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Figure 2: Time domain comparison of FM and PM for sinusoidal message (zoomed).

FM-4-

From clePMuéw ac ‘5 a“‘g &D s -}e\a:\'

= ‘;’xcama-_e \‘S e PH "‘3\‘3:&440 where MC+) i\S
re \aCﬁ,A ¥>
plneed 1

Jm(&) ds
to
CLV\d E,,F; &ng

C@n»‘@fﬁé‘lj

=M S\iwup 15 aun \::M ‘;eﬁqu wh% na () 1S
replaced L“j M CH)

g

ﬂ,u& i 31 F’K)M aé. M*’ Cw'\game»\l@) ixgpﬂ,eu{' a,wc:{ e

l
will Cover only F, 3

80

e



jvk
80


?@M%W\SL\;P ’B&'HUQQ_V\ Fid CU\CL ™

Pha qeo

mOAu'a“m% w\+ 3'2:1l"ar” ]
e € _L

mchu.Qch:r-

e B g

)

' Ac‘ cos Zmb

L

VY\OAWOOL'S FDsF(:are_Aha"ar }:Pe“
. — PH wave
b - MLDALL»Q@"’(X'( v
FM-56
‘12.5
Wr'i'lre_ @;_(_*"\) — ’;’W{:t Lo 43(:"} TE]A‘\{,V\,,
<) =/ A cos [@rn | = TA cos B"“ Fet f#ﬁ‘]
}'U'ic -/ _‘4>(.‘®
'T—?}_Yiof“ "
= 1+ e — T
MRS IC> b | & small

81



jvk
81


M7

=

~ yenfet b (
()= Re { A,‘ S Ac_ RIOES j

_— /’\'\¢, CosTnf - — A° c‘;@\ svm L Bt

“:::.5) T}\K !'”; \f—.‘%aclwxj “p bo 'H"—L. '\&Aa. cpﬁ narrowbav\.cl
FM. |
g\;éﬁi‘&g (\Ll’\bu,l(/\ iW\PQF'\ﬂaM*') Ccﬂﬁ_,
M({-*) = Am CoS (Z,“ ‘:M)C’> \v“,("“} “\’O an FR VV\»QC{L;Qa."Qr‘

R)L\-QMQL \w%+an¥aw@ous F . 1§ .
L= @C_ +~ % Am cos (znft) = fg.;. AE cos ZniLt
FM—-&
‘IL’?‘
where A‘: = Cé Am,' is Cd‘-”é.l ’r‘L.z_ Fre; wenc«/ cL&V!a“w:v'\ 2,

O X, é.e..PahH-wre ofF sk Q‘e“e Frem Heo ' carriea Precl.

= Auale oF FM 3\3’ .0
4 3 | -
9(;(_{») = 7w Cct + &WCAJ/AMQOS (mﬂls} dg

e Z—“Cc,f ~ o AF “?'_j— S (UYCM{>

EL Tl SPony

= Zmbt + Sin (Zﬂ fd:)
£ .
- == ﬁv calle J 'HA.Q_ wLo ciu/Q :’)fi’ ‘kc;t‘v\
o PR 3 ) 3 o " : ’ZC‘,, (@ 30 vAL KA
XC{“) = A‘ o4 (Zﬂ Cf-f ¥+ /.; ah\(z’...ﬂ@m{.\ >\ {‘:\:ﬂ&fﬁz Q&‘i P g Jn ‘\“, !
fodan,

82



jvk
82


FM-9

PR

|. wo CasSed

narrawband FH

D pecy T
wibeband Fi

2ypy> L

"/WM»M‘,_W_\ o~y = .
Wapm . N T g g S, e

Narrou)l:and M
Wiw‘“ G )'“’“‘8", iie,nhl:j
(&) = AA e COS (Tnb. +) cos E(3 S (z,nC,kw]
= A¢ Sin (l‘n(:c;\-) Sin Dg it (Z,ch'\"w‘) ‘

FM-=1o

124

T—F {? <<l Hhew

cos | B ‘f‘f'“l“c"‘t’] ~ L

S L(;_S Sin chmt] ~ (?J\SIV\Z‘T(:Mt

o ——

ey &) x Ac. CoS (Zw(:d‘ﬁ — (i A‘ s (s b)) gxw(lﬂﬁt)

o

AFProm:mq\f”cé"\ 3»«4303@’\‘.'\”@ Co“owm,s @\)PU‘OK-V;\u}’& V)MDAmeLor %

2n Cd

. 5 - ; NLTB,
"© L ey ae S (D— %
. ‘ waunl,
A A c_S\ n2nby
- 9402 /A e Costnby

phase shfr r

3

83



jvk
83


M-

Foorther Stwmp. @@- x(+)
L codznfd) = @Ac- jcab [z (B v 6 Yt |
\

e == [zn (6.~ £¢) j

Waat to Ct:w»\fam*f._ woi Ha prey. (‘e.‘:;uq..Q-\- C&)r"“ *”c"vul., mg;xaL,Q,\eJ
AH-LC <o cecall { md = /Am cos (on fd

= An-LC  x®) = [\ +(k,, Am cm(z,nﬁ &:‘)‘\ A Cos <2,n(2 iy
S®
R A fc«;g[ln(? FUt]
T k+ Cot (;2,11 (¢ - MJE

() = /

-1

‘:’-:’gy‘\c;‘ an(;( ‘%ef‘_%m.gew_, N.B. FM and An-1LC éxawxp\es <Qm‘HA
Smu-»‘:olAg,Q MOA.> 1S

® 5\3‘4\3 D-F' bsusds. Sidie Cre«:], Q&u\‘:o-ned‘s,

) w% Fu r@d\w\f*es egfen\* «.mj Sawvae {—rr‘m%m;gzaém
B (""*’ Z,C \) as ioe,x Ar— LC .

84



jvk
84


Sum of side-
frequency phasors

Carrier

(a)
<\/m
N
Upper N
side-frequency N N
] N
Carrier N ; Sum of side-frequency
, \phasors
Lower s ’
side-frequency //
/
<'/fm
(b)

Figure 3.32 A phasor comparison of narrow-band FM and AM waves for
sinusoidal modulation. (a) Narrow-band FM wave. (b) AM wave.
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133
1 Introduction

2 Non-Linear Analog Modulations

Let m(t) <+ M(f) be the message. Let W denote its baseband BW. If message is
a power signal let F,, denote its power.

o General angle modulated wave:

z(t) = Accos(0(t))

where 0(t) is some function of the message. Instantaneous frequency is:

£(t) = —é(t).

o
o PM: 0(t) = 2n f.t + kym(t) + 6y hence

Tpm(t) = Accos(2m fot + k,m(t) + 6p).

* ky, is phase sensitivity of modulator in radians/volt.

February 9, 2022 2
o
* Peak phase deviation from carrier phase is D = k, max; |m(t)|.
* Transmission BW = 2(D + 1)W.
* power|[Zpm(t)] = 0.5A2

o EM: f(t) = fe + fam(t) hence!
T m(t) = Accos (27rfct + 27rfd/ m(s)ds + 90> :

t
—00
* fa is frequency sensitivity of modulator in Hz/volt.
* Peak frequency deviation® from carrier frequency is Ay = fymax; |m(t)|.
* Transmission BW ~ 2(Ay + W).

* power[z i (t)] = 0.5A42.

2.1 FM and PM are Closely Related

A phase modulator can be used to create an FM wave and an FM modulator can

be used to create a PM wave. 86

'To derive form below for z f.,(t) separate variables and integrate dé(t) = 2r f (t)dt from #g to t.
*The maximum frequency deviation from the carrier, i.e., max, | f(t) — fel is limited by the available technology.
Typically, it is on the order of 5 to 10 percent of the carrier.



jvk
86


135

¢
. phase
/_ oo( )ds modulator FM wave
m(t) Ag cos(2m fot) —e—t
d ) frequency PM wave
dt modulator v

2.2 Examples

1. Examples for FM/PM modulation of a sinusoidal message are shown in Figures
1, 2, 3. The following parameters were used:
¢ Sinusoidal message frequency = 1 Hz.
e Carrier frequency = 50 Hz.
e Peak frequency deviation (FM case) = 20 Hz.

o Peak phase deviation (PM case) = 20 Hz / 1 Hz = 20 radians (in order
to approximately set the transmission bandwidths of FM and PM equal).

February 9, 2022 4

2. Examples for FM/PM modulation of a square wave and sawtooth messages
are shown in Figures 4 and 5. The following parameters were used:

e undamental message frequency = 1 Hz.
e Carrier frequency = 50 Hz.
o Peak frequency deviation (FM case) = 20 Hz.

e Peak phase deviation (PM case) = 1 radian (here not trying to set the
BWs of FM and PM equal).

3. For now on we concentrate on FM.

87
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Figure 1: Time domain comparison of FM and PM for sinusoidal message.

February 9, 2022 6

Figure 2: Time domain comparison of FM and PM for sinusoidal message (zoomed).
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3 Narrowband FM

1. Consider sinusoidal modulating wave: m(t) = A, cos(27 f,,t). Instantaneous
frequency is

f(t) = fo+ faAmcos(2mfint) = fo+ Afcos(2m fint),

where Ay = f3A,, is called the peak frequency deviation, i.e., the maximum
departure of the instantaneous frequency from the carrier frequency.

o

Compute the angle of the FM signal in this special case (arbitrarily set the
phase at ¢t = 0 to zero):

0(t) = 2nft+2nfy /tt Ay, cos(2m fr,8)ds
sin(27 f,,t)
27 fm

= 2nf.t+ f—m 81n(27rfm ).

,B

= 2nf.t+ 277Af

February 9, 2022 11
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B = Ay/fm (unit is radian) is sometimes called the modulation index or peak
phase deviation.

3. The FM wave with sinusoidal m(t) can then be written
Tt (t) = Accos (27 fot + Bsin(27m fit)) .
4. Two cases are considered

B <« 1 => narrowband FM
6>1 = wideband FM

5. For remainder of this section consider the narrowband FM case.

6. With a trigonometric identity (i.e., cos(u + v) = cosucosv — sinu sinv)

Tim(t) = Accos (2mfet + Bsin(2m fint))
= Accos(2m fet) cos[f sin(27 fnt)] — Acsin(27 fot) sin[B sin(27 ft)]

If < 1 then:

February 9, 2022 12
cos|Bsin(2mfut)] = 1 and sin[Bsin(27 fi,t)] & Bsin(27 f,,t)

Trm(t) =~ Accos(2mfit) — AL sin(2r fint) sin(27 f.t)

7. The above approximation suggests the following approximate modulator block
diagram:

t NB FM wave
m(t) ——»] / (ds

A sin(2r f..t)

—m/2 phase shift
(1/4 cycle delay)

Agcos(2m f.t)

8. Using trigonometric identity [sinusinv = 0.5 cos(u — v) — 0.5 cos(u + v)] we

may rewrite the narrowband z 4, (t):
Tim(t) = Accos(2m fet) + 0.5A.8 cos2m(fe + fm)t] — 0.5A.6 cos[2n(f. — fin)t].
(1)

™ 1 - n [aYatatal 10
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9. Wish to compare the above with the previous result for tone modulated AM-

LC. With m(t) = A, cos(27 f,,t) we had

Tam—ic(t) = [1+ koA cos(2m fint)] Ac cos(2m f.t) (2)
= Accos(2mft) + 0.5A.pcos[2m(fo + fm)t] + 0.5Acu cos[2m(fo — fin)t]

with p ¥ kA,

10. Comparing Equations (1) and (2) we see that the difference between NB FM
and AM-LC is entirely in the signs of the lower side frequency components (i.e.,
the f.— fm, terms). In particular, we observe that NB FM requires exactly the
same transmission BW as does AM-LC (i.e., 2f,, for both).

11. Sometimes useful to think of the difference between NB FM and AM-LC by
looking at phasor diagrams:

February 9, 2022 14

resultant

sum of SBs

NB FM

upper SB
carrier

AM-LC

sum of SBs "«

carrier

lower SB

‘/fm
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4.2 For Sinusoidal Message
1. As previously noted an FM wave with sinusoidal m(t) can be written

Tim(t) = Accos(2mft + Bsin(2m fint))
_ AcRe {ejﬂ sin(27rfmt)6j27rfct} .

Thus, we start by computing the F'S of the periodic (complex-valued) waveform
elfsin@rfmt) " which has period Ty, = 1/ fpm.

2. From the FS definition

Ck‘ _ T /m//22 78 sin( 27rfmt)e ]k27rfmtdt

m/2 T 1 TIm
_ T / J(k2m frmt—B sin(2m fmt)) 44 (c.0v. 2 =27 fit)

T/ 2
— / j(kz—pBsin 2) dz
T 27 fom

— T —j(kz—Bsin 2)
= e dz
2m /—

dof Ji(B) (Bessel funct., first kind, order k¥ and argument /3

February 9, 2022 19 |

3. Therefore, have the expansion

k=-—00

= Ac > Re{Jk(B)G—I—j%(fC"‘kfm)t} (3)

k=—o00

4. This can be simplified because the J;(8) are real-valued®. Therefore, Eq. (3)
can be written

Tm(t) = Ae f Ji(B)Re {et2nUetkin)i]
k=—o00
= A, i Ji(B) cos(2m(fo + kfm)t). (4)
3To see this b0
B = 5 [ R (cow ¢= -z dC = —a
= % @ keasnt-0) )

" 93
1

- —j(k¢—Bsin¢) gp _
o *We d¢ Ju(B).



jvk
93


| 49

5. Taking the CTFT term by term

Xpmlf) = 0540 S JelB)O(f — fo— kfm) +0(F + fot kfun)] .

k=—o0
6. Summary of useful Bessel function properties:

(a) Jn(B) = (=1)"J_,(B) for all integers n.
(b) Z2o Jn(B) = 1.
(¢) For small 8: Jo(B) = 1, J1(B) =~ 5/2,
Jo(B) =0, n>2.
(This corresponds to the NB FM case where have essentially only the
carrier and two side frequencies.)

(d) A plot of Bessel functions is easily created with Matlab:

February 9, 2022

Bessel Functions of First Kind

05~
|

4B

-05 L |
0 2 4 8 8 10 12 14 16 18 20

7. The total power in the sinusoidally modulated FM wave of Eq. (4) can be
written

Total power = 0.542 Y JE(B) = 0.5A2
k=—00

which does not actually depend on 5. While the total power does not depend
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Comparison of BWs for Sinusoidally Modulated FM
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Reoad 24T Sec. 3.5
5 Superheterodyne Receiver  pp. 136~ 139

In this section we restrict ourselves to positive frequencies, i.e., f, fir. and fro are
all > 0.

1. Architecture of SHR is mixer followed by BPF centered at desired IF frequency.
Idea is to tune the receiver by varying the frequency fro of a local oscillator
in order to translate desired carrier frequencies to center them on the IF filter.

2. For each choice of f; there are two frequencies f, which satisfy

\f £ frol = fir

and, therefore, would mix to appear in the output of the BPF. The two solution
sets vs. fro are shown in Figure 4.

38
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|f £ frol
BPF @ fip
| (fixed)

fro
S a ‘u l"t..ﬂ‘-s Solutions to
ore £}, 47+ frol = fir

|Fe €0 =F,

O= high solution )

> fL0

1
fre

Figure 4: For a fixed IF frequency f;p and a local oscillator frequency f;o there are always two
3 input frequencies, which are mixed to the IF.
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3. Explanation of operation. Let f;r be a fixed IF frequency and let fyesireq be
the carrier frequency of a signal that we wish to receive in the output of the
IF filter. There are two classifications:

(a) Upconversion: fir > faesired- See Figure 5.

(b) Downconversion: frp < fiesirea- See Figure 6.

4. To prevent both desired and image to appear summed in the output of the
BPF a pre-filter must be used to reject the image.
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Solutions to

A X X
fxfrol = fir
|
| /
|
|
|
|
| y
| //
I/
1/
.fnnuqr:.hzgh =Sl T T T Ry SRt R e S i */ *************
/0
7 |
Upconversion: Y 1
i . |
frFr > fuesived // i
/ |
V4 |
7 l
/ |
/ |
~ |
; |
// jIF |
/ |
/ 1
v 1
4 1
/ |
1 J
7 ’ | Vs
/ 4 : /
/ /
% : S/
fimage tow—side —&— , "
2 #7 | //
§o | , . o
Jie é I fir %
N | / 4
P e S (T ——
S y S
[IERN v !
| ; / !
| |
1 < [
| \ |
| N Y |
| / |
T L / |
' / |
A AN |
{ \I % »/ L0
JE0 low=side fir JLO high—side

Figure 5: (Upconversion: frp > faesired.) FOr any fiesirea there are two choices of LO frequency

O

4 which will mix it to the IF filter output: fro ow—side a0d fL0O high—side- Each choice of LO frequency
results in an image frequency, which would also appear in the IF filter output.
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Figure 6: (Downconversion: frp < fiesired.) FOr any fuesireq there are two choices of LO frequency
which will mix it to the IF filter output: f100w_side and f10 high—side- Each choice of LO frequency
results in an image frequency, which would also appear in the IF filter output.
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5. With the SHR architecture one is usually interested in tuning a desired band,
e.g., fr < faesired < fm by varying the local oscillator frequency fro. This
more general case is illustrated in Figures 7 and 8.

43
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Solutions to
If = frol = fir

<
<

Y =

) ' ! ) . o}

T @ < & <

0 ap n X <

o S

_— = = = ~

o0 = O & 5

B=gn= o

<5}

3

~

igh side !
tuning range

Mlow side !
tuning range

Figure 7: (Upconversion: frr > range(fuesired))

110


jvk
110


Solutions to
\f £ frol = fir
A

high side
images

desired band

low side
images

low side high side
tuning range tuning range

Figure 8: (Downconversion: fip < range( fiesired).)
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6. Sometimes the desired band and the corresponding band of images (either
high side or low side images, depending on the tuning scheme) do not overlap.
This is the case drawn in Figures 7 and 8. Then a fixed RF prefilter can be
used to reject the images.

7. High side tuning has the advantage that is requires the local oscillator to be
tunable over a relatively smaller range than does low side tuning. (Relative
to the mid point of the required LO frequency range.)

8. The example for AM broadcast band is shown in Figure 9.

46
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Solutions to

|f + frol = frr

Y
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-2 GPIT
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7Y €66

455 kHz

fir

...... -y gr ¥

[

pueg] .,,nﬁuﬂﬂ%:ﬂ NV

1600 kHz N i

540 kHz YL
455 kHz

fir

Lowside Tuning Range

Figure 9: AM broadcast band for IF frequency 455 kHz.
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Complex Envelope for Deterministic Energy Signals

1. Frequency domain definition of complex envelope. Let z(t) be a real-valued determin-
istic signal and let z(t) <» X(f) denote a Fourier Transform pair!. Since the time-
domain signal is real-valued, the Fourier Transform has conjugate symmetry about
f=0 X(f) = X*(—f). Define the complex envelope with respect to a carrier wave-

form cos(27 f.t) of some fixed center frequency f. > 0 by [1]

Xo(f = fe) 2u(f)X(f)

I < |

Xo(f) 2u(f + fo) X (f + fo).

(a) In the above definition u(-) denotes the usual unit step function.
(b) The time domain complex envelope is defined as the inverse Fourier Transform:
z(t) < Xo(f)-

2. Examples. The complex envelope is usually defined for passband signals as shown
below by the situation on the left, but it may also be defined for the general case, as
shown on the right.

X®

‘ ; £

NSRRI [ . R
AN -\ ¢ -F ' £

* 3 XA

X,®) --ZA--7\
+ f— "IFL ‘ ip ’4

'Recall
[ x@remtiag = o) — x() = [ atemrar
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3. The definition suggests two equivalent block diagrams which generate the complex
envelope as output when the real-valued signal is input.

(a) Block Diagram 1: (filtering followed by down-conversion)

LT |
Xalt)
e 2u(® [ o

é JLnbt

The filter 2u(f), called a phase splitter, can be replaced by a complex bandpass
filter if 2(¢) is bandpass as illustrated in the figure below.

, LulF)
(A
"'ilc =F‘c_ - 9
L= - -
Caw.:\ex
hdn& PGSS
¢ ] t > P
= FL r‘c.
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(b) Block Diagram 2: (down-conversion followed by filtering)

LTI
x(® . Zu“da)———?XdH

éju&t

The filter 2u(f + f.) can be replaced by a real lowpass filter if z(¢) is bandpass as
illustrated in the figure below.

y Zu (F"‘Fg)
A
"y L >*
R
real
louPax
‘ . — - £
-6 fe
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4. Time domain definition of the complex envelope. The impulse response of the filter

2u(f) is

1

This can be related to the notion of the Hilbert transform. The Hilbert transform Z(t)
of a real-valued signal z(t) is the output of a LTI system driven by z(¢). The impulse
response and transfer function of the Hilbert transformer are:

1

o < —jsgn(f).

Therefore, the time domain complex envelope can also be given as

zr(t) = [2(t) + ja(t)] e 72

where the real-valued signal #(t) is the Hilbert transform of z(t) and z4(¢) % (x(t) +
j(t)) is called the analytic signal. In general, signals having frequency content con-
taining only positive frequencies are said to be analytic signals.

5. The in-phase and quadrature components of a real-valued signal x(t) with respect to
cos(2m f.t) are defined to be the real and imaginary parts, respectively, of the time-

domain complex envelope, i.e.,

6. Fact:

b
=
|

8
~—~
-
~—
Il

Proof of Fact:

.’IZL(t) = .TC[(t) +]$Q(t)

S X = 1)+ Xi(- = )

Re {x eJQ’cht}
|z (t)] cos(2m fot + Lz (1))
z1(t) cos(2m fot) — xzg(t) sin(2n f.¢).

(a) For the relationship among Fourier transforms define

Xe(f) = uwH)X(f)
X (f) = w=5X(f)

(b) Then clear that X,.(f) = s X, (f — f.) and X(f) = X (f) + X_(f).
(c) From conjugate symmetry have X_(f) = X1 (—f) so
X(f) = Xelf) + XL(=1)

= X0l ~ )+ 5 Xi(~ ~ o)
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(d) The remainder of the claim follows from basic shift and conjugation properties?
of the Fourier transform [2]. Thus, note that

2 (8)e* o Xo(f = fo) and  (zp ()™ & Xi(—f - fo)
and add terms up, properly scaled.

7. For a real-valued bandpass signal z(¢) and its complex envelope z(t) the mapping:
x +— x, is implemented by a quadrature down-converter, and the mapping z; — x is
implemented by a quadrature modulator. This can be seen by converting the complex
filtering form of

T T — T

L)
( 7l 1M(F*pg) ;

ikt
e &

to the in-phase/quadrature form:

X4 Cos2nkt

-

~Sm2nf o S Tl b

symmekcic
P flles

2

2Namely

g(t) «— G(f) & g*(t) «— G*(-f)
& gt)e™ et «— G(f - fo).
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8. Fact. Let z(t) be real-valued with complex envelope z.(t). Say x.(t) < Xp(f),
zr(t) = Re{zr (1)}, 2o(t) = Im{z,(t)}, z/(t) <> X;(f), and z¢(t) <> Xg(f). Then [2]:

Xi(f) = (Xe(f) + XL(=1) /2
Xo(f) = (Xu(f) — XL(=1)) /52

Note that X;(f) # Re{X.(f)} and Xo(f) # Im{X.(f)}, in general, even though it is
true that X, (f) = X;(f) + jXo(f). In pictures, the above relationship is as below.

X
#o _,47‘6\4—
= - AR,
2.2 X6
-B I R 7'p
Xe(®
(-]
-5 B ~E
A
i%e®

9. Uniqueness. Say that z(t) is real-valued and z(t) = Re{s(t)e/>f<t}. Then

s(t) =z.(t) < S(f)=0for f < —f.
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2 Complex Envelope and Linear Time Invariant Fil-

tering

10. Would like to relate the complex envelopes of the input and output of a LTI system.

Suppose that

y(t) = [hxzl(t) «—= Y (f) = H(/)X(f)

where the input signal z, the impulse response h, and the output y are real-valued.

11. From the definition

Yi(f) = 2u(f+ )Y (f+ o)

= L0u(f + )H( + fR2u(f + S)X( + £)]

2

(using Y = HX and u® = u)

= SHUDXL) e yelt) = Slhs # 7)),

12. Thus the real filtering operation y(¢t) = [h * z](t) can be implemented via the block

diagram below.

Ya_) LTL
2 ulf) |

Skt | RS

o)

Pd')

O
—
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13. The previous can be redrawn as shown in the top figure below® and then redrawn in
I/Q form as shown in the bottom figure.

(1) il 1)
1
o Y [® ey [
o ! A
LTI Filter
h(t
© [ LY
I§
cos znj; ! LT‘ Filter
h (1)
x(t) 4
—e

LTI Filter

wsin 2af 4 hQ(t) sin 2nf 1

LTI Filter
h (t
I{ )

3By replacing Block Diagram 1 in the dashed box with Block Diagram 2 and using the fact that u(f +
JOHL(f) = HL(f).
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