJBezHHJsJT/3CXKUoMH1sAopjdFZMBKCDGupy1LnqLni1D/bzsXZbd+4tixZ37mUHH6ASdIQ9doQq6Q1VUQwQJ9IJe0Zvz7nw6X853WrrmzHuO0L9wfn4BOhKqaQ==</latexit>q = ↵p

<latexit sha1_base64="aRMkh5YfI8xa57g40ycafIbrdOY=">AAACKXicbZDNTsJAEMe3+IX4BXj00khMPBDSGo0eSbx4hEQ+EmjIdjstG7bburslkoYn8KpP4dN4U6++iAvtQYFJNvvLf2Z2Z/5uzKhUlvVlFLa2d3b3ivulg8Oj45NypdqVUSIIdEjEItF3sQRGOXQUVQz6sQAcugx67uR+ke9NQUga8Uc1i8EJccCpTwlWWmo/jco1q2Etw1wHO4cayqM1qhjVoReRJASuCMNSDmwrVk6KhaKEwbw0TCTEmExwAAONHIcgnXQ56dy80Ipn+pHQhytzqW7sqHtTGssM5TTIQGG9lpM+Z4/97UtxKOUsdOsB8MWtfwqxGsvVmoW4KTdIlH/npJTHiQJOskH9hJkqMhe2mR4VQBSbacBEUL2rScZYYKK0uSXtor3q2Tp0rxr2TcNqX9eaVu5nEZ2hc3SJbHSLmugBtVAHEQToBb2iN+Pd+DA+je+stGDkPafoXxg/vzhIpuA=</latexit>q

<latexit sha1_base64="xe7V6ntX2YWr0Yp7VMcgJBLQcQc=">AAACLnicbZDdSsMwFMfT+TXn1zYvvQkOYcIYrSh6Iwy88XKC+4CtjDRNu2ia1iQdjrJ38FafwqcRvBBvfQzTtRe67UDIj/85Jznn70SMSmWan0ZhbX1jc6u4XdrZ3ds/KFeqXRnGApMODlko+g6ShFFOOooqRvqRIChwGOk5jzdpvjchQtKQ36tpROwA+Zx6FCOlpe7TtVePTkflmtk05wGXwcqhBvJojypGdeiGOA4IV5ghKQeWGSk7QUJRzMisNIwliRB+RD4ZaOQoINJO5uPO4IlWXOiFQh+u4Fxd2dFwJzSSGcqJn4FCejc7ec4e+9uXoEDKaeA0fMLTW/8UIDWWizWpuCo3iJV3ZSeUR7EiHGeDejGDKoSpd9ClgmDFphoQFlTvCvEYCYSVdrikXbQWPVuG7lnTumiad+e1lpn7WQRH4BjUgQUuQQvcgjboAAwewAt4BW/Gu/FhfBnfWWnByHsOwb8wfn4BbVGodg==</latexit>

q = f(p)
<latexit sha1_base64="oqXysCHsDdlH5+BhYOTQ+tsV72k=">AAACLnicbZDdSsMwFMfT+TXn1zYvvQkOYcIYrSh6Iwy88XKC+4CtjDRNt2ia1iQtjrJ38FafwqcRvBBvfQzTtRe67UDIj/85Jznn74SMSmWan0ZhbX1jc6u4XdrZ3ds/KFeqXRlEApMODlgg+g6ShFFOOooqRvqhIMh3GOk5jzdpvhcTIWnA79U0JLaPxpx6FCOlpe7TtVePT0flmtk05wGXwcqhBvJojypGdegGOPIJV5ghKQeWGSo7QUJRzMisNIwkCRF+RGMy0MiRT6SdzMedwROtuNALhD5cwbm6sqPhxjSUGcp4nIFCejc7ec4e+9uXIF/Kqe80xoSnt/7JR2oiF2tScVVuECnvyk4oDyNFOM4G9SIGVQBT76BLBcGKTTUgLKjeFeIJEggr7XBJu2gterYM3bOmddE0785rLTP3swiOwDGoAwtcgha4BW3QARg8gBfwCt6Md+PD+DK+s9KCkfccgn9h/PwCd/WofA==</latexit>

q = f(v)

– requirements per DER type/rating
– islanding, ride-through, and tripping 

under abnormal conditions
– connection and p/q control under 

normal conditions
– monitoring capabilities

– time to respond to commands

– power quality

• IEEE 1547 specifies DER functionalities



Watt/VAR and Volt/VAR
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• Control rules are piece-wise linear

• Design constraints

• Breakpoints can be optimally designed via mixed-integer linear program (MILP) models

• Deadband to promote minimal injections

generationabsorption



Stability of Volt/VAR control rules
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• Linearized discrete-time dynamics at equilibrium 

convergence?

locally stable if

• Looser sufficient condition [2]-[4]

- collect maximum absolute slope of the volt/var curves in

designing control curves alongside 
topology just got more interesting!

<latexit sha1_base64="xKfaGvlYb4QAGbMao4A2YaXZ8tg=">AAACK3icbZBLTsMwEIZtnqW82rJkY1EhsaiqBIFgWYkNyyLoQ2qjynGc1KrjRLYTUUU9Als4BadhBWLLPXCbLKDtSJY//TNjz/xuzJnSlvUJNza3tnd2S3vl/YPDo+NKtdZVUSIJ7ZCIR7LvYkU5E7Sjmea0H0uKQ5fTnju5m+d7KZWKReJJT2PqhDgQzGcEayM9piMxqtStprUItAp2AXVQRHtUhbWhF5EkpEITjpUa2FasnQxLzQins/IwUTTGZIIDOjAocEiVky1mnaFzo3jIj6Q5QqOFuraj4aUsVjmqNMhBY7OYkz3nj/3ty3Co1DR0GwEV89v8FGI9Vss1c3FdbpBo/9bJmIgTTQXJB/UTjnSE5sYhj0lKNJ8awEQysysiYywx0cbesnHRXvZsFbqXTfu6aT1c1VuNws8SOAVn4ALY4Aa0wD1ogw4gIAAv4BW8wXf4Ab/gd166AYueE/Av4M8v9lSnwg==</latexit>vn<latexit sha1_base64="mpk+zluLoqI8+MJGszwkKEp2CuA=">AAACK3icbZDLTgIxFIZbvCHeAJduGomJC0JmjEaXJG5cYpRLAhPS6XSGhk5nbDtEMuER3OpT+DSuNG59DwszCwVO0vTLf85pz/ndmDOlLesTFjY2t7Z3irulvf2Dw6NypdpRUSIJbZOIR7LnYkU5E7Stmea0F0uKQ5fTrju+nee7EyoVi8SjnsbUCXEgmM8I1kZ6eBqKYblmNaxFoFWwc6iBPFrDCqwOvIgkIRWacKxU37Zi7aRYakY4nZUGiaIxJmMc0L5BgUOqnHQx6wydGcVDfiTNERot1LUddW/CYpWhmgQZaGwWc9Ln7LG/fSkOlZqGbj2gYn6bn0KsR2q5Zi6uy/UT7d84KRNxoqkg2aB+wpGO0Nw45DFJieZTA5hIZnZFZIQlJtrYWzIu2suerULnomFfNaz7y1qznvtZBCfgFJwDG1yDJrgDLdAGBATgBbyCN/gOP+AX/M5KCzDvOQb/Av78Au1xp70=</latexit>qn

physical system
(LDF model)

inverter control rule

• Controlling q based on v forms a closed-loop system, which may be unstable

<latexit sha1_base64="Sz5jajLL8rjcK3DiKabC/SrWVS8=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARhGJJRNFlwY3LKvYCTQiT6aQdOpOkM5NCCXkKN76KGxeKuBV3vo3TNgVt/WHg5zvnMOf8fsyoVJb1bRRWVtfWN4qbpa3tnd09c/+gKaNEYNLAEYtE20eSMBqShqKKkXYsCOI+Iy1/cDOpt0ZESBqFD2ocE5ejXkgDipHSyDPPHI5U3w/SUeZIyskQzsF9XGkPK9nIs+bEzjyzbFWtqeCysXNTBrnqnvnldCOccBIqzJCUHduKlZsioShmJCs5iSQxwgPUIx1tQ8SJdNPpWRk80aQLg0joFyo4pb8nUsSlHHNfd042lIu1Cfyv1klUcO2mNIwTRUI8+yhIGFQRnGQEu1QQrNhYG4QF1btC3EcCYaWTLOkQ7MWTl03zvGpfVq27i3LNyuMogiNwDE6BDa5ADdyCOmgADB7BM3gFb8aT8WK8Gx+z1oKRzxyCPzI+fwAM8J/Z</latexit>

v ' Rp+Xq+v01

<latexit sha1_base64="qW2HwFGJcuRh4ahMD1Gh/VJwWps=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXsquKHoRCl48VrAf0C5LNs22odlsTLKFsvRvePGgiFf/jDf/jWm7B219MPB4b4aZeaHkTBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTVBHaJAlPVCfEmnImaNMww2lHKorjkNN2OLqb+e0xVZol4tFMJPVjPBAsYgQbK/WeAnEbBaI6DsR5UK64NXcOtEq8nFQgRyMof/X6CUljKgzhWOuu50rjZ1gZRjidlnqpphKTER7QrqUCx1T72fzmKTqzSh9FibIlDJqrvycyHGs9iUPbGWMz1MveTPzP66YmuvEzJmRqqCCLRVHKkUnQLADUZ4oSwyeWYKKYvRWRIVaYGBtTyYbgLb+8SloXNe+q5j5cVupuHkcRTuAUquDBNdThHhrQBAISnuEV3pzUeXHenY9Fa8HJZ47hD5zPH0+qkSY=</latexit>

qn = fn(vn)



Linear control rules

7

Minimize voltage deviations

• Control reactive power to minimize voltage deviations or ohmic losses [2]

<latexit sha1_base64="BLmqyxRHMI+Jvpdf7uFgbK37gdI=">AAACD3icbZDLSgMxFIYzXmu9jbp0EyyKIJYZUXRZcOOyBXuBdgiZNNOGZjJjkhHLtG/gxldx40IRt27d+TZm2llo6w+Bj/+cw8n5/ZgzpR3n21pYXFpeWS2sFdc3Nre27Z3dhooSSWidRDySLR8rypmgdc00p61YUhz6nDb9wXVWb95TqVgkbvUwpl6Ie4IFjGBtLGQfjRoo7cQMifHo1LAYdRQL6R2USFSROHlAooZEEdklp+ xMBOfBzaEEclWR/dXpRiQJqdCEY6XarhNrL8VSM8LpuNhJFI0xGeAebRsUOKTKSyf3jOGhcbowiKR5QsOJ+3sixaFSw9A3nSHWfTVby8z/au1EB1deykScaCrIdFGQcKgjmIUDu0xSovnQACaSmb9C0scSE20izEJwZ0+eh8ZZ2b0oO7XzUsXJ4yiAfXAAjoELLkEF3IAqqAMCHsEzeAVv1pP1Yr1bH9PWBSuf2QN/ZH3+ABJQnJc=</latexit>

|V⇡n |� |Vn| ' rnPn + xnQn

<latexit sha1_base64="fwcjYr4LXs3CR5r1NQatBnf/LJ4="></latexit>

pgn � pcn + ↵(qgn � qcn) = 0

where ↵ =
xn

rn

<latexit sha1_base64="CbYB9CaeNGviTcFQS7YeJSM/r1U="></latexit>

qgn =


qcn � pgn � pcn

↵

�qn

q
n

• Recall line flows sum up all powers injected downstream

• Bus injections assumed to have similar composition in terms of 
<latexit sha1_base64="ifaecN9wLYli8tjn9eR85ts5WIM=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN8EiVJCSiKLLghuXFewF2hgm00k7dDKJMxMhlPoqblwo4tYHcefbOEmz0NYDM3z8/znMmd+PGZXKtr+N0srq2vpGebOytb2zu2fuH3RklAhM2jhikej5SBJGOWkrqhjpxYKg0Gek60+uM7/7SISkEb9TaUzcEI04DShGSkueWa3HHr/Hpw/5nfHoxDNrdsPOy1oGp4AaFNXyzK/BMMJJSLjCDEnZd+xYuVMkFMWMzCqDRJIY4Qkakb5GjkIi3Wm+/Mw61srQCiKhD1dWrv6emKJQyjT0dWeI1Fguepn4n9dPVHDlTimPE0U4nj8UJMxSkZUlYQ2pIFixVAPCgupdLTxGAmGl86roEJzFLy9D56zhXDTs2/Na0y7iKMMhHEEdHLiEJtxAC9qAIYVneIU348l4Md6Nj3lryShmqvCnjM8fkSGUAw==</latexit>

(pcn, q
c
n, p

g
n)

• Projection operator

<latexit sha1_base64="cQyS1Sf1vMbcqZDxKq6cQlRfcXk="></latexit>

[x]xx =

8
<

:

x , x  x  x
x , x < x
x , x > x

Minimize ohmic losses on lines

<latexit sha1_base64="1iQTmIMW70ufXOdHn815iOluYzY=">AAACKHicbVBNS8NAFNz4bf2qevQSLIKnkoiiF7HgxaOCtUKThs32pV3cbNLdl0IJ/Tle/CteRBTx6i9x0/ZgWwcWhpl5u/smTAXX6Djf1sLi0vLK6tp6aWNza3unvLv3oJNMMaizRCTqMaQaBJdQR44CHlMFNA4FNMKn68Jv9EFpnsh7HKTgx7QjecQZRSMF5ateIFudS09AhM2CM0/xThf9IPcy2QZVXJz3hkVq2Mq9pD8tBeWKU3VGsOeJOyEVMsFtUH732gnLYpDIBNW66Top+jlVyJmAYcnLNKSUPdEONA2VNAbt56NFh/aRUdp2lChzJNoj9e9ETmOtB3FokjHFrp71CvE/r5lhdOHnXKYZgmTjh6JM2JjYRWt2mytgKAaGUKa4+avNulRRhqbbkinBnV15njycVN2zqnN3Wqk5kzrWyAE5JMfEJeekRm7ILakTRp7JK/kgn9aL9WZ9Wd/j6II1mdknU7B+fgEjlakQ</latexit>

qgn = [qcn]
qgn
qg
n

<latexit sha1_base64="Smcjalk8IKkb6N7vqtdLbZLjwpQ="></latexit>

rn`n = rn
P 2
n +Q2

n

v⇡n

' rn
�
P 2
n +Q2

n

�

second-order Taylor’s series expansion 
of losses at flat voltage profile



More on ohmic losses
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• Ohmic losses on line n

• Summing up across all lines 

<latexit sha1_base64="Smcjalk8IKkb6N7vqtdLbZLjwpQ="></latexit>

rn`n = rn
P 2
n +Q2

n

v⇡n

' rn
�
P 2
n +Q2

n

�

<latexit sha1_base64="4kG6dYPJiNw44oGw3T8yP6GQEa8="></latexit>

L =
NX

n=1

rn`n '
NX

n=1

rn
�
P 2
n +Q2

n

�

= P>dg(r)P+Q>dg(r)Q

= p>Fdg(r)F>p+ q>Fdg(r)F>q

= p>Rp+ q>Rq

<latexit sha1_base64="HH4KxItdzn+Yf4vpe+eZ0CPsCDA="></latexit>

p = A>P , P = F>p

recall that according to LDF

• This is also the second-order Taylor’s series expansion of losses as a function of 
voltages at the flat voltage profile [7] 



Oversizing inverters
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• Reactive power constrained as

• kW rating of solar PV vs. kVA rating of inverter 
<latexit sha1_base64="vbjvkDRvEcDJHYQZAbfp5JgGa+A=">AAACBHicbVDLSgMxFL1TX7W+Rl12EyxCBSkzouiy4MZlBfuAdiiZNG1DM5MhyQhlmIUbf8WNC0Xc+hHu/Bsz7YDaeiBwcs49JPf4EWdKO86XVVhZXVvfKG6WtrZ3dvfs/YOWErEktEkEF7LjY0U5C2lTM81pJ5IUBz6nbX9ynfnteyoVE+GdnkbUC/AoZENGsDZS3y5Xe8L4WTyJ0tOfi0pP+nbFqTkzoGXi5qQCORp9+7M3ECQOaKgJx0p1XSfSXoKlZoTTtNSLFY0wmeAR7Roa4oAqL5ktkaJjowzQUEhzQo1m6u9EggOlpoFvJgOsx2rRy8T/vG6sh1dewsIo1jQk84eGMUdaoKwRNGCSEs2nhmAimfkrImMsMdGmt5IpwV1ceZm0zmruRc25Pa/UnbyOIpThCKrgwiXU4QYa0AQCD/AEL/BqPVrP1pv1Ph8tWHnmEP7A+vgGVnGYew==</latexit>

(p, s)

<latexit sha1_base64="ruGOaMNVoCf3qWePVwAdQ8jcD+M="></latexit>

p2t + q2t  s2 ) |qt| 
q
s2 � p2t

• If kVA=kW, there is no room for q
at peak solar generation...

<latexit sha1_base64="Y5/tFjvInOQge2QGLsEEH3SdtpM=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm8EiuCozouhGKLhxWcE+oB1KJs20oZlkSDJCGQY3/oobF4q49Svc+Tdm2gG19UDg5Jx7SO4JYkaVdt0vq7S0vLK6Vl6vbGxube/Yu3stJRKJSRMLJmQnQIowyklTU81IJ5YERQEj7WB8nfvteyIVFfxOT2LiR2jIaUgx0kbq2wc9Yew8nars6ucSZ3276tbcKZxF4hWkCgUaffuzNxA4iQjXmCGlup4baz9FUlPMSFbpJYrECI/RkHQN5Sgiyk+nK2TOsVEGTiikOVw7U/V3IkWRUpMoMJMR0iM17+Xif1430eGln1IeJ5pwPHsoTJijhZP34QyoJFiziSEIS2r+6uARkghr01rFlODNr7xIWqc177zm3p5V625RRxkO4QhOwIMLqMMNNKAJGB7gCV7g1Xq0nq036302WrKKzD78gfXxDZ1emCc=</latexit>

s = p

<latexit sha1_base64="D203zns3jbHwMCnr/R2rTJtjapE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVtXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1gGM5g==</latexit>p

<latexit sha1_base64="n1CMEkt9VsyQ9UBfd10AYQnUSJw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1W3cVmpuXkcRTiBUzgHD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB14WM5w==</latexit>q

• By oversizing inverters by 10% (kVA=1.1kW), 
p can be compensated by 45% q even at peak solar

<latexit sha1_base64="B4qUjArc0mOJPJBtcojcT6WNFmg="></latexit>

q 
q

(1.1p)2 � p2 =
q

(1.12 � 1)p2 = 0.458p<latexit sha1_base64="U6FBIVLNg86CBPNXbQymg0troys=">AAACHnicdVDLSgMxFM34rPU16tJNsAgupCTF2nZXcOOygn1AZyiZNG1DMw+SjFCG+RI3/oobF4oIrvRvzLQdUNELgcM55z5yvEhwpRH6tFZW19Y3Ngtbxe2d3b19++Cwo8JYUtamoQhlzyOKCR6wtuZasF4kGfE9wbre9CrTu3dMKh4Gt3oWMdcn44CPOCXaUAO7mjjzIX059twElRFCGOPzDODaJTKg0ahXcD11QjMm25JEaTqwS7kV5laYWyHOJFMlsKzWwH53hiGNfRZoKohSfYwi7SZEak4FS4tOrFhE6JSMWd/AgPhMucn8shSeGmYIR6E0L9Bwzn7vSIiv1Mz3jNMneqJ+axn5l9aP9ajuJjyIYs0Culg0igXUIcyygkMuGdViZgChkptbIZ0QSag2iRZNCPlP4f+gUynjahndXJSaaBlHARyDE3AGMKiBJrgGLdAGFNyDR/AMXqwH68l6td4W1hVr2XMEfpT18QU6hZ9z</latexit>

p
<latexit sha1_base64="TZaau7wnqmURFNxgULzo7zm9XxI="></latexit>

s = 1.1p

<latexit sha1_base64="D203zns3jbHwMCnr/R2rTJtjapE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9WtVtXlfqbh5HEc7gHC7Bgxuowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A1gGM5g==</latexit>p

<latexit sha1_base64="n1CMEkt9VsyQ9UBfd10AYQnUSJw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cW7Ae0oWy2k3btZhN3N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHst7M0nQj+hQ8pAzaqzUeOyXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6V1W3cVmpuXkcRTiBUzgHD66hBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB14WM5w==</latexit>q



Voltage ride-through

10

• Ride-through: capability of power sources to remain connected during outages [1]

• DERs should trip if over-/under-voltage persists beyond value/time specs

• Standard designates three DER categories for ride-through depending on type/rating

Category III



Frequency ride-through

11

• Frequency can be controlled by modulating active power within the permitted range

• Voltage ride-through precedes frequency ride-through



Energy storage units

12

• State of charge (SoC) of batteries follow a first-order dynamical model

• leakage

• duration of control period

• (dis)-charging efficiencies

charging

<latexit sha1_base64="NHidK9dYr8fzF2JY+bGJzuTq9CI=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiSi6LLgxmUF+4AmlMnkph06eXRmUiih3+HGhSJu/Rh3/o3TNgttPTBwOOdc7p3jp4IrbdvfVmljc2t7p7xb2ds/ODyqHp+0VZJJhi2WiER2fapQ8BhbmmuB3VQijXyBHX90P/c7E5SKJ/GTnqboRXQQ85Azqo3kucJEA+oKHBOnX63ZdXsBsk6cgtSgQLNf/XKDhGURxpoJqlTPsVPt5VRqzgTOKm6mMKVsRAfYMzSmESovXxw9IxdGCUiYSPNiTRbq74mcRkpNI98kI6qHatWbi/95vUyHd17O4zTTGLPlojATRCdk3gAJuESmxdQQyiQ3txI2pJIybXqqmBKc1S+vk/ZV3bmp24/XtYZd1FGGMziHS3DgFhrwAE1oAYMxPMMrvFkT68V6tz6W0ZJVzJzCH1ifPxr+kZo=</latexit>

�  1

<latexit sha1_base64="TG+NIHs3FkoneoXhYwZCwRabgPU=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8cK9gPaUDabSbt2kw27G6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxqa5kphi0mhVTdgGoUPMGW4UZgN1VI40BgJxjfzvzOEyrNZfJgJin6MR0mPOKMGiu1+yEKQwfVmlt35yCrxCtIDQo0B9WvfihZFmNimKBa9zw3NX5OleFM4LTSzzSmlI3pEHuWJjRG7efza6fkzCohiaSylRgyV39P5DTWehIHtjOmZqSXvZn4n9fLTHTj5zxJM4MJWyyKMkGMJLPXScgVMiMmllCmuL2VsBFVlBkbUMWG4C2/vEraF3Xvqu7eX9YabhFHGU7gFM7Bg2towB00oQUMHuEZXuHNkc6L8+58LFpLTjFzDH/gfP4AjXSPDg==</latexit>

�

<latexit sha1_base64="QqT9pz5wnY5A+5j7c5ZIqqY9yoY=">AAACGnicbVDLSgMxFM34tr5GXboJFqEilBlRdCMIblxWsFXoDEMmc9sGMw+TO0IZ2t9w46+4caGIO3Hj35jWWWj1QMLhnHtI7gkzKTQ6zqc1NT0zOze/sFhZWl5ZXbPXN1o6zRWHJk9lqq5DpkGKBJooUMJ1poDFoYSr8OZs5F/dgdIiTS6xn4Efs24iOoIzNFJguzoocM8dnHjShCJGdYB7XgQSmad6acBpFuBwWDO314Vb6uwGdtWpO2PQv8QtSZWUaAT2uxelPI8hQS6Z1m3XydAvmELBJQwqXq4hY/yGdaFtaMJi0H4xXm1Ad4wS0U6qzEmQjtWfiYLFWvfj0EzGDHt60huJ/3ntHDvHfiGSLEdI+PdDnVxSTOmoJxoJBRxl3xDGlTB/pbzHFONo2qyYEtzJlf+S1n7dPaw7FwfVU6esY4FskW1SIy45IqfknDRIk3ByTx7JM3mxHqwn69V6+x6dssrMJvkF6+MLTSWgVQ==</latexit>

st+1 = �st + �⇢cpt (pt � 0)

GRID

<latexit sha1_base64="7UWy3NOaqPHK/E+DWYBhS3SZ7j0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQzLAQbXm1t0cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/zUGTmzypCEsbalkOTq74mMRsZMo8B2RhTHZtmbi/95vRTDGz8TKkmRK7ZYFKaSYEzmf5Oh0JyhnFpCmRb2VsLGVFOGNp2KDcFbfnmVtC/q3lXdvb+sNdwijjKcwCmcgwfX0IA7aEILGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AGD0jc0=</latexit>pt <latexit sha1_base64="DFG7YlwACFj5qY9QuyiS9xhtQHw=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzEOSZZmdzCZD5rHM9AphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFqeAWfP/bK62tb2xulbcrO7t7+wfVw6O21ZmhrEW10KYbE8sEV6wFHATrpoYRGQvWice3M7/zxIzlWj3AJGWhJEPFE04JOOmxb0Y6omkEUbXm1/058CoJClJDBZpR9as/0DSTTAEVxNpe4KcQ5sQAp4JNK/3MspTQMRmynqOKSGbDfH7wFJ85ZYATbVwpwHP190ROpLUTGbtOSWBkl72Z+J/XyyC5CXOu0gyYootFSSYwaDz7Hg+4YRTExBFCDXe3YjoihlBwGVVcCMHyy6ukfVEPrur+/WWt4RdxlNEJOkXnKEDXqIHuUBO1EEUSPaNX9OYZ78V79z4WrSWvmDlGf+B9/gDwGJBw</latexit>⇢cpt

charging

<latexit sha1_base64="7UWy3NOaqPHK/E+DWYBhS3SZ7j0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQzLAQbXm1t0cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/zUGTmzypCEsbalkOTq74mMRsZMo8B2RhTHZtmbi/95vRTDGz8TKkmRK7ZYFKaSYEzmf5Oh0JyhnFpCmRb2VsLGVFOGNp2KDcFbfnmVtC/q3lXdvb+sNdwijjKcwCmcgwfX0IA7aEILGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AGD0jc0=</latexit>pt
<latexit sha1_base64="qm0c3/xBuUuiYLalL/tSJ/6qcW8=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBJR9Fjw4rGC/YAmhM120y7dbMLuRAgh/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1tr6xubWdm2nvru3f3BoHx33dJIpyro0EYkahEQzwSXrAgfBBqliJA4F64fT25nff2RK80Q+QJ4yPyZjySNOCRgpsBtepAgt3LLw1CQJRmUaQGA3nZYzB14lbkWaqEInsL+8UUKzmEmggmg9dJ0U/IIo4FSwsu5lmqWETsmYDQ2VJGbaL+bHl/jMKCMcJcqUBDxXf08UJNY6j0PTGROY6GVvJv7nDTOIbvyCyzQDJuliUZQJDAmeJYFHXDEKIjeEUMXNrZhOiEkDTF51E4K7/PIq6V203KuWc3/ZbDtVHDV0gk7ROXLRNWqjO9RBXURRjp7RK3qznqwX6936WLSuWdVMA/2B9fkDSCuVHw==</latexit>

1

⇢d
pt

discharging

discharging
<latexit sha1_base64="JiNMganlh5zxGoi9Eyg6ZP8DkTc="></latexit>

st+1 = �st + �
1

⇢d
pt (pt  0)

• Simplest battery model
<latexit sha1_base64="tHe0PFoAF6wE6EKiR9fQPMZBYyw=">AAACAHicbVBNS8NAEN3Ur1q/qh48eFksglAoiSh6EQpePFawH9CGsNls2qWbTdidCCXk4l/x4kERr/4Mb/4bt20O2vpg4PHeDDPz/ERwDbb9bZVWVtfWN8qbla3tnd296v5BR8epoqxNYxGrnk80E1yyNnAQrJcoRiJfsK4/vp363UemNI/lA0wS5kZkKHnIKQEjedUj7WVQd/IbrD2oDwImgODEA69asxv2DHiZOAWpoQItr/o1CGKaRkwCFUTrvmMn4GZEAaeC5ZVBqllC6JgMWd9QSSKm3Wz2QI5PjRLgMFamJOCZ+nsiI5HWk8g3nRGBkV70puJ/Xj+F8NrNuExSYJLOF4WpwBDjaRo44IpREBNDCFXc3IrpiChCwWRWMSE4iy8vk855w7ls2PcXtaZdxFFGx+gEnSEHXaEmukMt1EYU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/ltqVtA==</latexit>

st+1 = st + �pt

<latexit sha1_base64="YOy7DgjUoeVIQ3GqiQYpo1dkELI=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQNyURRTeFghuXFewDmlAmk0k7dJIJM5NCCf0TNy4UceufuPNvnLZZaOuBgcM553LvnCDlTGnH+bZKG5tb2zvl3cre/sHhkX180lEik4S2ieBC9gKsKGcJbWumOe2lkuI44LQbjO/nfndCpWIiedLTlPoxHiYsYgRrIw1su+Zxkw5xw5Mj0XAvB3bVqTsLoHXiFqQKBVoD+8sLBclimmjCsVJ910m1n2OpGeF0VvEyRVNMxnhI+4YmOKbKzxeXz9CFUUIUCWleotFC/T2R41ipaRyYZIz1SK16c/E/r5/p6M7PWZJmmiZkuSjKONICzWtAIZOUaD41BBPJzK2IjLDERJuyKqYEd/XL66RzVXdv6s7jdbXpFHWU4QzOoQYu3EITHqAFbSAwgWd4hTcrt16sd+tjGS1Zxcwp/IH1+QMbfJKb</latexit>

(� = ⇢ = 1)

<latexit sha1_base64="auZwqI5bUJRfvR4gHeEoTEhVnkQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISURRcFNwY3LCvYBTQiTyaQdOpmJMxOhhuKvuHGhiFv/w51/4zTNQlsPXO7hnHuZOydMGVXacb6thcWl5ZXVylp1fWNza9ve2W0rkUlMWlgwIbshUoRRTlqaaka6qSQoCRnphMPrid95IFJRwe/0KCV+gvqcxhQjbaTA3vfkQAT4pGiRx8g9dK8Cu+bUnQJwnrglqYESzcD+8iKBs4RwjRlSquc6qfZzJDXFjIyrXqZIivAQ9UnPUI4Sovy8uH4Mj4wSwVhIU1zDQv29kaNEqVESmskE6YGa9Sbif14v0/Gln1OeZppwPH0ozhjUAk6igBGVBGs2MgRhSc2tEA+QRFibwKomBHf2y/OkfVp3z+vO7Vmt4ZRxVMABOATHwAUXoAFuQBO0AAaP4Bm8gjfryXqx3q2P6eiCVe7sgT+wPn8AgB2Uig==</latexit>

⇢c, ⇢d  1; round-trip efficiency <latexit sha1_base64="vGEcvtrYYcJFVMdyYd4CxW+GB2s=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIRZcFNy4r2Ad0hpLJZNrQTDIkGaEM/Q03LhRx68+4829Mp7PQ1gP3cjjnXnJzwpQzbVz326lsbG5t71R3a3v7B4dH9eOTnpaZIrRLJJdqEGJNORO0a5jhdJAqipOQ0344vVv4/SeqNJPi0cxSGiR4LFjMCDZW8n01kSNS9GhUb7hNtwBaJ15JGlCiM6p/+ZEkWUKFIRxrPfTc1AQ5VoYRTuc1P9M0xWSKx3RoqcAJ1UFe3DxHF1aJUCyVLWFQof7eyHGi9SwJ7WSCzUSvegvxP2+Ymfg2yJlIM0MFWT4UZxwZiRYBoIgpSgyfWYKJYvZWRCZYYWJsTDUbgrf65XXSu2p6rab7cN1ou2UcVTiDc7gED26gDffQgS4QSOEZXuHNyZwX5935WI5WnHLnFP7A+fwBJzqRsw==</latexit>⇢c⇢d

• power withdrawn from grid <latexit sha1_base64="7UWy3NOaqPHK/E+DWYBhS3SZ7j0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQzLAQbXm1t0cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/zUGTmzypCEsbalkOTq74mMRsZMo8B2RhTHZtmbi/95vRTDGz8TKkmRK7ZYFKaSYEzmf5Oh0JyhnFpCmRb2VsLGVFOGNp2KDcFbfnmVtC/q3lXdvb+sNdwijjKcwCmcgwfX0IA7aEILGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AGD0jc0=</latexit>pt



Energy storage units (cont’d)
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• Complete battery operation model

SoC limits
charging limits

GRID

<latexit sha1_base64="7UWy3NOaqPHK/E+DWYBhS3SZ7j0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQzLAQbXm1t0cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/zUGTmzypCEsbalkOTq74mMRsZMo8B2RhTHZtmbi/95vRTDGz8TKkmRK7ZYFKaSYEzmf5Oh0JyhnFpCmRb2VsLGVFOGNp2KDcFbfnmVtC/q3lXdvb+sNdwijjKcwCmcgwfX0IA7aEILGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AGD0jc0=</latexit>pt <latexit sha1_base64="DFG7YlwACFj5qY9QuyiS9xhtQHw=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoseAF48RzEOSZZmdzCZD5rHM9AphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHfFqeAWfP/bK62tb2xulbcrO7t7+wfVw6O21ZmhrEW10KYbE8sEV6wFHATrpoYRGQvWice3M7/zxIzlWj3AJGWhJEPFE04JOOmxb0Y6omkEUbXm1/058CoJClJDBZpR9as/0DSTTAEVxNpe4KcQ5sQAp4JNK/3MspTQMRmynqOKSGbDfH7wFJ85ZYATbVwpwHP190ROpLUTGbtOSWBkl72Z+J/XyyC5CXOu0gyYootFSSYwaDz7Hg+4YRTExBFCDXe3YjoihlBwGVVcCMHyy6ukfVEPrur+/WWt4RdxlNEJOkXnKEDXqIHuUBO1EEUSPaNX9OYZ78V79z4WrSWvmDlGf+B9/gDwGJBw</latexit>⇢cpt

charging

<latexit sha1_base64="7UWy3NOaqPHK/E+DWYBhS3SZ7j0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9xm+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQzLAQbXm1t0cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6hGwSSfVfqp4QllEzriPUsVjbjxs/zUGTmzypCEsbalkOTq74mMRsZMo8B2RhTHZtmbi/95vRTDGz8TKkmRK7ZYFKaSYEzmf5Oh0JyhnFpCmRb2VsLGVFOGNp2KDcFbfnmVtC/q3lXdvb+sNdwijjKcwCmcgwfX0IA7aEILGIzgGV7hzZHOi/PufCxaS04xcwx/4Hz+AGD0jc0=</latexit>pt
<latexit sha1_base64="qm0c3/xBuUuiYLalL/tSJ/6qcW8=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBJR9Fjw4rGC/YAmhM120y7dbMLuRAgh/hUvHhTx6g/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1tr6xubWdm2nvru3f3BoHx33dJIpyro0EYkahEQzwSXrAgfBBqliJA4F64fT25nff2RK80Q+QJ4yPyZjySNOCRgpsBtepAgt3LLw1CQJRmUaQGA3nZYzB14lbkWaqEInsL+8UUKzmEmggmg9dJ0U/IIo4FSwsu5lmqWETsmYDQ2VJGbaL+bHl/jMKCMcJcqUBDxXf08UJNY6j0PTGROY6GVvJv7nDTOIbvyCyzQDJuliUZQJDAmeJYFHXDEKIjeEUMXNrZhOiEkDTF51E4K7/PIq6V203KuWc3/ZbDtVHDV0gk7ROXLRNWqjO9RBXURRjp7RK3qznqwX6936WLSuWdVMA/2B9fkDSCuVHw==</latexit>

1

⇢d
pt

discharging

• Avoid deep discharging by selecting 
<latexit sha1_base64="z0wlGoiisf14eGHISSYE0Zp0yZI=">AAACBnicbVDNS8MwHE39nPOr6lGE4hA8lVQUvQgDLx4nuA9Yy0jTdAtLk5Kkg1F28uK/4sWDIl79G7z535huRXTzQeDlvd8j+b0wZVRpCL+speWV1bX1ykZ1c2t7Z9fe228pkUlMmlgwITshUoRRTpqaakY6qSQoCRlph8Obwm+PiFRU8Hs9TkmQoD6nMcVIG6lnH/kZj4gs4rmaXEPX88Xo596za9CFUziLxCtJDZRo9OxPPxI4SwjXmCGluh5MdZAjqSlmZFL1M0VShIeoT7qGcpQQFeTTNSbOiVEiJxbSHK6dqfo7kaNEqXESmskE6YGa9wrxP6+b6fgqyClPM004nj0UZ8zRwik6cSIqCdZsbAjCkpq/OniAJMLaNFc1JXjzKy+S1pnrXbjw7rxWh2UdFXAIjsEp8MAlqINb0ABNgMEDeAIv4NV6tJ6tN+t9NrpklZkD8AfWxzfGeJlD</latexit>

s = 0.1s

<latexit sha1_base64="uAUJSkfrEpppW9/pSFvkR+vI1x8="></latexit>

min
{pt}T

t=1

TX

t=1

c+t p
+
t � c�t p

�
t

subject to st+1 = �st + �⇢cp
+
t � �

1

⇢d
p�t

pt = p+t � p�t

p+t , p
�
t � 0

p+t p
�
t = 0

s  st  s

p  pt  p

non-convex constraint

• In some battery operation optimization problems, the non-convex 
constraint is dropped and is still satisfied at optimality

• Non-convex constraint not needed if
<latexit sha1_base64="PAbinJg1pTFnG8DrnLEItC9+YJ4=">AAACD3icbVDLSsNAFJ3UV62vqEs3waIIYklE0U2h4MZlBfuAtobJZNoOnUzCzI1YQvsFbvwVNy4UcevWnX/jJO1CWw/M3MM59zJzjxdxpsC2v43cwuLS8kp+tbC2vrG5ZW7v1FUYS0JrJOShbHpYUc4ErQEDTpuRpDjwOG14g6vUb9xTqVgobmEY0U6Ae4J1GcGgJdc8JC7cHZfT+2TcBvoACRb+aNyW/dAl5az4Zcc1i3bJzmDNE2dKimiKqmt+tf2QxAEVQDhWquXYEXQSLIERTkeFdqxohMkA92hLU4EDqjpJts/IOtCKb3VDqY8AK1N/TyQ4UGoYeLozwNBXs14q/ue1YuhedhImohioIJOHujG3ILTScCyfSUqADzXBRDL9V4v0scQEdIQFHYIzu/I8qZ+WnPOSfXNWrNjTOPJoD+2jI+SgC1RB16iKaoigR/SMXtGb8WS8GO/Gx6Q1Z0xndtEfGJ8/CCScmA==</latexit>

c+t = c�t and ⇢c = ⇢d = 1



Sample datasheet
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Thermostatically-controlled loads
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• TCL similar to a charging-only battery: ‘SoC’ improves by smaller temperature

• Temperature dynamics typically captured by first-order model
: time constant

: thermal capacitance
: thermal resistance
: thermal energy transfer rate• b(t): AC status (ON/OFF)

• Goal: maintain temperature within set range

<latexit sha1_base64="bcWabV48xkdSo+RIB4zBEI56VNk="></latexit>

d✓(t)

dt
= �1

⌧
(✓(t)� ✓a(t) + b(t)PR)

cooling 
(air-conditioner)

• Discrete dynamics with step size T and  
<latexit sha1_base64="en66Amv2Igk+MVHlBs9bL9fJ//U=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKe6Kohch4MVjhLwgu4TeyWwyZPbhzGwgLPkOLx4U8erHePNvnCR70MSChqKqm+4uPxFcadv+tgpr6xubW8Xt0s7u3v5B+fCopeJUUtaksYhlx0fFBI9YU3MtWCeRDENfsLY/up/57TGTisdRQ08S5oU4iHjAKWojeS6KZIh3jQtXY9orV+yqPQdZJU5OKpCj3it/uf2YpiGLNBWoVNexE+1lKDWngk1LbqpYgnSEA9Y1NMKQKS+bHz0lZ0bpkyCWpiJN5urviQxDpSahbzpD1EO17M3E/7xuqoNbL+NRkmoW0cWiIBVEx2SWAOlzyagWE0OQSm5uJXSIEqk2OZVMCM7yy6ukdVl1rqv241WlZudxFOEETuEcHLiBGjxAHZpA4Qme4RXerLH1Yr1bH4vWgpXPHMMfWJ8/Q9GRtg==</latexit>

↵ = T/⌧
<latexit sha1_base64="3KEU8a4Bkzuw1QCxu2yE0Ap5jcU=">AAACHXicbVDLSgNBEJyNrxhfqx69DAZBCIZdiehFCHjxGMWokMSldzJJhp19MNMrhCU/4sVf8eJBEQ9exL9xkuxBowUD1VXd9HT5iRQaHefLKszNLywuFZdLK6tr6xv25ta1jlPFeJPFMla3PmguRcSbKFDy20RxCH3Jb/zgbOzf3HOlRRxd4TDhnRD6kegJBmgkz661ccARvCyouKPTvAgqbZDJAKblnREOpgL1vYA2Lj277FSdCehf4uakTHI0PPuj3Y1ZGvIImQStW66TYCcDhYJJPiq1U80TYAH0ecvQCEKuO9nkuhHdM0qX9mJlXoR0ov6cyCDUehj6pjMEHOhZbyz+57VS7J10MhElKfKITRf1UkkxpuOoaFcozlAODQGmhPkrZQNQwNAEWjIhuLMn/yXXh1X3qOpc1Mp1J4+jSHbILtknLjkmdXJOGqRJGHkgT+SFvFqP1rP1Zr1PWwtWPrNNfsH6/AYWNKHT</latexit>

✓k+1 = ✓k + ↵✓ak � ↵bkPR

• Existing TCL automation
(modulo lock-out)

<latexit sha1_base64="2o4XATSk0CLls7P6gBmVC9vM9Pg="></latexit>

bk =

8
><

>:

1 , if ✓k�1 � ✓

0 , if ✓k�1  ✓

bk�1 , otherwise.

<latexit sha1_base64="XUIlPJi9SoFMw5I+fTYz/ZweQlE=">AAACInicbVDLSsNAFJ3UV62vqEs3g0UQhJKIou4ENy4rWBWaUCbT23boZBJnboQS+i1u/BU3LhR1JfgxTtosfB0YOJxzLnfuiVIpDHreh1OZmZ2bX6gu1paWV1bX3PWNK5NkmkOLJzLRNxEzIIWCFgqUcJNqYHEk4ToanhX+9R1oIxJ1iaMUwpj1legJztBKHfckyFQXdDGeBzgAZONAwi2d8k4+3PNLIbn7Geu4da/hTUD/Er8kdVKi2XHfgm7CsxgUcsmMafteimHONAouYVwLMgMp40PWh7alisVgwnxy4pjuWKVLe4m2TyGdqN8nchYbM4ojm4wZDsxvrxD/89oZ9o7DXKg0Q1B8uqiXSYoJLfqiXaGBoxxZwrgW9q+UD5hmHG2rNVuC//vkv+Rqv+EfNryLg/qpV9ZRJVtkm+wSnxyRU3JOmqRFOLknj+SZvDgPzpPz6rxPoxWnnNkkP+B8fgHFn6WZ</latexit>

✓  ✓k+1  ✓

• Interfere with existing control rule to provide grid services



Voltage regulators (locally-controlled)
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• {-16,+16} taps scale input voltage within ±10%

• Consider locally-controlled VR and ignore LDC

a) If input voltage too low, VR saturates at +16
<latexit sha1_base64="dWdiEjY1i3/tWII2JTSpiQeVhrk="></latexit>

un = 1.1um, but 1.1um  un when um  un

1.1

b) If input voltage too high, VR saturates at -16
<latexit sha1_base64="iNgyzC5uJnSungJNAPLZNPr9VT0="></latexit>

un = 0.9um, but 0.9um � un when um � un

0.9

c) Otherwise, VR maintains un within bandwidth
<latexit sha1_base64="rCfv/dARRl/X1szp0Vk7B08DaDI="></latexit>

un

1.1
 um  un

0.9
) un 2 [un, un]

• Exact value of tap and un are hard to determine, but uncertainty area is slim

• Approximate model can be captured by McCormick linearization

0.2 pu

0.01 pu



Voltage regulators (remotely-controlled)
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• Consider remotely-controlled VRs

• Utility directly controls the tap

Model 1
one binary variable per each of 33 possible states

Model 2: Binary Expansion Model [6]
express state number as a binary number of 6 digits

<latexit sha1_base64="9lm7nQLGBDn7gx/bwxT8GN6K/1M=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL8EiCNaSiFaPBS8eK9gPaELZbDbt0s0m7E6EEnvwr3jxoIhX/4Y3/43bNgdtfTDweG+GmXl+wpkC2/42CkvLK6trxfXSxubW9o65u9dScSoJbZKYx7LjY0U5E7QJDDjtJJLiyOe07Q9vJn77gUrFYnEPo4R6Ee4LFjKCQUs98wBcJtzszKlVXB7EoCqnTs0d98yyXbWnsBaJk5MyytHomV9uEJM0ogIIx0p1HTsBL8MSGOF0XHJTRRNMhrhPu5oKHFHlZdP7x9axVgIrjKUuAdZU/T2R4UipUeTrzgjDQM17E/E/r5tCeO1lTCQpUEFmi8KUWxBbkzCsgElKgI80wUQyfatFBlhiAjqykg7BmX95kbTOq85l1b67KNftPI4iOkRH6AQ56ArV0S1qoCYi6BE9o1f0ZjwZL8a78TFrLRj5zD76A+PzBx3zlNA=</latexit>

t 2 {�16, . . . ,+16}

• Products between continuous and binary variables handled via McCormick linearization

<latexit sha1_base64="XFZZcyN/aH7oknFweqadWzqYEPE="></latexit>

un = um

33X

k=1

bktk

bk 2 {0, 1},
33X

k=1

bk = 1

tk = 1 + 0.00625(k � 17)

<latexit sha1_base64="cJphkoToEsMaCZpjEa0apvXdTCc="></latexit>

un = um

 
0.9 + 0.00625

5X

i=0

bi2
i

!

5X

i=0

bi2
i  33

bi 2 {0, 1}

<latexit sha1_base64="Jk78yA13D5TmI8s0Ihbu15nbehY="></latexit>

000010 ! 2

001010 ! 10

100001 ! 33

100010 ! 34



To square or not to square voltages?
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approx. analysis of Chapter 3 on voltage magnitudes

• Consider analysis in per unit wlog

• Some component models require both, others one of them

LDF on squared voltage magnitudes

• We have seen two linearized power flow models for distribution systems

⎻ transformer ratios: non-squared voltages
⎻ ZIP loads: squared (constant Z) and non-squared (constant I)

⎻ capacitor banks: squared (constant Z)
⎻ inverter Volt/VAR curves: non-squared

select one set of variables for 
modeling and substitute for the other

<latexit sha1_base64="j6qO7GO5gvwgFlv5WFL7R5Man9I=">AAACDHicbVDLSgMxFM3UV62vqks3wSIIYpkpii4Lbly2YB/QGUImzbShmcyYZIpl6Ae48VfcuFDErR/gzr8x085CWw8EDuecy809fsyZ0rb9bRVWVtfWN4qbpa3tnd298v5BW0WJJLRFIh7Jro8V5UzQlmaa024sKQ59Tjv+6CbzO2MqFYvEnZ7E1AvxQLCAEayNhMqVMUrdmCExPR8j4SoW0ntYk0g0kDirPSDRRFnKrtozwGXi5KQCcjRQ+cvtRyQJqdCEY6V6jh1rL8VSM8LptOQmisaYjPCA9gwVOKTKS2fHTOGJUfowiKR5QsOZ+nsixaFSk9A3yRDroVr0MvE/r5fo4NpLmYgTTQWZLwoSDnUEs2Zgn0lKNJ8Ygolk5q+QDLHERJv+SqYEZ/HkZdKuVZ3Lqt28qNTtvI4iOALH4BQ44ArUwS1ogBYg4BE8g1fwZj1ZL9a79TGPFqx85hD8gfX5A2p9myM=</latexit>

v⇡n � vn ' 2rnPn + 2xnQn
<latexit sha1_base64="KGsmlyOXoEvp6CFGi0kAxTI6fZ8="></latexit>

|V⇡n |� |Vn| ' Re{znIn} ' rnPn + xnQnversus



References

19

[1] IEEE 1547 Standard for Interconnecting Distributed Resources with Electric Power Systems, IEEE Std., 
2018. [Online]. Available: http://grouper.ieee.org/groups/scc21/1547/1547_index.html

[2] M. Farivar, L. Chen, and S. Low, “Equilibrium and dynamics of local voltage control in distribution 
systems,” in Proc. IEEE Conf. on Decision and Control, Florence, Italy, Dec. 2013, pp. 4329–4334

[3] A. Singhal, V. Ajjarapu, J. Fuller and J. Hansen, “Real-time local volt/var control under external 
disturbances with high PV penetration," IEEE Trans. Smart Grid, vol. 10, no. 4, pp. 3849-3859, Jul 2019.

[4] K. Baker, A. Bernstein, E. Dall’Anese, and C. Zhao, “Network-cognizant voltage droop control for 
distribution grids,” IEEE Trans. Power Syst., vol. 33, no. 2, pp. 2098–2108, Mar. 2018.

[5] K. Turitsyn, P. Sulc, S. Backhaus and M. Chertkov, “Options for control of reactive power by 
distributed photovoltaic generators,” Proceedings of the IEEE, vol. 99, no. 6, pp. 1063-1073, June 2011.

[6] W. Wu, Z. Tian, and B. Zhang, “An exact linearization method for OLTC transformers in branch 
flow model,” IEEE Trans. Power Syst., vol. 32,no. 3, pp. 2475–2476, May 2017.

[7] S. Taheri, M. Jalali, V. Kekatos, and L. Tong, "Fast Probabilistic Hosting Capacity Analysis for Active 
Distribution Systems," IEEE Trans. on Smart Grid, (to appear, 2021).


