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B.2 Power Signals




1 LTI Systems [1, 2]

1.1 Continuous Time (CT) — Time
Domain

fe—y(to)
Y
—y " (1)

i

Input-Output System
with ICs
t=>ty

() —» —>u()

+ CT dynamical systems often characterized by
differential equations of the form:

(operations on outputs) = (operations on inputs)
which, with initial conditions, uniquely specify an
output given an input.

+ As an example, for input z(-) and output y(-):

S aw®(t) = 4,9 (1)
=0

Jj=0

with ICs y(tO)a yl(tO)v BEES) y(nil)(tO)'
+ But the form most useful for design is:

outputs = (operations on inputs)
+ Solving the ODE for a particular input yields a

particular output. Integrating the ODE really gives
the form we want for design.

1.1.1 Superposition Principle

V(to)

Input-Output System
with ICs
t>t

Ya(to) + yu(to)

Za(-)—>] (")

=y (ko) + vy

32 Tal-) + () I!\])\l(—O:ltpu&Sy%mn o)+ ()
= with ICs
1 t>ty

Input-Output System
with ICs
t>ty

op(-)—

1.1.2 Time Invariance Principle

YD (it +T)

£ [
- + 4+ +
= T ==
Tnput-Output System - Input-Output System
)] — 1] -
o) with 1Cs W) > 1) Output System (1)
t2ty (2t6+T

[x(t), y(t) =0 for t < tg]

[a(- — T) is right shift of 2(-) by T

1.1.3 ZIR and ZSR

+ General solution for ¢ > ¢y to system with input
x(-) and ICs at to written as a sum of zero-input

response (ZIR) and a zero-state response (ZSR):

y(t) = yzir(t) + yzsr(t)

where -
I
bddo " :
2() = 0—s Inp\nr(\?::!}{)\;((jf\wwm — () —»] Illpm-(\i;l[(ﬁ)!llé:)yatmn -]
21 and t>t
1.1.4 ZIR

+ With z(¢) = 0, the homogeneous equation is:

Zaiy(i) (t)=0
i=0

with ICs y(t0)7 y/(to)a RS y(nil)(to)
+ Assume solution y(t) = et and substituting into
homogeneous equation yields characteristic equation

+ Then for solving the ODE, if its characteristic
equation has a root sg of multiplicity m and if

1. sg is real, then linearly independent solutions of
the homogeneous ODE are

sot sot m—1_sot
e te”, L, t e’

2. sg is complex and sg = ag + jbg, then linearly
independent solutions of the homogeneous ODE
are

et sin(bot), te®sin(bot), ..., t™ e sin(bot)
e cos(bot), te®! cos(bot), ..., t™ Le! cos(bot)
+ The weightings in the linear combination are
found by applying the IC constraints.
1.1.5 ZSR

+ Let tg = 0. Then the ZSR corresponding to an
LTI differential equation can be written as a
convolution integral

yzsr(t) = /0 z(T)h(t — T)dr = /0 h(N)x(t — N)dA.

+ Above is special case of convolution. For CT
signals a and b:

+o0o
ax*b(t) = / a(7T)b(t — 7)dr.

— 00




+ Convolution kernel h(t) called the
impulse response.

+ LTI systems governed by standard ODEs are
causal systems by definition.

1.1.6 To Find Convolution Kernel from
ODE

+ As derivative of unit step response

|
e
[ =
= |

S = 2 g

PiEd

Input-Output System
with ICs
t>0

> yusr()

h(t) = gusr(t)

+ As limit of response to a narrow pulse of unit area
Il

o o o e
I I Il =
sss !
R
T
i”iﬁ fe— %) Input-Output System vr()
T br ’ with 1Cs - ur
t>0
0.0 ;
o

h(t) = lim yr(t)

+ Directly from solving an ODE with certain initial
conditions. For example

§(t) + a19(t) + aoy(t) = B22(t) + Sra(t) + Pox(t)
Then

=0
=0
-1

fe—w(0
f— i)
le—

Input-Output System
with ICs

Input-Output System
without ICs

w(-)

2(-) = 0—»f ——y() =h()

W+ oW + qpw = y = Bol + S + Bow

+ That is we solve a homogeneous ODE with
certain special ICs and then filter that response
with a linear combination of differentiators system.

1.1.7 The Convolution Kernel can be
Generalized

+ Does not have to be causal.

+ Does not have to be a solution to a linear ODE
with constant coefficients

e a sliding window integrator

(1) = o (u(t) — u(t — 7).

e a multipath channel: h(t) = 22{:0 5t — 7).

1.2 CT - Frequency Domain

LTI system at rest
before application
of input

x(t)—» —y(t) =

/00 h(T)x(t — 7)dT

+ Suppose input a complex exponential signal:
x(t) = e where t € R and s € C.

+ Then y(t) = et H(s), i.e.,
output signal = complex scale factor x input signal.

+ Signals et are the eigenfunctions of LTI systems.
= [* _h(r)e~*7dr

o0

+ Complex scale factors H(s)
are eigenvalues.

+ Thus if can decompose general signals as
superpositions of complex exponential signals, then
output is superposition of such responses.

1.2.1 CT Fourier Series

+ If 2(t) = x(t + Tp) for all ¢ then

I(t) _ Z Xn€j27rnf0t
I
1 (7 ,
X, = = x(t)e I2m ot gy
T Jo

where f(] = 1/T0

+ For a finite energy signal z(t) the FS converges in
mean-square. Stronger assumptions can also ensure
stronger convergence properties.

+ CTFS Properties are given in Fig. 1.

1.2.2 CT Fourier Transform

+ z(t) « X(f) if and only if
w0 = [ x(pertitag

/.

x(t)e 72 tat

+ CTFT properties in Figure 2.
+ CTFT pairs in Figure 3.

+ z(t), periodic in time with Fourier Series X}, has
CTFT which is a weighted impulse train in

frequency: X (f) =, Xed(f — kfo).




Property Periodic Signal FS Coefficients
Linearity az(t) + by(t) aXy + bYy
Time Shifting x(t—7) Xy e~ i2mfotk
Frequency Shifting x(t)es?mfoMt Xi—m
Conjugation x*(t) X*,

Time Reversal x(—t) X_g

Periodic Convolution fOT“ x(T)y(t — 7)dr ToX kY
Multiplication z(t)y(t) Yoo o XiYi
Differentiation x(t) (27 fok) Xk
Integration (if Xy = 0) jioc z(T)dr (m) Xk
Conjugate Symmetry x(t) real-valued Xp=X*,

Real and Even x(t) real-valued and even X}, real-valued and even

Real and Odd x(t) real-valued and odd X}, pure imaginary and odd

Even Part (z(t) real-valued) ze(t) = % R{ X}

Odd Part (x(t) real-valued) xo(t) = w FS{ Xk}

Inner Product T% (;b z(t)y*(t)dt = > o XiY)
Parseval T% OTO ()Pt = 3252 [ Xk|?

Figure 1: Some Properties of the DFT. (From [1])




Table XIII.2—Properties of Fourier Transforms

Conjugate
Symmetry

Even Symmetry
Odd Symmetry
Linearity
Duality

Scale Change

Time Delay

Times ¢’27fot

Differentiation

Times ¢t

Convolution

Product

Integration

Other formulas:

o(t) = [~ X(fe?* 't df

Smlz(t)] =0
(i-e., z(t) is real)

z(t) = z(—t)
z(t) = —z(—t)
a$1(t) + bez(t)

X(t)
z(at)

fE(t — to)

e?2mfoty(t)
dz(t)
dt

tz(t)

/:: w(r)v(t —T1)dr
w(t)v(t)

/_ tco z(r)dr

X(f)= [T o(t)e 2t dt

X(f) = X*(—f)

(i.e., Re[X(f)] = Re[X(— 1)),
ImIX(f)] = —Sm[X (=)
X(f) = X(~f)
X(f)=—X(-f)
aX1(f)+bXa(f)
z(—)
I—fﬂX(f/a)
eI X (f)

X(f - fo)
g2 fX(f)

1 dX(f)

—927 df
WV ()

[_ Z W)WV (f —v)dv

X(f) , X))
727 f 2

xO)= [ sa; 20)= [ x(nas

/_Z |=(t)|* dt = /_0:0 IX(f)|?df (Parseval)

[ sttt nem = [ x(s (e

Figure 2: Some Properties of Fourier Transforms. (From [1])




Table XII1.1—Short Table of Fourier Transforms

o(t) = [ X(f)e*™ I df

5(t)
1
= m(/)?

e *tu(t)

u(t)

1, t>0
sgntz{
-1, t<0

1

mt

el

ej27rfot

sin 27 fot
cos 27 fot
e?2mfot o (t)
sin 27 fot u(t)

cos 27 fot u(t)

5(t)

tem*tu(t), a>0

)

_Lri,,

-T T

sin2wWt
wt

44 |
2w
V4

z‘”: §(t —nT)

n=-—0o0

t

rernt

!

Frt 1

!

11

|

11

X(f)= " z(t)e 7> dt

1
§(f)

re"(?
_ 0
a+j2rf’ x>
o), 1
2 127 f
1

it

—jsgn f
2a
a? +(2nf)?
8(f = fo)
8(f = fo) = 8(f + fo)
2j
8(f = fo) +6(f + fo)
2
6(f—fo) 1] 1
T 3_2_71’[]" - fo] ‘
8(f = fo) = 6(f + fo) +_1_{ fo }
45 2| f3— f?
8(f — fo) +8(f + fo) +L[ f }
4 g2 f2 — f3

j2nf
1
(a4 g27f)>

35()

Figure 3: Some Fourier Transform Pairs (From [1])
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1.3 Discrete Time (DT) — Time
Domain

LTI DT
System

2[n]——— —y[n]

+ DT dynamical systems are characterized by
difference equations rather than differential
equations. Most concepts from CT have a direct
and obvious analogy in DT

S aiyin — i) = > bjaln - jl.

+ Linear DT systems satisfy the analogous
superposition principal.

+ Time-invariant DT systems satisfy the analogous
time invariance principal.

1.3.1 ZIR and ZSR

+ General solution for n > tg to system with input

z[-] and ICs at ng written as a sum of zero-input

response (ZIR) and a zero-state response (ZSR):
y[n] = yzir[n] + yzsrln].

1.3.2 ZIR

+ With z[n] =0

N
Zaiy[n —i=0.
=0

+ Assume solution y[n] = 2™ and substituting into
homogeneous equation yields characteristic equation

+ The solution to the homogeneous equation is a
linear combination of terms of the form:

o {r", nr™, ..., n™ "} for each simple real
root z = r of multiplicity m.

o {p" cos(ng), p™sin(ng), np™ cos(ne),. ..
.., n™ o cos(ng), n™Lpmsin(ng)} for each
pair of complex conjugate roots
2z = a =+ jb = pe®I? of multiplicity m.

+ The weightings in the linear combination are
found by applying the IC constraints.

1.3.3 To Find Convolution Kernel from
ODE

+ Trivial analogy.

1.3.4 The Convolution Kernel can be
Generalized

+ Trivial analogy.

1.4 DT — Frequency Domain

LTT system at rest
before application
of input

L »yn|= Z hlk]z[n — k]

k=—o00

x[n]—»

+ Suppose input a complex exponential signal:
x[n] = 2" where n € Z and z € C.

+ Then y[n] = z"H(z), i.e.,
output signal = complex scale factor x input signal.

+ Signals z™ are the eigenfunctions of DT LTI
systems.

+ Complex scale factors H(z) =Y oo h[k]z=F
are eigenvalues.

+ Thus if can decompose general signals as
superpositions of complex exponential signals, then
output is superposition of such responses.

1.4.1 Case of Interest z = e/* = ¢I27

+ A DT complex sinusoid x[n] = e/*" is periodic
< Ao/(27m) = a rational number.

+ If fix period N and solve for all DT complex
sinusoids with that period, find there are exactly N
of them: ¢[] for1=0,1, ..., N —1, where

$i[n] = (ejzwz/zv)" _ pi2min/N

+ The N DT signals ¢;[-] have fundamental
frequencies which are multiples of 27/N| i.e., they
are harmonically related.

1.4.2 DT Fourier Series

+ If z[n] = z[n + N] for all n, then

N-1
x[n] — Z XkejQﬂ'kn/N
k=0
!
1 =1
_ = —j2nkn/N
Xp = N Z x[n]e™?

=0

3




where we note that the sequence X of DTFS
coefficients is also periodic with period N.
+ Sometimes write DTFS as a matrix operation:

X = Wx where the vector coefficients and signal
are formed by stacking,

11 1 1
1 Wy W} Wit
W:% Wi oWy Wy

1wl R wN-b?
and Wy = e 727/N is the so-called twiddle factor.
+ The DFT matrix W is a Vandermonde matrix.
+ It is invertible with W~ =

1 1 1 SR |

1 Wiyt W2 wy N
1 Wy? Wit WY
1 W];(Nq) W];Q(Nfl) VV];(NA)2

+ DTFS/DFT Properties are given in Fig. 4.

1.4.3 DT Fourier Transform

+ In terms of radian frequency variable A (radians
per sample) unique over an interval of length 27:

1 /7 L
- JA\ TAn
x[n] o | X ()l dA
!
X(e) = Z x[n)e "

+ In terms of Hertzian frequency variable v (cycles
per sample) unique over an interval of length 1
(2mv = A):

1/2 ) )
x[n] — X(e]ZTI'V)eJQTFVTLdV
—1/2
!
X(€j27w) _ Z x[n]efj%run

+ DTFT Properties are given in Fig. 5.
+ DTFT Pairs are given in Fig. 77.

1.4.4 DT Fourier Transform for Periodic
Signals

1.5 Ideal Sampling of CT Signals

1.5.1 Poisson Sum Formula

+ Sampling pulse g(t) <> G(f).
+ Periodic pulse train used to sample:

p(t) = 302 o gt —nT).
+ Two ways to write P(f):

S
) Z e—j27ran

P(j) =
= Gy X 8- KT)
k=—o
= LS Gtymts - k)

1.5.2 Modulation Property of CTFT

+ z(t) <> X(f) as the signal to be sampled. Then

oo

ztp(t) =

n—=—oo

x(t)g(t —nT)

f 3 GU/TIX %= K/TS)

= —ZGk/T

k=—o0

(f = k/T)

+ Periodic sampling at sample rate 1/T produces
replications in frequency spaced by 1/T Hz.
Spectral replications weighted by samples of the
spectrum of the sample pulse.

1.5.3 Example Sampling Pulses

=0(t) < G(f) =1
_ { l/A It < AJ2
[t > A/2
+ () = eV 6 G(f) = U
+ Typlcally 0 < A < T (where T is the sampling
interval)
+ See Fig. 7.

& G(f) = =5




e Definition:

a[n] =

e Similarly for y[n] «+— Y.
Property

Linearity

Symmetry

Time Shifting
Frequency Shifting
Conjugation

Time Reversal
Periodic Convolution
Multiplication
Conjugate Symmetry
Real and Even

Real and Odd

Even Part (z[n| real-valued)

0Odd Part (z[n] real-valued)

N-1 N-1
Z Xk€]27'rkn/N o X =
k=0

1
N

n=0

Time Domain

az|n] + by[n|
Lx,
x[n —m)

o [TL} ej27rl7L/N

x

3

[n];

x[n

x[n
[

x[n] real-valued and odd

Lo [’IL} _ z[n]+z[7n]

IO[TL] xz[n] 2r[ n]

Z m[n}eijTrkn/N.

Frequency Domain

aXy + bYx

x[—k]

Xke—j27rkm/N

K-t

X*,

X

XYy

N o XiYi

Xk = Xik

X}, real-valued and even
X} pure imaginary and odd

IS{ Xk}

Inner Product

Parseval

N-1
Zn:O €
N—-1
2n=0

[n]y*[n] =

2

a[n]|

1 N-1
N 2r=0 XrYy

111 k 0 |Xk|2

Figure 4: Some Properties of the DTFS/DFT. (From [1])
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e Definition:
1/2

x[n] =

J-1/2

oo

X(ej2ﬂu)€j27rundy o X(€j27ru) _ Z l,[n}efj%run_

o Similarly for y[n] «+— Y (e/27).

Property

Linearity

Time Shifting

Frequency Shifting
Conjugation

Time Reversal

Convolution

Multiplication

Differencing

Accumulation
Differentiation in Frequency
Conjugate Symmetry

Real and Even

Real and Odd

Even Part (z[n] real-valued)

0Odd Part (z[n] real-valued)

DT Signal

azx[n] + by[n|
x[n — no)
x[n]ed2mron
a*[n]
[=n]
ke oo Tlk]yln — K]
a[n]y[n]
z[n] —zn — 1]
2 k= oo T[]
x[n] real-valued
x[n] real-valued and even
x[n] real-valued and odd
2[n] = kel

zo[n] = Z[TL]*;[*"]

n=-—oo

DTFT

aX (e2™) + bY (e72)
e=I2mno X (727
X(ej%(v—lm))
X*(e=92m)

X (e=92mv)

X (7)Y (e72V)

f+11//22 j27\';,b)Y(ej2ﬂ'(l/f}_L))d/vL
(1 _ e*]ZWU)X(e‘727TU)
X(chﬂ'v)

1
1_—e—J2nv
]%ﬂx(ej%ru)
X(e]27TI/) — X*(e—j27\'u)
X (e72™) real-valued and even
X (e7?2™) pure imaginary and odd

R{X (™)}

X))

Inner Product

Parseval

Yo lnlyn] =

|z[n]|* =

Zoo
n=-—o0

:"11//22 X(ej27r1/)y* (ej27r1/)du

f+1/2 ‘X ]2#1/)|2d]/

Figure 5: Some Properties of the DTFT. (From [1])

a"uln], la| <1

z[n] =

0 ‘Tl| > N,
W) 0 < W <7
d[n]
d[n — no)
uln]

(n+1)a"u[n], |a] <1

1
1—ae—J2mv
sin(27v(N141/2))
sin(mv)
s X(ej27ry) —
«— 1
A e—j27rl/n0
—

(I1—ae—27v)2

periodic

0<|y|<W/2m
W/2n < |v]| <1/2
lv| >1/2

DY S (N )

Figure 6: Some DTFT Pairs. (From [1])
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4
i

— |<_ B 1/’T
X(f) >/
< T >|
~1/A 7G(f)
! T
-_«-T _________ T T -5
P(f) I 1 1 I > f
—2/T -1/T 0 +1/T i +2/T
Q;G(f)
X.(f I I >
-2/T +1/T +2/T

Figure 7: Example Sampling with Gaussian Pulse.
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1.5.4 Observations from Example Sampling

+ From Fig. 7:

A <« T < Signal time constant

T

which is <=

Signal BW « 1/T <« Pulse BW
——— ———
Bx1/T ~1/A

+ See that signal spectrum replications in
Xs(f) = Px X(f) are undistorted. Therefore,
information carried by signal is still present in
sampled signal x4(t).

1.5.5 Ideal Case

+ Take the limit A — 0 to have ideal impulse
sampling

x5(t) Zx(nT)(S(t —nT)

n

X(f) = 5 SX(F-k/T)
k

+ See Fig. 8 where we observe:

Spectral copies do not overlap < 1/T > 2B

1.5.6 Nyquist Sampling Theorem

If 2(t) is bandlimited to B Hz and is
sampled at rate 1/7" via ideal impulse
sampling then it may be exactly recovered
from its samples via lowpass filtering
provided that 1/T > 2B.

+ Proof is to apply the LPF shown with cutoff B,
satisfying B < B, < 1/T — B:

&

- B

Si=

b ---w

| |
71'/T -1 }QT

|
I
+1/2T

L »

—
+1/T

f

|
1
0

+ Impulse response corresponding to LPF is

sin(27 B.t)

ho(t) = 2BT— =~

which results in the interpolation formula

Zg * hy(t)

2B.T > x(nT)

z(t)
sin(2n B..(t — nT))
2B (t — nT)

+ If Nyquist is satisfied: z(t) = z,(t).
+ If cutoff chosen equal to the foldover frequency
B. =1/(2T) then interpolator form is very simple

sin(nt/T)

hr(t) = wt)T

where h,(0) =1 and h,(nT) =0ifn#0,n € Z.
a(t) =2, (t) = Y a(nT)

n

sin(r(t — nT)/T)
w(t —nT)/T

1.5.7 The 2WT Dimensionality Theorem

+ Consider a linear vector space of signals
approximately bandlimited to —Wy < f < Wy and
approximately time-limited to 0 <t < T.

+ Assuming sampling at the Nyquist rate we have

1
— =2W,.
T 0

+ The the approximate number of samples needed
to specify an arbitrary member of the space is

N =T,/T = 2WyTo.

+ The representation of such approximate band-
and time-limited signal space is given by a linear
combination of sinc-function basis functions:

n(n(t —nT)/T)
w(t —nT)/T

N-1 .
S1
:c(t|a0, A1y v ey CLN_l) = Z Ay,

n=0

1.6 Sampling: CTFT and DTFT

+ Ideal impulse train sampled signal

xs(t) = Z x(nT)d(t — nT)
has CTFT
X,(f) = Yo alnT)e T = LS X(f ~ k/T).

+ Second part of the equation is previously found
formula for the sampled spectrum.

13



.

(0)/T

A

I I I =
—o/T —yT 41T ot
(No Aliasing)
X(0)/T
SRV VA WA
\ / \ / Y/ \ K
X X b Y
X(f) — st
-2/T -7 0 +1/T +2/T
B

(Aliased)

Figure 8: Ideal Impulse Sampling (Aliasing or Not).

+ But the first part is actually the DTFT of the
samples themselves evaluated at v = fT.

+ That is if z[n] = 2(nT) and if z[n] <> X (e72™) is
a DTFT pair then

X(f) = X(@™)],_ .

14



2

Probability [3]

2.1 Discrete Distributions

Bernoulli: A random variable (r.v.) X is said to
be a Bernoulli r.v. with parameter p

(0 <p<1)if it only takes two values 0 and 1
and its probability mass function (pmf) is of
the form

PX(l)
px(0) =

Pr(X=1)=p
Pr(X=0)=1-p.
Binomial: A r.v. X is said to be a Binomial r.v.

with parameters (N, p) where N is a positive
integer and 0 < p <1 if its pmf is of the form

N _
pX(k;) e ( I )pk(l _p)N k
fork=0,1,2,..., N. Forsuch arv. X
E(X) = Np
Var(X) = Np(1l-p).
Poisson: A r.v. X is said to be a Poisson r.v.
with parameter A > 0 if its pmf is of the form
L
Al
fork=0,1,2,.... Forsuch ar.v. X
EX) = A
Var(X) = A\

px (k) =e

2.2 Continuous Distributions

Uniform: A r.v. X is said to be uniform on an
interval a < x < b if its probability density
function (pdf) is

L for a<z<b
_ b—a — —
fX(m)_{O for xz<aorxz>b
For such a r.v.
E(X) = (a+b)/2
Var(X) = (b—a)?/12.

Exponential: A r.v. X is said to be an
exponential r.v. with parameter A > 0 if its pdf
is

Xe ™ for x>0
fX(x)_{O for <0
For such a r.v.
E(X) /A
Var(X) 1/22%.

Rayleigh: A r.v. R is said to be Rayleigh
distributed with parameter o if its pdf is

r —r?/20? f >0
_J =e or r>
fR(r)_{ 0 for <0
For such a r.v.
E(R) = ga
Var(R) = =(4—m)o?

Gaussian (single variate): A r.v. X is said to be
a normal (or Gaussian) r.v. with parameters
(u,0?), written X ~ N(u,0?), if its pdf is

1

— —(z—p)?/20°
T) = e .
Ix(w) = s
For such a r.v.
E(X) = u
Var(X) = o2

The Gaussian @ function gives the tail
probability of a A(0,1) r.v.,

Qx) = \/12?/ e %2z,

Note that Q(—z) =1 — Q(x). A table of values
of the @ function is given on the next page.

Gaussian (two variable): Two r.v.s X and YV
are said to be bivariate normal (or Gaussian) if
their joint pdf is

1

fX,Y(x7 y)
2mo L0y

1—p?

X exp {—2(11/)2)F(m,y)}

where F(z,y) is the quadratic form:

(I“m)2+ (y,uy)2_2p(x,ux)(y/iy).

Oz oy Ox0y

For such r.v.s

E(X) =
E(Y) = puy
Var(X) = o2
Var(Y) = 05
Cov(X,Y) POL0y

where —1 < p < +1. (The bivariate normal
distribution can be generalized to an arbitrary
number of random variables. Such are called
jointly Gaussian r.v.s.)
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Table G.1 A Short Table of Q-Function Values

x 9(x) x o(x) x Ox)

0 0.5 L5 0.066807 3.0 0.0013499
0.1 0.46017 1.6 0.054799 3.1 0.00096760
0.2 0.42074 1.7 0.044565 3.2 0.00068714
0.3 0.38209 1.8 0.035930 33 0.00048342
0.4 0.34458 1.9 0.028717 34 0.00033693
0.5 0.30854 2.0 0.022750 35 0.00023263
0.6 0.27425 2.1 0.017864 3.6 0.00015911
0.7 0.24196 22 0.013903 3.7 0.00010780
0.8 0.21186 2.3 0.010724 3.8 7.2348 x 1073
0.9 0.18406 24 0.0081975 39 4.8096 x 1073
1.0 0.15866 2.5 0.0062097 4.0 3.1671 x 1073
1.1 0.13567 2.6 0.0046612 4.1 2.0658 x 1073
1.2 0.11507 2.7 0.0034670 4.2 1.3346 x 1073
1.3 0.096800 2.8 0.0025551 4.3 8.5399 x 107¢
1.4 0.080757 2.9 0.0018658 4.4 5.4125 x 107°

2.3 Gaussian Properties

e Jointly Gaussian r.v.s X and Y are statistically
independent if and only if (iff) they are
uncorrelated, i.e., p = 0.

A linear combination of an arbitrary number of
jointly Gaussian r.v.s is a Gaussian r.v.

Conditional Gaussian: Let r.v.s X and Y be
jointly Gaussian with the pdf given in the
previous bullet. Then the conditional pdf of X
given Y = y is a single variable Gaussian pdf
with

O
EX[Y =y) = p+ P;(y — Hy)
Yy
Var(X[Y =y) = az(1—p%.

Gaussian Moments: Let X be a Gaussian
random variable with mean zero and variance
0%, ie., N(0,0%). Then

E(X?)=1x3x - x (2n—1)0*"

and
E(X* 1) =0

forn=1,2,3,....

Connection between Gaussian and Rayleigh:
Let X and Y be zero mean jointly Gaussian
r.v.s with equal variances o2 and p = 0 (i.e.,
they are statistically independent). Then the
derived r.v.s R=vX2+Y? and

O = arctan(Y/X) (four quadrant inverse
tangent) are themselves statistically
independent and R is Rayleigh with parameter
o and O is uniform on [0, 27).

2.4 Useful Theorems

e Markov’s Inequalitiy: X a r.v. taking only

nonnegative values. Then for any a > 0

EX]

Pr{X >a} <

e Chebyshev’s Inequalitiy: X a r.v. with finite

mean g and variance o2, then for any value

k>0
2

g
PeIX — 2k} < 5.

e Weak Law of Large Numbers: X7, X5, ... a

sequence of independent and identically
distributed (i.i.d.) r.v.s, each having a finite
mean E[X;] = . Then, for any ¢ >0

X1+ + X,

Pr{
n

as n — 0o. (Sample mean converges to true
mean in probability.)

,u‘>e}%0

e Central Limit Theorem: X7, Xo, ... a sequence
of i.i.d. r.v.s, each having mean p and variance
o2. Then the cdf of

X1t + Xy —np
ovn

tends to the cdf of the standard unit normal as
n — 0o. (Convergence in distribution.)

e Strong Law of Large Numbers: X1, Xo, ... a
sequence of independent and identically

16



distributed (i.i.d.) r.v.s, each having a finite
Xl + o+ Xn

mean E[X;] = u. Then
Pr{ lim = ,u} =1
n—o0o n

(i.e., the sample mean converges to the true
mean with probability one.)

3 Random Processes [4]

3.1 Second Order RPs

Assume all signals, impulse responses, and random
processes X (t), Y (t) are real-valued in this section.
Assume that all random variables have finite
variance (hence also have finite means). Define
moment functions:

Mean: px(t) = E[X(t)].

Cross-Correlation: Rx y (t,s) = E[X ()Y (s)].

e Cross-covariance

Cx,y(t,s) = Rx,y(t,s) — px(t)uy(s).

We get auto-correlation Rx x(t,s) and
auto-covariance Cx x (t,s) when Y = X in the
definitions above.

3.2 And LTI Systems . . .

Let the impulse response of an LTI system be BIBO
stable. Then if a second order rp is input to the
system, the output is also second order:

LTI Y ()
h(t) < H(f) >

X(t)

The mean of the output rp is equal to the result of
passing the input mean through the LTT system:

LTI
h(t) < H(f) pr(d)

px (t)

The cross-correlation of input and output and the
auto-correlation of the output can be computed via
application of the LTI filter as well. First, we give a
general lemma.

3.2.1 Special Lemma on Correlation

Let A(t) and B(t) be 2nd order rps. Let hq(t) and
ha(t) be BIBO stable impulse responses. Generate

two additonal rps via:

Then the cross-correlation of the outputs is obtained
via:

RC,B(t75)

ha(t) ha(s) —Ro.p(t, 5)

RA,B(t, S)

h2(s) hl(t) —VRC,D(t, S)

RA,D(t, S)

3.2.2 The Standard Correlation Formula

Let A= B X and hy = hy % h. Then the

correlation formula for the standard case reduces to:

no) X B

—>Ry,y(t, 8)

RX.X (t, 8)

h(s) h(t)

—>Ry,y(t, 8)

RX,Y(t> S)

3.3 Wide Sense Stationary RPs

To the assumption of finite variance used in the
previous sections we here add the assumption that
the mean functions are independent of time and
that correlations and cross correlations depend only
upon the time difference or time lag. A single
process with this property is called wide sense
stationary (WSS); for a pair of rps we use the term
jointly wide sense stationary (JWSS).

In symbols, rps X(+), Y(-) are JWSS if ux (t) = px,
py (t) = py for all times ¢ € R and

Rxy(t,s) =Rxy(t+As+A)

for all times ¢, s, A € R. This means that the
auto-correlation function really only depends upon
the time lag 7 = s — ¢t between the two time samples.

When JWSS one typically redefines the notation as
shown below:

e Mean: ux = E[X(t)].

e Autocorrelation: Rx (1) = E[X ()X (t + 7)].

e Autocovariance: Cx (1) = Rx (1) — p%.

e Cross-correlation Rx y (1) = E[X()Y (¢t + 7)].

e Cross-covariance Cx y (7) = Rx vy (7) — pxpy -

Then the following definitions make sense:
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e Power:

power[X (t)] Ry (0)

= Cx(0)+ u%
= ac power + dc power

e Power spectral density (Sx(f)):
Rx(7) < Sx(f);

o0

power[X ()] = Ry (0) = / Sx(£)df.

— 00

3.4 WSS and LTI Systems

WSS X (¢) input to LTT system with h(t) < H(f).
Then output Y (¢) = X * h(t) is WSS, X (¢) and Y (t)
are jointly WSS, and:

o py = px [To0 h(t)dt = px H(0).

e Crosscorrelation / cross spectral density

RX’y(T) = hx Rx(T)
I
Sxy(f) = H(f)Sx(f)
e Autocorrelation / psds:
Ry(t) = hxhxRx(7)
)
Sy(f) = [H()IPSx(f).
where (t) % h(—t).
LTI
LTI LTI
Rx(t | h(t) < H(f) Rx,y(t) h(t) A H*(f) Ry (t
) 7 I
Sx(f) Sx,v(f) Sy (f)

3.5 Theorem on Modulation

A(t), B(t) jointly WSS. O r.v. uniform on [0, 27),
statistically independent of A(t), B(t):

Thm Part A: Then X (t) = A(¢) cos(2nf.t + ©) is
WSS with ux = 0 and

Rx (1) 0.5RA(7) cos(2m fo7)

<1l

Sx(f) 0.25[Sa(f = fe) + Sa(f + fc)]

Thm Part B: If Ra(7) = Rp(7) and

Rap(T) = —Rp,a(7), then
X (t) = A(t) cos(2m fot) — B(t) sin(27 fet)

has
Rx(t) = Ra(7)cos(2mf.T)
— R4 p(7)sin(27 f.7)
)
SX(f) = 05[SA(f - fc) + SA(f + fc)}

+ 70.5[SA,B(f — fe) = Sa(f + fo)l.

Moreover, if A(t), B(t) are zero mean, then X ()
has zero mean and is WSS.

Thm Part C: Then
X(t) = A(t) cos(2n fct + ©) — B(t) sin(27 fot + O)

is zero mean, WSS with

Rx(t) = 0.5[Ra(7) + Rp(7)]cos(2m f.T)
— 0.5[Ra,5(T) — Ra p(—7)]sin(2n f.7)
I
Sx(f) = 025[Sa(f — fo) + Se(f — fe)

+ SA(f + fc) + SB(f + fc)]
+ j0.25[Sa,B(f — fe) = Sa(f + fe)
— Sap(—f+fe) +8a(—f— fc)]

3.5.1 Gaussian RPs

e X (t) is a Gaussian r.p. if any finite collection of
time samples from the process:
X(t1), X(t2), ..., X(tn) is a set of jointly
Gaussian random variables.

e If input to LTI system is WSS Gaussian r.p.,
then output is WSS Gaussian. Moreover, input
and output are jointly Gaussian r.p.s.

e X(t) WSS and Gaussian. If Cx(7.) = 0, then
X (t) and X (t 4 1) are statistically
independent for any t.

e X(t), Y(t) jointly WSS and jointly Gaussian. If
Cx,y(m+) =0, then X(¢t) and Y (¢t + 1) are
statistically independent for any t.

3.5.2 AWGN

e WSS Gaussian r.p. N(t) with zero mean and
autocorrelation / psd

Mojs

Ry(7) = )

(7)

18



I
N,

Sn(f) = 70 for —oo < f< o0
said to be a white Gaussian noise (WGN).
When N(t) appears in a problem added to a
desired signal, we call it additive white
Gaussian noise (AWGN).
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A Basic Math

A.1 Trig. Identities

eI
cos(a)

sin(a

sin(a + 8
cos(a+ 8

)
)
)
sin(a) sin(B)
cos(a) cos(3)
sin(a) cos(3)

sin?(a)

cos?(a)

cos(av) + j sin(av)
R

27].(6](1 _ e—]a)

sin(«a) cos(B) + cos(a) sin(3)
cos(a) cos(B) — sin(a) sin(B3)
1

3 cos(a — f3) — % cos(a + f)
% cos(a — fB) + % cos(a + f3)

%sin(a -5+ %sin(a +5)
%[1 — cos(2a)]

%[1 + cos(2a)]

A.2 Expansions/Sums

exp(x)

cos(x)

2 333

1 X
+l‘+*+§+
$2 .IA
1 §+E
Ig IS
T if l[a| < 1
1 N+1
a4 ifa#1
1—
N(N +1)
2

A.4 Integration by Parts

/ udv

= uv—/vdu

A.5 Partial Fraction Expansions
A.5.1 Method Suitable for Inverse CTFT

+ Assume that G(v) is a strictly proper rational
function, i.e., its numerator degree is less than its
denominator degree. Suppose the denominator of
G(v) factors into distinct roots with multiplicities
shown:

denominator = (v — v1)" (v —vy)™2 -+ - (v — v,.)""
+ Then
-3
i=1 k=1
where
1 dmi—k .
A= o e (= wmeon)|

+ The simplest case is when a root has multiplicity
one, say mi1 = 1, then the partial fraction expansion
for G(v) contains a term

A

vV — U1

where

A= (v-0)G)|

v=v1 °

A.5.2 Method Suitable for Inverse DTFT

+ The partial fraction expansion formula given
previously will also work for inverting discrete-time
Fourier transforms. However, in order to make the
final result correspond to the discrete-time
transform tables, the terms in the expansion should
be rewritten as

A —vtA

1
1—1}1 v

vV — U1

B Deterministic
Autocorrelation and Power
Spectral Density

B.1 Energy Signals
o z(t) ¢ X(f) of finite energy.
e Autocorrelation: R, () % [*_ a(t)z(t + 7)dt.
e Energy Density Spectrum: S, (f) = | X (f)|?.
o Fact: R.(7) <> So(f).




B.2 Power Signals

If CTFT exists denote it: z(t) < X(f).

Time Average Operator: For an arbitrary
function f(t)

((f(t)) is not a function of ¢, notation is used
only to show the averaging variable).

Autocorrelation: R, (7) def (x(t)x(t + 7)).

Properties of autocorrelation:

* Ry(0) > Ry (7).
* Ry(7) = Ro(—7).

* im0 Ro(7) = (2(2))? if 2(t) does not
contain periodic components.

If x(t) is periodic with period Ty then so is
R.(7).

* CTFT of R,(7) is non-negative for all f.

Power Density Spectrum: Defined to be the
CTFT of the autocorrelation:

Ry (7) < S2(f)-
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