
ECE 5984: Power Distribution System Analysis

Lecture 11: DistFlow and LinDistFlow
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Reference: see publications list at the end
Instructor: V. Kekatos



Outline
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1. Branch flow model (BFM)

2. DistFlow model

3. DistFlow model for power flow

4. DistFlow model for optimal power flow

5. LinDistFlow model for approximate analysis
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Branch-bus incidence matrix
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• Single-phase and radial feeder represented by tree graph

reduced branch-bus 
incidence matrix

• Branch-bus incidence matrix

Ã = [a0 A]

breadth-first 
(vs. depth-first) 

numbering

<latexit sha1_base64="1jyZQDaD1A74Dh0g9x0FuwWx6mI="></latexit>

G = (N , E) with |N | = N + 1 and |E| = L = N

<latexit sha1_base64="Vser/hRCRC/9GRhWTC6FY9UuMIE=">AAACGHicbVDLSsNAFJ3UV62vqEs3wSK4qoko6qJQEMGFlAr2AU0pk+mkHTqZhJkbsaTtX7jxV9y4UMRtd/6N0weo1QMXDufcy733eBFnCmz700gtLC4tr6RXM2vrG5tb5vZORYWxJLRMQh7KmocV5UzQMjDgtBZJigOP06rXvRz71XsqFQvFHfQi2ghwWzCfEQxaappHfTfA0CGYJ8VBP+/YQxfoAyRYtAbDb+9Kezf5Yv6iaWbtnD2B9Zc4M5JFM5Sa5shthSQOqADCsVJ1x46gkWAJjHA6yLixohEmXdymdU0FDqhqJJPHBtaBVlqWH0pdAqyJ+nMiwYFSvcDTneNL1bw3Fv/z6jH4542EiSgGKsh0kR9zC0JrnJLVYpIS4D1NMJFM32qRDpaYgM4yo0Nw5l/+SyrHOec0Z9+eZAu5WRxptIf20SFy0BkqoGtUQmVE0CN6Rq/ozXgyXox342PamjJmM7voF4zRF8V4oMA=</latexit>

|N | = 10 and |E| = L = N = 9

lines

buses

• The line feeding bus n is indexed as line n-th



Branch-bus incidence matrix (cont’d)
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F = A�1 =

• Branch-bus incidence matrix Ã = [a0 A]

<latexit sha1_base64="XgpNk0Sp0t35veyclzDnYzIf6hs="></latexit>

Ã1N+1 = 0 )
a0 +A1N = 0

1N = �A�1a0

<latexit sha1_base64="T8qCXtkxOgmDXWoySZNGBeOzDhM="></latexit>
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reduced branch-bus incidence matrix



Branch flow model (BFM)
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• Equivalent with typical bus injection model (BIM); a.k.a. power flow equations

• Boundary conditions?

• Branch flow equations on 

• Given s, solve 2L+N+1 equations in 2L+N+1 complex unknowns [3]

zn = rn+jxn

Sn = Pn + jQn

sn = pn + jqns⇡n = p⇡n + jq⇡n

Line n feeding bus n from its parent bus ⇡n

VnV⇡n

<latexit sha1_base64="jCpAulyxKm1R/XUpwzW+DAD45Ik=">AAACJnicbZBLS8NAEMc3Pmt9RT16CRahhVISUfRSKHjRW0X7gDaEzXbTLt1swu5GLCGfxotfxYuHiog3P4qbNvXROrDw2//MMDN/N6RESNP80JaWV1bX1nMb+c2t7Z1dfW+/KYKII9xAAQ1424UCU8JwQxJJcTvkGPouxS13eJnmW/eYCxKwOzkKse3DPiMeQVAqydGrXR/KgevFD0lxhiIpVb8/t0l5htc/2EzKwjFLjl4wK+YkjEWwMiiALOqOPu72AhT5mElEoRAdywylHUMuCaI4yXcjgUOIhrCPOwoZ9LGw48mZiXGslJ7hBVw9Jo2J+rsjhr4QI99VlemaYj6Xiv/lOpH0LuyYsDCSmKHpIC+ihgyM1DOjRzhGko4UQMSJ2tVAA8ghksrZvDLBmj95EZonFeusYt6cFmpmZkcOHIIjUAQWOAc1cAXqoAEQeATPYAxetSftRXvT3qelS1rWcwD+hPb5BTLaph8=</latexit>

x(s) = (S, I,V, s0)

<latexit sha1_base64="0fVFQ6+0wNNgsuhzv8anCvYDCJQ="></latexit>

V⇡n � Vn = znIn

Sn = V⇡nI
⇤
n

Sn � zn|In|2 + sn =
X

k: n!k

Sk



Branch flow model squared

6

• Introduce squared voltage and current magnitudes
<latexit sha1_base64="GCQut6cNU9xDG77b/gAVYVp1FWM=">AAACEnicbVA9SwNBEN2LXzF+RS1tDoOgTbgLijZCwEa7COYDknjsbSbJkr29Y3cuGC7JX7Dxr9hYKGJrZee/8S5JoYkPBh7vzTAzzw0E12hZ30ZqaXlldS29ntnY3Nreye7uVbQfKgZl5gtf1VyqQXAJZeQooBYooJ4roOr2rhK/2geluS/vcBBA06MdyducUYwlJ3vSd+TlsOLI4X1hPG4gPGBEZWs0HmcaIERi3kzMjJPNWXlrAnOR2DOSIzOUnOxXo+Wz0AOJTFCt67YVYDOiCjkTMMo0Qg0BZT3agXpMJfVAN6PJSyPzKFZaZttXcUk0J+rviYh6Wg88N+70KHb1vJeI/3n1ENsXzYjLIESQbLqoHQoTfTPJx2xxBQzFICaUKR7farIuVZRhnGISgj3/8iKpFPL2Wd66Pc0V87M40uSAHJJjYpNzUiTXpETKhJFH8kxeyZvxZLwY78bHtDVlzGb2yR8Ynz+fiZ35</latexit>

vn = |Vn|2 and `n = |In|2

<latexit sha1_base64="aH+CniwBpLBJTXe6vE+qjhCk70U=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0UQxJIURRGEghvdVWof0MYwmU7bIZNJmJkoNdavcOOvuHGhiFvd+TdO2yy09cCFwzn3cu89XsSoVJb1bWRmZufmF7KLuaXlldU1c32jJsNYYFLFIQtFw0OSMMpJVVHFSCMSBAUeI3XPPxv69RsiJA35lepHxAlQl9MOxUhpyTULFZfv37n8/kLXdXFPuvy0JePATfyTB94StNtTSIjwFvqDiuu7Zt4qWCPAaWKnJA9SlF3zq9UOcRwQrjBDUjZtK1JOgoSimJFBrhVLEiHsoy5paspRQKSTjP4awB2ttGEnFLq4giP190SCAin7gac7A6R6ctIbiv95zVh1jp2E8ihWhOPxok7MoArhMCTYpoJgxfqaICyovhXiHhIIKx1lTodgT748TWrFgn1YsC4P8iUrjSMLtsA22AU2OAIlcA7KoAoweATP4BW8GU/Gi/FufIxbM0Y6swn+wPj8AZw+oCk=</latexit>

Sn � zn|In|2 + sn =
X

k: n!k

Sk

<latexit sha1_base64="kLmfXSKGq6I8CQZaqYSNj+ighMA="></latexit> X

k: n!k

Pk = pn + Pn � rn`n

X

k: n!k

Qk = qn +Qn � xn`n

• Rearrange power injection equations

<latexit sha1_base64="fd30SsquRjdupYd3u7jwsIL2YMU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCeCiJKHoRCl70VtF+QBvDZrtpl242YXcjlFD/ihcPinj1h3jz37htc9DWBwOP92aYmRcknCntON9WYWl5ZXWtuF7a2Nza3rF395oqTiWhDRLzWLYDrChngjY005y2E0lxFHDaCoZXE7/1SKVisbjXo4R6Ee4LFjKCtZF8u3zni8umn3UT5osxuvHFw7FvV5yqMwVaJG5OKpCj7ttf3V5M0ogKTThWquM6ifYyLDUjnI5L3VTRBJMh7tOOoQJHVHnZ9PgxOjRKD4WxNCU0mqq/JzIcKTWKAtMZYT1Q895E/M/rpDq88DImklRTQWaLwpQjHaNJEqjHJCWajwzBRDJzKyIDLDHRJq+SCcGdf3mRNE+q7lnVuT2t1Jw8jiLswwEcgQvnUINrqEMDCIzgGV7hzXqyXqx362PWWrDymTL8gfX5A8eClCU=</latexit>

Sn = V⇡nI
⇤
n

<latexit sha1_base64="G0Hrzj0qRJNlVnpyrPVzs+w0pZo=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6UgCCUpim6EghuXLdgHNDFMppN26GQSZiaFEvIFbvwVNy4UcevanX/jpM1CWw/cy+Gce5m5x48Zlcqyvo3S2vrG5lZ5u7Kzu7d/YB4edWWUCEw6OGKR6PtIEkY56SiqGOnHgqDQZ6TnT25zvzclQtKI36tZTNwQjTgNKEZKS55ZcwhjHr9xAoFw2vL4Q+O8nfcsnXqpE1OPZ1nFM6tW3ZoDrhK7IFVQoOWZX84wwklIuMIMSTmwrVi5KRKKYkayipNIEiM8QSMy0JSjkEg3nZ+TwZpWhjCIhC6u4Fz9vZGiUMpZ6OvJEKmxXPZy8T9vkKjg2k0pjxNFOF48FCQMqgjm2cAhFQQrNtMEYUH1XyEeIx2M0gnmIdjLJ6+SbqNuX9at9kW1aRVxlMEJOAVnwAZXoAnuQAt0AAaP4Bm8gjfjyXgx3o2PxWjJKHaOwR8Ynz/uHpv5</latexit>

`n =
P 2
n +Q2

n

v⇡n

• Definition of complex power flow squared

<latexit sha1_base64="X5/FfQeoN5hSb1o6hk/teVAd/a0=">AAAB/3icbVBNS8NAEJ3Ur1q/qoIXL4tF8WJJRNGLUPCitwo2LbQhbLabdulmE3Y3Qo09+Fe8eFDEq3/Dm//GbZuDVh8MPN6bYWZekHCmtG1/WYW5+YXFpeJyaWV1bX2jvLnlqjiVhDZIzGPZCrCinAna0Exz2kokxVHAaTMYXI795h2VisXiVg8T6kW4J1jICNZG8ss7B66fdRLmi9GR64uLe1+ga98YFbtqT4D+EicnFchR98ufnW5M0ogKTThWqu3YifYyLDUjnI5KnVTRBJMB7tG2oQJHVHnZ5P4R2jdKF4WxNCU0mqg/JzIcKTWMAtMZYd1Xs95Y/M9rpzo89zImklRTQaaLwpQjHaNxGKjLJCWaDw3BRDJzKyJ9LDHRJrKSCcGZffkvcY+rzmnVvjmp1Ow8jiLswh4cggNnUIMrqEMDCDzAE7zAq/VoPVtv1vu0tWDlM9vwC9bHN+7xlVg=</latexit>

V⇡n � Vn = znIn

• Ohm’s law squared (multiply both sides by complex conjugate)
<latexit sha1_base64="ovsY+IC4PMRxFAxl8jZXj6StNjM="></latexit>

Vn = V⇡n � znIn )
VnV

⇤
n = (V⇡n � znIn)(V⇡n � znIn)

⇤ )
vn = v⇡n � 2Re [z⇤nV⇡nI

⇤
n] + |zn|2`n )

vn = v⇡n � 2rnPn � 2xnQn + (r2n + x2
n)`n



Relaxed branch flow model
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• In radial grids, we get 4N+2 equations in 4N+2 real unknowns

• Relaxed BFM on 

• Given s, solve 2(L+N+1) equations in 3L+N+2 real unknowns [1]-[2]

current and voltage phases 
have been dropped!

• Unique solution for practical networks with v0 ' 1 and small {(rn, xn)}

X

k: n!k

Pk = pn + Pn � rn`n

X

k: n!k

Qk = qn +Qn � xn`n

vn = v⇡n � 2rnPn � 2xnQn + (r2n + x2
n)`n

`n =
P 2
n +Q2

n

v⇡n

Sn = Pn + jQn

vnv⇡n

`n

s⇡n sn

y(s) := (S, `,v, p0, q0)

• Current mags. can be eliminated; equations remain nonlinear

• Boundary conditions?

<latexit sha1_base64="GCQut6cNU9xDG77b/gAVYVp1FWM=">AAACEnicbVA9SwNBEN2LXzF+RS1tDoOgTbgLijZCwEa7COYDknjsbSbJkr29Y3cuGC7JX7Dxr9hYKGJrZee/8S5JoYkPBh7vzTAzzw0E12hZ30ZqaXlldS29ntnY3Nreye7uVbQfKgZl5gtf1VyqQXAJZeQooBYooJ4roOr2rhK/2geluS/vcBBA06MdyducUYwlJ3vSd+TlsOLI4X1hPG4gPGBEZWs0HmcaIERi3kzMjJPNWXlrAnOR2DOSIzOUnOxXo+Wz0AOJTFCt67YVYDOiCjkTMMo0Qg0BZT3agXpMJfVAN6PJSyPzKFZaZttXcUk0J+rviYh6Wg88N+70KHb1vJeI/3n1ENsXzYjLIESQbLqoHQoTfTPJx2xxBQzFICaUKR7farIuVZRhnGISgj3/8iKpFPL2Wd66Pc0V87M40uSAHJJjYpNzUiTXpETKhJFH8kxeyZvxZLwY78bHtDVlzGb2yR8Ynz+fiZ35</latexit>

vn = |Vn|2 and `n = |In|2



Recovering phases
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• Recover current phasors

• After the relaxed branch flow equations have been solved [3]

• Recover voltage phases

linear system can be inverted 
only when L=N

vnv⇡n

Sn

s⇡n sn

`n

<latexit sha1_base64="v5JO0p9zuHq7STKEDDJicBnrL/o="></latexit>

V⇡n � Vn = znIn )
V ⇤
⇡n

� V ⇤
n = z⇤nI

⇤
n )

V⇡nV
⇤
n = v⇡n � z⇤nSn )

✓⇡n � ✓n = \(v⇡n � z⇤nSn)

<latexit sha1_base64="szTPKyG6NiRcF5jyxnSso9mVlMM=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAIFaEkouhGKLjRXUV7gSaGyXTSDp1MwsyJUEIewo2v4saFIm5duPNtnF4W2vrDwMd/zuHM+YOEMwW2/W0UFhaXlleKq6W19Y3NLXN7p6niVBLaIDGPZTvAinImaAMYcNpOJMVRwGkrGFyO6q0HKhWLxR0ME+pFuCdYyAgGbfnm0bUvLlxOQ6i4ocQku/VFnjX9zE2YptyVrNeHw3sXK/DNsl21x7LmwZlCGU1V980vtxuTNKICCMdKdRw7AS/DEhjhNC+5qaIJJgPcox2NAkdUedn4qNw60E7XCmOpnwBr7P6eyHCk1DAKdGeEoa9mayPzv1onhfDcy5hIUqCCTBaFKbcgtkYJWV0mKQE+1ICJZPqvFuljnQ3oHEs6BGf25HloHled06p9c1Ku2dM4imgP7aMKctAZqqErVEcNRNAjekav6M14Ml6Md+Nj0lowpjO76I+Mzx+op58p</latexit>

In =

✓
Sn

V⇡n

◆⇤



Linearized distribution flow (LinDistFlow)
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vnv⇡n

s⇡n sn

Sn

X

k: n!k

Pk = pn + Pn � rn`n

X

k: n!k

Qk = qn +Qn � xn`n

vn = v⇡n � 2rnPn � 2xnQn + (r2n + x2
n)`n

`n =
P 2
n +Q2

n

v⇡n

• Approximate model to overcome the complexity of quadratic equations [1]-[2]

• Derived from forward DistFlow model upon dropping terms related to losses 

DistFlow (forward form)
X

k: n!k

Pk ' pn + Pn

X

k: n!k

Qk ' qn +Qn

vn ' v⇡n � 2rnPn � 2xnQn

LinDistFlow

Voltage drop and line power flows are approximately linearly related to power injections



Comparison to Lecture 3
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• Drop in squared voltage magnitudes from LDF v⇡n � vn ' 2rnPn + 2xnQn
<latexit sha1_base64="WQRNUF7Ham67xiPCMCHuKHyGM9w=">AAACDHicbVDLSgMxFM34rPVVdekmWARBLDNF0GXBjcsW7AM6Q8ikmTY0yYxJpliGfoAbf8WNC0Xc+gHu/BvTdhbaeiBwOOdcbu4JE860cd1vZ2V1bX1js7BV3N7Z3dsvHRy2dJwqQpsk5rHqhFhTziRtGmY47SSKYhFy2g6HN1O/PaJKs1jemXFCA4H7kkWMYGMlVCqPUOYnDMnJxQhJXzNB76sKyTqS59UHJBtIFm3KrbgzwGXi5aQMctRR6cvvxSQVVBrCsdZdz01MkGFlGOF0UvRTTRNMhrhPu5ZKLKgOstkxE3hqlR6MYmWfNHCm/p7IsNB6LEKbFNgM9KI3Ff/zuqmJroOMySQ1VJL5oijl0MRw2gzsMUWJ4WNLMFHM/hWSAVaYGNvftARv8eRl0qpWPMsbl+Wal9dRAMfgBJwBD1yBGrgFddAEBDyCZ/AK3pwn58V5dz7m0RUnnzkCf+B8/gBLkJsK</latexit><latexit sha1_base64="WQRNUF7Ham67xiPCMCHuKHyGM9w=">AAACDHicbVDLSgMxFM34rPVVdekmWARBLDNF0GXBjcsW7AM6Q8ikmTY0yYxJpliGfoAbf8WNC0Xc+gHu/BvTdhbaeiBwOOdcbu4JE860cd1vZ2V1bX1js7BV3N7Z3dsvHRy2dJwqQpsk5rHqhFhTziRtGmY47SSKYhFy2g6HN1O/PaJKs1jemXFCA4H7kkWMYGMlVCqPUOYnDMnJxQhJXzNB76sKyTqS59UHJBtIFm3KrbgzwGXi5aQMctRR6cvvxSQVVBrCsdZdz01MkGFlGOF0UvRTTRNMhrhPu5ZKLKgOstkxE3hqlR6MYmWfNHCm/p7IsNB6LEKbFNgM9KI3Ff/zuqmJroOMySQ1VJL5oijl0MRw2gzsMUWJ4WNLMFHM/hWSAVaYGNvftARv8eRl0qpWPMsbl+Wal9dRAMfgBJwBD1yBGrgFddAEBDyCZ/AK3pwn58V5dz7m0RUnnzkCf+B8/gBLkJsK</latexit><latexit sha1_base64="WQRNUF7Ham67xiPCMCHuKHyGM9w=">AAACDHicbVDLSgMxFM34rPVVdekmWARBLDNF0GXBjcsW7AM6Q8ikmTY0yYxJpliGfoAbf8WNC0Xc+gHu/BvTdhbaeiBwOOdcbu4JE860cd1vZ2V1bX1js7BV3N7Z3dsvHRy2dJwqQpsk5rHqhFhTziRtGmY47SSKYhFy2g6HN1O/PaJKs1jemXFCA4H7kkWMYGMlVCqPUOYnDMnJxQhJXzNB76sKyTqS59UHJBtIFm3KrbgzwGXi5aQMctRR6cvvxSQVVBrCsdZdz01MkGFlGOF0UvRTTRNMhrhPu5ZKLKgOstkxE3hqlR6MYmWfNHCm/p7IsNB6LEKbFNgM9KI3Ff/zuqmJroOMySQ1VJL5oijl0MRw2gzsMUWJ4WNLMFHM/hWSAVaYGNvftARv8eRl0qpWPMsbl+Wal9dRAMfgBJwBD1yBGrgFddAEBDyCZ/AK3pwn58V5dz7m0RUnnzkCf+B8/gBLkJsK</latexit><latexit sha1_base64="WQRNUF7Ham67xiPCMCHuKHyGM9w=">AAACDHicbVDLSgMxFM34rPVVdekmWARBLDNF0GXBjcsW7AM6Q8ikmTY0yYxJpliGfoAbf8WNC0Xc+gHu/BvTdhbaeiBwOOdcbu4JE860cd1vZ2V1bX1js7BV3N7Z3dsvHRy2dJwqQpsk5rHqhFhTziRtGmY47SSKYhFy2g6HN1O/PaJKs1jemXFCA4H7kkWMYGMlVCqPUOYnDMnJxQhJXzNB76sKyTqS59UHJBtIFm3KrbgzwGXi5aQMctRR6cvvxSQVVBrCsdZdz01MkGFlGOF0UvRTTRNMhrhPu5ZKLKgOstkxE3hqlR6MYmWfNHCm/p7IsNB6LEKbFNgM9KI3Ff/zuqmJroOMySQ1VJL5oijl0MRw2gzsMUWJ4WNLMFHM/hWSAVaYGNvftARv8eRl0qpWPMsbl+Wal9dRAMfgBJwBD1yBGrgFddAEBDyCZ/AK3pwn58V5dz7m0RUnnzkCf+B8/gBLkJsK</latexit>

• Drop in voltage magnitudes from chapter 3 |V⇡n |� |Vn| ' Re{znIn}
<latexit sha1_base64="ev3QJy1i2CMcaYVHF5OXWHcKll8=">AAACF3icbZC9TsMwFIUd/il/AUYWiwqJhSpBSDBWYoENEC1ITRU57k2xsJ1gO0glzVuw8CosDCDEChtvg1MyQOFIlj6de69874lSzrTxvE9nYnJqemZ2br62sLi0vOKurrV1kikKLZrwRF1GRANnElqGGQ6XqQIiIg4X0fVhWb+4BaVZIs/NIIWuIH3JYkaJsVboNobtMA9SFspiuGNZDgPNBNzgQBBzpUR+BkWQ34XyOJRBUQvdutfwRsJ/wa+gjiqdhO5H0EtoJkAayonWHd9LTTcnyjDKoagFmYaU0GvSh45FSQTobj66q8Bb1unhOFH2SYNH7s+JnAitByKyneW2erxWmv/VOpmJD7o5k2lmQNLvj+KMY5PgMiTcYwqo4QMLhCpmd8X0iihCjY2yDMEfP/kvtHcbvuXTvXrTr+KYQxtoE20jH+2jJjpCJ6iFKLpHj+gZvTgPzpPz6rx9t0441cw6+iXn/QtmmaCb</latexit><latexit sha1_base64="ev3QJy1i2CMcaYVHF5OXWHcKll8=">AAACF3icbZC9TsMwFIUd/il/AUYWiwqJhSpBSDBWYoENEC1ITRU57k2xsJ1gO0glzVuw8CosDCDEChtvg1MyQOFIlj6de69874lSzrTxvE9nYnJqemZ2br62sLi0vOKurrV1kikKLZrwRF1GRANnElqGGQ6XqQIiIg4X0fVhWb+4BaVZIs/NIIWuIH3JYkaJsVboNobtMA9SFspiuGNZDgPNBNzgQBBzpUR+BkWQ34XyOJRBUQvdutfwRsJ/wa+gjiqdhO5H0EtoJkAayonWHd9LTTcnyjDKoagFmYaU0GvSh45FSQTobj66q8Bb1unhOFH2SYNH7s+JnAitByKyneW2erxWmv/VOpmJD7o5k2lmQNLvj+KMY5PgMiTcYwqo4QMLhCpmd8X0iihCjY2yDMEfP/kvtHcbvuXTvXrTr+KYQxtoE20jH+2jJjpCJ6iFKLpHj+gZvTgPzpPz6rx9t0441cw6+iXn/QtmmaCb</latexit><latexit sha1_base64="ev3QJy1i2CMcaYVHF5OXWHcKll8=">AAACF3icbZC9TsMwFIUd/il/AUYWiwqJhSpBSDBWYoENEC1ITRU57k2xsJ1gO0glzVuw8CosDCDEChtvg1MyQOFIlj6de69874lSzrTxvE9nYnJqemZ2br62sLi0vOKurrV1kikKLZrwRF1GRANnElqGGQ6XqQIiIg4X0fVhWb+4BaVZIs/NIIWuIH3JYkaJsVboNobtMA9SFspiuGNZDgPNBNzgQBBzpUR+BkWQ34XyOJRBUQvdutfwRsJ/wa+gjiqdhO5H0EtoJkAayonWHd9LTTcnyjDKoagFmYaU0GvSh45FSQTobj66q8Bb1unhOFH2SYNH7s+JnAitByKyneW2erxWmv/VOpmJD7o5k2lmQNLvj+KMY5PgMiTcYwqo4QMLhCpmd8X0iihCjY2yDMEfP/kvtHcbvuXTvXrTr+KYQxtoE20jH+2jJjpCJ6iFKLpHj+gZvTgPzpPz6rx9t0441cw6+iXn/QtmmaCb</latexit><latexit sha1_base64="ev3QJy1i2CMcaYVHF5OXWHcKll8=">AAACF3icbZC9TsMwFIUd/il/AUYWiwqJhSpBSDBWYoENEC1ITRU57k2xsJ1gO0glzVuw8CosDCDEChtvg1MyQOFIlj6de69874lSzrTxvE9nYnJqemZ2br62sLi0vOKurrV1kikKLZrwRF1GRANnElqGGQ6XqQIiIg4X0fVhWb+4BaVZIs/NIIWuIH3JYkaJsVboNobtMA9SFspiuGNZDgPNBNzgQBBzpUR+BkWQ34XyOJRBUQvdutfwRsJ/wa+gjiqdhO5H0EtoJkAayonWHd9LTTcnyjDKoagFmYaU0GvSh45FSQTobj66q8Bb1unhOFH2SYNH7s+JnAitByKyneW2erxWmv/VOpmJD7o5k2lmQNLvj+KMY5PgMiTcYwqo4QMLhCpmd8X0iihCjY2yDMEfP/kvtHcbvuXTvXrTr+KYQxtoE20jH+2jJjpCJ6iFKLpHj+gZvTgPzpPz6rx9t0441cw6+iXn/QtmmaCb</latexit>

• Consider first-order Taylor series expansion around

vn = |Vn|2 ' |V0|2 + 2|V0| (|Vn|� |V0|)
= 1 + 2(|Vn|� 1) = 2|Vn|� 1

<latexit sha1_base64="L01/d7BdPApQzpqBNo79iubkDJ4="></latexit><latexit sha1_base64="L01/d7BdPApQzpqBNo79iubkDJ4="></latexit><latexit sha1_base64="L01/d7BdPApQzpqBNo79iubkDJ4="></latexit><latexit sha1_base64="L01/d7BdPApQzpqBNo79iubkDJ4="></latexit>

v⇡n � vn ' 2 (|V⇡n |� |Vn|)
<latexit sha1_base64="dyEE45E8adPcF5LQ3QqUdsy0BNE=">AAACHXicbZBNSwMxEIazflu/qh69BIuiB2W3FPRY8OJRwdZCtyzZdLYNZrNrMlso2/4RL/4VLx4U8eBF/DemtYJaBwIP7zvDZN4wlcKg6344M7Nz8wuLS8uFldW19Y3i5lbdJJnmUOOJTHQjZAakUFBDgRIaqQYWhxKuw5uzkX/dA21Eoq6wn0IrZh0lIsEZWikoVnpB7qciUMOjXqD2fSNiuKVlX0KEB4P6tzk4sqwGvhadLh4GxZJ77I6LToM3gRKZ1EVQfPPbCc9iUMglM6bpuSm2cqZRcAnDgp8ZSBm/YR1oWlQsBtPKx9cN6Z5V2jRKtH0K6Vj9OZGz2Jh+HNrOmGHX/PVG4n9eM8PotJULlWYIin8tijJJMaGjqGhbaOAo+xYY18L+lfIu04yjDbRgQ/D+njwN9fKxZ/myUqp6kziWyA7ZJQfEIyekSs7JBakRTu7IA3kiz8698+i8OK9frTPOZGab/Crn/RNF9KKV</latexit><latexit sha1_base64="dyEE45E8adPcF5LQ3QqUdsy0BNE=">AAACHXicbZBNSwMxEIazflu/qh69BIuiB2W3FPRY8OJRwdZCtyzZdLYNZrNrMlso2/4RL/4VLx4U8eBF/DemtYJaBwIP7zvDZN4wlcKg6344M7Nz8wuLS8uFldW19Y3i5lbdJJnmUOOJTHQjZAakUFBDgRIaqQYWhxKuw5uzkX/dA21Eoq6wn0IrZh0lIsEZWikoVnpB7qciUMOjXqD2fSNiuKVlX0KEB4P6tzk4sqwGvhadLh4GxZJ77I6LToM3gRKZ1EVQfPPbCc9iUMglM6bpuSm2cqZRcAnDgp8ZSBm/YR1oWlQsBtPKx9cN6Z5V2jRKtH0K6Vj9OZGz2Jh+HNrOmGHX/PVG4n9eM8PotJULlWYIin8tijJJMaGjqGhbaOAo+xYY18L+lfIu04yjDbRgQ/D+njwN9fKxZ/myUqp6kziWyA7ZJQfEIyekSs7JBakRTu7IA3kiz8698+i8OK9frTPOZGab/Crn/RNF9KKV</latexit><latexit sha1_base64="dyEE45E8adPcF5LQ3QqUdsy0BNE=">AAACHXicbZBNSwMxEIazflu/qh69BIuiB2W3FPRY8OJRwdZCtyzZdLYNZrNrMlso2/4RL/4VLx4U8eBF/DemtYJaBwIP7zvDZN4wlcKg6344M7Nz8wuLS8uFldW19Y3i5lbdJJnmUOOJTHQjZAakUFBDgRIaqQYWhxKuw5uzkX/dA21Eoq6wn0IrZh0lIsEZWikoVnpB7qciUMOjXqD2fSNiuKVlX0KEB4P6tzk4sqwGvhadLh4GxZJ77I6LToM3gRKZ1EVQfPPbCc9iUMglM6bpuSm2cqZRcAnDgp8ZSBm/YR1oWlQsBtPKx9cN6Z5V2jRKtH0K6Vj9OZGz2Jh+HNrOmGHX/PVG4n9eM8PotJULlWYIin8tijJJMaGjqGhbaOAo+xYY18L+lfIu04yjDbRgQ/D+njwN9fKxZ/myUqp6kziWyA7ZJQfEIyekSs7JBakRTu7IA3kiz8698+i8OK9frTPOZGab/Crn/RNF9KKV</latexit><latexit sha1_base64="dyEE45E8adPcF5LQ3QqUdsy0BNE=">AAACHXicbZBNSwMxEIazflu/qh69BIuiB2W3FPRY8OJRwdZCtyzZdLYNZrNrMlso2/4RL/4VLx4U8eBF/DemtYJaBwIP7zvDZN4wlcKg6344M7Nz8wuLS8uFldW19Y3i5lbdJJnmUOOJTHQjZAakUFBDgRIaqQYWhxKuw5uzkX/dA21Eoq6wn0IrZh0lIsEZWikoVnpB7qciUMOjXqD2fSNiuKVlX0KEB4P6tzk4sqwGvhadLh4GxZJ77I6LToM3gRKZ1EVQfPPbCc9iUMglM6bpuSm2cqZRcAnDgp8ZSBm/YR1oWlQsBtPKx9cN6Z5V2jRKtH0K6Vj9OZGz2Jh+HNrOmGHX/PVG4n9eM8PotJULlWYIin8tijJJMaGjqGhbaOAo+xYY18L+lfIu04yjDbRgQ/D+njwN9fKxZ/myUqp6kziWyA7ZJQfEIyekSs7JBakRTu7IA3kiz8698+i8OK9frTPOZGab/Crn/RNF9KKV</latexit>

• How are these two approximations related?

rnPn + xnQn = Re{znS⇤
n} = Re{znInV ⇤

⇡n
} ' Re{znIn}

<latexit sha1_base64="IyattFfpbprPgJBQeULLZgqt+g8="></latexit><latexit sha1_base64="IyattFfpbprPgJBQeULLZgqt+g8="></latexit><latexit sha1_base64="IyattFfpbprPgJBQeULLZgqt+g8="></latexit><latexit sha1_base64="IyattFfpbprPgJBQeULLZgqt+g8="></latexit>

• Equivalent useful approximation

<latexit sha1_base64="lT3iq5ayc/kLQfBG45/oOKnWALw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0YtQ8OKxgv2ANpTNdtMu3WzC7kQoaX+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PmiZONeMNFstYtwNquBSKN1Cg5O1EcxoFkreC0d3Mbz1xbUSsHnGccD+iAyVCwShaqTVp9tzJrdcrV9yqOwdZJV5OKpCj3it/dfsxSyOukElqTMdzE/QzqlEwyaelbmp4QtmIDnjHUkUjbvxsfu6UnFmlT8JY21JI5urviYxGxoyjwHZGFIdm2ZuJ/3mdFMMbPxMqSZErtlgUppJgTGa/k77QnKEcW0KZFvZWwoZUU4Y2oZINwVt+eZU0L6reVdV9uKzUqnkcRTiBUzgHD66hBvdQhwYwGMEzvMKbkzgvzrvzsWgtOPnMMfyB8/kDityO+w==</latexit>

|V0| = 1 (in per unit wlog)

<latexit sha1_base64="BLmqyxRHMI+Jvpdf7uFgbK37gdI=">AAACD3icbZDLSgMxFIYzXmu9jbp0EyyKIJYZUXRZcOOyBXuBdgiZNNOGZjJjkhHLtG/gxldx40IRt27d+TZm2llo6w+Bj/+cw8n5/ZgzpR3n21pYXFpeWS2sFdc3Nre27Z3dhooSSWidRDySLR8rypmgdc00p61YUhz6nDb9wXVWb95TqVgkbvUwpl6Ie4IFjGBtLGQfjRoo7cQMifHo1LAYdRQL6R2USFSROHlAooZEEdklp+xMBOfBzaEEclWR/dXpRiQJqdCEY6XarhNrL8VSM8LpuNhJFI0xGeAebRsUOKTKSyf3jOGhcbowiKR5QsOJ+3sixaFSw9A3nSHWfTVby8z/au1EB1deykScaCrIdFGQcKgjmIUDu0xSovnQACaSmb9C0scSE20izEJwZ0+eh8ZZ2b0oO7XzUsXJ4yiAfXAAjoELLkEF3IAqqAMCHsEzeAVv1pP1Yr1bH9PWBSuf2QN/ZH3+ABJQnJc=</latexit>

|V⇡n |� |Vn| ' rnPn + xnQn



LDF in compact form
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• Express LDF in matrix-vector notation

• Matrices are symmetric positive definite and have positive entries(R,X)

• Both matrices are almost 
equally important

Dr = dg(r),Dx = dg(x)
<latexit sha1_base64="LS6vaHdOIHPceWKNLOiLWGnSrcw=">AAACMnicbVDLSsNAFJ3UV62vqEs3wSK0ICURQTdCQRe6q2Af0JQymU7aoZMHMzfSEvJNbvwSwYUuFHHrRzhpI9S2BwYO55zL3HuckDMJpvmm5VZW19Y38puFre2d3T19/6Ahg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8Tv3mIxWSBf4DjEPa8XDfZy4jGJTU1e9sD8PAceObpCuubKAjEF7c6yelP0Mk5dOZ0GhpaJSUu3rRrJgTGIvEykgRZah19Re7F5DIoz4QjqVsW2YInRgLYITTpGBHkoaYDHGfthX1sUdlJ56cnBgnSukZbiDU88GYqLMTMfakHHuOSqYrynkvFZd57Qjcy07M/DAC6pPpR27EDQiMtD+jxwQlwMeKYCKY2tUgAywwAdVyQZVgzZ+8SBpnFUvx+/Ni1czqyKMjdIxKyEIXqIpuUQ3VEUFP6BV9oE/tWXvXvrTvaTSnZTOH6B+0n18qqaxz</latexit><latexit sha1_base64="LS6vaHdOIHPceWKNLOiLWGnSrcw=">AAACMnicbVDLSsNAFJ3UV62vqEs3wSK0ICURQTdCQRe6q2Af0JQymU7aoZMHMzfSEvJNbvwSwYUuFHHrRzhpI9S2BwYO55zL3HuckDMJpvmm5VZW19Y38puFre2d3T19/6Ahg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8Tv3mIxWSBf4DjEPa8XDfZy4jGJTU1e9sD8PAceObpCuubKAjEF7c6yelP0Mk5dOZ0GhpaJSUu3rRrJgTGIvEykgRZah19Re7F5DIoz4QjqVsW2YInRgLYITTpGBHkoaYDHGfthX1sUdlJ56cnBgnSukZbiDU88GYqLMTMfakHHuOSqYrynkvFZd57Qjcy07M/DAC6pPpR27EDQiMtD+jxwQlwMeKYCKY2tUgAywwAdVyQZVgzZ+8SBpnFUvx+/Ni1czqyKMjdIxKyEIXqIpuUQ3VEUFP6BV9oE/tWXvXvrTvaTSnZTOH6B+0n18qqaxz</latexit><latexit sha1_base64="LS6vaHdOIHPceWKNLOiLWGnSrcw=">AAACMnicbVDLSsNAFJ3UV62vqEs3wSK0ICURQTdCQRe6q2Af0JQymU7aoZMHMzfSEvJNbvwSwYUuFHHrRzhpI9S2BwYO55zL3HuckDMJpvmm5VZW19Y38puFre2d3T19/6Ahg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8Tv3mIxWSBf4DjEPa8XDfZy4jGJTU1e9sD8PAceObpCuubKAjEF7c6yelP0Mk5dOZ0GhpaJSUu3rRrJgTGIvEykgRZah19Re7F5DIoz4QjqVsW2YInRgLYITTpGBHkoaYDHGfthX1sUdlJ56cnBgnSukZbiDU88GYqLMTMfakHHuOSqYrynkvFZd57Qjcy07M/DAC6pPpR27EDQiMtD+jxwQlwMeKYCKY2tUgAywwAdVyQZVgzZ+8SBpnFUvx+/Ni1czqyKMjdIxKyEIXqIpuUQ3VEUFP6BV9oE/tWXvXvrTvaTSnZTOH6B+0n18qqaxz</latexit><latexit sha1_base64="LS6vaHdOIHPceWKNLOiLWGnSrcw=">AAACMnicbVDLSsNAFJ3UV62vqEs3wSK0ICURQTdCQRe6q2Af0JQymU7aoZMHMzfSEvJNbvwSwYUuFHHrRzhpI9S2BwYO55zL3HuckDMJpvmm5VZW19Y38puFre2d3T19/6Ahg0gQWicBD0TLwZJy5tM6MOC0FQqKPYfTpjO8Tv3mIxWSBf4DjEPa8XDfZy4jGJTU1e9sD8PAceObpCuubKAjEF7c6yelP0Mk5dOZ0GhpaJSUu3rRrJgTGIvEykgRZah19Re7F5DIoz4QjqVsW2YInRgLYITTpGBHkoaYDHGfthX1sUdlJ56cnBgnSukZbiDU88GYqLMTMfakHHuOSqYrynkvFZd57Qjcy07M/DAC6pPpR27EDQiMtD+jxwQlwMeKYCKY2tUgAywwAdVyQZVgzZ+8SBpnFUvx+/Ni1czqyKMjdIxKyEIXqIpuUQ3VEUFP6BV9oE/tWXvXvrTvaTSnZTOH6B+0n18qqaxz</latexit>

v̂ = v01+ 2FDrF
>p+ 2FDxF

>q

= v01+ 2Rp+ 2Xq
<latexit sha1_base64="Bj1axVpRMujwPISqoMIaOVOamPM="></latexit><latexit sha1_base64="Bj1axVpRMujwPISqoMIaOVOamPM="></latexit><latexit sha1_base64="Bj1axVpRMujwPISqoMIaOVOamPM="></latexit><latexit sha1_base64="Bj1axVpRMujwPISqoMIaOVOamPM="></latexit>

X

k: n!k

P̂k ' pn + P̂n

X

k: n!k

Q̂k ' qn + Q̂n

v̂n ' v̂⇡n � 2rnP̂n � 2xnQ̂n
<latexit sha1_base64="7wyYaiKRZU6RZX2sn2uUwtseuf4="></latexit><latexit sha1_base64="7wyYaiKRZU6RZX2sn2uUwtseuf4="></latexit><latexit sha1_base64="7wyYaiKRZU6RZX2sn2uUwtseuf4="></latexit><latexit sha1_base64="7wyYaiKRZU6RZX2sn2uUwtseuf4="></latexit>

p = A>P̂

q = A>Q̂

Av̂ + v0a0 = 2DrP̂+ 2DxQ̂
<latexit sha1_base64="Z0bGdrgd+eobRK16UW4DONQNA3s="></latexit><latexit sha1_base64="Z0bGdrgd+eobRK16UW4DONQNA3s="></latexit><latexit sha1_base64="Z0bGdrgd+eobRK16UW4DONQNA3s="></latexit><latexit sha1_base64="Z0bGdrgd+eobRK16UW4DONQNA3s="></latexit>



IEEE 13-bus feeder
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• Assume transposed lines; average diagonal and off-
diagonal entries; take positive-sequence impedance

• To find entry connect buses n and m to the substation, and add the 
resistances of the common lines, e.g., 

Rmn

R10,12 = r01 + r15

v̂ = v01+ 2Rp+ 2Xq
<latexit sha1_base64="MriwiUxcO3n0bGZoVBzXePUg9qE=">AAACM3icbZBNS8NAEIY3ftb6FfXoZbEIglCSIuhFKHgRT1XsB7QhbLabdulmE3c3hRLyn7z4RzwI4kERr/4HN20qtXVg4dl3ZpiZ14sYlcqyXo2l5ZXVtfXCRnFza3tn19zbb8gwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG1xl+eaQCElDfq9GEXEC1OPUpxgpLbnmTaePVNIJkOp7fjJM08uha02/dnpamfJdOqVoRm39qg+pa5assjUOuAh2DiWQR801nzvdEMcB4QozJGXbtiLlJEgoihlJi51YkgjhAeqRtkaOAiKdZHxzCo+10oV+KPTjCo7V2Y4EBVKOAk9XZhvK+Vwm/pdrx8q/cBLKo1gRjieD/JhBFcLMQNilgmDFRhoQFlTvCnEfCYSVtrmoTbDnT16ERqVsa749K1Xt3I4COARH4ATY4BxUwTWogTrA4BG8gHfwYTwZb8an8TUpXTLyngPwJ4zvH/svrOE=</latexit><latexit sha1_base64="MriwiUxcO3n0bGZoVBzXePUg9qE=">AAACM3icbZBNS8NAEIY3ftb6FfXoZbEIglCSIuhFKHgRT1XsB7QhbLabdulmE3c3hRLyn7z4RzwI4kERr/4HN20qtXVg4dl3ZpiZ14sYlcqyXo2l5ZXVtfXCRnFza3tn19zbb8gwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG1xl+eaQCElDfq9GEXEC1OPUpxgpLbnmTaePVNIJkOp7fjJM08uha02/dnpamfJdOqVoRm39qg+pa5assjUOuAh2DiWQR801nzvdEMcB4QozJGXbtiLlJEgoihlJi51YkgjhAeqRtkaOAiKdZHxzCo+10oV+KPTjCo7V2Y4EBVKOAk9XZhvK+Vwm/pdrx8q/cBLKo1gRjieD/JhBFcLMQNilgmDFRhoQFlTvCnEfCYSVtrmoTbDnT16ERqVsa749K1Xt3I4COARH4ATY4BxUwTWogTrA4BG8gHfwYTwZb8an8TUpXTLyngPwJ4zvH/svrOE=</latexit><latexit sha1_base64="MriwiUxcO3n0bGZoVBzXePUg9qE=">AAACM3icbZBNS8NAEIY3ftb6FfXoZbEIglCSIuhFKHgRT1XsB7QhbLabdulmE3c3hRLyn7z4RzwI4kERr/4HN20qtXVg4dl3ZpiZ14sYlcqyXo2l5ZXVtfXCRnFza3tn19zbb8gwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG1xl+eaQCElDfq9GEXEC1OPUpxgpLbnmTaePVNIJkOp7fjJM08uha02/dnpamfJdOqVoRm39qg+pa5assjUOuAh2DiWQR801nzvdEMcB4QozJGXbtiLlJEgoihlJi51YkgjhAeqRtkaOAiKdZHxzCo+10oV+KPTjCo7V2Y4EBVKOAk9XZhvK+Vwm/pdrx8q/cBLKo1gRjieD/JhBFcLMQNilgmDFRhoQFlTvCnEfCYSVtrmoTbDnT16ERqVsa749K1Xt3I4COARH4ATY4BxUwTWogTrA4BG8gHfwYTwZb8an8TUpXTLyngPwJ4zvH/svrOE=</latexit><latexit sha1_base64="MriwiUxcO3n0bGZoVBzXePUg9qE=">AAACM3icbZBNS8NAEIY3ftb6FfXoZbEIglCSIuhFKHgRT1XsB7QhbLabdulmE3c3hRLyn7z4RzwI4kERr/4HN20qtXVg4dl3ZpiZ14sYlcqyXo2l5ZXVtfXCRnFza3tn19zbb8gwFpjUcchC0fKQJIxyUldUMdKKBEGBx0jTG1xl+eaQCElDfq9GEXEC1OPUpxgpLbnmTaePVNIJkOp7fjJM08uha02/dnpamfJdOqVoRm39qg+pa5assjUOuAh2DiWQR801nzvdEMcB4QozJGXbtiLlJEgoihlJi51YkgjhAeqRtkaOAiKdZHxzCo+10oV+KPTjCo7V2Y4EBVKOAk9XZhvK+Vwm/pdrx8q/cBLKo1gRjieD/JhBFcLMQNilgmDFRhoQFlTvCnEfCYSVtrmoTbDnT16ERqVsa749K1Xt3I4COARH4ATY4BxUwTWogTrA4BG8gHfwYTwZb8an8TUpXTLyngPwJ4zvH/svrOE=</latexit>



Southern California Edison 47-bus feeder
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Matrix X



IEEE 123-bus feeder

14

Matrix X



LDF approximation error
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• Express DistFlow in matrix-vector notation

X

k: n!k

Pk = pn + Pn � rn`n

X

k: n!k

Qk = qn +Qn � xn`n

vn = v⇡n � 2rnPn � 2xnQn + (r2n + x2
n)`n

• LDF gives an over-estimator for squared voltage magnitudes

• LDF gives an under-estimator for line flows P = F>p� F>Dr` � P̂

• Approximation accuracy depends on loading conditions

v = v̂ + FDr

⇥
�I� 2F>⇤Dr`+ FDx

⇥
�I� 2F>⇤Dx`| {z }

0

 v̂

<latexit sha1_base64="Ui+nA0ITkDzMMdfHf6QuoLsROFk="></latexit><latexit sha1_base64="Ui+nA0ITkDzMMdfHf6QuoLsROFk="></latexit><latexit sha1_base64="Ui+nA0ITkDzMMdfHf6QuoLsROFk="></latexit><latexit sha1_base64="Ui+nA0ITkDzMMdfHf6QuoLsROFk="></latexit>

p = A>P+Dr`

q = A>Q+Dx`

Av + v0a0 = 2DrP+ 2DxQ�
�
D2

r +D2
x

�
`

<latexit sha1_base64="F9+UCW6J6WxO/KP1BAsfG99Bp20="></latexit>



Linearized power flow models
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• Recall linearized or so-termed DC power flow model in transmission systems

• Repeat the same analysis for a meshed grid without the third assumption [6]

p = B✓

• It has been derived under three approximations:

1. Voltage magnitudes close to unity
2. Voltage angle differences across lines close to zero

3. Ignoring line resistances and shunt elements

<latexit sha1_base64="6m/DuXJ5WDdc5Y3vrz9CMkVZkBc=">AAACHnicbVDLSsNAFJ3UV62vqks3wSLUgiURi24KBTcuK9q00EeYTCft0JlJmJmIJfRL3PgrblwoIrjSv3GSFtHWAxcO59zLvfd4ISVSWdaXkVlaXlldy67nNja3tnfyu3uODCKBcAMFNBAtD0pMCccNRRTFrVBgyDyKm97oMvGbd1hIEvBbNQ5xl8EBJz5BUGnJzVdu3JizSdVxeVFXr3TiuKxXOh6ncq9U9YsdBtXQ8+P7yY/q5gtW2UphLhJ7Rgpghrqb/+j0AxQxzBWiUMq2bYWqG0OhCKJ4kutEEocQjeAAtzXlkGHZjdP3JuaRVvqmHwhdXJmp+nsihkzKMfN0Z3KqnPcS8T+vHSn/ohsTHkYKczRd5EfUVIGZZGX2icBI0bEmEAmibzXREAqIlE40p0Ow519eJM5p2a6UreuzQs2axZEFB+AQFIENzkENXIE6aAAEHsATeAGvxqPxbLwZ79PWjDGb2Qd/YHx+A2TMof8=</latexit>

Snm = Vn(V
⇤
n � V ⇤

m)y⇤nm = f(x)y⇤nm• Consider power flow from bus n to m:

• Consider voltages
<latexit sha1_base64="gSaG+OKWevZRAJdOp47wOUg6+VA="></latexit>

Vn = (1 + ✏n)e
j✓n and Vm = (1 + ✏m)ej✓m

<latexit sha1_base64="OcL+MJ7S7WMZoZmJZbMzJDQyt+g="></latexit>

f(x) = |Vn|2 � |Vn||Vm|(cos ✓nm + j sin ✓nm)

= (1 + ✏n)
2 � (1 + ✏n)(1 + ✏m)(cos ✓nm + j sin ✓nm)

• First-order Taylor’s series expansion
<latexit sha1_base64="si/40/AgA4tEMX2/v2rNYyR0li0=">AAACR3icbVDNS8MwHE3n15xfU49egkPYEEcrih4HXjxOcB+wdiXN0i2YpjVJxVH233nx6s1/wYsHRTyaboV9+SDweO/9kl+eFzEqlWm+G7mV1bX1jfxmYWt7Z3evuH/QlGEsMGngkIWi7SFJGOWkoahipB0JggKPkZb3cJP6rSciJA35vRpGxAlQn1OfYqS05Ba7ftkOkBp4fvI8qtiSBuQRTjVzVDkt2xx5DLnT3Jxf6doqjGZuOZsx3WLJrJpjwGViZaQEMtTd4pvdC3EcEK4wQ1J2LDNSToKEopiRUcGOJYkQfkB90tGUo4BIJxn3MIInWulBPxT6cAXH6uxEggIph4Gnk+mKctFLxf+8Tqz8ayehPIoV4XjykB8zqEKYlgp7VBCs2FAThAXVu0I8QAJhpasv6BKsxS8vk+Z51bqsmncXpZqZ1ZEHR+AYlIEFrkAN3II6aAAMXsAH+ALfxqvxafwYv5NozshmDsEccsYfyjqyZg==</latexit>

f(x) ' f(0) + (rxf(0))
>(x� 0)

• Observe that 
<latexit sha1_base64="hWqGWdYBjCEJ0jrN8dMv85v08/I=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSLUTcmIohuh4MZlBfuAdiiZNNOGZjJDkimUoX/ixoUibv0Td/6NmXYW2nogcDjnXu7JCRLBtcH421lb39jc2i7tlHf39g8O3aPjlo5TRVmTxiJWnYBoJrhkTcONYJ1EMRIFgrWD8X3utydMaR7LJzNNmB+RoeQhp8RYqe+6KKz2ImJGQZjh2cUd7rsVXMNzoFXiFaQCBRp996s3iGkaMWmoIFp3PZwYPyPKcCrYrNxLNUsIHZMh61oqScS0n82Tz9C5VQYojJV90qC5+nsjI5HW0yiwk3lIvezl4n9eNzXhrZ9xmaSGSbo4FKYCmRjlNaABV4waMbWEUMVtVkRHRBFqbFllW4K3/OVV0rqsedc1/HhVqeOijhKcwhlUwYMbqMMDNKAJFCbwDK/w5mTOi/PufCxG15xi5wT+wPn8AeKZknc=</latexit>

f(0) = 0

<latexit sha1_base64="uGhPbU2nkaPNvNEcTIUM6PIXuZc="></latexit>

x =

2

4
✏n
✏m
✓nm

3

5

<latexit sha1_base64="x/YMH7netCvhCrr7TkS+70yo77o=">AAACDnicbZA9SwNBEIb3/Izx69TSZjEINh53omgjBGwsI5goJEfY20zM4u7euTsnhCO/wMa/YmOhiK21nf/GTbzCrxcWHt6ZYXbeJJPCYhh+eFPTM7Nz85WF6uLS8sqqv7besmluODR5KlNzmTALUmhookAJl5kBphIJF8n1ybh+cQvGilSf4zCDWLErLfqCM3RW19/u4ACQdQutRscl690SVMcKBTc07Pq1MAgnon8hKqFGSjW6/nunl/JcgUYumbXtKMwwLphBwSWMqp3cQsb4NbuCtkPNFNi4mJwzotvO6dF+atzTSCfu94mCKWuHKnGdiuHA/q6Nzf9q7Rz7R3EhdJYjaP61qJ9LiikdZ0N7wgBHOXTAuBHur5QPmGEcXYJVF0L0++S/0NoLooMgPNuv1YMyjgrZJFtkh0TkkNTJKWmQJuHkjjyQJ/Ls3XuP3ov3+tU65ZUzG+SHvLdPod6cYw==</latexit>

✓nm = ✓n � ✓m ' 0
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|Vn| = 1 + ✏n with ✏n ' 0



Linearized power flow models (cont’d)
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• Compute gradient of 

• Stacking line power flows

• Converting to power injections

P = DgA✏+DbA✓

Q = DbA✏�DgA✓

G := A>DgA

B := A>DbA

p = A>P = G✏+B✓

q = A>Q = B✏�G✓compare to ‘DC’ model for 
transmission grids

<latexit sha1_base64="z+triqjhFN/f44FdoO12xVvMUQg="></latexit>

rxf(x) =

2

4
2(1 + ✏n)� (1 + ✏m)(cos ✓nm + j sin ✓nm)

�(1 + ✏n)(cos ✓nm + j sin ✓nm)
�(1 + ✏n)(1 + ✏m)(� sin ✓nm + j cos ✓nm)

3

5

<latexit sha1_base64="F8de18w9KqxCk71XDxiQZtNyP/k="></latexit>

rxf(0) =

2

4
+1
�1
�j

3

5

• Linearization
<latexit sha1_base64="RJKi/FCDEXXiY0PQ0NS8QFujzjI="></latexit>

f(x) ' 0 + [+1 � 1 � j][✏n ✏m ✓nm]>

• Therefore, power flow on line (n,m) can be linearized as

<latexit sha1_base64="oArfzE+CMzLpepxcAK/gskqP4Fk="></latexit>

Snm ' [(✏n � ✏m)� j(✓n � ✓m)] (gnm + jbnm)

<latexit sha1_base64="fc+f4gquPv7mnyu0jtWM5nldPxA="></latexit>

Pnm ' gnm(✏n � ✏m) + bnm(✓n � ✓m)

Qnm ' bnm(✏n � ✏m)� gnm(✓n � ✓m)

<latexit sha1_base64="p+UdlTDwxWUuwTr15UVrHYf8nVM="></latexit>

f(x) = (1 + ✏n)
2 � (1 + ✏n)(1 + ✏m)(cos ✓nm + j sin ✓nm)



Linearized power flow models (cont’d)
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• Solve equations wrt voltage magnitudes and angles

• Compare to LDF; linear approximation for voltage angles too

• Linearization conducted at flat voltage profile

• Another reference state can be used; but (R,X,B,G) will depend on that state

• Formula is general; holds even for meshed grids

• For radial grids (square and invertible A), equations simplify to

✏ = Rp+Xq

✓ = Xp�Rq

✏ =
�
G+BG�1B

��1
p+

�
B+GB�1G

��1
q

✓ =
�
B+GB�1G

��1
p�

�
G+BG�1B

��1
q

<latexit sha1_base64="RNG51S8/JP5WjJWnGi9kx2ETNNg="></latexit><latexit sha1_base64="RNG51S8/JP5WjJWnGi9kx2ETNNg="></latexit><latexit sha1_base64="RNG51S8/JP5WjJWnGi9kx2ETNNg="></latexit><latexit sha1_base64="RNG51S8/JP5WjJWnGi9kx2ETNNg="></latexit>



Power flow via convex relaxation
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• Instead of the BF solver, solve the PF problem as a minimization [3]-[4]

min
NX

n=1

rn`n

over P,Q,v, `, p0, q0

s.t.
X

k: n!k

Pk = pn + Pn � rn`n

X

k: n!k

Qk = qn +Qn � xn`n

vn = v⇡n � 2rnPn � 2xnQn + (r2n + x2
n)`n

`n =
P 2
n +Q2

n

v⇡n

P 2
n +Q2

n

v⇡n

 `n

• Non-convex constraint relaxed to second-order cone constraints (SOC)
������

2

4
2Pn

2Qn

`n � v⇡n

3

5

������
2

 `n + v⇡n

• It can be solved efficiently as a second-order cone program (SOCP)

• Oftentimes, the relaxation is exact: SOC are satisfied with equality



Optimal power flow via convex relaxation
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• OPF has to be solved to perform any meaningful grid optimization task

1. power loss minimization

2. voltage regulation

3. conservation voltage reduction

4. demand response

5. electric vehicle charging

6. optimal coordination of energy storage

• Power injections s become control variables rather than fixed (inelastic load)

• Optimally control devices while satisfying the PF equations and network constraints



Optimal power flow via convex relaxation
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• Solving OPF in single-phase radial grids through via an SOCP [3]

• Oftentimes, the relaxation is exact: SOCs are satisfied with equality

relaxed BFM equations

min
NX

n=1

rn`n +
NX

n=1

cnp
g
n +

NX

n=1

↵nvn

over P,Q,v, `, p0, q0, s

s.t.
X

k: n!k

Pk = pn + Pn � rn`n

X

k: n!k

Qk = qn +Qn � xn`n

vn = v⇡n � 2rnPn � 2xnQn + (r2n + x2
n)`n

P 2
n +Q2

n

v⇡n

`n

p = pg � pc

q = qg � qc

pg
n
 pgn  pgn, 8n

qg
n
 qgn  qgn, 8n

(pgn)
2 + (qgn)

2  sgn, 8n

injection 
constraints

network 
constraints

vn  vn  vn, 8n
`n  `n, 8n



Exactness under load over-satisfaction
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Theorem ([3]): If power injections are unbounded below, the relaxation is exact

• Assume problem has been solved, but SOC for line n is inexact P 2
n +Q2

n < `nv⇡n

• Given current solution , construct another point
by changing only the quantities related to line n as shown above

(S, s,v, `, s0) (S0, s0,v0, `0, s00)

s0n = sn � zn✏

2
s0⇡n

= s⇡n � zn✏

2

v0n = vnv0⇡n
= v⇡n

S0
n = Sn � zn✏

2

`0n = `n � ✏

• Show that new point is feasible; satisfies SOC with equality; and yields lower cost!
X

k: n!k

P 0
k = p0n + P 0

n � rn`
0
n

X

k: n!k

Q0
k = q0n +Q0

n � xn`
0
n

vn = v⇡n � 2rnP
0
n � 2xnQ

0
n + (r2n + x2

n)`
0
n

`0n =
(P 0

n)
2 + (Q0

n)
2

v⇡n

injections can be reduced 
without bound



Exactness of SOCP convex relaxation
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• Exactness of SOCP relaxation for OPF in radial grids has been studied extensively [6]

• Different sets of sufficient conditions have been derived:
§ no reverse power flows

§ identical r/x ratios for all lines
§ r/x increase downstream and there are no reverse active power flows

§ r/x decrease downstream and there are no reverse reactive power flows

• To make BFM exact for meshed grids, add phase shifters to implement angle 
differences [3]

• If the SOCP is exact, the minimizer is unique

• How do these schemes extend to multiphase grids? [7]

• Otherwise, one can use a semidefinite program relaxation based on the bus injection 
model (BIM) [4]



Multiphase branch flow model
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• Power received at node n

V⇡n � Vn = znIn

Sn = V⇡nI
⇤
n

Sn � zn|In|2 + sn =
X

k: n!k

Sk

v⇡n � vn = Znin

Sn = v⇡n i
H

n

dg
�
Sn � Znini

H

n

�
+ sn =

X

k: n!k

dg (Sk)

from scalars to vectors 
and matrices

matrix variable?

dg
�
vni

H

n

�
= dg

⇥
(v⇡n � Znin)i

H

n

⇤

• Actual power sent from parent bus �n = dg(Sn)

Zn

vnv⇡n

s⇡n sn

�n



Relaxed multiphase BFM
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• Express ‘squared’ voltage drop as

• ‘Square’ (multiply by conjugate transpose) the voltage drop equation

vn = v⇡n � Znin

Zn

vnv⇡n

s⇡n sn

�n

vnv
H

n
= v⇡nv

H

⇡n
+ Znini

H

n
ZH

n
� v⇡n i

H

n
ZH

n
� Zninv

H

⇡n

• Define ‘squared’ voltages and currents

Vn = V⇡n + ZnLnZ
H

n
� SnZ

H

n
� ZnS

H

n

• Linear equation; but complexity is hidden under ‘squared’ variables (Vn,Ln,Sn)

<latexit sha1_base64="H34ccZpZ4xpw0NpcIGkQgUKU5Mc=">AAACSHicbVBNS8MwGE7n15xfU49egkPwNFpR9CIMvOzgYYL7gLWWNE23sDStSToYZT/Pi0dv/gYvHhTxZtZVqJsvJDzv87wPefN4MaNSmearUVpZXVvfKG9WtrZ3dveq+wcdGSUCkzaOWCR6HpKEUU7aiipGerEgKPQY6Xqjm5neHRMhacTv1SQmTogGnAYUI6Upt+raIVJDL0g7U5df/zZj3RTxQ9N+TJCfXTC/c/m26KMFH818brVm1s2s4DKwclADebXc6ovtRzgJCVeYISn7lhkrJ0VCUczItGInksQIj9CA9DXkKCTSSbMgpvBEMz4MIqEPVzBji44UhVJOQk9PzraUi9qM/E/rJyq4clLK40QRjucPBQmDKoKzVKFPBcGKTTRAWFC9K8RDJBBWOvuKDsFa/PIy6JzVrYu6eXdea5h5HGVwBI7BKbDAJWiAJmiBNsDgCbyBD/BpPBvvxpfxPR8tGbnnEPypUukH1dG1QQ==</latexit>

Vn = vnv
H

n
Ln = ini

H

n



Relaxed multiphase BFM (cont’d)
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• In single-phase grids

Zn

vnv⇡n

s⇡n sn

�n

‘square’
Sn = V⇡nI

⇤
n |Sn|2 = v⇡n`n |Sn|2  v⇡n`n

relax

• Relaxation can be also written 


v⇡n Sn

S⇤
n

`n

�
=


V⇡n

In

� 
V⇡n

In

�H
⌫ 0 and rank 1

• In multi-phase grids, the relaxation becomes

• Semidefinite program (SDP) constraint captures all quadratic relationships


V⇡n Sn

S⇤
n

Ln

�
=


v⇡n

in

� 
v⇡n

in

�H
⌫ 0 and rank-1



OPF with multiphase BFM
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relaxed BFM equations

injection 
constraints

network 
constraints

v  dg(Vn)  v, 8n
dg(Ln)  `, 8n

min losses and/or CVR and/or generation cost

over {Sn, sn,Vn,Ln}n

s.t. dg (Sn � ZnLn) + sn =
X

k: n!k

dg (Sk)

Vn = V⇡n + ZnLnZ
H

n
� SnZ

H

n
� ZnS

H

n
V⇡n Sn

S⇤
n

Ln

�
⌫ 0

p = pg � pc

q = qg � qc

pg
n,�

 pgn,�  pgn,�, 8n,�

qg
n,�

 qgn,�  qgn,�, 8n,�

(pgn,�)
2 + (qgn,�)

2  sgn,�, 8n,�

• Relaxation is exact (constraint satisfied with equality) under practical conditions



Linear approximation for multiphase grids
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• Ignore losses to get approximate power conservation

dg (Sn � ZnLn) + sn =
X

k: n!k

dg (Sk) �n + sn =
X

k: n!k

�k

• Voltage drop requires approximating the full matrix

Vn = V⇡n + ZnLnZ
H

n
� SnZ

H

n
� ZnS

H

n

Sn

• Assuming approximately balanced voltages (and currents)

↵ =

2

4
1
↵⇤

↵

3

5 , ↵ = ej2⇡/3

• Power flow matrix can be approximated as Sn = ↵↵Hdg(�n)

dg(Vn) = dg(V⇡n)� dg(↵↵Hdg(�n)Z
H

n
)� dg(Zndg(�n)

⇤↵↵H)

v⇡n ' V⇡n↵, in ' In↵



Inter-phase coupling
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• Simplify approximate voltage drop using the property

• Approximate voltage drop

Zn =

2

4
0.530 + 1.112i 0.127 + 0.404i 0.126 + 0.423i
0.127 + 0.404i 0.545 + 1.043i 0.133 + 0.374i
0.126 + 0.423i 0.133 + 0.374i 0.542 + 1.056i

3

5
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• How do complex injections affect voltage drops?

HW2-Exercise 1

Z̄n =

2

4
0.530 + 1.112i 0.286� 0.312i �0.430� 0.103i
�0.413� 0.092i 0.545 + 1.0429i 0.258� 0.303i
0.304� 0.321i �0.391� 0.072i 0.542 + 1.056i

3

5
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sign
⇥
Re

�
Z̄n

 ⇤
=

2

4
+ + �
� + +
+ � +

3

5
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sign
⇥
Im

�
Z̄n

 ⇤
=

2

4
+ � �
� + �
� � +

3

5
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dg (Adg(x)B) = (A�B>
)x, � : entry-wise (Hadamard) product
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v⇡n � vn ' 2Re
�
Z̄n�

⇤
n

 
, where Z̄n = Zn �↵⇤↵>
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See Section IV of [8] for an analysis of these patterns
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