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1 Motivation

1. Certain types of demodulators (envelope detectors, discriminators) are based on the
expression of a real-valued modulated signal in the form

x(t) = R(t) cos[2πfct+ Ψ(t)]

where R(t) ≥ 0 is the envelope and Ψ(t) is the phase. In particular, if x(t) is input to:

(a) an ideal envelope detector the output should be proportional to R(t).

(b) an ideal phase discriminator the output should be proportional to Ψ(t).

(c) an ideal frequency discriminator the output should be proportional to Ψ̇(t).

2 Complex Envelope for Deterministic Energy Signals

2. Frequency domain definition of complex envelope. Let x(t) be a real-valued determin-
istic signal and let x(t) ↔ X(f) denote a Fourier Transform pair1. Since the time-
domain signal is real-valued, the Fourier Transform has conjugate symmetry about
f = 0: X(f) = X∗(−f). Define the complex envelope with respect to a carrier wave-
form2 cos(2πfct) of some fixed center frequency fc > 0 by [1]

XL(f − fc) = 2u(f)X(f)

m
XL(f) = 2u(f + fc)X(f + fc).

(a) In the above definition u(·) denotes the usual unit step function.

(b) The time domain complex envelope is defined as the inverse Fourier Transform:
xL(t)↔ XL(f).

3. Examples. The complex envelope is usually defined for passband signals as shown
below by the situation on the left, but it may also be defined for the general case,
as shown on the right. The passband case is the practical case. The general case is
considered only for theoretical completeness.

1Recall ∫
X(f)ej2πftdf = x(t)←→ X(f) =

∫
x(t)e−j2πftdt.

2We can also define the complex envelope with respect to a carrier cos(2πfct + θ), i.e., having a phase
offset, with a small modification. We will indicate the needed changes later.
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4. The definition suggests two equivalent block diagrams which generate the complex
envelope as output when the real-valued signal is input.

(a) Block Diagram 1: (filtering followed by down-conversion)

The filter 2u(f) can be replaced by a complex bandpass filter if x(t) is bandpass
as illustrated in the figure below.

(b) Block Diagram 2: (down-conversion followed by filtering)
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The filter 2u(f + fc) can be replaced by a real lowpass filter if x(t) is bandpass as
illustrated in the figure below.

5. Time domain definition of the complex envelope. The impulse response of the filter
2u(f) is

δ(t) + j
1

πt
.

This can be related to the notion of the Hilbert transform. The Hilbert transform x̂(t)
of a real-valued signal x(t) is the output of a LTI system driven by x(t). The impulse
response and transfer function of the Hilbert transformer are:

1

πt
↔ −jsgn(f).

6. Therefore, the time domain complex envelope can also be given as

xL(t) = [x(t) + jx̂(t)] e−j2πfct

where the real-valued signal x̂(t) is the Hilbert transform of x(t) and xA(t)
def
= (x(t) +

jx̂(t)) is called the analytic signal. Signals having frequency content containing only
positive frequencies are said to be analytic signals.

7. A time-domain block diagram generating the analytic signal from a real-valued signal
input is ...
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