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Abstract

Contingency analysis using the AC power flow
(AC-PF) model is a critical tool for accurate grid
security assessment, but its computational burden
increases with the number of operating scenarios and
outage configurations to evaluate. Recent ML-based
approaches typically require outage-specific training
data, leading to offline training costs that scale with
the number of contingencies. This work proposes a
framework that reuses a single ML model trained solely
on basecase AC-PF data to estimate post-contingency
operating states under arbitrary single-line outages.
The proposed approach formulates post-contingency
state prediction as a fixed-point iteration. If the ML
model is a deep neural network (DNN), we derive
sufficient conditions that guarantee convergence and
develop semidefinite programming (SDP) formulations
to certify these conditions for a given DNN. Numerical
tests on the IEEE 118-bus system demonstrate that the
proposed SDP formulations are tight, that the certified
conditions hold for all tested contingencies, and that the
resulting method produces accurate post-contingency
state estimates within only a few iterations.

1. Introduction

Contingency analysis is a fundamental tool for
ensuring the secure and reliable operation of power
systems and for evaluating future grid expansion
plans. The need for scalable contingency analysis is
growing as rapid load growth, renewable integration,
transportation electrification, and large data centers
expand the range of operating conditions that must
be assessed.  Moreover, corrective switching and
topology optimization may lead to more dynamic
network configurations. Since contingency analysis
relies on repeated power-flow computations across
many operating scenarios and outage configurations, its
computational burden can become substantial. In this
context, we propose a novel framework for predicting
post-contingency power system states using a single

machine-learning model that can be reused across
multiple outage scenarios.

To alleviate the computational burden of
AC contingency analysis, operators often rely
on sensitivity-based approximations, such as
power-transfer and line-outage distribution factors
(PTDFs and LODFs) [1, 2]. Numerous works have
improved the efficiency of these methods through direct
LODF calculations, graph-theoretic formulations, and
extensions to multiple-line outages [3, 4, 5]. However,
they cannot accurately capture voltage violations,
reactive power redistribution, network losses, or
apparent power limit violations. To improve accuracy,
several works have developed AC sensitivity factors and
linearized AC-PF models [6, 7, 8], yet their accuracy
deteriorates under topology changes or major shifts
in the operating point, limiting their applicability to
screening and approximate contingency analysis.

Another line of work seeks to accelerate exact AC
contingency analysis. Warm-started Newton—Raphson
methods initialize the post-contingency solve using
the basecase voltage profile, thereby reducing the
number of iterations required for convergence [9].
Other approaches exploit the fact that a single-line
outage induces a low-rank modification of the AC-PF
Jacobian. Using the matrix inversion lemma, these
methods update the inverse of the basecase Jacobian
using outage information rather than recomputing the
solution from scratch [10, 11]. Holomorphic embedding
methods employ analytic continuation to determine
whether a post-contingency solution exists and to avoid
Newton—Raphson divergence near stressed operating
points [12], but their complexity can still be a concern.

These challenges have motivated the development of
ML-based surrogates for power-system computations.
DNNs and related ML models have been successfully
applied to a variety of power-system tasks, such as the
optimal power flow, emergency control, and security
assessment [13, 14, 15, 16, 17, 18, 19]. For the AC-PF
and contingency analysis, physics-informed neural
networks incorporate AC-PF residuals, Kirchhoff’s law



constraints, or network topology information during
training to improve voltage predictions [20, 21]. Other
works train ML models to predict post-contingency
voltages, line loadings, and security indices directly
from pre-contingency operating conditions [22]. To
account for topology changes, graph neural networks
explicitly encode buses and transmission lines for
contingency prediction and screening [23], while
input-convex DNNs have been proposed for reliable
N — k contingency screening with guarantees against
false negatives [24].

Despite recent progress, existing ML-based
approaches for contingency analysis often require
outage-specific training data, increasing offline costs
for data generation and model training as the number
of contingencies grows. To overcome this limitation,
we propose an ML-based fixed-point framework
for AC contingency analysis. The contributions are
threefold: ¢1) We derive a formulation that encodes line
outages as input perturbations, enabling a single DNN
trained on the basecase topology to be reused across
contingencies; c¢2) We establish sufficient conditions
guaranteeing convergence of the iterative scheme;
and ¢3) We develop SDP formulations for certifying
these conditions. Numerical tests on the IEEE 118-bus
system demonstrate that the proposed SDPs derive tight
bounds, that the certified conditions hold for all tested
single-line contingencies, and that the proposed method
produces accurate post-contingency state estimates
within only a few iterations.

The rest of the paper is organized as follows.
Section 2 reviews the AC-PF model and basecase
DNN surrogate. Section 3 introduces the fixed-point
framework for single-line contingencies. Section 4
derives convergence conditions, while Section 5
develops SDP-based bounds to certify them. Section 6
evaluates the method on the IEEE 118-bus system.

2. ML Surrogate of an AC-PF Solver

This section reviews the AC power flow (AC-PF)
problem and explains how a deep neural network (DNN)
can be trained to predict the solutions of an AC-PF
solver under the basecase power system topology.

An AC power transmission system can be
represented by a graph G = (N, Ly), where
N = {1,...,N} is the set of buses and Ly is
the set of lines or transformers. We use the subscript 0
to indicate that this graph corresponds to the basecase
power system topology. The set A is partitioned into
the set of generators or PV buses V; the set of load or
PQ buses P; and the reference bus. Zero-injection buses
are included in P. For each n € N, let v,, = V,, e

and s, = p, + jgn denote the voltage phasor and
complex power injection into bus n. Vectors v € CN
and s € CV collect the voltage phasors and complex
power injections for all buses, respectively.

The notation v € C” denotes the complex conjugate
of v, whereas v collects the real/imaginary parts of v:

v [ e

The notation ¢ = (m,n) means that line £ € £ runs
between buses m and n. For each line, let 4y, denote the
series admittance and let y; denote the half-line shunt
admittance. The bus admittance matrix corresponding
to the basecase topology can be expressed as

Y, = Z

{=(m,n)ELy

T T T
Yeayay + y?e'mem + yzenena (1)

where e, is the m-th column of the identity, and a; :=
en—e,. Given Y, the complex power injections across
all buses satisfy the AC power flow (AC-PF) equations

s=vo (Yov) 2)

where barred symbols denote complex conjugation and
©® denotes entrywise multiplication.

System operators solve the AC-PF problem to
compute the power system state. Given two specified
quantities for each bus, the AC-PF task amounts to
solving the nonlinear equations in (2) to find v. For
each PV bus n € V, we specify (p,,V,). For each
PQ bus n € P, we specify (pn,qn). For the reference
bus, we specify 1y and set §p = 0. Let us stack the
specified quantities in vector ¢ € R?", When an AC-PF
solution exists and is unique within the operating region
of interest, we can define the mapping from the vector
of specifications c to the AC-PF solution

G:R*N RN ¥ =0G(c). 3)

To accomplish various planning and operation
tasks, system operators must repeatedly solve the
AC-PF problem for numerous scenarios, including
diverse loading conditions and generation schedules.
To alleviate the computational burden, one obvious
approach would be to replace the AC-PF solver with
a ML-based surrogate. One can train a deep neural
network (DNN) to predict an AC-PF solution once
presented with the specification vector at its input.

One can use a standard feed-forward DNN
architecture where the input c is propagated through K
layers to approximate the related AC-PF solution G(c)
at the DNN output Fy, (c) by feeding xo = c:

zr = Wixp+br, k=0,..., K—1 (4a)



X;H_l:O'k(Zk),kJ:O,...,K—l (4b)
FW(C) = Wgkxg + by, (4¢)

where Wy, and by, is the weight matrix and bias vector
of layer k, and oy(-) is the vector-valued activation
function at layer k. Vector w collects all the trainable
DNN parameters, that is, the vectorized weight matrices
and bias vectors across all layers. Mirroring the
mapping of the AC-PF solver in (3), let us denote the
input/output mapping of the DNN as
Fy : R2N 5 R2V, V = Fy(c). (5)
To avoid the computational burden of generating a
large labeled dataset through repeated AC-PF solves,
the DNN is trained in an unsupervised way. Rather
than solving (2), an AC-PF solution can be found by
minimizing the squared residual error of the AC-PF
equations as [25, 26]

2N 9
min ({zTHm{/ — cm) , (6)

JeCN
vet m=1

where the symmetric matrix H,, corresponding to
specification m can be derived from Y. An AC-PF
solution yields zero cost because it satisfies V' H,,v =
Cp, for all m, and so it is a minimizer of (6).

Building on (6), the DNN can be trained by
minimizing the AC-PF residual errors across S
specification scenarios {c*}_;:

1 S 2N 9
EZ (F (¢ )Hp Fy(c®) — c5,)
s=1 1

m=

where ¢, is the m-th entry of vector c®. In this
way, the optimal DNN parameters w* can be found
without requiring any AC-PF solutions. Once the DNN
parameters have been learned, a single forward pass of
the DNN for a given c approximates the basecase AC-PF
solution map

F(c) := Fy«(c) =~ G(c). )

To unclutter notation, we will often drop the dependence
of F' on the optimal DNN parameters. Given the
computational effort invested in training this DNN,
one might wonder whether it could also infer AC-PF
solutions under line contingencies. We next explain how
to incorporate this DNN into a fixed-point iteration to
infer AC-PF solutions under almost every single-line
contingency.

3. Proposed Methodology

To ensure grid reliability, operators must evaluate
the system state under any single-line contingency. In
a system with L lines, contingency analysis entails
solving L additional instances of the AC-PF problem.
Each instance involves a contingent topology in which
a line has been removed from the basecase topology.
Under preventive contingency management, the AC-PF
specifications remain unaltered between the basecase
and the contingent topologies. Under corrective
contingency management, however, the operator may
change generator setpoints or curtail load to handle
contingencies more effectively. Contingency analysis
typically ignores the outage of critical lines. A line
is deemed critical if, once removed, the power system
graph becomes disconnected.

As with the basecase topology, the operator may
consider using an ML model to replace AC-PF solvers,
thereby alleviating the computational burden associated
with AC contingency analysis.  Unfortunately, the
operator should train L additional ML models, one
for each of the L contingent topologies. The
offline computational overhead exacerbates further
if the operator considers double-line contingencies.
Leveraging the structure of the AC-PF problem across
the basecase and contingent topologies, we propose an
iterative scheme that uses a single DNN trained solely
on the basecase topology to predict system states for any
single-line contingency.

Let contingency ¢ be associated with the outage of
line ¢ = (m,n) € L. The buses m and n, which are
adjacent to the outaged line, will be henceforth termed
terminal buses of contingency /. Similar to (2), the
AC-PF equations under contingency / read as

s=vo (Y9). (8)

A key observation is that the bus admittance matrix Y,
under contingency ¢ relates to Y as

Y=Y Ay €))

where A, := ygagaz + yjeme;; + yfenez. Plugging
(9) into (8) and rearranging provides

s+8,(v)=ve (Yov), (10)
where we define the mapping
§o(v) i=v o (Aw). (11)

Equation (10) reveals that the AC-PF equations under
contingency ¢ can be thought of as the AC-PF equations
under the basecase topology with the complex power



injections properly modified. It is easy to verify that
vector A,v has only two non-zero entries: the entries
m and n related to the buses adjacent to the outaged
line £. Due to the entrywise multiplication, vector d(v)
has non-zero values only at the terminal bus locations m
and n. Therefore, we modify only the complex power
injections at terminal buses for the associated topology.
Although sparse, the modification vector &, (v) depends
on the unknown system state v, so the model in (10)
seems to be of no practical use.

Nonetheless, we can leverage (10) to develop an
iterative scheme that finds the AC-PF solution under
contingency / using the basecase AC-PF solver:

s+ 80(vi) = vip1 © (YoVey) . (12)

According to (10), each iteration ¢ involves two steps.
The first step computes the modified complex power
injections on the left-hand side (LHS) of (12) using the
most recent state estimate v;. In the second step, we find
vi+1 as the solution of the basecase AC-PF solver fed
with the modified AC-PF specifications. If the iterative
scheme converges, its equilibrium coincides with the
AC-PF solution under contingency ¢ in (8).

We elaborate on the modified injections at terminal
buses. If bus m € P is a PQ bus, then d,(v;) modifies
both of its specifications. If bus m € V is a PV bus,
5g(vt) modifies only its active power injection, leaving
the voltage specification intact. If bus m is the reference,
no modification is made. Bus n is handled similarly.

The iterative scheme in (12) can be equivalently
expressed in terms of the basecase AC-PF mapping as

Vit1 = G (c+ 00(Vy)), (13)

where c is the original specifications for the AC-PF
problem under contingency ¢ in (8), and the vector
d¢(V:) models how these specifications are modified.
Specifically, vector d,(v;) collects the real part of the
entries of d(v;) corresponding to PQ and PV buses; the
imaginary part of the entries of d,(v;) corresponding
to PQ buses; and contains zeros at the entries
corresponding to voltage magnitude specifications.
Depending on the types of terminal buses, vector d,(V;)
may have four nonzero entries (PQ/PQ); three (PQ/PV);
two (PQ/reference or PV/PV); or one (PV/reference).
We will denote the number of nonzero entries of (V)
by N, € {1,2,3,4}.

Inspired by (13), we propose predicting AC-PF
solutions under line outages by replacing the AC-PF
solver with the related DNN. The proposed scheme
incorporates DNN into the next fixed-point iteration:

Vigr = F(c+8:(vy)). (14)

e CF0u(v) _(W F(c+du(v))
;
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d
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Figure 1. An AC-PF solution under line contingency
¢ can be found through a fixed-point iteration
including a single DNN in a feedback loop.

Figure 1 illustrates the scheme. The scheme involves
a single DNN, the one trained to solve the basecase
AC-PF problem. The advantage of (14) over solving
(8) using an AC-PF solver is that the computational
complexity can be reduced from O(N3) to O(N?) if the
DNN depth does not scale with N and the fixed-point
iteration in (14) converges fast. We address these two
questions numerically through the tests of Section 6.

Before providing numerical evidence, we develop
a computational framework to verify whether (14) is
convergent. The proposed framework can certify that
the iterative scheme converges. It can also determine
its region of convergence and the number of iterations
required for convergence.

4. Convergence Certification of the
Fixed-Point Iteration

Suppose a system operator has already trained a
DNN to predict AC-PF solutions under the basecase
topology. Since the DNN parameters w are fixed after
training, we denote the resulting mapping simply by
v = F(c). To predict the AC-PF solution under
contingency /¢, the operator applies the fixed-point
iteration shown in (14). A natural question is whether
this iteration converges to a fixed point. This section
develops a computational framework for addressing this
question. Given the power system model and a trained
DNN, the proposed framework can be applied offline
to certify the convergence of (14) for each contingency
£. Once convergence has been certified for a particular
contingency, the operator can confidently use (14) to
predict post-contingency AC-PF solutions.

Although our analysis ignores shunt admittances by
setting y; = 0 in (1) for all £ for simplicity, the tests of
Section 6 involve the detailed line models. According to
the Banach fixed-point theorem, the iterative scheme in
(14) converges to a fixed point if the mapping

Hy(V;c) := F (c+ 8,(¥)) 15)

satisfies the following two properties across a set R of
voltage vectors and a set C of specification vectors c:



o Self mapping: If v € R, then Hy(v;c) € R for
all c € C; and

* Contraction: There exists Ly, < 1 so that
[He(V1;¢) = He(Va; )| < L, [[vi — V2|
forall vi,vo € Randallc € C.

We define sets R and C as the Euclidean balls:

R:={v:[lv—vo| <R}, (162)
C:={c:|c—co| <C}. (16b)

The voltage center is set to be the so-termed flat voltage
profile v := [17 0"]T, corresponding to an unloaded
power system with zero power injections (sg = O0).
The specification center ¢ corresponds to this unloaded
power system scenario, so that all power injection
specifications in cy are set to zero, and all voltage
magnitude specifications are set to one. We will assume
that the DNN has been trained to perfectly predict the
flat voltage profile, i.e., F'(cg) = Vq.

We first study the self-mapping property of the
mapping Hy(v;c). This property is established in two
steps. In the first step, we show thatif c € Cand v € R,
the contingency-corrected specification vector ¢+ d4(V)
belongs to a Euclidean ball C’ with the same center as C
but a larger radius, so that C C C’. This is formalized in
Lemma 1; all proofs are in the appendix.

Lemma 1. I[f c € C and v € R, the modified
specification vector lies in the Euclidean ball

c+6,(v)el :={c:|c—cof <C'} a7

where C' = C + 2v/25R(1 + R) and § := max |ye|.
Lemma 1 is practically important because it implies
that for the iterations in (14) to work properly, the
DNN has to be trained over a larger set of specification
scenarios C’. Building on Lemma 1, the next lemma
establishes the self-mapping property of H;(v;c).

Lemma 2. [Ifthe DNN Lipschitz constant Lg satisfies

R
Lo=swp | VeF@)| < &, (8
ceC’

then Hy(v;c) € Rforallv € R, c € C, and /.

Lemma 2 establishes that Hy(v; c) is a self-mapping
provided the DNN sensitivity Lg with respect to its
input is sufficiently small across C’. This result is
practically important, as it shows that the DNN must be
trained and certified to possess a sufficiently small Lg
across the enlarged set C'.

Having established the self-mapping property, we
proceed with the contraction property. The Lipschitz
constant Ly, of the mapping H, can be computed as

Ly, = sup ||VeHe(v;0)|. (19)

VER,cEC

From the chain rule, the Jacobian matrix in (19) can be
expressed as the product of two 2N x 2N matrices as

VeH(Vic) = Veys, o) F (€ + (V) Vide(V).

=J¢(Vic)

(20)
Recall that vector d,(v) has only N, nonzero entries
with Ny € {1,2,3,4}, and that those entries depend
only on the terminal bus voltages. Therefore, the 2NV x
2N Jacobian matrix Vd,(v) has only Ny nonzero rows
and 4 nonzero columns. Leveraging this structure, the
next lemma provides a factorization of Vd,(¥v), which
will be helpful for bounding Lyy,.

Lemma 3. The Jacobian matrix of the mapping §,(V)
with £ = (m, n) can be factorized as

Vedo(¥) = UK(V)V], 1)

where Vi = [en €, emyn enqn|; Ugis a
2N x Ny matrix formed by keeping Ny columns of V,
depending on the types of buses m and n; and Ky(V) is
the Ny x 4 Jacobian of the nonzero entries of §,(V) with
respect to terminal bus voltages satisfying

IKe(V)I| < 4fyel, Vv eR.

Plugging (20) and (21) into (19) provides

Ly, =

£

sup | Jo(¥;0) UK (¥)V/ ||
VER,ceC

< dlyel sup_ IV ) U] (22)

VER,ce

because of the sub-multiplicative norm property and
IK¢(¥)V/ || = || K¢(¥)]| since Vy is orthonormal.

According to (22), the mapping Hy(c + d,(V)) is a
contraction for all v € R and ¢ € C if

- 1
Lg,:= sup |[Je(v;c)Uy| < —. (23)
VER,cEC 4‘96‘

In summary, the mapping Hy(c+d,(V)) satisfies the
assumptions of the fixed-point theorem if it satisfies (18)
and (23). The bound in (18) is on the DNN sensitivity to
a general input, while the bound in (23) is on the DNN
sensitivity to inputs of particular structure depending
on contingency . Section 5 explains how to certify



whether a given DNN satisfies these bounds by solving
SDPs. The numerical tests of Section 6 demonstrate
that the DNN sensitivities are sufficiently small for
the benchmark systems, so that system operators can
confidently use the proposed iterative scheme in (14) to
predict post-contingency system states.

5. Bounding DNN Sensitivities via SDPs

We present two SDP formulations to bound the
Lipschitz constants Lg and Lg, for a DNN already
trained to predict basecase AC-PF solutions. Computing
the exact Lipschitz constant of a DNN is known
to be NP-hard [27]. We adopt recent works that
propose computing upper bounds of DNN Lipschitz
constants [28, 29]. Consider the DNN described in (4).
Its Lipschitz constant is upper bounded as Lo < /p,
where p is the optimal value of the ensuing SDP [28]:

min p (24)
over p > 0,diagonal Ay, =0, k=0,..., K -1
s.to 1\/[((Q07 ey QK) = 0.
Matrix M is defined as
= [WkEk:| {WkEkil
M := E E
P k41 k41
| Eo ! Q Eo
WKEK K WKEK ’
and each E; is a selection matrix so that x; = Epx

fork=0,... K,ifx" = [xg xj|. For k =
0,...,K — 1, the matrix Qy, is defined as

Q= —Aydg(on © By) Ak dg(a + By)
b 3A dg(ou + By) —Ay ’

where vectors o, and 3, carry lower and upper slope
bounds of the activation o ;. Matrix Qy is defined as

_ | 0
QK'[O —I}

The SDP depends on the DNN weight matrices
{W}K_,, but not the bias vectors {by}5 ;. The
Lipschitz bound obtained holds for all inputs ¢ € R?Y.
If the DNN has ReLUs as activations, the slope bounds
are set as oy, = 0 and 3, = 1 for all k. To improve the
conservatism of the bound, subsequent works suggested
limiting the ReLU slope bounds if the input lies in a
compact set [28, 29]. We briefly summarize the result. If
the ¢-th entry in the pre-activation vector zy is bounded

as zi € [li, ul], the slope bounds for the associated
ReLU are

(0,0), U}; <0,
(171)7 li; 2 07

0, Z.ki), I <0<uj.
( u, —1j,

Using tighter slope bounds as { (v, 8;) }_ in (24) has
been observed to yield significantly tighter bounds on
DNN Lipschitz constants [28, 29]. Algorithm 1 of [28]
provides a computationally-efficient way for computing
lower and upper bounds on the entries of z, recursively
from the input to the output layer. In our setting, the
DNN input lies in the Euclidean ball C”. If w}, is the i-th
row of W and b)) the i-th entry of by, the upper/lower
bounds on the i-th entry of zo = Wyc+bg can be found
in closed form as ¢j wi + b & C’||wi].

Switching to certifying the contraction property, we
would like to compute an upper bound on Lg, and
evaluate the condition in (23). Different from L, the
constant L, depends on the partial sensitivity matrix
VF(c)Uy, which has only the N, columns of V. F(c)
associated with contingency ¢. Interestingly, constant
L¢, can be bounded via a neat modification of the SDP.

We will first modify (24) to compute Lg, over ¢ €
R2N for generic slope bounds a;, = 0 and 3 =
To this end, partition the contribution of the IV, relevant
entries of ¢ on zg and that of the remaining entries:

(a}, Br) = (25)

zo = WoPsc+ WoPjc+ b, (26)

where P, := U,U/ and P} := Ly — P,. To
compute partial sensitivities, we vary U/ ¢ and treat
WOPj-c + by as a modified bias vector. The original
SDP in (24) does not depend on biases. Thus, we can
upper bound sup.cpen ||V F (c)U,|| using a modified
SDP where Wy, has been replaced by WU,. As with
total sensitivities, this bound may be loose.

To tighten the bound on Lg,, we tighten the
activation slope bounds in the modified SDP. One option
would be to compute upper/lower bounds for each entry
of zg over ¢ € (’/, as we did with total sensitivities.
This approach does not utilize the structure ¢ + §4(V)
of the DNN input with ¢ € C and v € R. In the
proof of Lemma 2, we showed that if v € R, then
16:(%)|| < C¢ := 2v/2]ys|R(1 — R). Then, the i-th
entry of zy can be upper bounded by the optimal cost

ud = max (c+ ;) wi + b} (27)

c,8¢

s.to |lc —cpl| < C and ||&¢]] < Cp



fort =1,...,2N. The problem is separable over c and
d¢. The optimal cost can be found to be

ué = cgwé —l—bé + (C+CE)HW6H‘

By swapping maximization with minimization, the
lower bound on z{ can be found as I} = ¢ wi + b} —
(C+Co)[wi.

In a nutshell, to compute an upper bound on Lg,
we use the SDP in (24) with tightened slope bounds
for c € C’. To compute an upper bound on Lg,,
we solve (24) for each ¢ with W replaced by WUy,
and tightened activation slope bounds over ¢ € C and
[6¢]] < Cp. Once the upper bounds on Lg and Lg,
have been computed, we can certify whether the DNN
satisfies conditions (18) and (23).

6. Numerical Tests

We evaluated the proposed AC contingency analysis
on the IEEE 118-bus system. To assess its scalability,
we also evaluated the proposed method on the larger
6,717-bus Texas7k system, with results reported in
[30]. Among its 186 lines, we considered the 177
non-critical lines as candidate contingencies. We trained
a generic fully connected DNN with two hidden layers,
each containing 118 neurons, resulting in a number of
trainable parameters that scales as N2. We generated
800 training and 200 testing basecase scenarios by
perturbing the nominal specifications with zero-mean
Gaussian noise. For PQ specifications, the noise
standard deviation was 20% during training and 5%
during testing. For voltage specifications, it was 0.1 pu
and 0.05 pu, respectively. The DNN was trained using
Adam with a rate of 4 x 10~°, and training was
terminated when the gradient norm fell below 1073,

The first test assessed whether the fixed-point
iterations satisfy the convergence conditions. Given the
trained DNN, we computed the constant L using the
SDP in (24) and the constants Ly, = 4|y¢|Lg, for
all £ using the modified SDP. We set the voltage set
radius to R = 0.5, and determined the specification set
radius from the testing set used to train the DNN. We
observed that Lg < Lg, for all £, so the subsequent
analysis relies solely on Lpy,. With the exception
of three lines, the contraction condition Ly, < 1
was satisfied. Nonetheless, the fixed-point iteration
numerically converged even for those three lines. This is
because the contraction condition is only sufficient, and
the SDP bounds can be conservative.

The second test examined the relationship between
the empirical convergence rate and the Lipschitz
constant Ly, across contingencies. Figure 2
shows the Euclidean distance between v; and the

v —v*llz

40 60 80 100
Fixed-point iteration, ¢

Figure 2. Mean Euclidean distance between the
fixed-point voltage estimates and their equilibrium for
selected contingencies across scenarios. For all lines,

the method converges within 50 iterations.
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Figure 3. Actual convergence rate of the iterative
scheme as a function of the Lipschitz constant Ly,.

equilibrium point for 17 selected contingencies at
ranks {1,10,20,...,160,177}. The method converges
within 50 iterations for all contingencies. Figure 3
plots the mean empirical convergence rate across
scenarios for the same contingencies as a function of
L p,. The convergence rate decreases with the Lipschitz
constant, consistent with the contraction analysis in
(23). Variations in the empirical rates arise because the
slope is estimated over a finite number of iterations and
depends on the initial distance from equilibrium.

The third test assessed the accuracy of the predicted
post-contingency states by evaluating the normalized
mean squared error (NMSE) between the actual and
predicted voltage vectors, and the normalized mean
absolute error (NMAE) between the actual AC-PF
specifications and those obtained by substituting the
predicted voltage states into the AC-PF equations.
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Figure 5. NMAE between actual and predicted PF
specifications across 17 contingencies.

Figures 5 and 4 show box plots of these errors for the
same selected line contingencies across the 200 testing
scenarios, together with the corresponding errors under
the basecase topology. For contingencies with smaller
Lipschitz values, both metrics remain close to their
basecase levels, with noticeable degradation occurring
primarily for lines near the end of the Lipschitz ordering.

The final test compared the proposed method’s
computational cost with conventional contingency
analysis approaches, including NR with flat and warm
starts, Jacobian factorization [11], and a DC-based
solver. We conducted the experiments on a RunPod
terminal equipped with an AMD EPYC 9355 32-Core
processor and an NVIDIA RTX PRO 6000 Blackwell
GPU. We ran the proposed method on the NVIDIA RTX
PRO 6000 Blackwell GPU and all other methods on a
CPU, since no GPU implementation is available.

Table 1 compares the total runtime and mean
runtime per instance across all contingencies and testing

Table 1. Runtime comparison over 17,700 instances.

Method Total (s) Per instance (ms)
Proposed method 3.9369 0.2244
NR flat 9.5709 0.5407
DC model 0.0103 0.0006
NR warm start 8.7270 0.4931
Jacobian factorization  4.6770 0.2642

scenarios. Only the DC-based solver achieves lower
runtimes than the proposed method, yet at the expense
of linearization inaccuracies. Figure 2 explains the
computational advantage of the proposed method. With
most contingencies converging in about 30 iterations,
our method’s total complexity is O(N?) in these tests,
compared with O(N3) per iteration for dense NR.
Sparse NR implementations can scale better, typically
as O(N'7)-O(N??®), while the proposed DNN is
highly parallelizable. Its O(N?) complexity could be
reduced further using topology-aware architectures such
as GNNs.

7. Conclusions and Future Work

This work has proposed a fixed-point formulation
that enables a single DNN, trained solely on basecase
AC-PF data, to predict AC-PF solutions for arbitrary
single-line contingencies. To guarantee convergence
of the fixed-point iterations, we established sufficient
self-mapping and contraction conditions and developed
SDP formulations to certify that the required DNN
sensitivity bounds meet these conditions. Numerical
tests on the IEEE 118-bus system validate both
the convergence and the prediction accuracy of the
proposed method, as the SDP-certified bounds satisfy
the self-mapping and contraction conditions for almost
all tested cases. The results also show an inverse
relationship between the convergence rate and the DNN
sensitivity. For many contingencies, the prediction
errors remain close to the basecase performance,
demonstrating that the basecase DNN can be effectively
reused in fixed-point iteration. One interesting direction
for future work is to extend the formulation to multi-line
contingencies and topology reconfiguration. Another
key question is whether the exact AC-PF fixed-point
map converges. This would clarify whether the
observed convergence behavior comes from the AC-PF
formulation or from the mapping of the trained DNN.

8. Appendix
Proof of Lemma 1. If c € C and v € R, we get that

e+ 80(¥) = coll < e — col| + 16e(¥) |



< v)||.
< C+max 0:(%)]

It suffices to upper bound maxger ||0¢(V)| for all £. If
we ignore the shunt admittance in (11), we get

de(v) =1T¢ (@;@n) v (en —ey). (28)
Recall that §,(V) is obtained by taking the real values
of d,(v) related to PQ and PV terminal buses, and the
imaginary values of d,(v) related to PQ terminal buses.
Because §,(V) carries a subset or all the values of d,(v),
we get [|0¢(V)|| < [|0¢(v)]]. From (28), we obtain

HSZ(V)” = |yel - [vm — vnl - V]vm|? + |va]?.

If v e R, then |[v—-1|| < Rand so ||[v — 1|lc < R.
This implies that |v,| < (1 + R), |v,| < (1 4+ R), and
|vm — vn| < 2R for all entries of v. Hence, the norm
in (29) is upper bounded by 21/2|y¢|R(1 + R) for all £.
The radius C” is a universal bound for all £. O

(29)

Proof of Lemma 2. The goal is to show that || H,(Vv; ¢)—
Vo|| < Rforall v € R and ¢ € C. To this end, we have

| Ho(¥:€) = %oll = |[F(e + 8¢(¥)) — Fleo)|
< Lo e+ 80(%) — eol < L C.

The equality follows from the definition of Hy in (15)
and assuming that the DNN has been trained to predict
vo when presented cg. The first inequality follows from
the DNN Lipschitz constant definition over set C’. The
second inequality follows from Lemma 2. The condition
in (18) ensures that L C' < R. O

Proof of Lemma 3. We first consider the case where
both terminal buses are PQ buses. In this case, vector
d¢(V) has four nonzero entries, corresponding to the two
PQ specifications per terminal bus:

0e,m (V) = Re {Gevpm (Om — n)} (30a)
e, (V) = — Re {gevn (U — Un)} (30b)
80,m4N (V) = I { G0 (T — ) } (30c)
St (V) = — Im {gvy (0m — On)} (30d)

The four functions are quadratic functions of only four
entries of v, which can be collected in vector v, :=
[ﬁm, f)n f)m—i-N f)n+N]T

Given its sparsity pattern, matrix V3 d,(V) can be
factorized as in (21) with U, = V, and K,(V) being
the Jacobian of the four quadratic functions. Since the
functions are quadratic, the Jacobian is linear in v,:

4

Ki(V) = rAj,

=1

€29

where matrices A} depend on y, = g, + jb, as follows

[ 290 —g¢ O by
1_| 0 —ge 0 b
AZ o —ng bz 0 qv
| 0 be 0 —g]
[—g¢ 0 —b 0]
2 |—9¢ 2g¢ be O
Al - bg 0 —gv 0
L bg —ng 197 O_
[0 —by 290 —gi]
0 b 0 —
3 _ ¢ ge
Ar= 0 —ge —2b, by
10 ge 0 be |
be 0 —g¢ 0 ]
—b, 0 — 2
4 _ ¢ ge ge
Al o (97 O bg 0
_*gg 0 bg 721)@_

Matrix K, (V) can be alternatively expressed as

K/(v)=A,(vi®1y), (32)

where A, := [A% A% Aif’ Aﬂ and ® is
the Kronecker product. From the sub-multiplicative
property of the spectral norm, it follows that || K, (V)| <
[ Al - [[Ve @ Tal| = [[Ac]l - [[Ve]-

Since v.e R,weget|v—1] =|v—-vo|| <R
and [|[v —1|lec < ||lv—1| < Rsothat |v,| <1+ R
and |v,| < 1+ R. It hence follows that ||V,|| = ||v,|| <

V2|[velleo € V2(1 + R). Regarding Ay, after some
algebraic manipulations, it can be shown that the largest
eigenvalue of A,A [ is 16|y,|?, so that || A = 4|ye|.
Other combinations of terminal bus types can be
handled by selecting a subset of rows from K,(v) and
by forming Uy by selecting the corresponding columns
from V. For example, if m € P and n € V, the
(n 4+ N)-th entry of §,(V) is zero, and so the quadratic
function in (30d) is ignored. In this case, we have
N, = 3, U, = [em e, em+N}, and Ky (V) is
obtained from (31) by dropping the fourth row from
each A’. Because dropping rows from a matrix cannot
increase its spectral norm, the bound | K (V)| < 4]y,
remains valid. In general, if a terminal bus is a PQ bus,
it contributes two rows to K,(v); if it is a PV bus, it
contributes one row; and if it is the reference bus, it
contributes no row to K, (V). O
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