ECE 44000 (Fall 2022)
HW 5 (Probs. 18-24)
Due: 10/12/2022

Problem 18: Z&T (7th Edition) Problem 6.16.

4.16. Given the Gaussian random variable with the
pdf

e—,\:z/ZO'z
V2ro

let ¥ = X?. Find the pdf of ¥. Hint: Note that ¥ — Xx?

is symmetricalﬂabout X =0 and that it is impossible
for ¥ to be less than zero.

fx(x) =

Problem 19: Z&T (5th Edition) Problem 4.281.

4.28. A random variable X is defined by
Fr@) = 47

The random variable ¥ isrelatedto X by Y = 2 + 3X.
(a) Determine E[X], E[X?], and 03.

(b) Determine fy(y).

(¢) Determine E[Y], E[Y?], and 02.

(d) If youused fy(y)in part (c), repeat that part using
only fx(x).

Problem 20:
A DSB-SC modulated signal is transmitted over an additive noise channel where the psd of the noise
is given by

_J1—Hb <400

where the units of f are kHz and the units of S, (f) are uJ. The message bandwidth is 4 kHz and
the carrier frequency is 200 kHz. Assuming that the average power of the modulated wave is 10 W,
determine the output signal-to-noise ratio of the receiver.

1A minor variation of Problem 6.28 in the 7th edition.



Problem 21: Z&T (7th Edition) Problems 7.3 and 7.5.

5.3. A random process is composed of sample func-
tions that are square waves, each with constant ampli-
tude A, period Ty, and random delay t as sketched in
Figure 5.15. The pdf of 7 is

form { T, Iel < To/2

0, otherwise
(a) Sketch several typical sample functions.
(b) Write the first-order pdf for this random process at
some arbitrary time fo. (Hint: Because of the random
delay t, the pdf is independent of #,. Also, it might be
easier to deduce the cdf and differentiate it to get the
pdf.)
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5.5. Consider the random process of Problem 5.3.
(2) Find the time-average mean and the autocorrela-
tion function.

(b) Find the ensemble-average mean and the autocor-
relation function.

(¢) Is this process wide-sense stationary? Why?



Problem 22: Z&T (7th Edition) Problem 7.19.

6.19. An ideal finite-time integrator is characterized by
the input-output relationship

1 !
Y(i) = —J X(a)da
T)i-r
a. Justify that its impulse response is h(t) =
7lu(t) —u(t =T)].
b. Obtain its frequency response function. Sketchit.
c. The input is white noise with two-sided power
spectral density No/2. Find the power spectral density of
the output of the filter.
d. Show that the autocorrelation function of the

output is \
No
Ro(t) =32 A/

where A(x) is the unit-area triangular function defined in
Chapter 2.

e. What is the equivalent noise bandwidth of the
integrator?

f. Show that the result for the output noise power
obtained using the equivalent noise bandwidth found in
part (e) coincides with the result found from the auto-
correlation function of the output found in part (d).

Problem 23: A L .
below: general model for passband communications is based on the block diagram shown

m(t) x(t) !
—»1 modulator Hehan (f)

channe!

yo (1)
>

Hee (f) demodulator

The message m(t) will be modeled as a WSS random process with autc .
ss with .
Sm(f) and bandlimited process with autocorrelation/psd R (1) ¢

Sm(f) =0for f>W.

The noise n,,(t) is also modeled as a WSS random process which is Gaussian, white, i.e.

No



!

Snw (f) = % for —oo < f < o0,
and statistically independent of m(t) and any other random parameters of the communications
model. For the purposes of this problem we will also assume that Hepan(f) = 1.

The purpose of this problem is to compute the signal-to-noise (SNR) power ratio at IF (i.e.,
associated with x;¢(¢) in the block diagram). Since m(t) is low-pass, the modulated signal x(t) will
be bandpass. In addition, we will assume that the bandpass filter Hgp(f) in the block diagram
passes the signal part without distortion, i.e., z * hgp(t) = x(t). Therefore,

:Cif(t) = x*th(t)Jrnw*th(t)
— () +n(t)

where n(t) is a bandpass Gaussian noise with zero mean and psd of height Ny/2 and shape identical
to that of Hpp(f).
Then the SNR at IF is defined to be

def  power|[z(t)]
SNRiy = power[n(t)]
R.(0)
9N, B

assuming x(t) is WSS and we can find its autocorrelation and/or psd.

(a) For AM DSB-SC assume
x(t) = Aem(t) cos(2mf.t + ©)

where © is uniform on [0, 27) and statistically independent of message and noise.

— Find the auto-correlation and psd of z(t). For a representative shape for S,,(f) sketch a
plot of S.(f).

— Specify the BPF so that = x hgp(t) = 2(t) and the noise n(t) has minimum power.
— Compute SNR;;.

(b) Repeat (a) for AM LC
z(t) = A1 + kom(t)] cos(2m fet + O).

(¢) Repeat (a) for SSB

x(t) = 0.5A.m(t) cos(2m fot + ©) = 0.5A.m(¢) sin(27 f.t + O).

Problems 24: The three linear modulations AM DSB-SC, AM LC, and SSB have the identical
coherent demodulator architecture shown in the figure below:

Xit (1) yo (1)

Hep (f) —

cos(2fst+ 1)

Use the standard assumptions on message, noise, and phase angle and compute the SNR at the
demodulator output for the three linear modulations above.



pdf

let ¥ = X*. Find the pdf of ¥. Hins: Note that ¥ = X2

is symmetrical about X = 0 and that it is impossible
for ¥ to be less than zero.
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4.28. A random variable X is defined by
Fr(x) = 4¢7
The random variable ¥ isrelatedto X by ¥ =2 + 3X.
(@) Determine E[X], E[X?], and ol
(b) Determine fy(y).
(¢) Determine E[Y], E[Y?], and o2.
(@) Ifyouused fy(y)in part (c), repeat that part using
only fx(x). ’
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5.3. A random process is composed of sample func-
tions that are square waves, each with constant ampli-
tude A, period 7y, and random delay t as sketched in
Figure 5.15. The pdf of z is

U, |1l <12
0, otherwise

f)= [
(a) Sketch severa] typical sample functions.
(b) Write the first-order pdf for this random process at
some arbitrary time #,. {(Hint: Because of the random
delay t, the pdf is independent of ,, Also, it might be

easier to deduce the cdf and differentiate it to get the
pdf.)
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3.5, Consider the random process of Problem 5.3.

(a) Find the time-average mean and the autocorrela-
tion function.

(b) Find the ensemble-average mean and the autocor-
relation function.

(c) Is this process wide-sense stationary? Why?
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6.19. An ideal finite-time integrator is characterized by
the input-output relationship

Y1) == r X(@)da

T),_

a. Justify that its impulse response is A(f) =

plu() —u(t=1)].
" b. Obtainits frequency response function. Sketch it.

¢. The input is white noise with two-sided power
spectral density Ny/2. Find the power spectral density of
the output of the filter.

d. Show that the autocorrelation function of the
output is

Ro(t) = 22 AG/T)

where A(x) is the unit-area triangular function defined in
Chapter 2.

e. What is the equivalent noise bandwidth of the
integrator?

f. Show that the result for the output noise power
obtained using the equivalent noise bandwidth found in
part (e) coincides with the result found from the auto-
correlation function of the output found in part (d).
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Problem 26

A general model for passband communications is based on the

block diagram shown below:

m(t) x(t) |
——» modulator Hechan (f)

channe!

yo (1)
-

t Hee ()

The messagean(t) will be modeled as a WSS random process with
autocorrelation/psd R (') ! Sy (f) and bandlimited

Sn(f)=0 for f >W.

The noisen,(t) is also modeled as a WSS random process which is Gaussian,
white, i.e.,

R, (1) = (1)

Nzofor #$ <f< $,

Sh,, ()

and statistically independent ofm(t) and any other random parameters of the
communications model. For the purposes of this problem we will also assume

The purpose of this problem is to compute the signal-to-noise (SNR)
power ratio at IF (i.e., associated withxj (t) in the block diagram). Since
m(t) is low-pass, the modulated signax(t) will be bandpass. In addition, we
will assume that the bandpass blteHgp (f ) in the block diagram passes the
signal part without distortion, i.e., x %hgp (t) = x(t). Therefore,

Xit (t) = x%hgp (1) + ny, Yhgp (1)
= Xx(t) + n(t)

where n(t) is a bandpass Gaussian noise with zero mean and psd of height
No/ 2 and shape identical to that ofHgp (f ).

April 8, 2012 1 J. V. Krogmeier
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Problem 26


Then the SNR at IF is debned to be

def powerx(t)]
SNRE= powerh(t)]
Rx(0)
2NoB

assumingx(t) is WSS and we can bnd its autocorrelation and/or psd.

(a) For AM DSB-SC assume
x(t) = Adm(t)cos(2 f.t+ 1)

where! is uniform on [Q 2! ) and statistically independent of message
and noise.

b Find the auto-correlation and psd ofx(t). For a representative
shape forS, (f ) sketch a plot of S,(f ).

b Specify the BPF so thatx ! hgp (t) = x(t) and the noisen(t) has
minimum power.

b Compute SNR; .
(b) Repeat (a) for AM LC
X(t) = A1+ kam(t)]cos(2 fct+!).
(c) Repeat (a) for SSB

x(t) =0.5Am(t)cos(2 f;t+ ! )+ O5A(t)sin(2! fct+ 1),

April 8, 2012 2 J. V. Krogmeier



Solution:
Part (a): AM DSB-SC

x(t) = Acm(t)cos(2 fct+!1).

¥ Autocorrelation. As shown previously or by reference to the Modulation
Theorem we have

Ry (") =0.5A2R,, (") cos(2 f.").

¥ Power spectrum.Then taking the Fourier Transform of the autocorrela-
tion

Sc(f)=0.25A2[Sy(f | To)+ Su(f + fo)].

A representative plot of power spectrum is shown below.
m ()
Mo

! I
It fol W fo fe+ W

¥ From the psd plot it is clear that the BPF of minimum bandwidth, which
just passes the signal is (we assume thég > W > 0)

!
1 f W " fo+W
Hep(f)=, 1 1 fc! W" "1 fo+W
0 otherwise

¥ Then we may compute the SNR at IF using the following steps

* power[x(t)] = Ry(0) = 0.5A2P,,.
* With the transmission BW of the IF BPF =2 W # the minimum
noise power = NoW.

* Taking the ratio:
A2P,

SNRi = 20w
0

Part (b): AM-LC

X(t) = Al + kam(t)]cos(2 ft+ ! ).
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¥ Autocorrelation: In the same fashion as for AM-DSB we bnd

Rx(!) =0.5A2[1 + k2R, (1)] cos(2' f¢!).

¥ Power spectrum:Taking the Fourier Transform of the autocorrelation

Sd(f) = 0.25A2[Kf | fo)+ #F + 1))
+0.25K32A2[Sy(f | fo)+ Su(f + fo)].

A representative plot of power spectrum is shown below.
m ()
Mo

()
P s S
»f

1 1 ! I 1 1 ! >
I fe fol W fo fo+ W

¥ Since the psd above occupies the same band as was occupied by AM-
DSB, the minimum BW BPF is identical to that used previously.

¥ Then we may compute the SNR at IF using the following steps
* power[x(t)] = Rx(0) = 0.5A%(1 + k2Pp,).
* Transmission BW = 2W " minimum noise power = NyW.

* Ratio:
AZ(1+ k2Py)

SNRr = =2 W

Part (c): SSB

X(t) =0.5Am(t)cos(2'f.t+! )+ O5Amm(t)sin(2"fct+ 1)

¥ Autocorrelation: (R, is the HT of Ryy)

Ry(!) = 0.25A2R, (1) cos(2 f¢! ) £ 0.25A2R,, (1) sin(2" f!).

¥ Power spectrum:

S(f) = 0.125A2[S(f ! fo)+ Sn(f + fo)]
# 0.125A2[sgnf ! fo)Sm(f ! fo)
bosgn + fo)Sm(f + fo)l.

(In £ and# above, top choice is for lower sideband SSB, bottom choice
is for upper.) A representative plot of power spectrum is shown below.
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v, ASn(f)

_ F-(f )
Upper Sideband 0.5M oAg

I
I

I

I

I

I

I

I

I

I

I

I

I
>

\

¥ From the psd plot it is clear that the BPF of minimum bandwidth, which
just passes the upper sideband signal is (we assume tiiat W > 0)

!
1 fo!l f1 fo+W
Hegp(f)=, 1 "f.," W!I f1I" f. .
0 otherwise

¥ Computing SNR at IF:

* power[x(t)] = Rx(0) = 0.25A2P,,.
* Transmission BW = W # minimum noise power =NoW.
* Ratio:
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Problem 27

The three linear modulations AM DSB-SC, AM LC, and SSB have

the identical coherent demodulator architecture shown in the bgure below:

Xit (t)

cos(2fst+ 1)

Hep (F)

Yo (1)

>

Use the standard assumptions on message, noise, and phase angle and compute
the SNR at the demodulator output for the three linear modulations above.

April 8, 2012
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Solution: For the three linear modulations the coherent demodulators are
identical:
Xi (t) = x(t) + n(t).

Xit (t) yo (1)
 Hepe (f) —

cos(2fst+ 1)
AM-DSB

x(t) = Acm(t)cos(2 fct+!1).

¥ Signal component ofyp:

Acm(t)cog(2 ft+1) = 0.5Am(t)
+ 0.5A:m(t)cos(2 (2f )t +2! ).

* Passes LPF! 0.5A.m(t).
* Power in signal component: ®5AZPy,.

¥ Noise component of/p:

n(t)cos(2 ft+ 1)
* Above is WSS with

R(") = 0.5R.(")cos(2 fg")

S(f) = 0.255,(f # fo)+0.255,(f + f.)

* Power in noise component: BNoW.

n (f) 2W
__Nof2f ____
' ' »f

I
1 2f¢ !

No/ 4
I_I_TTﬁ_}D i Sttty s AN

[ [
12, ! fe {4_.}2\/\/ fe 2

Passes LPF to output

_..——
&
.
s
N
-

¥ Demodulated SNR:

0.25A2P
SN = 7Cm_
Ro 0.5N W
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AM-LC
X(t) = A1+ kam(t)]cos(2 fct+!).

¥ Signal component ofyp:

* Passes LPF! 0.5A([1 + kam(t)].
* Passes dc block 0.5A:k.m(t).
* Power in desired signal component: .25A2k2P,, .

¥ Noise component of/p:

* Identical to DSB case.
* Power in noise component: BGNoW.

¥ Demodulated SNR:

0.25A2k2P
NRp = ——¢a T
SNRo 0.5NoW

AM-SSB
x(t) =0.5Am(t)cos(2 f;t+ ! )+ O5Am(t)sin(2 fct+!)

¥ Signal component ofyp:

x(t)cos(2 ft+ 1) = 0.5A.m(t)cos(2! ft+ 1)
+ 0.5A(t)cos(2 ft+ ! )sin(2 fet+ 1)

* Passes LPF! 0.25A.m(t).
* Power in signal component: ((R5A.)%Py,.

¥ Noise component ofy:

n(t)cos(2ft+ 1)
* Above is WSS with

R(")

0.5R,(")cos(2 f.")

S(f) = 0.258,(f # fo) +0.255,(f + fo)

* Power in noise component: 25N W.
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| fe fe c
A
,,,,,,,,, /\ ____ No/ 8
— P —T1 F —i £
12t i fo 2.

¥ Demodulated SNR:

SNRp =

Passes LPF to output

(0.25A0)°Pny
0.25NoW
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