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1 Motivation

1. Certain types of demodulators (envelope detectors, discriminators) are based on the
expression of a real-valued modulated signal in the form

x(t) = R(t) cos|2m f.t + W(t)]
where R(t) > 0 is the envelope and W(¢) is the phase. In particular, if z() is input to:

(a) an ideal envelope detector the output should be proportional to R(t).
(b) an ideal phase discriminator the output should be proportional to W(t).

(¢) an ideal frequency discriminator the output should be proportional to ¥(t).

2 Complex Envelope for Deterministic Energy Signals

2. Frequency domain definition of complex envelope. Let x(t) be a real-valued determin-
istic signal and let z(t) <> X(f) denote a Fourier Transform pair'. Since the time-
domain signal is real-valued, the Fourier Transform has conjugate symmetry about
f=0: X(f) = X*(—f). Define the complex envelope with respect to a carrier wave-

form? cos(27 f.t) of some fixed center frequency f. > 0 by [1]

Xo(f = fe) 2u(f)X(f)

<

(a) In the above definition u(-) denotes the usual unit step function.

(b) The time domain complex envelope is defined as the inverse Fourier Transform:

3. Examples. The complex envelope is usually defined for passband signals as shown
below by the situation on the left, but it may also be defined for the general case,
as shown on the right. The passband case is the practical case. The general case is
considered only for theoretical completeness.

'Recall
/X(f)eﬂ”ftdf =a(t) +— X(f) = /x(t)e_jzﬂftdt.

2We can also define the complex envelope with respect to a carrier cos(27 f.t + 6), i.e., having a phase
offset, with a small modification. We will indicate the needed changes later.
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4. The definition suggests two equivalent block diagrams which generate the complex
envelope as output when the real-valued signal is input.

(a) Block Diagram 1: (filtering followed by down-conversion)

LT XA(O

x(-&————j 2 u(e) | X €)

-y Lnft

The filter 2u(f) can be replaced by a complex bandpass filter if z(¢) is bandpass
as illustrated in the figure below.

a Lu(®)

v
-+

2_ - - e
Qcmi;lex
band ‘oais
t | T rd ‘F
= F(.. Fr.

(b) Block Diagram 2: (down-conversion followed by filtering)
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The filter 2u(f + f.) can be replaced by a real lowpass filter if z(¢) is bandpass as
illustrated in the figure below.
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5. Time domain definition of the complex envelope. The impulse response of the filter

2u(f) is

1

This can be related to the notion of the Hilbert transform. The Hilbert transform z(t)
of a real-valued signal z(t) is the output of a LTI system driven by z(¢). The impulse
response and transfer function of the Hilbert transformer are:

1

— o —jsgnlf).

6. Therefore, the time domain complex envelope can also be given as

wr(t) = [2(t) + ja(t)] e 727!
where the real-valued signal Z(¢) is the Hilbert transform of x(t) and z4(¢) o (x(t) +
Jjz(t)) is called the analytic signal. Signals having frequency content containing only
positive frequencies are said to be analytic signals.

7. A time-domain block diagram generating the analytic signal from a real-valued signal
input is ...
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The above can be extended to generate the complex envelope signal ...

X,_(6)
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9. The in-phase and quadrature components of a real-valued signal x(t) with respect to
cos(2m f,t) are defined to be the real and imaginary parts, respectively, of the time-
domain complex envelope, i.e., x1(t) = z;(t) + jro(t).

10. We can derive a time-domain relationship between the complex envelope and the real-




valued signal using ...

X(f) = 5 1Xulf o)+ Xi(—F — £}

| <=

Re {z(t)e*™ '}
|z (t)] cos(2m fet + L (1))
= x7(t) cos(2m ft) — xq(t) sin(2m f.t).

This relationship is a consequence of the steps below ...

(a) For the relationship among Fourier transforms define

Xe(f) = u(f)X(S)
X(f) = ul=H)X(])

(b) Then clear that X, (f) = 1X.(f — f.) and X(f) = X (f) + X_(f).

(c) Since z(t) is real-valued its Fourier Transform has conjugate symmetry and there-
fore X_(f) = X3 (—f) ...

X(f) = X (/)+X:(=f)
= SXulf )+ g XE(—f ~ 1)

(d) The remainder of the claim follows from basic shift and conjugation properties®
of the Fourier transform [2]. Thus, note that

o (t)e™ o Xp(f = fo) and (zp(t)e” )" < X7(—f — fo)

and add terms up, properly scaled.

11. For a real-valued bandpass signal x(¢) and its complex envelope z(t) the mapping:
x — x is implemented by a quadrature down-converter, and the mapping xy — x is
implemented by a quadrature modulator. This can be seen by converting the complex
filtering form of

A e

3Namely

gt) «— G(f) & g'(t) «— G (=)
& gt)e?™ et e G(f — fo).
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12. In fact, Item 11 leads to the following observation regarding inversion of the x — x,
and zj — x operations ...

identity for any signal whose Fourier

I

1

identity for any real-valued z(t) Transform equals zero for f < —f. i
I

)

-
| e | | ()
x(t)?» 2u(f + 1) —»%— Re() =) mw?» Re() —?» 2u(f + 1) {210

____________________________________

identity for any signal whose Fourier
Transform equals zero for f < —f.

z(t)

identity for any real-valued z(t)

a(t) 4+ 2u(f) ) Re() |ea(t) o)

> zL(t)

13. Let z(t) be real-valued with complex envelope z(t). Say zp(t) <+ Xp(f), z1(t) =
Re{z.(t)}, zo(t) = Im{xr(t)}, z;(t) <> X;(f), and 2o (t) <> Xg(f). Then? [2]:
Xi(f) = (Xu(f) + Xp(=1) /2
Xo(f) = (Xp(f) = XL(=1)) /42,

“In general, X;(f) # Re{XL(f)} and Xq(f) # Im{X.(f)}, in spite of the fact that X (f) = X;(f) +
JjXq(f). Of course, X;(f) and Xq(f) do not have to be real-valued.
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which follows by taking the Fourier Transforms of z;(¢) = (z1(t)+z7} (¢))/2 and zg(t) =
(zL(t) = 27(8))/52.

14. In pictures, the above relationship is as below.
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15. Energy

(a) energylos(t)] = 2 - energy[()).
(b) energy[zy(t)] = energy|x;(t)] + energy|xo(t)].

(c) In general: energy|z;(t)] # energy|zg(t)]. In fact, possible that either z;(¢) or
zg(t) equals zero.

16. Uniqueness #1. Say that x(t) is real-valued and z(t) = Re{g(t)e’*™/<'}. Then

g(t) =2(t) < G(f) =0for f <.

17. Uniqueness #2. We can define the complex envelope with respect to other carrier
frequencies and then compare. We will need a notation to indicate the carrier frequency
used to define the complex envelope. The definition of the complex envelope of a real-
valued signal z(t) with respect to cos(27 f.t) is defined from the analytic signal x 4(%)
via

xry(t) = wa(t)e 72T




(a) Then easy to show:

rpp(t) = myp(t)el? Ve
lzrp.(0)] = ooy (t)]
Lrpp(t) = Zayp(t)+2n(fi— fo)t

(b) This means that:

i. Output R(t) of an envelope detector does not depend on the f. in the defini-
tion of complex envelope (this makes sense).

ii. Outputs of frequency discriminators designed for different values of f. would
differ by a dc term proportional to 27 (f. — f.).

18. Amplitude scale factor in C.E. definition. The scale factor 2 was used as the gain in
the definition of the complex envelope. We can easily change that and still retain the
spectral characteristics, etc. So suppose the filter 2u(f) is changed to au(f). Then:

* XA,new — %XA, XL,new = %XL

* [} [}
T A new — gl’A, T L new — §xL

* The relative relationship between the C.E. and its in-phase and quadrature parts
is unchanged

* z(t) = Re {xL(t)ejQﬂ'fct} — 2(t) = Re {%xL,new(t)ej%fct}

* energy[r new(t)] = %Qenergy[a;L(t)]
* energy[rr new(t)] = %2 energy[z(t)]

A common choice of scale factor is @ = /2 for then the real signal and its complex
envelope have equal energy. The basic relationship would then be written

z(t) = Re {\/il'L,new(t)eﬂ“fct}

meaning, in effect, that the amplitude units of x, ,,¢,, are RMS units in analogy to the
usual treatment of power in sinusoidal steady state circuits.

Complex Envelope and Linear Time Invariant Fil-
tering

19. Would like to relate the complex envelopes of the input and output of a LTT system.
Suppose that

y(t) = [hxz](t) «—= Y(f) = H())X(f)

where the input signal x, the impulse response h, and the output y are real-valued.




20. From the definition

YL(f) = 2u(f+fc)y<f+fc>
= SRulf + FIH( + RI[2u(f + L)X+ £)
(using Y = HX and u* = u)
1

= SHUDXe() ¢ uult) = g ] (0).

21. Thus the real filtering operation y(t) = [h * x](t) can be implemented via the block
diagram below. This amounts to the implementation of a bandpass filtering operation
by downconversion followed by lowpass filtering and upconversion.

Y(‘{') LTE X (e v W 3(4.}
— 20 X & Re()

észnct_g c;'z.n fet

22. The previous can be redrawn® as shown ...

X(+ L SN
_2_,.(%__ Zulfebd | Y M, Re.(+)
-Alm@g'i: N —— N 6; “ij‘
a TS
¢ \
4 ’

and then redrawn in I/Q form as ...

5By replacing Block Diagram 4a in the dashed box with Block Diagram 4b and using the fact that
u(f+ fe)Hr(f) = H(f).
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23.

LTI Filter
h (1
I( )

LTI Filter

h (1)
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Complex Envelope for Wide-Sense Stationary Ran-
dom Signals

Let X (t) be a real-valued WSS random process. Define the complex envelope with
respect to a carrier cos(27f.t) in the same way as was done for deterministic signals
[1]. In otherwords, we let X () be input to either Block Diagram 4a or Block Diagram
4b and define the complex envelope X (t) to be the random process output.

Up to now all of our random processes were real-valued and we will have to introduce
some extra notation to handle the complex-valued case (see Appendix B).

(a) When the spectral density Sx(f) is non-zero only for frequencies f in

{f - 1lfl = fel < B}

(fo > B) then the filter in Block Diagram 4a may be replaced by a complex
bandpass filter and the filter in Block Diagram 4b may be replaced by a real
lowpass filter as was indicated there.

(b) Since X4 is the output of a LTI system driven by WSS X it must also be WSS.

(c) But X(t) = Xa(t)e 7?m/et which is not immediately seen to be WSS because it
is the product of a time function and a WSS random process. We do have

mxy, (t> = Mx, (t)eijQTrfCt
Rx,(t,t+u) = Rx,(t,t+u)e 72
Rx,(t,t+u) = Rx,(tt+ u)e I2m2f)teiznfeu (1)

Clearly, R x, (t,t+u) will be a function of u alone if and only if it is equal to zero.
Similarly for the mean.

11



24.

25.

26.

27.

If we look in the frequency domain and use standard LTT filtering formulas

Mx, = {QU(f)|f:0} Mmx

Sxalf) = [2u(f)PSx(f) = 4u(f)Sx(f)
Sxalh) = 4u(fu(-HSx(f) = 0.

Therefore, éXA (t,t +u) = 0 for all ¢, u, which implies the same for RXL (t,t + u).
Finally, if X (¢) is zero mean then so are X4 and X . We conclude that the complex
envelope X is WSS under the assumption of zero mean®. At this point we will use
WSS notation for the correlation functions and write them as functions of only the lag
variable.

(a) In this case, we would write”

Rx,(u) = Rx,(u)e 7?7/
I
Sx, (f) = Sx,(f+fe)
= du(f + f)Sx(f + fo).

(b) From integrating psds we have
E{X?(t)} = 0.5E{|Xa(t)]} = 0.5E{|X.(1)*},

i.e., the power in the complex envelope is twice the power in the original real-
valued signal.

The in-phase and quadrature components of the complex envelope are defined ...

X,(t) = ReXy(t) = XL(t);Xz(t) 2)
Xot) = Tm¥, (1) = 220 ‘7_2;(;@). (3)

Then Xp(t) = X[(t) + jXq(t), which, when substituted in X (t) = Re{X(t)e’*™/'}
yields the familiar expansion ...

X(t) = X;(t) cos(2m fet) — Xg(t) sin(27 f.t).
It will follow that X; and X are zero-mean, WSS, real-valued random processes. We

can compute the correlations Ry, Rx,, and Rx, x, using the expressions in Egs. (2)
and (3) and the definitions of the correlations. In fact,

Ry, (u) = Ry, (1) = 0.5 - Re{ Ry, (u)}.

6Note: if the mean of the real-valued process X () is zero then both complex processes X 4(t) and X7, (t)
have complementary covariances Cx L(t,s) = Cx ,(t,s) =0 for all t, s. Complex processes with this property
were called proper complex processes in [3].

"By the way Sx, (f) = 2 2u(f + f.)Sx(f + f.) shows that Rx, (u) is 2 times the complex envelope of
Rx (u), considered as a deterministic real-valued signal.

12



28.

29.

30.

For the cross-correlation we would start with

(XL(t) + X;(t)) (XL(t +u) — Xi(t+ u))

2 72

expand, take the expectation, and simplify. The resulting expression is ...
RX[XQ (U) =0.5- Im{RXL (u)}

Summarizing:
RXL (U) = 2RXI (U) +j2RX1XQ (u)

Thus, the auto-correlation of X will be complex-valued in the general case.
However, the cross-correlation is purely odd, i.e.,

RXIXQ (u) = _RXIXQ (_u)

Vu € R. As a consequence Ry, x,(0) = 0, which is <> X;(t) and X¢(t) are uncorrelated
when sampled at the same time instant.

Define Fourier Transforms associated with the correlation functions above

Rx,(u) < Sx,(f)

Rx,(u) < Sx,(f)

and
RXIXQ(U) « SX[XQ(f)

(a) We can easily show that Ry, = Ry, are real and even. Since they are auto-
correlation functions, they are positive semi-definite®. Equivalently, Sx, = S Xo
are real, positive, and even.

(b) In a similar way we can show that Rx, x, is real and odd, which is equivalent to
Sx;xo being purely imaginary and odd.

(c¢) Therefore:

05R€{RXL(U)} RXI(U) = RXQ(U)

Sxp (f) + Sx, (=f)
4

SX1<f) = SXQ(f)

(d) For the cross-correlation:

O5Im{RXL(u)} RXIXQ(U) = _RXIXQ(_U)

!

Sx, () = Sx,(2f) Sxixo(f) = —=Sx,x,(f)

74

8For our purposes, a positive semi-definite function of a time variable is one whose Fourier Transform is
real-valued and positive (or zero) for all frequencies.

13



(e) A statement equivalent to the above is ...

Even{Sx, (f)} = Sx,(f) +25XL(_f> = 2Sx,(f)

Odd{SXL(f)} _ SXL(f)_QSXL(_f) _ jQSXIXQ(f)~

(f) In terms of the original spectrum:

SX](f) = U’(f + fc)SX(f + fc) + u(_f + fc)SX(_f + fc)
Sxixo(f) = Jlu(=f+ f)Sx(=f + fo) —ulf + fe)Sx(f + fo)]

31. The representation X (t) = Re{ Xy (t)e?? '} = X(t) cos(27 fot) — Xg(t) sin(27 f.t) has
an analog for the correlation functions.

(a) Upon inserting the expression above into the definition for Rx(u) and using the
properties Ry, (u) = Rx,(u) and Ry, x,(u) = —Rx,x,(u) we get:

Rx(u) = Rx,(u) cos(2m fou) — Rx,x,, (u) sin(27 feu).
(b) Also have
Ry (u) = Re{(Rx, (u)+jRx,x,(u)) exp(j27 feu) } = Re{0.5-Rx, (u) exp(j2n fou)}.
Therefore 0.5 - Rx, (u) is the complex envelope of Rx(u) w.r.t. cos(2w f.u).

32. Important Special Case: X is WSS of zero mean and symmetric bandpass.

(a) Suppose, in addition to the standing hypotheses, that X is symmetric bandpass
in the sense that

u(fc+f)SX(fc+f) :u(fc_f)SX(fc_f)'

(b) Then:
e Sx,(f) is even whence Ry, (u) is real-valued.

® Sx;x,(f) =0 and consequently Rx, x,(u) = 0. That is, X;(¢) and X¢q(t +u)
are uncorrelated for any value of w.

5 Passband Communications

5.1 Channel Models

33. The vast majority of communication systems are passband systems. This means that
the transmitted information bearing signal s(¢) has its energy restricted to a band of
frequencies located around some nominal carrier frequency and above and relatively
far away from dc (baseband).

14



34. A simple channel model is as shown below:

s(t) channel y(t) r(t)
™ hchan (t) >@7> hBP(t) >

Nuy(t)

35. Here:

(a) The information bearing signal is s(¢) and the received signal is r(t), the signal
that the receiver must use to estimate the desired message information. Typically,
s(t) has energy restricted to a known frequency band.

(b) The receiver channel filter is represented by hgp(t) <+ Hpp(f) which is assumed
to have a bandpass characteristic just sufficient to pass s(t) without distortion.

(¢) The communication channel itself is represented by some filtering hepan(t) <>
Hpan(f) and the addition of a white Gaussian noise denoted by N, ().

(d) The channel filter is here indicated as LTI but it could be generalized. Note that
if it is LTI then it is no loss of generality to consider its passband to be fully
contained in that of hpp(t) <> Hpp(f). In such cases the BP filter will have no
effect on the signal part so it could be dropped from the signal path.

(e) Hence, if we may assume hepan * hpp = hepan, then the simple channel model
above is equivalent to:

s(t) . channel | y(t) T<t)>
hchan(t)
o) |, e

36. If we assume that the information bearing signal is created using a so-called quadrature
amplitude modulator (QAM) and that a QAM demodulator is used to recover it, then
the standard passband modulator-channel-demodulator is as shown in the figure below.
All signals and impulse responses are real-valued.

37. Note that the model allows for the possibility of frequency and phase offsets between
transmitter and receiver, i.e., it is possible that f. # f. and/or 6 # 0.

15



) .

mq(t) /L

T

cos(2m fit +0) +

ri(t)
s(t) channel y(t)

% »  hrp (t) —>
hehan (t) '$  her(?)

e J\
‘Q</ »  hrp(t) —T’Q(Q

r(t)

sin(2w flt + 0) ‘

38.

39.

40.

41.

mp,(t) s(t

&

The above passband modulator-channel-demodulator can be drawn more compactly
by using complex notation as shown in the figure below where m(t) = m;(t) + jmq(t)
and r,(t) = r(t) + jro(t). Note that the inputs and outputs of hepa,(t) and hpp(t)
are still real-valued although the input to hzp(t) is now complex. However, hyp(t) is a
real-valued impulse response so it operates on the real and imaginary parts of its input
without “crosstalk.”

=

o Re() . c}?iilil?tl) y(t) o hup() r(t) hip(t) rr(t)

I SLi+0) N (t) i fet

A complex baseband model for the passband system is a way to directly compute the
output r(t) from the input my,(¢) using baseband operations, i.e., baseband LTT filter-
ing and/or frequency conversions with small (relative to baseband) center frequencies.
This has several benefits:

(a) A baseband model is a simpler model.

(b) A baseband model can be numerically simulated with much lower computation
than can a passband model because the sampling rate is much lower.

(c) A baseband model can form the basis for a discrete-time implementation of a
bandpass communications system.

Assuming that m;(t) and mg(t) are baseband waveforms with narrow bandwidths in
comparision to either f! of f. (which are close to equal) then

s(t) = Re{(ma(t) + jmq(t))e e |
r(t) = Re{(ri(t) + jro(t)e}

which means that sz g (t) = my(t)e?? is the complex envelope of s(t) with respect to

the carrier e/27/e and 7 s, (t) is the complex envelope of r(t) with respect to the carrier
ejQcht'

)
)

We can show that the equivalent complex baseband model can be written in two
equivalent ways based on the assumptions above (see Appendix C) ...

16



sp)f.(t)

» 0.5 hchan,L\fé (t)

yr) s (t) ; Y|z (1) ; rris.(t)
>

€j27r(fé—fc)t NL|fc(t)
sr|f,(t) yrif.(t) rr)f.(t)
| ’@*» 05 hean, . (1) [t ,@73
32 (fl—fo)t Nijp. (1)

5.2 Information Bearing Signals

42. We have studied five modulations to this point. When put in the QAM modulator
format, they can be summarized in the figure below ...

AM DSB
AM LC
SSB

FM
QAM

AM DSB
AM LC
SSB

FM
QAM

m(t)

1+ kam(t)

0.5m(t)

cos (27rfd fioo m(s)ds)
ml(t)

A cos(2m fot + 6)
Acsin(2mf .t + 0)

0

0

F0.57(t)

sin (27de ffoo m(s)ds)
mo (t)

43. The message waveforms are m(t), my(t), and my(t), which are modeled as real-valued
WSS random processes statistically independent of each other. We assume correlation
functions and power spectral densities

Ry (1) < Si(f)

B, (1) <3 Sy (f) and Ry, (7) < S, (f)-

In order to have a WSS model for the transmitted bandpass signal s(¢) we include a

17



random phase © in the model, which is assumed uniform over the interval [0, 27) and
statistically independent of all other random variables and processes.

44. Summary of the information bearing signals:

(a) AM DSB.
s(t) = A.m(t)cos(2nft + O)
sp(t) = Acm(t)e’®
Ry (1) = 0.5A2R,,(7)cos2nf.T
!
Ss(f) = 025A2[Su(f = fo) + Sul(f + fo)]
Ry, (1) = AR, (7)
7
S, (f) = ASu(f)
(b) AM LC.

s(t) = Al + kom(t)] cos(2m ft + ©)
su(t) = AL+ kan(t)]e?®

0.5A%[1 + k2R, ()] cos 2 foT

I <=l

0.25A42[6(f — fo) +0(f + f.)]
+ 0.25k2A2 [Sin(f — fo) + Su(f + f2)]

Ry (1) = A1+ kR (7)]

< |

Ss () = AS(f) + koS (f)]

(¢) AM SSB. (top choice of sign is SSB-lower, bottom choice of sign is SSB-upper)

s(t) = 0.5A.m(t)cos(2mfet + O) £ 0.5A.m(t)sin(2w f.t + O)
sp(t) = 0.5A[m(t) T jr(t)]e’®
Ry(1) = 0.25A%[R,,(7)cos2m for & Ry, (7) sin 27 f,7]
I
So(f) = 012542 [(1F sgn(f — fe))Sm(f — fo) + (L £ sgn(f + fe))Sm(f + fo)]
Ry, (1) = 0.542[Rp(7) F jRm(7)]
I
Ss, (f) = 0.5A428,(f)[1 F sen(f)]
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(d) FM. Let ¢(t) = 2rfy [*__m(s)ds. Then

s(t) = A.cos(2mfet+ o(t) +O)
sp(t) = Al ei®
The power in s(t) is 0.5A2 and the transmission BW is 2(A; + W) even though

we don’t have formulas for correlations or spectra except in the case of sinusoidal
modulations.

(e) QAM.

s(t) = Acmq(t) cos(2mft + ©) + Acms(t) sin(27 ft + O)
Acfmy (t) + jma(t)]e’®

V)
h
—~
~
SN—
I

0.5A2[Ryp, (T) + Ry, ()] cos 27 fo7

I <

Ss(f) 025‘43 [(Sﬂn (f - fc) + Sml (f + fc) + sz(f - fc) + sz(f + fc)]
Ry (1) = AR, (7) + Riny(7)]
!
SSL(f) = A?:[Sﬂn (f) + Sy (f)]

5.3 Complex White Gaussian Noise

45. The complex baseband model shown in Item 41 uses Npjs, () as its noise input. This
is the complex envelope of the real-valued bandpass noise N(t) from the real-valued
bandpass model. On the other hand, the noise input to the final block diagram in
Figure 9 is the complex envelope of a white noise.

5.3.1 Complex Envelope of White Gaussian Noise

46. However, the complex envelope of real-valued white noise is not white. This is demon-
strated now.

(a) Let W(t) be real-valued additive white Gaussian noise (AWGN). Thus EW (¢) = 0
and

Ru(r) = 26(r) 0 Sw () = 2 vieR,

(b) Following the previous development we can easily show that Sy, (f) = 4u(f +
fe)No/2 which is equal to

| 2Ny for f>—f,
SWL<f>—{ 00 for f < —F.

which is not constant for all f and by definition, not white.
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(¢) Solving for the auto-correlation we find
No . . No
R = | Ngd — 27 f. — 2 f.7).
w, (T) 00(T) + — sin(27 f.7) i cos(2m f.1)

(d) Following the standard development we can also find the correlations of the in-
phase and quadrature components Wy (t) and Wy(t) ...

Ru(r) = Rug(r) = 2(r) + 0 S2TST)
No cos(2n feT)

Rwiwo(T) = 2 T

meaning the in-phase and quadrature components are also non-white and statis-
tically dependent.

5.3.2 Complex Envelope of Bandpass-Filtered White Gaussian Noise

47.

48.

49.
0.

Instead of starting with white noise, use N(t) the bandpass filtered noise with an ideal
bandpass filter of gain one, centered at f., and symmetric about f., i.e., N(¢) has psd

SN(f) :{ ]V(())/2 icl)ge||f| _fc| <B )

Here we presume the bandwidth B is much wider than the minimum needed. Receivers
will likely use filters to further reduce the noise power.

By following the standard development we can compute Ny, N7, N and all correlations
and spectra. We would have Sy, (f) = 4u(f + fo)Sn(f + fo), -

SNL(f):{ 2N, for |f| < B

0 else

which is symmetric about f = 0. Because of the symmetry it follows that Ry, n,(7) = 0
for all 7. In addition, Sy,(f) = Sn,(f) = 0.5- Sy, (f). From a table of Fourier
Transforms

sin(2w BT)

RNI (T) = RNQ (7') =0.5- RNL (7') = 2N(]B onBr

Then we could use this complex noise as the input to the block diagrams in Item 41.

However, this lowpass complex noise can be replaced by a complex white noise process
found by taking the limit as B — oo in the previous model and all calculations of
probability or power would be the same. Since, this last model is so simple, it is
preferred. This noise is defined by W (t) = W;(t) + jWq(t) where®

Rw(T) = 2N0(5(7’) and Rw(T) = 0.

9Also have Ry, (7) = Rw, (1) = Nod(7) and Rw,w,(7) = 0.
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This gives the final and simplest model ...

yris.(t)
my () — » 0.5 Hepan,r|f:(f) é»@—»&» ri(t)
A
ed? eI2m(fl—fe)t
W(t) —_— P 0.5- HBP,L|fc (f)
complex AWGN
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54.

Important Fourier Transform Properties

Symmetries associated with the continuous-time Fourier Transform are at the heart of
the complex envelope representation. Therefore, we review and summarize these here.
See Figures 2 and 3 to review more generally. Let g(t) <> G(f) denote a generic FT
pair, where either time-domain or frequency-domain signal can be complex-valued ...

gty = / T

o0

ath - | " g(te T,

(0.9}
The properties of interest for signals in either domain are:

e Purely real. Time domain: ¢(t) = ¢*(¢) for all ¢ € R. Frequency domain:
G(f) = G*(f) for all f € R.

e Purely imaginary. Time domain: ¢(t) = —g*(¢) for all ¢t € R. Frequency domain:
G(f) = —G*(f) for all f € R.

e Even (possibly complex). Time domain: ¢(t) = g(—t) for all t € R. Frequency
domain: G(f) = G(—f) for all f € R.

e Odd (possibly complex). Time domain: g(t) = —g(—t) for all ¢ € R. Frequency
domain: G(f) = —G(—f) for all f € R.

e Even-conjugate symmetric about the origin. Time domain: ¢(t) = ¢g*(—t) for all
t € R. Frequency domain: G(f) = G*(—f) for all f € R.

e Odd-conjugate symmetric about the origin. Time domain: ¢(t) = —g*(—t) for all
t € R. Frequency domain: G(f) = —G*(—f) for all f € R.

Of interest is how a particular property in the time domain is manifest in the fre-
quency domain, and vice-versa. Note also that these are not necessarily independent.
For example, if a signal is purely real and even, then it must also be even-conjugate
symmetric about the origin. The symmetry properties are summarized in Figure 1.

The proofs are simple and left to the reader. But a few related observations are given
below. Note also that the duality evident in the definition of time and frequency
domain Fourier Transforms ensures that the properties checked in Figure 1 have to
appear in a symmetric fashion.

(a) z(t) is purely real & X(f) = X*(—f), Vf € R. This is well known, of course.
But it might be useful to recall that the even-conjugate symmetry of the Fourier
Transform is equivalent to the following ...

(XN = X (=) ReX(f) = ReX(—f)
& and VFeR } & and VfeR
LX(f) = —4£X(=)) ImX(f) = —ImX(—f)
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Time Domain Properties of:

X (f)el*rtdf

-/

x(t)

Freq. Domain Properties of:

x( =/

(e ]

x(t)e 92" Ttdt

— o0
~—~ Q A~ — By
ST ES[ES|LTIET
< < Pl * oy | |9 ¢ O x
ELE g | = | | ™ |ox|ok|[CX g™
S N - I - P o -
sl g ey [ENENIE |E
o a :': — q-),ﬂ:d.)/q:h/\.—‘/\
» axlax|z2 o2 e
o e

pure real X

pure imag.

even X
odd X
2(t) = x*(—t) X
2(t) = —a*(—t) X
g X
o X

pure real, odd,
xz(t) = —x*(—t)

X

pure imag., even,
x(t) = —x*(—t)

Figure 1: Symmetry Properties of Fourier Transforms.
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(b) z(t) is purely imag. < X(f) = —X*(—f), Vf € R. Recall that the odd-conjugate
symmetry of the Fourier Transform is equivalent to the following ...

{X(f) = [X(=/)| } {ReX(f) = —ReX(—/) }
& and VFeER } & and VfeR
LX(f) = £X(=f) ImX(f) = ImX(-f)
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Table XIII.2—Properties of Fourier Transforms

Conjugate
Symmetry

Even Symmetry
0Odd Symmetry
Linearity
Duality

Scale Change

Time Delay

Times e’27fot

Differentiation

Times ¢t

Convolution

Product

Integration

Other formulas:

o(t) = [~ X (f)e?* tdf

X(f)= [ at)e > dt

Smlz(t)] =0
(i-e., z(t) is real)

X(f) = X*(~1)
(ie., Re[X(f)] = Re[X(~ )],
Sm{X (f)] = ~Sm{X(~1))

z(t) = z(—t) X(f)=X(-7)
z(t) = —z(-1) X(f)=—-X(-f)
az1(t) + bza(t) aX1(f) +bXa(f)

X() z(—f)
*(at) XU/
z(t —to) e~ I2m 0 X(f)
727 fot (1) X(f— fo)
dzgt) j2mfX(f)
tz(t) —]'127r%f—)
/_ Z w(ry(t —7)dr W(HV(Sf)

w(t)u(t) /:0 W)V (f —v)dv
i X(f) | X085
/_m z(r)dr Tt + 5

x)= [ sa; 20)= [ x(nas

/_0:0 |:1:(t)|2 dt = /_Z IX(f)|2 df  (Parseval)

/_w o(thy (¢ + 7)o" dt = /_ CX(f )Y (e df

Figure 2: Some Properties of Fourier Transforms. (From [4])
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Table XII1.1—Short Table of Fourier Transforms

o(t) = [ X(f)e*™ I df

5(t)
1
= m(/)?

e *tu(t)

u(t)

1, t>0
sgntz{
-1, t<0

1

mt

el

ej27rfot

sin 27 fot
cos 27 fot
e?2mfot o (t)
sin 27 fot u(t)

cos 27 fot u(t)

5(t)

tem*tu(t), a>0

)

_Lri,,

-T T

sin2wWt
wt

44 |
2w
V4

z‘”: §(t —nT)

n=-—0o0

t

rernt

!

Frt 1

!

11

|

11

X(f)= " z(t)e 7> dt

1
§(f)

re"(?
_ 0
a+j2rf’ x>
o), 1
2 127 f
1

it

—jsgn f
2a
a? +(2nf)?
8(f = fo)
8(f = fo) = 8(f + fo)
2j
8(f = fo) +6(f + fo)
2
6(f—fo) 1] 1
T 3_2_71’[]" - fo] ‘
8(f = fo) = 6(f + fo) +_1_{ fo }
45 2| f3— f?
8(f — fo) +8(f + fo) +L[ f }
4 g2 f2 — f3

j2nf
1
(a4 g27f)>

35()

Figure 3: Some Fourier Transform Pairs (From [4])
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B Notation and Properties of Second Order Processes

B.1 Definitions

55. A second-order random variable is one with a finite variance. A second-order random
process is a random process made up of second-order random variables.

56. Let X (t) and Y (t) be a pair of jointly second-order, (possibly) complex-valued random
processes. Define second-order moment functions:
(a) Mean: mx(t) = E{X(¢)}.
(b) Autocorrelation functions:
Rx(t,s) = E{X"(t)X(s)}
Rx(t,s) = E{X()X(s)}

(¢) Cross correlation functions:

ny(t, 8) = E{X*(t)Y(

¥
Rxy(t,s) = E{X ()Y (s)}

~ W
—~

(d) Autocovariance functions:

Cx(t,s) = B{(X(t) — mx ()" (X(
Cx(t,s) = B{(X(t) — mx())(X(s

(e) Cross covariance functions:

~ O
|
3
>
w
~ O
N—

57. Documentation of correlation and covariance properties:

(a) Note that Cxy(t,s) = Rxy(t,s) — m (t)my(s), etc.

(b) The (instantaneous) power of a second-order random process X (t) is defined to
be

Rx(t,t) = Cx(t, 1) + Imx (1)
(c) Autocorrelations and autocovariances are non-negative definite functions on R>.

(d) A cross correlation/covariance must satisfy Rxy (t,s) = Ry x(s,t) and:
[Re{Rxy(t,s)}]* < Rxx(t,t)Ryy(s, s).

58. X is said to be wide-sense stationary if mx(t), Rx(t,t + u), and Rx(t,t 4+ u) are
constant w.r.t. £. In this case we define

def
Hx =




59. X and Y are said to be jointly WSS if they are individually WSS and if Rxy (¢, + u)
and Rxy (t,t + u) are constant w.r.t. .

B.2 LTI Filtering

60. The output of a linear (possibly time-varying), bounded-input/bounded-output stable
system driven by a second-order random process is well-defined and second-order.

61. Although our favorite idealized brickwall filters are not BIBO they may be approxi-
mated arbitrarily closely by BIBO systems.

62. Two second-order random processes are said to be equivalent if they are equal in

mean-square, i.e., if
E{lX(t) Y1)’} =0

for all t. The outputs of LTI BIBO systems driven by second-order processes are only
defined up to this notion of equivalence.

63. We say that a second-order random process X has frequency content only in a set
f € Fif it is equal in mean-square to

W(t) = / he(t— )X (wydu:  He(f) = 15(f).

64. If X is a second-order process which is input to a BIBO stable LTI system with impulse
response h(t), then the system output Y is also a second-order process and

my(t) = /h(t —u)mx(u)du
Rxy(t,s) = /h(s—u)Rx(t,u)du = [hx Rx(t,)](s) (4)
Ray(ts) = / h(s — w)Bx(tu)du = [hx Bx(t,)](s)

Ry (t,s) = /h*(t—u)ny(u, s)du = [h** Rxy(-,)](t) (5)

— //h*(t —u)h(s — v)Rx(u,v)dvdu

Relt,s) = / (= W) By (w,s)du = [h# Ry (- )](0)

_ // (t — w)h(s — v) Bx (u, v)dvdu

where h* is just the pointwise conjugate of h.
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65. In form of block diagrams we illustrate the previous equations:

Rx(t,s) h(S) ny(t,s) h*(t) Ry(t,s)
| LTI operating on LTT operating on
s variable t variable
Rx(t,5) h(s) Rxy(t,s) h(t) Ry (t,s)
| LTI operating on LTI operating on
s variable t variable
66. If X is WSS then Y is also WSS with
Hy = MUXx / h(t)dt
py(u) = [B * R * pX] (u)

priw) = [hehpx] (W

where h(t) = h(—t) and h(t) o h*(—t). In terms of transfer functions and power
spectral densities we have:
py = pxH(0)
Sv(f) = [H(ESx(S)
Sy(f) = H()H(=F)Sx(f)
px(u) o pxv(w | B pr (W)
—_—» h(u) h(u) = h*(—u) pP———>
pxc(u) o pxv (u) H pr (W)
S h(w) hMu) = h(—u) [——
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C Block Diagram Calculus to Identify the Complex
Baseband Models

60. To verify the form of the equivalent complex baseband models given previously we
go through a series of block diagram manipulation steps out of which falls the simple
model desired. These are shown in the following sequence of figures starting from
Figure 4 to Figure 9.
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signal path

>
2u(f + fe)

s(t) | channel | y(t) r(t)
m(t) —» ; —n( ; —»  Re(") > —ﬂ;)—»{ ; —>» or —»rp (1)
L hehan(t) Bt L

Nw(t) —b> th(t)

noise path

Figure 4: Signal and noise paths may be considered separately since the system
in question is linear.

yrp (1)
| e I
1 1
] ]
—H 2u(f) 05 Honan,117.() »@» Re() H»
| |
I I
1 1
1 1
I I
: Pj27rf’t :
Lo__ o
s(t) | chamnel | w(t) -~ r(0) 2ulf + 1)
mp(t) —@»@—» Re(") > onan () _.@7>®7> or —rp,(t)
hrp(t)
639 ej27rfét N(t) 67]27rf t
Nw(t) —> hBP(t)

Figure 5: Observe the equivalent block diagrams for doing bandpass filtering in
the complex baseband domain.
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srip (1) yrp(t)

] / T 7
mdt)—»@—h@—» Re(+) o) 2u(f) —P@é—» 0.5 Henan, |52 (f) @*@—’ Re(") 0 r® or L (t)
‘ hrp(t)

elf  eimfit e—demfit oi2m it e—i2mfet

N(t)

Nijr.(8)

Ny(t)—»  2u(f) 05 Hgp s (f) Re(")

\
Nuzys.(t)

e—J2m et ei2mfet

Figure 6: Insert the equivalent block diagrams for doing bandpass filtering in
the complex baseband domain.

signal path equivalent to

identity

2u(f+ Fo) ],
or L (t)

mat) Re() | 2u(f) 05 Hopan117:(f)

Jo

e
el ei2mflt

noise path equivalent to
identity

Ny(t)—»  2u(f) 0.5-Hgp,rj5.(f)

\

Nu,pir.(t)

e—J2nfet

Figure 7: Identify simplifications in the previous block diagram.

szip(t) yLif(t)
Y. (t)
my(t) — » 0.5 Hepan,z|5: (f) ’®—’@_’ r(t)
A
eif eI2m(fi—fe)t
Ny, (t)
Nu()—»{  2u(f) —@% 0.5 Haroy, (f)
N5, (t)
e—j21rfct

Figure 8: Replace blocks with simplifications.

32



spip (1) yr ()

mL(t)_ 0.5- Hchan,L\f[ (f)

ei0 ei2m(fl—fo)t

Ny (t)

Ny, zi5.(t)

A 4

0.5-Hpprjs.(f)

Figure 9: Model — complex baseband at input and complex baseband at output.
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