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Variational quantum approaches have shown
great promise in finding near-optimal solutions
to computationally challenging tasks. Nonethe-
less, enforcing constraints in a disciplined fash-
ion has been largely unexplored. To address
this gap, this work proposes a hybrid quantum-
classical algorithmic paradigm termed VQEC
that extends the celebrated VQE to handle op-
timization with constraints. As with the stan-
dard VQE, the vector of optimization vari-
ables is captured by the state of a variational
quantum circuit (VQC). To deal with con-
straints, VQEC optimizes a Lagrangian func-
tion classically over both the VQC parame-
ters as well as the dual variables associated
with constraints. To comply with the quantum
setup, variables are updated via a perturbed
primal-dual method leveraging the parameter
shift rule. Among a wide gamut of potential ap-
plications, we showcase how VQEC can approx-
imately solve quadratically-constrained binary
optimization (QCBO) problems, find stochastic
binary policies satisfying quadratic constraints
on the average and in probability, and solve
large-scale linear programs (LP) over the prob-
ability simplex. Under an assumption on the
error for the VQC to approximate an arbitrary
probability mass function (PMF), we provide
bounds on the optimality gap attained by a
VQC. Numerical tests on a quantum simula-
tor investigate the effect of various parameters
and corroborate that VQEC can generate high-
quality solutions.

1 Introduction

Quantum computing could be a disruptive technology
in dealing with challenging computational tasks. Sem-
inal works have developed quantum computing algo-
rithms to tackle problems, such as integer factoriza-
tion [1], searching in databases [2]|, solving systems
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of linear equations [3, 4], and various machine learn-
ing tasks [5, 6], with polynomial or exponential speed-
ups over their classical computing alternatives. How-
ever, these algorithms are assumed to operate on fault-
tolerant quantum computers, which are projected not
to be available in the near future. Recent research and
development efforts focus on devising algorithms that
are of relevance to practical applications on contempo-
rary, qubit-limited, low-circuit depth, and noisy quan-
tum hardware, often referred to as Noisy Intermediate-
Scale Quantum (NISQ) [7]. Variational quantum ap-
proaches (VQAs) exploit parameterized quantum cir-
cuits (VQCs) of limited depth and reduced number of
qubits, and become the leading candidates to showcase
quantum advantage in the NISQ context [8, 9].

VQE is one of the most well-studied variational quan-
tum approaches. Given a sequence of parameterized
quantum gates, VQE aims at seeking the eigenvector
corresponding to the minimum eigenvalue (energy) of
an exponentially large Hermitian matrix representing
a quantum observable [10]. While VQE has been suc-
cessfully utilized as a heuristic to find near-optimal so-
lutions for quadratic unconstrained binary optimiza-
tion (QUBO) problems [11, 12, 13, 14, 15], quadratic
problems oftentimes come with constraints. A con-
strained binary problem can be converted to an un-
constrained one upon penalizing constraint violations
by adding them to the objective function. Nonethe-
less, the weights associated with each penalty term are
non-trivial to select unless the constraints are of specific
forms, such as Boolean functions or linear equalities [16,
17]. Another VQA that has been particularly successful
for binary optimization is the quantum approximate op-
timization algorithm (QAOA) [18]. The QAOA is a spe-
cial case of VQE that uses a problem-dependent VQC
or ansatz. To incorporate constraints, references [19,
20, 21] adapt the mixer Hamiltonian of the QAOA’s
ansatz to ensure that the target quantum state remains
within the feasible subspace. This strategy is also stud-
ied on quantum annealing, the analog counterpart of
QAOA [22, 23]. However, confining the mixer Hamilto-
nian applies only to a single linear equality constraint
and requires a larger number of additional gates [21].
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Reference [24] considers binary quadratic programs with
linear constraints again, by combining the quantum adi-
abatic approach with the classical branch-and-bound
method. Reference [14] proposes a VQA to minimize
an objective expressed as a sum of a quadratic func-
tion over binary variables and a convex function over
continuous variables. Binary and quadratic variables
are set to be equal through linear equality constraints.
The problem is solved using the alternating direction
method of multipliers (ADMM). Each ADMM iteration
entails solving the convex subproblem over the continu-
ous variables using standard convex optimization tech-
niques on a classical computer, and the QUBO subprob-
lem via VQE/QAOA. Nonetheless, solving a VQE or
QAOA to optimality for each ADMM iteration may be
computationally demanding. In [25], a VQA method is
proposed to improve the chance of acquiring feasible so-
lutions for constrained combinatorial problems through
a greedy post-processing method, which nonetheless is
only applicable to linear constraints.

Lagrangian duality offers a more systematic way of
handling optimization problems with constraints. In
the context of VQA, the vector of VQC parameters 6
constitutes the primal optimization variables, and the
vector of Lagrange multipliers A corresponds to dual
variables. Albeit the primal problem is non-convex, the
dual problem is known to be always convex [26]. Ref-
erences [27, 28] deal with quadratic constrained binary
optimization (QCBO) using dual decomposition, a vari-
ation of subgradient descent that aims at solving the
dual problem. However, each update of dual variables
involves a complete run of quantum annealing [27], or
solving a VQE to optimality [28], either of which can
be computationally formidable.

In contrast, the primal-dual method used in [29, 30]
to train neural networks under constrained optimization
problems is more suitable, since each primal step only
requires updating the primal variable inexactly. The
convergence of the primal-dual method is guaranteed
under strict settings, such as the Lagrangian function
being strictly convex and strictly concave [31]. However,
by updating the primal and dual variables at appro-
priate perturbed points, reference [32, 33] ensures the
sequence of the primal-dual pairs converging to the op-
timal point without putting strict assumptions on the
Lagrangian function. Another variant of the primal-
dual method with perturbations is used in [34], which
is often referred to as the extragradient method (EGM).
EGM has been expanded recently to the stochastic set-
ting [35]. Nonetheless, in the VQC context, EGM in-
creases substantially the number of VQC compilations.

Although our approach is presented for solving opti-
mization problems with constraints, it can be expanded
to other setups, such as when a VQC is used as a ma-

chine learning (ML) model. This idea has attracted
sizable research interest recently; see e.g., [36, 37]. A
popular choice of the loss function for quantum ML is
the minimization of expectations of quantum observ-
ables concerning a quantum state prepared by the VQC.
Although there is no quantum equivalent to automatic
differentiation, references [38, 39| derive an analytical
formula for the gradient of typical loss functions. How-
ever, estimating the gradient through quantum mea-
surements is always subject to noise. Studies [40, 41]
show that estimating gradients using a finite number
of measurements engenders an unbiased estimator and
can facilitate stochastic gradient descent. In light of
interpreting VQCs as ML models, it is also of crucial
importance to explore VQCs from the perspective of
learning models for constrained setups.

Acknowledging the gap in incorporating constraints
into VQAs and its relevance to optimization and ML
tasks, the contribution of this work is on four fronts:

c1) Section 2 puts forth a novel algorithmic frame-
work for handling optimization problems with con-
straints via a VQA, termed the wvariational quantum
eigensolver with constraints (VQEC). This framework
applies to problems where cost and constraint func-
tions can be captured as quantum observables over gen-
eral, exponentially large, Hermitian matrices. As with
VQE, rather than solving the problem over the origi-
nal, exponentially large decision variable, VQEC adopts
a hybrid quantum-classical approach. A quantum cir-
cuit parameterized over fewer parameters stored in vec-
tor @ measures the observables, and a classical com-
puter updates @ iteratively. To incorporate constraints
in a disciplined fashion, VQEC implements a primal-
dual method, wherein the classical computer updates
not only 8, but also the vector of Lagrange multipliers
associated with the constraints. For improved conver-
gence properties, a perturbed variant termed the per-
turbed primal-dual (PPD) method is adapted to the
quantum setup by capitalizing on the parameter shift
rule. Interestingly, if cost and constraint observables
can be measured simultaneously, VQEC requires ap-
proximately the same quantum computations as VQE.

c2) Section 3 subsequently exemplifies how VQEC
applies to problems with diagonal observables (observ-
ables defined over diagonal Hermitian matrices), and
shows that a wide gamut of optimization tasks can be
formulated as such. The list includes problems such
as constrained quadratic binary optimization (QCBO),
designing stochastic policies over binary-valued vectors
that satisfy constraints on the average or in probability
as chance constraints, learning large-scale PMFs, and
solving large-scale LPs over the probability simplex.
Such problems abound in diverse application domains,
including reinforcement and machine learning in gen-




eral, wireless communications, portfolio optimization,
and optimal resource allocation.

¢8) Section 4 provides analytical bounds on the opti-
mality gap experienced when a problem with diagonal
observables is solved in its variational form over 0 rather
than its original form over an exponentially large vari-
able. Under an assumption resembling the universal
approximation theorem for deep neural networks, the
optimality gap is shown to depend on the approxima-
tion within which a VQC can approximate any PMF as
well as the sensitivity of the original problem to pertur-
bations in the constraints.

¢4) Section 5 numerically investigates the perfor-
mance of VQEC on problems with diagonal observables.
The tests demonstrate its convergence, reasonable per-
formance even with finitely many quantum measure-
ments, sensitivity to VQC depth, and ability to pro-
vide high-quality solutions to binary programs with con-
straints and large-scale LPs over the probability sim-
plex.

Section 6 concludes this work, and sketches exciting
ongoing and future research directions for VQEC.

This Introduction closes with a quick note on nota-
tion: Symbol (.)T denotes transposition; symbol (.)*
stands for Hermitian transposition. Matrices (column
vectors) are denoted by upper-(lower-) case boldface let-
ters; scalars are denoted by lower-case letters. Opera-
tor dg(x) defines a diagonal matrix with vector x on
its main diagonal. [E is the expectation operator. Calli-
graphic symbols are reserved for sets.

2 Proposed Algorithm

This section develops a general algorithmic framework
for incorporating constraints into variational quantum
optimization. This broadens the applicability of VQE
to cope with constrained programs over binary variables
or large-scale continuous variables. We set the stage and
introduce notation with a brief summary of VQE.

Given a 2" x 2" Hermitian matrix Hy, VQE aims
at finding the eigenvector associated with the smallest
eigenvalue of Hy [10]. From Rayleigh’s quotient, this
eigenvector coincides with the minimizer of

. H
min x Hyx. (1)

Because the dimension N = 2" of x is exponentially
large, VQE models x via the state |x) of a variational
quantum circuit operating on n qubits. Given a pre-
specified ansatz, this quantum circuit is parameterized
by a parameter vector @ € R and its output state is
denoted by |x(0)). Rather than solving (1), VQE solves
the ensuing parameterized eigenproblem over :

min (x(8)[Ho|x(8)) . (2)

The VQE operates in a hybrid quantum/classical com-
puting fashion. A quantum computer samples from
|x(0)), and measures the observable

Fo(0) == (x(8)[Ho|x(6)) (3)

and possibly its gradient Vg Fy(0). A classical computer
subsequently optimizes Fy(0) with respect to 6 using
standard optimization techniques, such as coordinate
descent and stochastic gradient descent [37, 41].

The cardinal question is how to extend VQE to han-
dle optimization problems with constraints. We con-
sider the prototypical constrained problem

Py = mein Fy(0) (4)

sto F,(0) <0, m=1:M.

Similarly to the cost function in (2), constraint func-
tions should be expressible as quantum observables

F,(0) = x(0)|H,,|x(0)), m=1:M

defined by Hermitian matrices H,,. Problem (4) is non-
convex as quantum observables are known to be trigono-
metric functions of 0; see [37] and references therein.

Lagrange duality constitutes a systematic way of
dealing with constrained optimization problems. To-
wards solving (4), let A, be the Lagrange multiplier
or dual variable associated with inequality constraint
F,,(0) < 0. Stack all Lagrange multipliers in vector
A € RM, To simplify notation, let us also define the
constant A\g = 1. Then, the Lagrangian function of (4)
can be expressed as

Lo(0;X) 1= A\pF(6). (5)

m=0

The associated dual function is defined as
Do(A) = H%in Lo(0;N)
and the corresponding dual problem aims at maximizing

Dy = I)I\lg%( Dy(N). (6)
The dual problem is convex regardless if the primal
problem is convex or not. Moreover, weak duality as-
serts that Dy < Pj.

In [28], we attempted solving (6) using the iterative
method of dual decomposition. Given an estimate A’ of
the optimal A* at the beginning of iteration ¢, iteration
t updates the dual variables in two steps:

0" c argmgin Lo(0; X" (7a)
ML= [N+ phFn(0)],, m=1:M  (7h)




where py > 0 is a step size and [z]y = max{z,0}
projects dual variables to the non-negative reals. Dual
decomposition is known to be a projected subgradient
ascent method to maximize Dy(A). This is because the
constraint function value F,(0") belongs to the subdif-
ferential of Dy(\) with respect to \,, evaluated at \’.
Obviously, the primal update step in (7a) constitutes a
standard (unconstrained) VQE task using the observ-
able Lo(8;A) = Fy(8) + XM A F,,(6) rather than
Fy(0) alone. Unfortunately, solving a VQE task to op-
timality per iteration of the dual decomposition method
is computationally impractical.

To alleviate this limitation, we propose switching
from dual decomposition to the so-termed primal-dual
(PD) method; see [31, 42]. The latter seeks a saddle
point of the Lagrangian function over primal /dual vari-
ables as

max min Lo(0; ). (8)
A saddle point is a pair (6, X*) € R” x R} of primal-
dual vectors satisfying

ﬁe(a*;)\) < 59(0*;)\*) < ﬁg(@;)\*)

for all (6,X) € R” x RY. For problems where strong
duality holds, a pair of primal-dual vectors is optimal
if and only if it is a saddle point of the Lagrangian [26,
p. 239]. Moreover, the optimal value of the Lagrangian
function equals the optimal values of the primal and
dual problems. How about the non-convex problem over
6 in (4)7 Although the latter may not feature strong du-
ality, Section 4 bounds the distance between Lg(6"; X™)
and the optimal cost of the original, non-parameterized
constrained optimization problem. This motivates solv-
ing (4) using saddle point-seeking algorithms, such as
the primal-dual method proposed next.

Instead of a fully-fledged VQE, the PD method up-
dates primal variables by taking a gradient descent step
on Ly(0; ) with respect to 0, evaluated at (6°, \"), that
is

0" = 0" — Ve Ly(8; AY).
The required gradient follows from (5) as

M
VoLs(05 M) = > N, VoF,(6") (9)
m=0

with A\l = 1 for all t. Analogously, the PD method up-
dates A by taking a gradient ascent step on Lg(0; )
with respect to X, evaluated again at (8°, A"). The par-
tial derivative of Ly(0; X) with respect to Ay, is F,(6).
Putting the two steps together yields a single iteration

of the PD method:

M

0 = 0"~y > N, VoF,(6")

m=0

(10a)
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Figure 1: Coordination between a quantum and a classical
computer while running the PD or PPD method to solve a
constrained optimization problem through a variational quan-
tum approach. The VQC is encoded by unitary matrix S(0).
The proposed method features minimal computational over-
head over the standard, unconstrained VQE. If all involved
quantum observables {F},(8)}2_, can be measured simulta-
neously, the overhead is insignificant and is confined only to
the classical computer.

Mol = N+ ph Frn(09)], m=1:M  (10b)
where p and p} are positive step sizes. We next elab-
orate on the practical implementation of (10) and com-
ment on the related convergence guarantees.

Dual update step (10b). To update the vector of mul-
tipliers, we need to compute the quantum observables
{F, (0" }M_,. As with VQE and other VQAs, quantum
observables cannot be computed exactly, but only esti-
mated through measurements. More specifically, the
quantum circuit is parameterized by " and is run S
times. The number S will be referred to as the num-
ber of measurement shots. Given these S independent
runs, the quantum observable can be estimated clas-
sically or quantumly, within accuracy € if S scales as
O(e72); see [37, p. 181]. For the optimization programs
considered in this work and delineated later in Section 3,
all M + 1 quantum observables involved in (4) are esti-
mated classically and in parallel using the same S mea-
surement shots.

Primal  update step (10a). The gradients
{VoFn(0")IM_, are first estimated with the aid
of the quantum computer. The primal variables
are then updated using the classical computer. The
required gradients can be computed using the pa-
rameter shift rule [38, 39]. If the ansatz takes the
form U(0) = Hfip exp(—jb,G,), where each G, is a
single-qubit Hermitian generator with two distinctive
eigenvalues +r, each partial derivative of F),(0) with
respect to ¢, can be computed exactly as the difference




of two function evaluations at shifted values of 0:

F,.(0
8519(17) =7 (Fn(0' + fep) — Fn(8' — Tey))
where e, is the p-th column of the identity Ip. For ex-
ample, if G; are the generator matrices corresponding
to Pauli rotations §{pz,py, p-}, then = 1 and the an-
gle shift is 7. As with F,,(8") in the dual update step,
the quantum observables Fm(Bt + ;-e,) can only be es-
timated through measurements. Overall, the quantum
circuit has to be compiled for 2P different values of 0,
two for each partial derivative. For each one of these 2P
compilations, the quantum circuit is executed S times
to estimate F,, (8" 1-€p). For the problems considered
later in Section 3, quantum observables are estimated
classically and in parallel for m = 0,..., M. Heed that
if \{, =0, there is no need to measure Vg F,(6").

Overall, each PD iteration entails compiling the quan-
tum circuit for 2P+1 different values of 8 and executing
the circuit (2P + 1)S times.

The convergence of the PD method has been widely
studied for convex problems. For example, under a
constant step-size rule a subsequence of the sequence
{(6+,A:)} generated by the PD method is known to
converge within a neighborhood of a saddle point of the
Lagrangian [31]. For a diminishing step-size rule, a sub-
sequence of the iterates has been shown to converge to a
saddle point [42]. To guarantee that the entire sequence
of PD updates converges to a saddle point, the function
defining the saddle point should be strictly convex in
and strictly concave in A [31], which unfortunately does
not hold for the Lagrangian function in general.

These limitations of the PD method can be resolved
using a slight modification, which enjoys convergence of
the entire sequence without heavy assumptions on the
Lagrangian function [32, 33, 43]. The so-termed primal-
dual perturbation (PPD) method updates primal/dual
variables upon evaluating gradients VgLy(0;A) and
VaLo(0;X) not at (8, A\"), but at a pair of perturbed
primal/dual variables denoted by (ét, S\t). In particu-
lar, the primal-dual variables are updated as:

0" = 0" — uhVoLe(6"; X))

A= I\ 4 b (0] m=1: M.
+

(11a)
(11b)

The perturbed variables are updated according to the
standard primal-dual method, that is

0 = 0" — 1yVeLloe(6";\)
S\fn = [)\fn + u)\Fm(Bt)]+, m=1:M

(12a)
(12b)

for positive step sizes vy and vy.

Substituting (9) and putting the updates in order,
each iteration of PPD involves the next four steps:

~t

M
0 :=06"—vy > M, ,VoF,(6")

(13a)
m=0
Ny = [Ny +aFn(09)],, m=1:M  (13b)
M
0 = 0"~y Y M, VoF,(6") (13c)
m=0
AL — {)\in + u’f\Fm(ét)}+, m=1:M  (13d)

with A = ;\6 = 1 for all t. The iterations in (13)
constitute the proposed algorithm, termed wvariational
quantum eigensolver with constraints VQEC.

Although the PPD method may seem complicated
compared to PD, the additional computations do not
incur significant overhead and are primarily run on the
classical computer. A simple count of quantum observ-
ables to be measured reveals minimal quantum com-
putation overhead. Fortunately, steps (13a) and (13c)
share the exact same gradients Vg F,,(8"), which can be
evaluated using 2P compilations of the quantum circuit
as in (10a). Step (13b) requires compiling the quantum
circuit only for 8" as in (10b). Step (13d) introduces
the sole extra quantum computation as it requires com-
piling the quantum circuit for 0. Overall, the PPD
method requires 2P + 2 compilations of the quantum
circuit, whereas the PD method needs 2P + 1 compila-
tions. The workflow for implementing the PPD method
is illustrated in Fig. 1. This completes the presentation
of VQEC. Additional implementation details are pro-
vided in Section 3, as such details pertain to the par-
ticular applications considered in this work. A salient
feature of VQEC highlighted next.

Remark 1. It should be emphasized that so long as
cost and constraint observables are compatible (i.e., they
can be measured simultaneously), the quantum compu-
tations of VQEC' do not differ substantially from those
of VQE, while the complexity of its classical computa-
tions increases only by the number of constraints M.

Some comments on the convergence of PPD are in
order. As discussed earlier, the assumptions for the
convergence of PD iterates are quite restrictive. PPD
iterates enjoy more favorable convergence guarantees.
If functions {F,,(0)}}_, are convex, continuously dif-
ferentiable, and have Lipchitz continuous gradients, the
PPD method with decreasing step sizes yuf, and uf gen-
erates a sequence of {(0¢, A¢)} converging to an optimal
primal/dual pair [43]. Unfortunately, the parameterized
variational problem in (4) is non-convex, and hence, the
mentioned guarantees may not carry over. The conver-
gence analysis of VQEC becomes even more challenging




due to its stochastic nature as quantum observables and
their gradients are only measured in noise.

In the context of unconstrained optimization, albeit
the convergence of stochastic gradient descent has not
been fully analyzed, the method constitutes the spear-
head for scaling up deep learning in classical comput-
ing. For variational quantum optimization without con-
straints, preliminary studies on the effect of stochastic
gradients can be found in [40, 41]. Toward handling
constraints, stochastic PD methods have been utilized
before in the context of training deep neural networks
to satisfy stochastic constraints [29, 30]. Nevertheless,
the convergence of stochastic PD/PPD methods has
not been fully established, even in the convex setting.
In the convex setting, only saddle point problems fea-
turing particular forms such as bilinear structure, have
been analyzed so far. Despite the lack of convergence
guarantees, the numerical tests of Section 5 study the
effect of S and indicate that VQEC iterates do converge
to meaningful points and exhibit superior performance
over the stochastic PD iterates.

It is worth adding a quick note on another PPD vari-
ant, termed the extragradient method [34]. The per-
turbed points in EGM are computed as in (13a)—(13b),
yet steps (13¢)—(13d) are altered as

M

0" =8 — b S X VeF,(6")
m=0

t

A'm

AFL = an—i—uF (ét)] , m=1:M.

+

Although seemingly minor, this modification incurs sub-

stantial computational overhead in the quantum set-
. .. . ~t .

ting. This is because measuring Vg F,,,(0 ) requires 2P

additional compilations of the quantum circuit.

3 Applications

This section presents prototypical examples of optimiza-
tion problems with constraints that can be handled by
VQEC. Although VQEC applies to quantum observ-
ables of the general form F,,(0) = (x(0)|H,,|x(0)), we
hereafter focus on observables defined by diagonal Her-
mitian matrices H,,, for all m. This restriction simplifies
the process of measuring cost and constraint observables
and facilitates the performance analysis of Section 4.
Despite the restriction, quantum observables with di-
agonal Hermitian matrices can handle a wide gamut of
optimization problems, including binary problems with
constraints and large-scale LPs over the probability sim-
plex. Quantum observables with non-diagonal Hermi-
tian matrices comprise the subject of our ongoing re-
search.

Consider a diagonal Hermitian matrix H,, = dg(f,,),
whose diagonal is defined by vector f,,, € RY. It can be
trivially verified that the corresponding quantum ob-
servable evaluates as

Fn(6) = (x(0)[Hy|x(8)) = £,,p(6) (14)
where the k-th entry of vector p(0) is defined as
pi(0) = | (k[x(6)) %,

Apparently, observables defined by diagonal Hermitian
matrices correspond to inner products. These observ-
ables can be measured on the computational basis.
They will henceforth referred to as diagonal observables.
For such observables, the general variational problem in
(4) can be expressed as

k=0,...,N—1.  (15)

min fy p(6) (16)

sto £1p(@) <0, m=1:M.

Recall that diagonal observables admit an additional
neat interpretation. By the properties of |x(0)), vec-
tor p(@) defines a probability mass function (PMF). If
vector f,, carries the NN possible values of a discrete
random variable distributed according to p(@), then
£, p(0) yields the mean value of this random variable.

Suppose we measure the VQC state |x(8)) in the com-
putational basis. The outcome of this measurement
would be binary vectors b € {0,1}" distributed per
p(0). For each b, suppose we evaluate a quadratic or
other function f,,(b). If vector f,, carries the evalu-
ations of f,, for all possible values of b (i.e., the k-th
entry of £, is f,,,(|k))), the diagonal observable provides

Fn(0) = Eg[fm(b)] (17)

where Eg denotes the expectation operator over the
PMF p(6) of random variable b.

Given the previous interpretations, we next elaborate
on what types of problems can be posed as (16). Be-
fore doing so, let us recall how VQE handles a famous
unconstrained binary optimization problem.

3.1 QUBO and MaxCut

The quadratic unconstrained binary optimization
(QUBO) is one of the problems tackled by VQE. It is
originally posed as

i b):=b Ajb+b' do.
be%l,fll}nfo( ) ob+ Db co+do

(QUBO)

Without harming generality, parameters (Ag, cg, dp) are
assumed to be real-valued, and matrix Ay is symmet-
ric. QUBO is known to be NP-hard in general, yet




VQE-based heuristics have been particularly successful
in finding near-optimal solutions [11, 12, 13, 14, 15].

We briefly review how VQE is utilized for solv-
ing (QUBO). If we introduce the N-long vector fy
whose k-th entry is fo(|k)) for k=0..., N —1, problem
(QUBO) can be equivalently reformulated as

min f)'p (18)

where P. is the set of all N canonical vectors in RY.
The minimizer of (18) is the canonical vector corre-
sponding to the smallest entry of fy. If (QUBO) has
multiple minimizers, problem (18) will identify one of
them. Problem (18) is as hard as QUBO.

In pursuit of a computationally more tractable solu-
tion, the feasible set of (18) can be relaxed from P, to
its convex hull, that is the probability simplex in RY:

Pi=conv(P.)={peRY :p>0,p'1=1}. (19)
This relaxation yields rise to a linear program (LP)

glgg £, p. (20)
Problem (20) is equivalent to (QUBO) despite the re-
laxation. This is easy to see since the minimizer of the
LP coincides with one of the corners of P, or convex
combinations thereof.

Despite being an LP, problem (20) is still computa-
tionally challenging as p is exponentially large. Rather
than solving (20), VQE parameterizes p through |x(8))
as in (15), and solves QUBO in the variational form

mein £, p(). (21)

Therefore, QUBO can be posed as an instance of the
VQE task in (2) with a diagonal observable.

MaxCut is an instance of QUBO and an NP-hard
problem [44], for which VQE/QAOA have been success-
ful in finding candidate solutions [15, 45, 46]. Given
an undirected graph G = (V,€) over vertex set V =
{1,2,..,n} and edge set & = {(4,J) : i,j € V} of edges
weighted by non-negative w;;, MaxCut aims at parti-
tioning V into two subsets so that the size of the cut
between the subsets is maximized. A cut is a set of
edges spanning across two subsets of vertices. The size
of a cut is the sum of its edge weights. For instance, in
VLSI circuit design, each circuit component is modeled
by a vertex. The preference to connect two components
in the same or different layers of the circuit is captured
by the indicated weight of the edge between them [47].

Let spin variable s; € {£1} indicate the partition
vertex i is assigned to. If vector s € {£1}" collects all
spin variables, the cut size defined by assignment s is

1
Z Z wij(l—sisj).

(1,7)€E

Obviously, edge (¢, 7) contributes unity to the cut only
when s; and s; have different signs. If symmetric ma-
trix W stores the edge weights as W; = w;;, MaxCut is
equivalent to minimizing s " Ws. The latter can be writ-
ten as a QUBO upon converting spin to binary variables
via the transformation b; = (1 —s;)/2 fori =1,...,n.
Having reviewed QUBO and MaxCut, we next embark
on incorporating constraints into them.

3.2 Stochastic QCBO and Learning PMFs

Consider the quadratic constrained binary optimization
(QCBO) problem:

i b 22
prin, fo(b) (22)

sto fm(b) <0, m=1:M

where f,,(b) :==bT A,,b+b c,,+d,, form =0,..., M.
As with (QUBO), parameters (A,,, Cpm,d,,) are real-
valued, and matrices A, are symmetric for all m. Being
a generalization of QUBO, QCBO is also NP-hard. A
motivating example of a QCBO is discussed next and
more can be found in [48, 49, 50].

Albeit MaxCut has been widely studied as an uncon-
strained problem, constrained versions are of relevance
too. In the VLSI design example, the designer may
know in advance that specific pairs of components must
be on the same or different layers. In that setting, a
MaxCut with constraints can minimize the cost of wires
used to connect components within and between layers
while respecting prior connectivity specifications. Spec-
ifications can be encoded in matrix C with entries [49]

+1, if (i,7) are in the same partition
Cij=4-1

0, no prior information on (4, 5) or i = j.

if (4,4) are in different partitions

We can now define a constrained version of MaxCut [49]:

min s' Ws (23a)
se{+1}"
sto s' Cs > Z Z |Cyjl. (23b)

i=1 j=1

Obviously, if a pair (i,7) is correctly assigned to par-
titions, it contributes 2C;;s;5; = +2 in the left-hand
side of (23b). Otherwise, it contributes —2 and the
constraint is violated. Upon converting spin to binary
variables, problem (23) can be posed as a QCBO.
Each specification can also be expressed as a lin-
ear constraint s; = C;;s5;. However, the formulation
in (23) has a single quadratic constraint instead of mul-
tiple linear ones. In fact, the single quadratic constraint




can be obtained by squaring and summing up the lin-
ear constraints because Z(ivj):ciﬁéo(si — Cy;85)> <0
is equivalent to (23b). In general, linear equality con-
straints such as Eb = g can be handled by a single
quadratic constraint |[Eb — g||2 = 0 or |[Eb — g]|3 < 0.
MaxCut may also come with the balance constraint
—B<s'1 < B, which ensures that the cardinalities
of the two partitions do not differ more than a given
constant B from each other.

Given the maturity of mixed-integer linear program
(MILP) solvers, quadratic binary programs are often-
times converted to MILPs. This is possible by intro-
ducing an auxiliary variable z;; for each product b;b; of
binary variables. The constraint z;; = b;b; is then han-
dled using McCormick linearization, which requires a
few linear constraints involving (z;;,b;,b;). Nonethe-
less, this approach can increase the number of con-
straints and variables by O(n?). Hence, it may be mean-
ingful to solve quadratic binary problems directly and
use quantum computing approaches in particular. Hav-
ing motivated the need for QCBOs, we next resume
with variational quantum approaches for solving them.

Mimicking QUBO, QCBO can be recast as a mini-
mization over the canonical vectors of RV as

in f 24
min o p (24)

sto £ip<0, m=1:M.

As with fy, each N-long vector f,,, evaluates the m-th
quadratic function over all possible values of the binary
vector b. The feasible set of (24) can be subsequently
relaxed from P, to the probability simplex P, to yield
the large-scale LP

in f 25
min fy p (25)

s.to f;pgo, m=1:M.

Contrary to QUBO, the minimizer of (25) may not
be at a vertex of P. Hence, the problem in (25) is
not equivalent to (22). Nonetheless, problem (25) is of
interest in its own right as will be explicated shortly.
We first explain how (25) can be solved variationally
and then discuss possible applications.

Solving (25) classically is technically challenging.
Computing the values of vectors {f,, }}_ alone requires
O(N Mn?) operations. The size of p precludes interior-
point methods, while first-order methods would require
at least O(M N) operations per iteration only to eval-
uate the constraint functions. In contrast, a quantum
approach could offer a more practical solution as de-
lineated next. Again, variable p is substituted by its
parameterized form p(@), and problem (25) is surro-
gated by the variational problem in (16) with diagonal

observables having H,, = dg(f,,) for m = 0,..., M.
Consequently, it can be handled by VQEC.

We coin (25) and its variational form as the average
QCBO for the following reason. The VQC state |x(0))
can be used as a sampler of binary vectors b € {0,1}"
drawn from PMF p(€). From the viewpoint of (17),
the sampled binary vectors minimize the average cost
Eo[fo(b)] and satisfy constraints in the average sense
Eg[fm(b)] <O0form=1,..., M.

The average QCBO can be alternatively interpreted
as the task of learning a« PMF. The PMF p(0) is de-
signed to satisfy specifications when applied to given
functions. This could be of relevance to machine learn-
ing tasks over exponentially large PMFs. Such PMFs
arise when dealing with joint PMFs over discrete-valued
random variables (categorical), and/or probability den-
sity functions (PDFs) over continuous random variables
that have been finely quantized.

Moreover, in certain applications (e.g., reinforcement
learning, wireless communications, optimal scheduling),
it may be of interest to find a stochastic policy to draw
binary vectors from, that solve the average QCBO of
(4). The optimized quantum circuit |x(0)) can serve
as such policy. The policy can also be used to sample
candidate solutions for the deterministic QCBO in (22),
yet more elaborate solutions for that follow.

3.3 QCBO and Chance-Constrained QCBO

So far, vectors f,,, were assumed to evaluate quadratic
functions f,,(b) of binary vectors. Nevertheless, func-
tions f,,(b) do not have to be quadratic necessarily.
Let us see an interesting example. Consider again the
QCBO in (22) and define functions

)1, fm(b) <0
gm(b)_{o, fm(D) >0’

We next let vectors f,,, evaluate functions g,,(b) rather
than f,,(b) for m = 1,..., M, and evaluate the corre-
sponding diagonal observables with Hermitian matrices
H,, = dg(f,,). It is not hard to verify that the new
constraint observables compute the probability

m=1,...,M. (26)

Fn(0) = Eglgm (b)] = Pr (fm(b) <0).

Vector fj still evaluates the original quadratic fy(b),
and so observable F;(@) remains unchanged.
Thanks to the previous modeling, the constraint

Fn(0)=f,p(6)>1-3 (27)

guarantees that when drawing binary vectors from p(0),
they satisfy f,,(b) < 0 with probability larger than
1 — 8. Here (8 is a small positive constant capturing




the violation probability. Measuring these observables
entails counting the frequency at which each one of the
logical statements (f,,(b) < 0) evaluates as true. Con-
straint (27) can be made to comply with (16) because

£,p(0) >1—p=(1-p)1"p(6)
is equivalent to
(1= 8)1—£,)"p(6) <0.

The latter constraint can take the form f!p(8) < 0
needed in (16) with yet another simple change in f,,’s.
The previous discussion shows that the variational
form in (16) allows for dealing with chance-constrained
QCBOs. This allows us to design stochastic poli-
cies from which we can draw binary vectors satisfy-
ing quadratic constraints with a prescribed probability.
Joint chance constraints can be captured too if we define
an observable counting the frequency of multiple logi-
cal statements being satisfied simultaneously. Designing
policies satisfying (joint) chance constraints may be of
interest to application domains such as wireless commu-
nications. Clearly, setting 8 = 0 provides a heuristic for
dealing with the original deterministic QCBO in (22).

3.4 Large-Scale LPs on the Probability Simplex

Lastly, the constrained variational problem in (16) can
be used to deal with large-scale LPs over the probability
simplex. In this case, vectors f,,’s may bear arbitrary
entries, not provided by a particular function. Such
large-scale LPs could appear in different application do-
mains, including optimal resource allocation, portfolio
optimization, or learning large-scale PMFs from data.
In this case, measuring an observable entails VQEC
reading out a particular entry of {f,,}_,. The en-
tries of these vectors may not correspond to evaluations
of quadratic or other functions. Dealing with such LPs
is still computationally challenging on a classical com-
puter, and hence, variational quantum solutions could
be welcome.

3.5 Implementation Details

Some remarks are now due on some implementation de-
tails of VQEC. We start with measuring observables.
For the average QCBO setting, observables can be com-
puted by running the VQC for a particular 8", measur-
ing its state to get a binary vector b, and evaluating
the quadratic function f,,,(bs). The process is repeated
S times for the same @ and observable F,,(8") is esti-
mated as

1 S
Fr(0") = 2> fm(by). (28)

Wl

For the deterministic and chance-constrained QCBOs,
a similar process estimates the frequency at which each
constraint is violated across all measurement shots. For
the case of large-scale LPs, measuring F,(0") entails
reading out the entries of f,,’s indexed by the sampled
b,’s and computing the sample mean of these entries.

Gradients {VgF,,(0")}M_, can be measured simi-
larly thanks to the parameter shift rule. For a particular
0", we need to compute F, (8" + i-€p) as discussed ear-
lier, for p = 1,..., P. Hence, the complete measuring
process has to be repeated 2P times.

Interestingly, the parameter shift rule applies to all
problem types identified in this section, i.e., regardless
of whether observables evaluate quadratic, binary, or
other functions, or simply read out the coefficient vec-
tors of an LP. It is worth stressing that because all ob-
servables are diagonal, they can be measured simulta-
neously. In other words, the number of constraints M
does not affect the number of VQC compilations or runs
of VQEC as all cost/constraint functions and gradients
are estimated classically using the same measurements.

P1) The average QCBO of (4).

P2) The deterministic QCBO in (22) expressed as (4)
with constraints F,,,(6) > 1. Here observables eval-
uate binary functions by counting the probability
of satisfying quadratic constraints.

P3) Chance-constrained QCBOs expressed as (4) with
constraints F,,(0) > 1 — ¢, for small € > 0. P2) is
a special case of P3) for e = 0.

P4) Binary optimization problems with cost and con-
straint functions more general than quadratic,
which are nonetheless, easy to compute or measure.

P5) Large-scale LPs over the probability simplex as in
(25).

3.6 Discussion

The previous discussion suggests that depending on how
vectors f,,’s are defined, the formulation in (16) can
handle a wide variety of optimization problems. Vec-
tors f,,, essentially define the objective and constraint
observables. Vector f,, may not necessarily evaluate
quadratic functions on the computational basis. In-
stead, it may evaluate a binary-valued, polynomial, or
other analytic function on the computational basis. The
presumption is that this function can be efficiently eval-
uated or measured on a classical (or possibly quantum)
computer. Is there any price paid when observables
do not correspond to quadratic functions? We do not
have an answer to this question but only provide some
thoughts. When diagonal observables originate from




quadratic functions, the VQC can be tailored to the
problem at hand as in QAOA. Non-quadratic diagonal
observables, on the other hand, are not amenable to ef-
ficient implementations of problem Hamiltonians in the
ansatz. Among the applications presented, only the av-
erage QCBO seems to be amenable to a QAOA imple-
mentation. One may also argue that compared to eval-
uating logical expressions as in g,,(b), quadratic func-
tions fi,,(b) exhibit continuity, which may help VQEC
in more accurately estimating observables or optimizing
over the landscape induced by the VQC.

4 Performance Analysis

This section analyzes the degradation in performance
when the optimization problems of Section 3 are solved
in their quantum variational form of (16) instead of the
original form in (24), which is an exponentially large
LP over the probability simplex. Collecting the linear
inequality coefficient vectors {f,,}¥_, as columns of an
N x M matrix F, the LP in (25) can be written as

P* = min f] 29
min fo p (29)
s.to FTp <0: A
Its dual function can be expressed as
D(A) = min L(p;A) (30)

peP

where the related Lagrangian function is defined as

L(p;A) == (fo +FX)"p. (31)
The associated dual problem maximizes the dual func-
tion over the dual variables as

D* = max D(A).

nax (32)

If the primal problem is feasible, strong duality holds
and yields that D* = P*.

Let us next consider (29) in its variational quantum
form, where variable p is parameterized by 8. Rephras-
ing (16), the parameterized primal problem reads as

P; =min £ p(0) (33)
sto F'p@)<0: X
The corresponding dual function is
Dg(A) := mein Lo(0;X) (34)
with the related Lagrangian function defined as
Lo(0; ) == (fo + FA) "p(6). (35)

The parameterized dual problem is expressed as

*
Dy = max Do (A). (36)

The original problem is convex, yet exponentially
large. The variational problem is over 8 € RP with
P <« N, yet non-convex. Migrating from the former to
the latter lurks two risks. The first risk is that VQEC
may not converge, or converge to a local optimum or
stationary point. Studying the convergence of (stochas-
tic) PD methods for non-convex problems is challeng-
ing, and is not addressed here. Given the success of
stochastic gradient-based methods for non-convex prob-
lems in deep learning, we only investigate the conver-
gence issues of VQEC numerically in Section 5. The
second risk is the possible degradation in optimality,
which constitutes the topic of this section.

Although (33) is non-convex, standard results from
duality theory assert that (36) is a convex problem and
that weak duality holds so that Dj; < Pjy. The goal
of the ensuing analysis is dual: ¢) Characterize the du-
ality gap Py — Dj. If the duality gap of (33) is zero,
the saddle point of the Lagrangian function Ly corre-
sponds to optimal primal/dual solutions for the param-
eterized problem. Hence, aiming for a saddle point of
the Lagrangian is equivalent to seeking the optimal pri-
mal/dual variables; and i) Compare D} with D*. The
parameterized problem is apparently a restriction of the
original problem, which entails that P; > P*. Because
bounding the difference Py —P* is challenging, we study
the difference D} — D* instead. The methods proposed
in Section 2 to deal with (25) target at optimizing Ly
anyway, which at optimality equals Dy, that is Dj = £}
by definition of the latter.

Toward the first goal, consider two assumptions.

Assumption 1. Consider a VQC whose state |x(0))
induces the parameterized PMF vector p(0). The set of
PMF vectors that can be produced by all admissible 8’s

Po:={p: p=p(0) for some 0}
s a convex set.

Note that Py is a set over p € RY, and more specifi-
cally Py C P. It is not a set over 6.

Assumption 2. The parameterized primal problem in
(33) is strictly feasible, i.e., there exist @ and sg > 0 for
which FTp(0) = —sy < 0.

Theorem 1. Under Assumptions 1 and 2, the param-
eterized problem in (33) has zero duality gap, that is
Dy =Pj.

Theorem 1 provides two sufficient conditions under
which the parameterized problem features zero duality
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Figure 2: The two-local VQC operating on an n-qubit system.
Top: One layer of the two-local VQC consists of the parame-
terized block W(81) followed by the full entanglement block
Uent. Bottom: A d-layered two-local VQC.

gap; the proof of this theorem as well as all other claims
can be found in the Appendix. Unfortunately, Assump-
tion 1 may not hold for practical VQCs. If it does hold,
then not only D; = P, but also Py = P*. To show
this, the next lemma is needed.

Lemma 1. The variational PMF p(0) induced by the
two-local VQC with full entanglement depicted in Fig. 2
can capture all corner points of the probability simplex
P. In other words, for k =0,...,N — 1, there exists a
0y, for which p(0y) = |k).

According to Lemma 1, the domain Py of p(8) in-
cludes the corners of P. If additionally, set Py is convex
per Assumption 1, then Py = P since P is the convex
hull of its corners. Consequently, the variational prob-
lem is not a restriction anymore, and Py = P*. Be-
cause Assumption 1 is unlikely to be satisfied by practi-
cal VQCs, we aim at characterizing the optimality gap
under a milder assumption on the VQC.

Assumption 3. For every p € P, there exists a 0 for
which [|p — p(0)|loc < € for some € > 0.

Assumption 3 assumes that the domain of p(0) is
sufficiently dense so that any PMF vector can be ap-
proximated entrywise within accuracy e. This assump-
tion resembles the universal approrimation property es-
tablished for and widely used in deep neural networks;
see e.g., [51, Sec. 6.4.1]. Although the observables de-
fined over asymptotically rich VQCs have been shown
to be universal function approximators [52], the argu-
ment may not be trivially extendable to the PMF setup,

where a VQC aims to approximate an N-long vector
rather than a univariate function. An additional as-
sumption on a perturbed version of the original primal
LP of (29) will be also needed.

Assumption 4. Consider the linear program

P*=min f) 37
min fo p (37)
sto FIp<—eLl: X
where € has been defined under Assumption 3, and
L:= max |fn]. (38)

The assumption is that (37) is strictly feasible. In other
words, there exist p € P and so > 0 satisfying

F'p<—ell—sl. (39)

Using Assumptions 2 and inspired by the proofing
procedure of [29], the next result bounds the degra-
dation in performance when surrogating the original
exponentially-large LP by its variational form.

Theorem 2. Under Assumptions 2, 3, and 4, the opti-
mal dual value of the variational quantum problem sat-
isfies

D* < Dy < D* +¢|folls + eL||Allx (40)

where L = max,—1.0 ||fm |1 and X is the vector of opti-
mal Lagrange multipliers for the perturbed primal prob-
lem in (37). The norm ||A||1 can be bounded as

< £/ p — P*
A < 22—

(41)

Theorem 2 predicates that the optimality gap in the
dual domain D} — D* is affected by two factors: i)
The accuracy € within which the VQC can approximate
PMF vectors; and i) The sensitivity of the primal LP
to e-perturbations in the cost and constraints.

Remark 2. Assumptions 2 and 4 presume that both the
original and the perturbed problems are strictly feasible.
Such a requirement automatically excludes problems
with equality constraints.  Variational problems with
equality constraints can be handled by Theorem 2 only
if equality constraints are relaxed to double-side inequal-
ity constraints. Despite this limitation in performance
analysis, the algorithms of Section 2 remain directly ap-
plicable to equality-constrained variational problems.

5 Numerical Tests

VQEC was numerically evaluated under three setups,
which are representative of the application examples
presented in Section 3:
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S1). This setup solves the average QCBO of Section 3.2
on the constrained MaxCut problem. A weighted
n = l4-vertex graph was randomly generated. To
include constraints, we randomly sampled 7 pairs
of vertices and added connection specifications so
the problem was feasible.

This setup deals with the deterministic QCBO
of (22) using the formulation of Section 3.3, ap-
plied to the same instance as in S71).

$2).

S53). This setup solves an LP over the probability sim-
plex like the one in (25) as described in Section 3.4.
Given the restrictions of quantum simulators, the
problem dimension was N = 256 with M = 3
constraints. Vectors {f,,}2,_, were stacked into a
256 x 4 matrix F', whose entries were randomly gen-

erated from the standard normal distribution.

All numerical tests were performed on quantum sim-
ulators from IBM’s Qiskit [53]. Simulation scripts were
written in Python. The two-local VQC from Qiskit was
used across tests. As illustrated in Fig. 2, each layer
of the VQC consists of a parameterized block imple-
mented via single-qubit Ry (6,) gates applied to each
qubit and a full entanglement block implemented via
CZ gates between all pairs of qubits. The number of
parameterized blocks of the VQC is referred to as the
circuit depth d. Clearly, the length P of 8 relates to
the problem size n and the circuit depth d as P = dn.
The PPD/PD iterations were deemed to have converged
when [|0"—0""1||2/]|0" |2 < € for e = 1-107°. The ini-
tial primal vector 8° was drawn uniformly within [0, 27]
using a fixed seed across tests, while A° = 0.

Regarding S1), we first compared the convergence
properties of VQEC. As noted in Section 2, PPD up-
dates with decreasing step size converge to optimal so-
lutions for convex problems [32, 33, 43]. Given no anal-
ogous result for non-convex problems, we investigated
the convergence of VQEC numerically. To eliminate
stochasticity due to measurement noise, the initial test
utilized the statevector_simulator quantum simula-
tor from IBM’s Qiskit. The two-local VQC used in this
test has two full layers and an additional parameterized
block yielding a depth of d = 3. In this case, the test
implements the exact PPD/PD methods rather than
their stochastic variants. Step sizes followed a time-
decreasing rule as pf = 1.5/k, u§ = 0.1/(t + 15), while
the additional ones for PPD were set to vy = v, = 0.05.

For comparison, we also solved the original average
QCBO in (25) to optimality using the Gurobi solver
under the YALMIP environment [54, 55]. The optimal
cost and constraint function values were used as ref-
erences to verify the feasibility and optimality of the
variational solutions found by VQEC. Due to sign in-
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Figure 3: Convergence of primal/dual variables for PD and
PPD methods over the number of primal/dual iterations under
setup S1) using a quantum state simulator (no measurement
noise). Top: Convergence of dual variable \. Because the
constraint is active, the optimal X is nonzero. Bottom: Con-
vergence of entries 5, 15, 25, 35 of the primal variable 6.

variance, MaxCut solutions come in pairs. The deter-
ministic MaxCut problem has a unique pair of solutions.
Nonetheless, the average QCBO returns a PMF vector
with four non-zero entries. If we convert these entries
to indices of canonical vectors, two of these canonical
vectors are optimal and two are infeasible for the origi-
nal deterministic MaxCut with constraints. Hence, this
particular problem instance is non-ideal as the average
QCBO does not solve the deterministic QCBO.

Figure 3 depicts the convergence of primal/dual vari-
ables using PD and PPD (VQEC). The constraint is
active (i.e., satisfied with equality) for this studied in-
stance. Both PD and PPD converged after roughly 500
iterations. However, as shown in Fig. 3, the dual vari-
able of PD converged to 0, whereas the one of PPD con-
verged near 0.1. The VQC parameters for the two meth-
ods converged to different values too. Regardless of
the converged 6, how did the trained VQCs perform in
terms of feasibility and optimality? Figure 4 depicts the
convergence of constraint function Fy(6") and relative
cost error |(P§ — P*)/P*|, where P* is the optimal cost
found by Gurobi. Evidently, both the constraint func-
tion and the cost error converged to zero using PPD,
whereas the ones obtained by PD have greatly deviated
from zero. Although PD found a feasible solution, that
solution yielded suboptimal cost. On the other hand,
PPD found the optimal solution in this case. This test
evinces that the employed VQC is capable of finding a
p(0) that coincides with the optimal solution of (25),
and also that PPD can converge to the saddle point of
the Lagrangian function of (35). It should be empha-
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Figure 4. Convergence of constraint function value F(8")
(top) and relative cost error |(Pj — P*)/P*| (bottom) for the
PD and PPD methods over the number of primal-dual iter-
ations under setup SI) using a quantum state simulator (no
measurement noise).

sized that PPD is not guaranteed to converge to a global
optimum of the non-convex variational problem in gen-
eral. Nonetheless, given the advantage demonstrated
by the previous and similar tests, all subsequent tests
use the PPD (rather than the PD) method.

The previous test utilized statevector_simulator,
which is equivalent to measuring observables using an
infinite number of measurement shots S in (28). In
practice, observables are measured using a finite S giv-
ing rise to stochastic PPD updates. To assess the ef-
fect of using a finite number of measurement shots, we
ran PPD iterates under S1) with S taking values in
{1,25,50,00}. The aer_simulator was used for finite
values of S. The circuit depth was set to d = 3. Figure 5
shows the convergence of the constraint value, and rela-
tive cost error of the proposed method compared to the
exact cost value solved by the Gurobi solver. For each
finite S, PPD iterations were repeated 8 to account for
stochasticity. As can be seen from Fig. 5, the constraint
values and cost errors given by S = 1 are highly variant
and away from zero. For increasing S, the constraint
value and cost error not only move closer to zero but
also exhibit less variance across iteration instantiations.
Compared to the state estimator (infinite S), PPD with
S = 50 is competent to sample near-optimal solutions
under S7). This test demonstrates the improvement in
convergence of VQEC for increasing S. Nevertheless,
the comparison across S may not be fair as a PPD iter-
ation with S = 50 requires running the VQC 50 times
more than a PPD iteration with § = 1. Recall also
that each PPD iteration requires (2P + 2)S measure-
ment shots.
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Figure 5: Convergence of constraint function value Fi(6")
(top) and relative cost error |( Py — P*)/P*| (bottom) for PPD
over the number of primal-dual iterations under S1) using dif-
ferent values of measurement shots S. For S € {1,25,50},
PPD was repeated 8 times to account for the randomness in
iterations. The plots display confidence intervals within one
standard deviation around the mean per iteration.

To study VQEC’s convergence over the total VQC
runs, Figure 6 plots the convergence of the constraint
value and relative cost error over the total number of
measurement shots. As highlighted in the two insets,
for the first 10,000 shots, the constraint value and cost
error of the 1-shot method moved to the zero line faster
than the ones of the 25-shot and 50-shot methods did.
Eventually, however, the constraint value and the cost
error of the 1-shot method remained away from zero,
even after 86,000 shots. On the other hand, the 25-
and 50-shot iterations approached zero. The solution
generated by the 50-shot method in particular is fea-
sible and its cost error is near-optimal after 100,000
measurement shots. Given these observations, it may
be meaningful to use S = 1 at early iterations and de-
liberately increase S as time goes by, to save the total
number of measurement shots without compromising
optimality. This strategy was also suggested for stan-
dard VQE without constraints in [41, 56]. Since S = 50
attained a good trade-off between optimality and total
number of shots, it was used for all subsequent tests.

Moving on to S2), the goal here is to solve a deter-
ministic QCBO (constrained MaxCut) via VQEC. We
do so using the average QCBO and the deterministic
QCBO, both solved repeatedly 8 times for different S.
The circuit depth was kept to d = 3. Step sizes of VQEC
while solving the average QCBO were kept the same as
in S1). For the deterministic QCBO, step sizes of pri-
mal/dual updates were selected as uf = 12/(k + 10)
and pk = 4/(k + 15), while two additional step sizes
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Figure 6: Convergence of constraint function value Fi(6")
(top) and relative cost error |(P; — P*)/P*| (bottom) for PPD
over the total number of measurement shots while solving S1)
for different S. For S € {1,25,50}, PPD was repeated 8 times.
The plots display confidence intervals within one standard de-
viation around the mean per iteration.

Table 1: Worst-case probability of obtaining optimal solutions
for the original QCBO of (22) when solving it through the vari-
ational average QCBO and the variational deterministic QCBO.

Variational Problem Probability of success

S=1]8=25]5=50
Average QCBO 0.0000 | 0.5240 | 0.5899
Deterministic QCBO 0.0000 | 0.9940 | 0.9704

of perturbed updates were set to vg = 1 and vy = 1.5.
Recall that the two problems differ in how vectors f,,
are computed. The question is whether the binary vec-
tors b drawn from the obtained p(@) solve the original
deterministic QCBO. The constrained MaxCut has two
optimal solutions. We measure the probability of suc-
cess by summing up the two entries of p(8#) associated
with the two optimal solutions. For each S, we define
as the final probability of success the worst-case prob-
ability of success across the 8 independent runs. After
training the VQC using S € {1,25,50} to get 0, the
obtained p(@) was read out using the statevector_
simulator. Table 1 reports these probabilities. For
S = 1, the probability of success of both problems is
0, which is justifiable as the method has not converged.
For S = 25 and 50, the variational deterministic QCBO
achieved a very good probability of success compared
to the variational stochastic QCBO. In other words, the
former can serve as an excellent heuristic to provide so-
lutions to QCBOs with high probability.

For a more thorough evaluation of VQEC in solving

Relative error of Lagrangian function

T T T

2 4 6 8 10
Constrained MaxCut instance

Figure 7: Relative error of the Lagrangian function after con-
vergence while solving the deterministic QCBO for S = 50 over
10 constrained MaxCut instances. The step sizes of VQEC and
the simulator seed were fixed across instances.

the deterministic QCBO, we solved S2) over 10 differ-
ent constrained MaxCut instances. The optimal value
of the Lagrangian function in (35) found by VQEC
was compared to the exact one in (31) obtained by
Gurobi. The number of measurement shots was fixed
to S = 50, and the circuit depth was set to d = 3. Step
sizes of VQEC were set as in the previous test. Fig-
ure 7 shows the relative error in the Lagrangian func-
tion value |(L£(8";A") — £*)/L£*| over 10 different con-
strained MaxCut instances, where £* is the exact value
of the Lagrangian function found by Gurobi. Although
VQEC managed to find optimal or near-optimal solu-
tions for several instances, there exist instances {4, 6, 8}
with large relative errors.

As a sanity check, we repeated the following numeri-
cal tests over instances of the constrained MaxCut prob-
lem. We solved the related deterministic QCBO by
Gurobi and found the minimizer. We then initialized
0 so that the VQC output coincides with the mini-
mizer. Such initialization can be performed using the
procedure described in the proof of Lemma 1 found in
the Appendix. We consequently ran PPD and observed
that VQEC did not drift away from the optimal 6.

To assess the effect of the circuit depth (dimension of
0) on the performance of VQEC, we solved the vari-
ational deterministic QCBO under S$2) using circuit
depths d € {2,3,4}. The number of measurement shots
was fixed to S = 50 and each test was repeated 8 times.
Figure 8 illustrates the convergence of the constraint
value and the relative cost error obtained by PPD for
different values of d. Clearly, the constraint value and
the cost error obtained with d = 2 deviate substantially
from the ideal zero lines. On the contrary, the VQCs
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Figure 8: Convergence of constraint function value Fi(6")
(top) and relative cost error |(P; — P*)/P*| (bottom) for PPD
over the number of PPD iterations while solving S2) for S = 50
and varying values of circuit depths d. The plots display confi-
dence intervals within one standard deviation around the mean
per iteration, computed over 8 runs.

with d = 3 and d = 4 were able to solve the problem to
optimality by increasing the expressibility of the VQC.
This observation agrees with recent theoretical findings
on the expressibility of VQCs [52]. It is important to re-
mark that d = 4 seems to be an over-parameterization
of the problem and takes longer to converge. Similar
observations were made in [57]. It is also worth stress-
ing that even for d = 4, the total number of param-
eters P = dn = 56 is much smaller than the size of
the original primal LP, that is N = 2!* = 16, 384. This
test signifies that low-depth VQCs might be suboptimal,
whereas deeper VQCs may take longer to converge.

Under setup S3), we evaluated VQEC in solving the
large-scale LP in (25). The step sizes of VQEC were
set as ulg = u§ =0.02 x 0.999% and vy = vy = 3. The
number of measurement shots S was set to 150, and
the circuit depth d was set to 3. The need to increase
S for this setup might be caused by the randomly gen-
erated values of {f,,}*_,, which did not correspond to
quadratic functions anymore. VQEC was run 8 times
with different values of the simulator seed. The con-
fidence intervals within one standard deviation around
the mean per iteration are displayed in Figure 9. Dual
variables converged after 2,000 iterations. While Ay con-
verged exactly to 0 for all runs, A; and A3 varied slightly
for different runs. Five randomly chosen entries of the
primal variable are shown in Fig. 10. All entries con-
verged after 2,000 iterations. While entries 6;, 05, and
012 converged to roughly the same values over 8 runs,
entries 07 and 015 varied quite significantly for different
runs. To validate the feasibility of the obtained solution,

~0.51

A

0.01 . . . . . . .
0.051

Large scale LP solved by VQEC
< 0.00

—0.051 : : : : : : :

<1

01 . . . . . . ,
0 250 500 750 1000 1250 1500 1750 2000
Number of iterations

Figure 9: Convergence of entries of the dual variable A over the
number of primal/dual iterations under setup 53). The VQEC
was repeated 8 times. The plots display confidence intervals
within one standard deviation around the mean per iteration,
computed over 8 runs.

the large-scale LP in (25) was also solved exactly over
the exponentially large vector p by Gurobi. Figure 11
compares the constraint values found by the proposed
method and the reference values by Gurobi. As shown
in Fig. 11, the solution obtained by VQEC satisfied all
three constraints. The relative cost error |(Pf—P*)/P*|
is shown in Fig. 12, where P* is the exact cost value ob-
tained by Gurobi. As illustrated in Fig. 12, the relative
cost error attained by VQEC converged to around 10%
after 2000 iterations. The variance of the relative cost
error over 8 runs is very low after convergence. This
corroborates that VQEC can generate near-optimal so-
lutions for the large-scale LP in (25).

The optimality gap observed in the previous test re-
veals that the frequency spectrum of the employed VQC
might not be rich enough [52]. To expand the frequency
spectrum, we repeated each VQC parameter of the pre-
vious test three times and investigated its effect on the
performance of VQEC. Setup S3) was solved over 10
different large-scale LP instances. The circuit depth
d and number of measurement shots S were kept as in
the previous test. The step sizes of primal/dual updates
were chosen as g = 0.05 x 0.999%, 15 = 0.002 x 0.999*,
and vg = vy = 1. These step sizes and the simulator
seed were fixed across the 10 instances. Figure 13 com-
pares the relative errors of the Lagrangian function of
VQEC with L = 3 and L = 1, where L is the num-
ber of repeated VQC. The method was deemed to have
converged after 500 iterations. As shown in Fig. 13,
for 9 instances, VQEC with L = 3 performed much
better than the one with L1. Among those 9 cases, 8
instances attained relative errors below 20%. This test
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shows that repeating parameters enhances the perfor-
mance of VQEC.

6 Conclusions

This work has developed, analyzed, and evaluated a
novel algorithm for handling optimization problems
with constraints using a variational quantum approach.
The proposed VQEC deals with constraints in the dual
domain of the parameterized variational quantum prob-
lem. Primal and dual variables are iteratively updated
on a classical computer via stochastic PPD iterates.
Compared to VQE, VQEC entails insignificant compu-
tational overhead as the cost and constraint observables
are measured simultaneously. VQEC has been applied
to diverse problems defined over diagonal observables,
including binary programs with constraints, finding op-
timal stochastic policies to draw binary vectors satisfy-
ing average and chance constraints, learning probabil-
ity mass functions, and solving large-scale LPs over the
probability simplex. The possible performance degra-
dation by solving a problem in its quantum variational
form wvis-a-vis its original form has been characterized.
Extensive numerical tests using IBM’s quantum sim-
ulator have corroborated that: i) The PPD method
performs remarkably better than the PD method with
only one additional measurement shot per primal/dual
iteration; i) VQEC with finite numbers of measure-
ment shots can yield meaningful solutions to QCBOs,
stochastic QCBOs, and large-scale LPs over the proba-
bility simplex; and #i7) The solution quality and/or con-
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Figure 11: Comparing the constraint values attained by the
VQEC and the reference values solved exactly by Gurobi under
setup S3). The VQEC was repeated 8 times. The plots display
confidence intervals within one standard deviation around the
mean per iteration, computed over 8 runs.

vergence rate of VQEC can be affected by under/over-
parameterized VQCs.

In a nutshell, VQEC provides a principled solution
to the practically relevant task of incorporating con-
straints into variational quantum approaches. It can
thus patently expand the application domain of NISQ
computers. Capitalizing on the promising results of this
work, we are currently working toward several excit-
ing research directions, such as: df) Coping with non-
diagonal observables is highly desirable as it clearly
broadens the applicability of VQEC from binary and
linear programs to conic programs, including quadrat-
ically constrained quadratic programs (QCQPs) and
semidefinite programs (SDPs). Dealing with mixed-
integer programs involving binary and continuous vari-
ables is on current focus too; d2) The VQCs considered
thus far have been confined to be parameterized solely
by @ to produce state [x(0)) = S()|0),. Nonetheless,
in a quantum machine learning setting, a VQC may also
encode data (features) {z;}_; in the form of a data-
embedding mechanism as in U(0;z;) = S(0)W(z;) or
other forms. Measuring the quantum state |x(0;2;)) =
U(6;z;) |0),, and applying VQEC to proper loss func-
tions, can tackle pertinent (un)supervised quantum ma-
chine learning tasks; d3) In light of the performance
analysis of Section 4, it is vital to further investigate
Assumption 3 on the accuracy with which VQCs can
approximate PMFs and other optimization objects; d/)
Extending our performance analysis to other optimiza-
tion classes and contrasting VQEC to stochastic classi-
cal counterparts.
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Appendix

A.1 Proof of Theorem 1

To establish zero duality gap, it suffices to show that
the perturbation function associated with the parame-
terized primal problem is convex [58]. This perturbation
function is defined by modifying the right-hand side of
the linear inequality constraints of (33) as

Py = mein £, p(0) (42)

sto F'p(@) <d
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where § > —sy with sy from Assumption 2. Consider
two points d; and 3. Suppose solving (42) for d;
yields the minimizer 6; generating p; = p(6;). Like-
wise, solving (42) for d2 yields the minimizer 6 gen-
erating ps = p(02). Under Assumption 1, any vector
Pa = ap1 + (1 — a)ps for a € [0, 1] belongs to the set
Py of admissible PMF vectors. That means that there
exists a 0, for which p, = p(0,). Vector p,, is feasible
for the perturbed problem if the latter is perturbed by
0o = ady + (1 — @)d2 because

F'po=aF 'pi+(1—a)F py < ad;+(1—a)ds = da.

Since p,, is feasible for the perturbed problem for 4, it
provides an upper bound for the perturbation function
Pg((sa) as

Py(d4) < f) pa = ofy p1 + (1 — )f) P2
— aPy(81) + (1 — ) Py(8).

This establishes that Py(d) is a convex function of 4,
which in turn implies that the parameterized problem
has zero duality gap.

A.2 Proof of Lemma 1

Consider first a single layer of the VQC shown in Fig. 2.
Suppose the input to this layer is |0),. The layer con-
sists of a parameterized block and an entanglement
block. The parameterized block applies gate

cos(6p) sin(GP)]

sin(6,)  cos(6,)

Ry (26,) = exp (—i6,Y) = [
on qubit p for p =1,...,n, where Y is the matrix repre-
senting the Pauli Y gate. If [¢)) denotes the state after
the parameterized block, its p-th qubit is

), = Ry (26,)[0) = cos(6,) [0)+sin(8,) [1) . p=1:n.

The entanglement block includes controlled-Z (CZ)
gates between all pairs of qubits. Since the roles of the
control and target qubits are interchangeable for the CZ
gate, we designate control and target qubits as shown
in Fig. 2 without loss of generality. Let |¢) be the state
after the entanglement block. As [1), is not subjected
to any control gate, qubit 1 of |¢) is

|p); = |); = cos(61) |0) + sin(q) |1) .

By drawing #; from {0,7/2}, qubit |¢), can take any
value in {]0),|1)}.

The entanglement block shown in Fig. 2 consists of
(n—1) sub-blocks. The first sub-block comprises (n—1)
CZ gates, in which qubit 1 controls qubits 2 to n. The
target qubits after this sub-block are denoted as |¢>11) for

(43)

p = 2,...,n. The second sub-block comprises (n — 2)
CZ gates, in which qubit 2 controls qubits 3 to n. The
target qubits after this sub-block are denoted as |¢>12) for
p = 3,...,n. Subsequent sub-blocks expand similarly
up to sub-block (n — 1).

Consider the output of the first sub-block. If |¢), =
0), then |@), = [¢), = cos(6,)]0) + sin(f,) [1). If
@), = [1), then |@), = Zy), = cos(t)[0) —
sin(6p) |1). Since |¢); = |0) implies sin(¢,) = 0, and
|¢); = |1) implies sin(6;) = 1, the output of the first
sub-block can be compactly expressed as

@), = cos(6,) [0) + (—1)¥ sin(6,) 1), p=2:n.

Because qubit 2 is not controlled by any more qubits,
its state can be finalized here as

|P)2

It is now easy to verify that if we want to set |¢), =
|0), we can simply set 62 = 0. Otherwise, that is
to set |¢), = |1), parameter 6, is selected between
{m/2,3m/2} depending on the value of 6. Specifically,
if 6, =0, set O = 7/2; and if 6; = 7/2, set 5 = 37/2
to get the proper sign.

Consider now the second sub-block, where CZ gates
are controlled by |¢),. If |¢), = |0), then \d))i = |¢)>; =
cos(6,)]0) + (=1)*m@) sin(,) [1). If |@), = |1), then
9)2 = Z|), = cos(6,) [0) — (—1)*M) sin(6,,) |1). The
two cases can be compactly expressed as

)5 = cos(f2) |0) + (—1)*2V) sin(fy) [1) . (44)

|8), = cos(8,) [0) + (1)) sin(g, ) |1)

for p = 3 : n. This is because if |¢), = |0), equa-
tion (44) implies that cos(f2) = 1, and thus, sin(fz) =0
and (—1)¥"(%2) = 1. Otherwise, that is if |@), = |1),
equation (44) yields cos(f2) = 0, and thus, sin(fy) = £1
and (—1)*m(%2) = —1. Because qubit 3 is not controlled
by any more qubits, its state can be finalized here as

)5 = |P)2 = cos(f3) [0) + (—1)sODFsIn02) g () 1) .

The previous argument carries along subsequent sub-
blocks. Therefore, qubit p of |¢) can be expressed as

), = cos(6,) 0) + (~1)2=1 @) sin(g,) 1) (45)

for p = 1 : n. The formula dictates how to set parameter
0, so that qubit p takes a particular binary value. The
process transitions from the first to the last qubit. For
qubit p to be set to |0), simply set 6, = 0. For qubit p
to be set to [1), select 8, = /2 if 3P~ sin(6;) is even,
or 6, = 37/2 it S-"~sin(;) is odd. This shows that
state |¢) can span all canonical vectors in RY.

So far, we have considered a single layer of the VQC.

If there are d layers, we can set the parameters of layers
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1 to (d—1) to zero, and then apply the established claim
for the single layer only to the last layer. Hence, when
layer 1 is fed with |0),, its output remains |0),, and is
fed as input to layer 2. The last layer is eventually fed
with |0), , and can thus, be treated as a single layer.
The previous analysis holds for the linear and circu-
lar entanglements too. Consider again a single layer.
For the linear entanglement, CZ gates are implemented
between successive qubits. Accordingly, the first qubit
of 1)) again is not subjected to any control gate, and
so (43) still applies. As each qubit after the first one is
controlled by its previous qubit, it is easy to see that

), = cos(8,) [0) + (—1)*=sin(6,) [1)  (46)

for p = 2 : n. Therefore, by properly sampling {0,}7_;
from {0,7/2,37/2}, state |¢) can be made to take the
value of any canonical vector in RV.

Compared to the linear, the circular entanglement
differs only in the first qubit, which becomes |¢), =
cos(61) |0) + (—1)¥) sin(@;) |1). Albeit the recursion
is different, each qubit of |¢@) can again evaluate to either
|0) or |1). Specifically, for qubit p to be selected to |0},
we set 6, = 0. For qubit p to be selected to |1), we set
0, = m/2 if its previous qubit is |0); and 6, = 37/2, if
its previous qubit is |1).

A.3 Proof of Theorem 2

We commence with the lower bound on Dj. If A* and
A; are the maximizers of the dual problems in (32) and
(36), respectively, we will prove that
D" = D) < Dy(N') < Dy(N}) = Dy, (47)

The equalities in (47) hold obviously by definition. To
show the first inequality in (47), note that the dual
functions D(A) and Dg(X) are both defined as the re-
sult of the minimization problems defined in (30) and
(34). Because (34) is a restriction of (30), it implies
that D(A) < Dg(A) for all A > 0. Plugging A* in the
previous inequality provides the first inequality in (47).
The second inequality in (47) holds simply because A
maximizes the dual function Dg(A) over all A > 0.

We proceed with the upper bound on Dj in (40).
Upon combining (34)—(36), we can express

Dj = max min Lo(0;N)

Using the definition of the two Lagrangian functions in
(31) and (35), we can write

Lo(0;X) = (fo +FX)"p+ (fo + FA) " (p(0) — p)

= L(p;A) + (fo + FA) T (p(8) — p)
< L(P;A) + [[fo + FA[l1 - [[p(0) — pllo (48)

where the inequality follows from Holder’s inequality.
The ¢;-norm in (48) can be upper bounded using the
triangle and matrix inequalities as

[fo+FAl < [[folls+IIF[l1- Al < ol + LA (49)
with L defined in (38). Plugging (49) into (48) provides
Lo(0; ) < L(p; A) + ([[follr + LIIA[L) - [P(6) = Plloo-

The last inequality holds for all 8. If we minimize both
sides over 0, the direction of the inequality remains’:

min £4(6; A) < L(p; A)
+ ([follx + LIAJ) - min [p(6) = plloc- (50)

The inequality in (50) holds for all p € P. Consider
a particular p € P. By Assumption 3, there exists 8g
for which ||p — p(€o)||cc < € for this particular p. The
parameter vector 8y provides the upper bound

min [p(6) = pllos < [IP(60) = Pllc < (51)

which holds for all p € P. Plugging (51) into (50) yields

mein Lo(0; ) < L(p; A) +e€|lfollr +eL|AlL- (52)

Minimizing both sides of (52) over p € P provides

min Lp(0; X) < min L(p; ) + €||fol|1 + eL||A]l1- (53)
] pPEP

The last inequality in (53) holds for all A > 0. If we
maximize both sides over A > 0, the direction of the
inequality remains and yields:

Dy = max min Ly(0; N)

< elfolls + maxmin £(p; A) +eL|Afl1 (54)
The second summand in the right-hand side
of (54) seems to be related to P* D*
maxx>ominpep L(p;A).  Unfortunately, the maxi-
mization involves the additional term eL||A]|;. Inter-
estingly, this second summand relates to the perturbed
primal problem introduced in (37). More specifically,
the Lagrangian function of (37) is defined as

L) i= (fo + FA) T p + eL| AL = L(p; ) + eL| A1

where we have used the property that A'1 = |||
since A > 0. Under Assumption 4, the perturbed pri-
mal problem is feasible, and thus, strong duality holds.

1Tt is easy to show that if g1(8) < g2(8) for all 8, then
ming g1(0) < ming g2(0) and maxg ¢1(0) < maxg g2(60).
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Therefore, the optimal cost of the perturbed problem
in (37) equals

P* = maxmin £(p; A) = maxmin £(p; A) + eL||Al1.

The second summand on the right-hand side of (54)
coincides with P*. Because the original primal LP is
convex, the optimal cost of the perturbed problem is
known to satisfy [26, Sec. 5.6.2]:

P* > P* —eL| Al

where A is the vector of optimal Lagrange multipliers
for (37). The last inequality provides an upper bound
on P*. Plugging this bound into (54) gives

Dj < P* +ellfolly + eL|Allx (55)

and proves the upper bound on Dj in (40).

To bound ||A||;, a standard trick can be adopted;
see [59, Ex. 5.3.1] and [29]. Under Assumption 4, the
perturbed primal problem in (37) is strictly feasible.
Multiplying both sides of (39) by A > 0 and summing
up gives

~T . ~ ~
X FTp < —eL||A[l1 = sol|Allx (56)

Because problem (37) satisfies strong duality and p € P
is feasible for (37), it follows that

P* = min
PEP

< (fo+FA) TP+ eL|Alx

~T ~
<fPp+A F'p+eLlAly
< £y b — solAllr

(fo +FA)"p+eL|Allx

where the last inequality stems from (56).
Because the perturbed problem in (37) is a restriction
of the original primal LP in (29), we get that

P* S p* S fO f)— 80H5\||1

from which we obtain the bound in (41). This completes
the proof of Theorem 2.
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