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Electrode Boundary Conditions in
Magnetogasdynamic Flow Control

J. Poggie* and D. V. Gaitondef
US Air Force Research Laboratory
Wright-Patterson AFB, OH 45433-7521

Preliminary results are presented from a study of plasma sheaths at the surface of
electrodes immersed in hypersonic flow. A two-dimensional numerical code was written in
which the conservation laws of fluid dynamics were solved with an explicit finite difference
scheme and a Poisson equation for the electric potential was solved simultaneously using
an SOR/ADI method. Three example problems were considered: a transient plasma
sheath in the collisionless, cold-ion regime, an analogous sheath in the diffusion regime,
and a supersonic, laminar, boundary layer flow over a cathode. Good agreement was found
between the collisionless sheath computation and a solution available in the literature. A
significant voltage drop and temperature rise were observed in the electrode boundary
layer flow; these effects are expected to be important in flow control applications. Future
work will focus on implementing an implicit numerical scheme, and on enhancing the

fidelity of the physical model.

Introduction

NTEREST in electromagnetic control of hypersonic

flows dates to the mid-1950s, when the problem
of an aerospace vehicle entering the atmosphere from
space was first being explored. Given the high temper-
atures in the shock layer around such a vehicle, and
the concomitant ionization and electrical conductivity,
it was natural to consider exploiting electromagnetic
effects for flow control.! A number of successes were
achieved in this era, including experimental confir-
mation of a shock stand-off increase,? heat transfer
reduction,® and drag increase? with the application
of a magnetic field to hypersonic blunt body flows.
Interest nevertheless waned due to the success of con-
ventional thermal protection systems and the weight
penalty of magnetic systems.? Large, heavy magnets
would have been required to provide magnetic fields
sufficiently strong to affect the flow at the relatively
low electrical conductivity corresponding to ‘natural’
thermal ionization in reentry flows.

The field has recently been revived with experi-
mental work on shock propagation in weakly-ionized,
non-equilibrium plasmas,®” and the disclosure of the
Russian AJAX vehicle concept.? Early on, some re-
searchers proposed that the presence of the plasma
could, in itself, be used to modify a shock, but the
current consensus is that thermal effects dominate
for the low levels of ionization present in this class
of experiments. So far, whenever comparisons have
been carried out between experiments and gasdynamic

*Research Aerospace Engineer, Air Vehicles Directorate,
AFRL/VAAC, 2210 Eighth Street. Senior Member ATAA.

TSenior Research Aerospace Engineer, Air Vehicles Direc-
torate, AFRL/VAAC, 2210 Eighth Street. Associate Fellow
ATAA.

This paper is a work of the U.S. Government and is not subject
to copyright protection in the United States.

computations, no significant discrepancies have been
found.?12

It now seems that electromagnetic control tech-
niques will have to utilize ‘artificial’ ionization and
light-weight magnets. The most promising possibili-
ties for electromagnetic control probably lie in apply-
ing control where the ‘leverage’ is greatest: mitigating
at a local level the seemingly intractable thermal loads
associated with hypersonic flight. Of particular inter-
est are the regions of unsteady flow separation in the
vicinity of control surfaces and excessive combustor
temperatures in SCRAMJET engines.

Over the past few years we have been developing a
set of computational tools to study possible electro-
magnetic flow control techniques. (See Refs. 13-15 for
related work by other research groups.) In past work
we have developed a magnetogasdynamic code suitable
for computations at both relatively high'® and low!?
magnetic Reynolds numbers, and have examined the
use of magnetic forces to extract energy from the flow
and to reduce temperature and heat flux.

If the imposed magnetic field is combined with elec-
trodes at the body surface, it should be possible to
obtain a stronger effect and to add or extract flow
energy. To examine this type of control, we have
now included in the code the capability to compute,
in the quasi-neutral, low magnetic Reynolds number
regime, the electric field induced by an electrode,'®
and in the present paper we describe a prototype,
two-dimensional code in which we relax the assump-
tion of quasi-neutrality to examine the plasma sheaths
present on electrode surfaces. Accurate modeling of
the voltage drop and dissipative heating present in
the electrode sheaths will be required to evaluate the
feasibility of proposed electromagnetic flow control
schemes.
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Plasma Sheaths

Because the electric force due to even a small per-
centage imbalance of charged particles is so strong, any
excess charge is quickly eliminated by particle motion,
and quasi-neutrality is usually an excellent approxima-
tion in relatively high-density, low-temperature plas-
mas. Quasi-neutrality does not prevail, however, for
ionized gas in the vicinity of a solid surface. This re-
gion is called a plasma sheath.!?>20

A relatively cold wall tends to function as a sink for
charged particles, because it catalyzes recombination
reactions and retains or absorbs charged particles at
its surface. In order to balance the flow of positive and
negative charge carriers to the wall, an electric field,
generated by charge separation, must inhibit the flow
of the more mobile species.

In an electropositive plasma (one with few nega-
tive ions), negative charge is carried predominantly
by electrons, which have a very much higher mobil-
ity than the positive ions. The solid boundary, in
this case, must have a potential more negative than
the bulk plasma, in order to repel the electrons. The
characteristic length scale of the layer of charge sep-
aration is on the order of the electron Debye length:
Ape = (€0kpT./ne.e?)'/?. This distance can range over
several orders of magnitude in typical engineering ap-
plications. In a typical glow discharge,?® the electron
temperature lies in the range of 1-10 eV (10* — 10° K)
and the electron number density varies from 104 m—3
to 10'® m=3, for total gas pressures in the range
1073 — 1 torr (107 — 1073 Pa). For 1 eV, the corre-
sponding Debye length varies from 1 mm at the lowest
number density to 1 pm in the high density range.
This wide variation in length scale relative to the mean
free path and to typical dimensions of an experimental
system complicates numerical modeling of the sheath
region.

Several levels of modeling have been used to ap-
proach the sheath problem, and plasmadynamics in
general.20-22 At a rather fundamental level, a plasma
can be treated as a collection of particles; the result-
ing mathematical model is solved by Particle-in-Cell
Monte Carlo Collision (PIC MCC) methods. The
macroscopic properties of the plasma are determined
from the statistical behavior of the particles. These
models are very general, and are well suited to treat-
ing certain rarefied gas phenomena, such as stochastic
heating. The computational cost of PIC MCC meth-
ods becomes very great, however, as the number of
particles and collision rate increase.

At a higher level of modeling, the generalized Boltz-
mann equation is solved for the particle distribution
function. This level of modeling can also be com-
putationally expensive, since there are seven indepen-
dent variables (particle position, particle velocity, and
time). Solutions of the Boltzmann equation can, for
example, be used to treat the high degree of ther-

modynamic nonequilibrium for the electrons in glow
discharges.

At a third level of modeling, conservation equations
for particle identity, momentum, and energy can be
derived by taking moments of the Boltzmann equa-
tion. This can be done for each species to form a
multi-fluid model, or for the gas as a whole to obtain
a magnetohydrodynamic model. In the present paper,
we will examine multi-fluid models at different levels
of approximation. In future work, we plan to examine
patching a sheath model to a single-fluid computation
(e.g., see Ref. 23).

Numerical Model

A prototype two-dimensional code was written to
solve the continuum conservation equations of mass (or
particle identity), momentum, and energy for an arbi-
trary number of species. These equations can be cast

in the following generic form for an arbitrary species
k:

0 .
% + V- (npty) = we, (1)
8 SN — —
6t(pkuk) + V- (prilpty — Zg) = fo + K, (2
o€ . L =
6—:+V (W€ — g - Ur + Qi) = Pr + Hp.  (3)

Here ny, is the number density, pr, = mgny is the mass
density, iy, is the mean velocity, and &, = pg(ex+ui/2)
is the total energy. The terms K and Hy are sources
representing momentum and energy exchange between
species due to collisions; wy, is the rate of creation of
particles of species k due to chemical reactions. The
t_gtal stress tensor is ¥ and the heat flux vector is
@r- The force and power dehvered to spec1es k by
the electromagnetlc field are fk = CkE + ]k x B and
Pk = Jg - E where (;, = qrny is the charge density,
]k = qrnply is the electric current, E is the electric
field, and B is the magnetic field (which we take to be
zero in the present work). An appropriate summation
applied to Egs. (1)-(3) leads to the usual single-fluid
conservation equations.

In this paper, Egs. (1)-(3) are solved in different
forms, under various simplifications. All these forms
are conservation equations that may be written in flux
vector form as:

ou OE  OF O0E,  O0F,
—t—+— +
ot  ox Oy Oz oy
where the fluxes have been separated into convective
and diffusive (subscript v) terms. The governing equa-
tions are extended to curvilinear coordinates in the
standard manner?* by introducing the transformation
=2z(&n), y = y(&n). The strong conservation
form is employed, transforming Eq. (4) to:

au'’ . OF' N OF' _ JE| N OF!
ot aE ' an  O¢ on

+5, (4)

+S', (5
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where, with J representing the Jacobian of the trans-
formation, U' =U/J, S’ = S/J,

E' = (sz+£yF)/J7
F' = (nwE+nyF)/J;

and analogous forms for the diffusive terms. The met-
rics were computed with second order spatial accuracy.

The fluid equations were solved using Mac-
Cormack’s explicit, second-order predictor-corrector
method.?* Fourth-order damping was applied to sta-
bilize the solution when necessary.

Assuming that the magnetic field is zero, Maxwell’s
equations reduce to:

VxE=0, (6)
V-E = (/e (7
where ( = ), gxny is the total charge density. In-
troducing a potential E= —V®, we obtain Poisson’s
equation:
V28 = —(/eo. (8)
In two dimensions, we write Poisson’s equation as:
e 9’9
— +—=R. 9
ox? + Oy? )

In transformed space, this becomes:

oG O0H _,
a—£+6—n—R, (10)

where

G =[(&+ &) + (&l + Eyny) ®y)] [,
H= [(‘fzﬂm + £y77y)q>§ + (773 + 77;2,)(1)71] /J

and R’ = R/J. The equations were discretized us-
ing second order spatial differences. The Poisson
equation was solved using an alternating direction im-
plicit (ADI) method with successive over-relaxation
(SOR).2*  The resulting tridiagonal matrices were
solved using the Thomas algorithm.

In the problems considered in this paper, the elec-
trons were assumed to be in Boltzmann equilibrium
with the electric field: n, = ngexp(e®/kpTe), with
a constant electron temperature 7., and a reference
number density ng corresponding to & = 0. This as-
sumption makes the right hand side of the Poisson
equation nonlinear. Following Ref. 25, this term was
linearized to improve computational efficiency:

e2ne(Pola)

R=Rgq — coknT,

(® — Poiq) - (11)
Here the subscript ‘old’ indicates evaluation with val-
ues known from the previous step in the SOR proce-
dure.
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Fig. 1 Evolution of transient plasma sheath.
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Fig. 2 Ion current at electrode.

Transient Plasma Sheath

As a test of the coupled fluid and potential equa-
tions, we examine the effect of a suddenly-applied
electrode potential on a initially uniform, low-density
plasma. The resulting transient plasma sheath was
first observed in studies of ion-acoustic waves gener-
ated by impulsive electrode voltages,2® and has re-
ceived recent attention in the context of plasma-source
ion implantation.20

Here we replicate the computations of Widner et
al.,’” who found good agreement between the cold ion
model and a set of experiments carried out in xenon
gas, with a background gas pressure of p = 0.5 mtorr
(0.07 Pa). The electron temperature in the experi-
ments was on the order of 1 eV (T, = 11600 K), and
the neutral gas temperature was near room tempera-
ture (T /T, ~ 20). The charged particle density in the
bulk plasma was in the range of 10** — 10> m—3.

We consider a collisionless, cold ion model. The
conservation of particle identity and momentum for
the ions are expressed as:

ony

8 — - = 7

a("p“p) + V- (nptipiip) = enpE/my. (13)
The electrons are taken to be in Boltzmann equilib-
rium:

ne = ng exp(e®/kpTe.), (14)

where the electron temperature 7, is taken to be con-
stant. The electric field is given by £ = —V®, and
the potential is found from:

V2% = —e(ny, — n.)/€o- (15)

The conditions in the bulk plasma are @, = 0, n, =
np =ng and ® = 0.

In the present computations, the domain was taken
to be 0.05Ape X 200Ap, in a uniform grid of 6 x 101

points, and the time step was fp;At = 0.01, where
21 fp; = (noe®/egm,)'/? is the ion plasma frequency.
The initial condition was taken to be uniform, and a
potential of e®/kpT, = —50 was suddenly applied at
t = 0. The results of the computations are shown in
Fig. 1. The data are normalized by the bulk plasma
density ng, the Debye length Ape, and the Bohm ve-
locity up = (kBTe/mp)1/2.

Figure la shows the distribution of ion and elec-
tron number densities in the sheath. The results are
essentially identical to those obtained by Widner et
al. with a different numerical scheme. With the
sudden application of a large negative potential, the
electrons are repelled from the electrode forming a
layer of positive charge. The relatively massive ions
slowly respond to the changed conditions, forming an
ion current into the electrode. As a result, the space
charge diminishes, and the sheath region expands into
the bulk plasma, gradually approaching a steady-state.
Ahead of the charge separation in the sheath is a quasi-
neutral region, an unsteady presheath. The edge of the
presheath propagates into the bulk plasma at the ion
acoustic speed, in a manner somewhat analogous to an
unsteady expansion wave in neutral gasdynamics.

The limited propagation of the sheath into the bulk
plasma is seen again in Fig. 1b, which shows the time-
evolution of the electric potential. After the initial
transient sheath evolution, the potential shows strong
variation in the sheath (z/Ap. < 35), and lesser varia-
tion in the presheath. Corresponding behavior is seen
in the ion velocity distribution (Fig. 1c). The unsteady
presheath is seen to accelerate the ions from the bulk
plasma up to approximately the Bohm velocity, sup-
porting a nearly steady sheath.

The current to the wall comes from the charges un-
covered by the expanding rarefaction wave. The ion
current at the electrode en,|v,| is shown in Fig. 2.
There is an initial surge in current (see the inset in
the figure) as the transient sheath forms, followed by
a gradual relaxation to a constant current density at
large times.

Transient Sheath at High Density

In the rarefied regime considered in the previous sec-
tion, ion motion was determined by a balance between
inertia and the electric force. At the opposite extreme
of density, ion inertia is negligible, and ion motion is
determined by a balance of the electric force, the ion
pressure gradient, and collisional drag with the neu-
tral gas. The resulting model is a system of diffusion
equations.

For simplicity, we again neglect chemical reactions,
but this is a more severe restriction in the high-density
regime. The particle conservation equation is:

P2 41Vv.T,=0. (16)
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model.

The corresponding momentum equation is:

— —

') = npupE — DpVn,,. (17)

For simplicity, the ion temperature is taken to be uni-
form, and equal to the neutral gas temperature. The
working fluid was taken to be argon. The neutral gas
state was p = 100 torr (13.3 kPa) and T = 0.1 eV
(1160 K) and the electron temperature was T, = 1 eV
(11600 K). The ion mobility was taken to have the
constant value of p, = 1073 m?/V -s, and the cor-
responding diffusion coefficient was D, = 10~* m?/s.
The electron density and the Poisson equation have the
same form as in the previous problem, Eqgs. (14)-(15).

The computational domain was taken to be
0.05Ape X 200Ap, in a uniform grid of 3 x 101 points.
The time step was At/typ = 0.5, where typ =
€0/enplip is the Maxwell time scale for the ions.?! The
initial condition was taken to be uniform, with the fol-
lowing conditions in the bulk plasma: @, = 0, n, =
n, = ng and ® = 0. A potential of e®/kgT. = —50
was suddenly applied at ¢t = 0.

The evolution of the high-density sheath is illus-
trated in Fig. 3. The character of the solution reflects
the change of the governing equations from the hy-
perbolic form examined in the previous section to a
parabolic form here. In the low-density regime, a wave
propagates away from the electrode at the ion-acoustic
speed, carrying the first signal of the change in elec-
trode conditions. In the present case, the signal of
the applied cathode voltage is carried by an advancing
diffusion front, a much slower process. Rather than
approaching a steady-state, the charge separation is
seen to decay continuously as the sheath expands. The
characteristic ion velocity is now significantly smaller
than the Bohm velocity (Fig. 3c). One feature in com-
mon with the rarefied gas case is the separation of the
solution into a sheath with charge separation and a
presheath with near charge-neutrality.
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Fig. 5 Schematic diagram of boundary layer prob-
lem.

The ion current at the electrode is shown in Fig. 4.
In contrast with the previous case, shown in Fig. 2,
the current decays continuously with time, and has a
significantly smaller magnitude.

Boundary Layer Flow

Plasma sheaths are expected to have a significant
influence on the boundary layer flow over electrode
surfaces in aerospace applications. Shneider et al.,?®
for example, found a significant cathode voltage drop
and sheath thickness in a simplified analysis of the
flow in a hypersonic MHD channel (1-D sheath calcula-
tion based on independently-computed fluid boundary
layer solutions). Here we present a preliminary study
of a fully-coupled solution for supersonic flow over a
cathode.

We solve the full two-dimensional Navier-Stokes
equations with force and energy source terms, along
with advection-diffusion equations for the ions and a
Poisson equation for the electric potential. To reduce
computational effort in this preliminary work, we as-
sume the electrons are in Boltzmann equilibrium with
the electric potential, and do not treat chemical reac-
tions or an imposed magnetic field.

A schematic diagram of the problem is shown in
Fig. 5. A uniform, Mach 3 argon flow approaches a
conductive plate from the left. The plate is assumed
to be maintained at a constant potential of -50 V. The
plate acts as a cathode, drawing a positive current
density j,,, which is balanced by the freestream plasma
entrained by the growing fluid boundary layer (grey
shaded region). The no-slip condition is enforced at
the plate, with either a cooled (constant temperature)
wall or an adiabatic wall.

The conservation of mass, momentum, and energy
for the overall gas are expressed as:

dp -
5 +V (D) =0, (18)
6 -
57 (P + V- (piti = B) = (E, (19)
%+V.(JS—E-H+Q)ZE';; (20)

where £ = p(e + u?/2) is the total fluid energy per
unit mass, the net charge is ¢ = e(n, — n.), and the

current density is j = @+ efp. The usual constitutive
equations for the stress and heat flux in a Newtonian
fluid were employed:

_ B 6U,’ 6Uj 6uk B
Yij = —poij + o (83,"]- + 63:,-) + )‘”—&ck dij, (21)
d
. aT
Qi = —kt 6.’1} . (22)

Values of the viscosity and thermal conductivity were
taken from the correlations in White.?? We assume an
ideal gas with constant specific heats: p = pRT and
e=C,T.
The equations for particle conservation and momen-
tum conservation for the ions are:
on,

ot + V- (npii + fp) =0, (23)

T, = npupE — D, Vn,. (24)

The ion mobility was taken from the correlation given
in Boeuf and Pitchford,®® and the diffusion coefficient
was determined from the Einstein relation.
The electrons are taken to be in Boltzmann equilib-
rium:
Ne = Noo exp(e®@/kpT,), (25)

where the electron temperature T is constant, and the
potential is refere_pced to the freestream. The electric
field is given by £ = —V®, and the potential is found
from:

V2% = —(/eo. (26)

As a preliminary step, the code was validated for a
neutral gas boundary layer flow. The results are shown
in Fig. 6, for a grid of 31 x 61 points and a 0.3 m
long plate. The freestream conditions were My, = 3,
Ts = 200 K, and p,, = 21.5 kPa (161 torr), corre-
sponding to stagnation conditions of T = 800 K and
po = 689 kPa. For the cold wall case, Fig. 6a, we
see a typical laminar boundary layer velocity profile.
A Dbulge in the temperature profile corresponds to the
presence of significant viscous dissipation at this Mach
number. For the insulated wall case shown in Fig. 6b,
we see a temperature rise at the wall corresponding to
the adiabatic wall temperature. The boundary layer
thickness is significantly greater for this case, as a re-
sult of the significantly higher temperatures and lower
densities in the boundary layer.

Figure 7 shows the results of calculations for an ion-
ized flow. The freestream Mach number, temperature,
and pressure are the same as in the previous example.
The electron temperature was taken to be 1 eV (T, =
11600 K), the electrode potential was ®,, = —50 V,
and the wall temperature was taken to be equal to the
freestream temperature. Figure 7a corresponds to a
freestream plasma density of ne = 1.0 x 1017 m~3,

whereas Fig. 7b corresponds to ne, = 1.0 x 102 m—3.
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Fig. 6 Profiles of temperature and the streamwise
component of velocity in the boundary layer for the
neutral gas case (z = 0.3 m).

Due to the dependence of the Debye length on the
electron number density, the sheath is thicker in the
former case.

Both solutions have much in common with the sim-
ple diffusion problem considered previously (Fig. 3).
The sheath region near the electrode is characterized
by charge separation and relatively weak number den-
sity gradients. There is a correspondingly large electric
field —0®/0y. Far from the electrode, the number
density gradients are relatively large, but the charge
separation is very small. A relatively weak electric
field is present there. The two regions are seen to
meet in a transition layer at the sheath edge. One
difference from the previous diffusion problem is that
a steady state is reached in the boundary layer flow,
since the ion current drawn by the electrode is bal-
anced by freestream plasma captured by the growing
boundary layer.
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Fig. 7 Cathode boundary layer profiles at z =

0.3 m.

For the case with relatively weaker ionization
(Fig. 7a), the velocity and temperature profiles are
indistinguishable from the corresponding neutral gas
case (Fig. 6a). Somewhat higher temperatures, and
a slightly modified velocity profile, are present in the
case with stronger ionization (Fig. 7b). These differ-
ences are a result of dissipative heating from the larger
ion current present with higher electron density.

Summary and Future Work

Preliminary results are presented from a study of
plasma sheaths at the surface of electrodes immersed
in hypersonic flow. A two-dimensional numerical code
was written in which the conservation laws of fluid dy-
namics were solved with an explicit finite difference
scheme and a Poisson equation for the electric po-
tential was solved simultaneously using an SOR/ADI
method. Three example problems were considered: a
transient plasma sheath in the collisionless, cold-ion
regime, an analogous sheath in the diffusion regime,
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and a supersonic, laminar, boundary layer flow over a
cathode. Good agreement was found between the col-
lisionless sheath computation and a solution available
in the literature. A significant voltage drop and tem-
perature rise were observed in the electrode boundary
layer flow; these effects are expected to be important
in flow control applications. Future work will focus on
implementing an implicit numerical scheme, and on
enhancing the fidelity of the physical model.
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