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1 Digital Communications

1.1 Binary Single Shot in Noise
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≥
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Above block diagram shows model for reception of a single information bit
in AWGN. The receiver consists of a LTI filter followed by a sampler and a
threshold device.

Assumptions are:

• Signals are of finite energy

Ei =
∫
s2i (t)dt <∞ (i = 0, 1)

• Channel noise nw(t) is AWGN and independent of the choice of signal
si(t) that was transmitted.

1.1.1 Statistical Model

Sampler output z(T0) is a Gaussian r.v. written as the sum of a signal part
and a noise part:

z(T0) = h ∗ si(T0) + h ∗ nw(T0)

= ŝi(T0) + n̂(T0)

i = 0, 1. Therefore, with µi = ŝi(T0) and

σ2 = Var[n̂(T0)]

=
N0

2

∫
|H(f)|2df =

N0

2

∫
h2(t)dt

the statistical model for the decision r.v. is

• Assuming s0 was transmitted:

z(T0) ∼ N (µ0, σ
2).

• Assuming s1 was transmitted:

z(T0) ∼ N (µ1, σ
2).

Assume (WLOG) that µ1 > µ0.
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1.1.2 Performance

Performance criterion is to minimize the probability of error. There are two
types of errors:

• Probability of error given s0 was transmitted:

Pe,0(γ) = Pr[z(T0) ≥ γ|s0 trans.]

= Q
(
γ − µ0

σ

)

• Probability of error given s1 was transmitted:

Pe,1(γ) = Pr[z(T0) < γ|s1 trans.]

= 1−Q
(
γ − µ1

σ

)

= Q
(
µ1 − γ
σ

)

1.1.3 Minimax and Bayesian

It is impossible to simultaneously minimize Pe,0 and Pe,1 over γ. More infor-
mation is needed to have a well-posed minimization problem. There are two
approaches:

Minimax: γ∗m is the threshold which minimizes the maximum error (minimize
the worst case)

Pe,m(γ) = max{Pe,0(γ), Pe,1(γ)}.
The minimax error is P ∗

e,m = Pe,m(γ∗m).

Bayesian: Have prior probabilities π0 = Pr[s0 trans.], π1 = Pr[s1 trans.], π0 +
π1 = 1. γ∗b is the threshold which minimizes the average probability of error

Pe,b(γ) = π0Pe,0(γ) + π1Pe,1(γ).

The Bayes error is P ∗
e,b = Pe,b(γ

∗
b ).

Solutions (Case µ1 > µ2): Following are optimal threshold and the minimum
criterion for the two cases.

• For minimax γ∗m = (µ0 + µ1)/2 and

P ∗
e,m = Q

(
µ1 − µ0

2σ

)
.

• For Bayes

γ∗b = γ∗m +
σ2

µ1 − µ0

ln(π0/π1)
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and

P ∗
e,b = π0Q

(
σ

µ1 − µ0

ln(π0/π1) +
µ1 − µ0

2σ

)

+ π1Q

(
µ1 − µ0

2σ
− σ

µ1 − µ0

ln(π0/π1)

)

1.1.4 The Matched Filter

Optimization over choice of filter and sampling time: It is obvious that P ∗
e,m is

smaller the larger is the argument of the Q function, i.e., (µ1 − µ0)/2σ. The
same is true for P ∗

e,b (although this would require a little proof). Maximizing
(µ1 − µ0)/2σ over h involves the following observations.

• Schwarz Inequality: For finite energy signals f and g define inner product
by

〈f, g〉 def=
∫
f(t)g(t)dt

and norm ‖f‖ =
√
〈f, f〉. Then |〈f, g〉| ≤ ‖f‖‖g‖. Furthermore, if

‖g‖ > 0 then equality holds in the inequality if and only if there exits a
number λ such that f(t) = λg(t) for (almost) all t.

• With s(t)
def
= [s1(t)− s0(t)]/2 and sT0(t)

def
= s(T0 − t)

µ1 − µ0

2σ
=

√√√√2〈sT0 , h〉2
N0‖h‖2

≤
√

2‖sT0‖2
N0

=

√
2‖s‖2
N0

and equality holds (assuming s1 and s0 are not identically equal) if and
only if h is chosen to be the matched filter

h(t) = λsT0(t) = λs(T0 − t)

for an arbitrary non-zero constant λ.

• If the matched filter is used then

P ∗
e,m = Q



√

2‖s‖2
N0




which does not depend on T0 (a similar expression can be obtained for
P ∗
e,b).

• Sampling time T0 is arbitrary so long as h(t) = λs(T0 − t). Thus, T0 is
usually picked so that the matched filter is causal.
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1.1.5 Signal Design

Assuming a matched filter and AWGN we can rewrite the expression for SNR
in terms of the energy in each signal and the correlation between the two
signals. It is a simple exercise to show

‖s‖2 =
1

4

[
‖s1‖2 + ‖s0‖2 − 2〈s0, s1〉

]

=
1

2
Ē(1− ρ)

where Ē = (‖s0‖2 + ‖s1‖2)/2 and ρ = 〈s0, s1〉/Ē . Then

P ∗
e,m = Q




√√√√ Ē(1− ρ)

N0


 .

Note that −1 ≤ ρ ≤ 1. Two important cases are:

• orthogonal signals: ρ = 0.

• antipodal signals: ρ = −1.

1.1.6 MF/Sampler vs. Correlator

The following are equivalent implementations of the optimal receiver front end.

LTI

h(t)

t = T0

z(T0)

z(T0)

� T0(·)dt

h(T0 − t)

filter / sampler

correlator

A Old Notes with Proofs
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B BPSK and QPSK
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