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ABSTRACT

Zhu, Guangwei Ph.D., Purdue University, May 2013. Quantitative Analysis of Multi-
Agent Formations: Theory and Applications. Major Professor: Jianghai Hu.

In this thesis, formations of multi-agent systems, including multi-vehicle systems and
sensor networks, are studied from a quantitative perspective. First, matrix and scalar val-
ued quantities related to multi-agent system formations are proposed. These quantities
are useful in characterizing the robustness, collaborative performance and manipulability
of multi-agent systems, are intuitively associated with physical analogies of formations.
Their practical value in the analysis of formation control and localization systems is also
demonstrated through application examples. With these quantitative characterizations of
formations, several optimization problems can be formulated, which are helpful in design-
ing efficient formations for improving the performance of multi-agent systems in various
aspects. Finally, based on the concept of stiffness matrix, distributed algorithms are de-
signed to localize agents in the network using angle-of-arrival information. The stability
and performance analysis as well as optimization techniques regarding such algorithms are

studied using the quantitative framework developed above.



1. INTRODUCTION

1.1 Background

Tasks arising in many applications such as underwater exploration, large area surveil-
lance and emergency services, are often difficult or even impossible for a single robot,
vehicle, sensor, efc., to accomplish as a large region with much uncertainty needs to be
covered or monitored. Completing these tasks may become feasible through the coor-
dination of a group of autonomous agents, each capable of acting individually based on
information available through local sensing and communication with adjacent peers. Re-
cent advancements in robotics, mobile computing and sensor technologies have led to the
applications of multi-agent systems in many engineering fields, as well as the development
of corresponding theories. For example, Anderson et al. reported the theory and applica-
tions regarding multi-agent systems consisting of unmanned aerial vehicles [1]. Bhatta et
al. [2] and Leonard et al. [3] studied the problem of coordinating single and multiple under-
water sensing devices and its application in ocean sampling. Robot networks, as a specific
instance of multi-agent systems, have also been widely studied, e.g. soccer robots [4], mul-
tiple coordinated quadrotors [5]. Systems composed of less intelligent, static/semi-static
devices, such as wireless sensor networks, are often structurally similar to multi-agent sys-
tems, hence can be modeled and studied as multi-agent systems [6—8]. Even the collective
behaviors of humans and animals have been investigated from the perspective of multi-
agent systems, as in [9, 10].

For maximal coordination efficiency, it is often advantageous for the agents to maintain
a certain formation, a combination of the agents’ location information and their intercon-
nections. As one would expect, formations play an especially important role in location-
aware multi-agent systems [11, 12]. The capabilities of such multi-agent systems, includ-

ing maintainability [11, 12], controllability [13] and localizability [14], are substantially



determined by the nature of their underlying formations. As a case in point, the local
maintainability of distance-based multi-vehicle formation control systems depends on the
rigidity of the formation graph, which characterizes the structural inflexibility and hence
the ability to withstand exogenous perturbations. This property of formation is arguably
the most important property of formations, on which many early research works have been
published [15-19]. Despite being a well studied mathematical subject, the theory of graph
rigidity (Laman’s Theorem [20], rigidity matrix theorem [21,22] and combinatorial rigid-
ity criteria [23,24]) was not long ago applied to the study of multi-agent systems con-
trol [12,25,26], including the design and analysis of agent dynamics such as splitting [27],
merging [28] and closing ranks [29]. Graph rigidity has also found applications in network
localization [14].

It is noteworthy, however, that a majority of research effort on formation rigidity has
been dedicated to finding its qualitative criteria, whereas quantitative analysis of formation
rigidity remains scarce. Such scarcity of quatitative research also exists in the study of
other properties related to multi-agent formations, for example, a quantitative measure of
formation controllability has been proposed not until recently [30,31]. These numerical
measures of formation properties are highly desirable as they allow not only the comparison
but also the optimization of formations with respect to various performance objectives.

On the other hand, research works in generic multi-agent/networked systems has widely
adopted the second smallest eigenvalue of the graph Laplacian, also known as the algebraic
connectivity, as a primary indicator of the system’s cooperative efficiency [32-34], and
plenty of research has been done on its properties [35], optimization [32] and applications
especially in consensus problems [33]. However, the formulation of algebraic connectivity
does not involve any positional information and hence is incapable of differentiating for-
mations with the same underlying graph but different position configurations, in which case
their performance may significantly vary in formation control or network localization [36].
Other existing measures of formation-like structures proposed in subjects such as molecu-
lar biology [37] are incompatible with multi-agent control applications. Thus, a theoretical

framework on the quantitative analysis of multi-agent formations needs to be developed.



1.2 Motivating Examples

Two common application examples of multi-agent systems are illustrated below to jus-

tify the need of quantitative analytic tools for multi-agent formations.

1.2.1 Multi-Agent Formation Control

Consider n agents (e.g. vehicles, aircraft, robots) indexed by i € V = {1,2,...,n}
moving on the two-dimensional plane R?. Let q; € R? denote the current position of agent
i fori € V, and let q = [qlT qﬂ ! € R?" be the aggregated location (i.e. the
configuration) of all the agents. Suppose the goal is to design a controller for the agents
to achieve a given formation specified through a set of formation constraints on the agent
distances: [|q; — q;|| = dj; for (i,j) € €. Here, & C V x V and the constants d;; are the
desired agent separations.

Define the formation constraint function [38] as

Pla)= > ki (lai — a5l = d5)* > 0, (1.1)

(1,5)€€
where k;; > 0 for (i,j) € & is a set of constants indicating the relative importance of
keeping the constraints [|q; — q;|| = dj;. A feedback controller for achieving the desired

formation was proposed in [38] as follows,
q=-VF(q) (1.2)

In other words, q evolves to seek the fastest decrease of the formation constraint function. It
is easy to see that the controller (1.2) is localized in that the control for each agent depends
only on the locations of itself and its immediate neighbors in the undirected graph (V, £).
Obviously, any configuration p € R?" satisfying all the formation constraints is an
equilibrium point of (1.2), and so are all the formations obtained from p through rigid
body transformations. A natural question then is that, for agent configuration q close to
such p, whether the controller (1.2) will be able to steer q to p or one of its rigid body

transforms, and if so, how fast the convergence can be achieved.



1.2.2 Network Localization

The network localization problem refers to the problem of determining the positions
of nodes in a sensor network (up to a rigid body transformation) based on only relative
distance measurements [39]. Denote by p; the actual position of node i for © € V. For
each node pair (i,j) € € C V x V, assume a noisy measurement of the relative distance
between nodes ¢ and j is available: z;; = ||p; — p;|| + €i;, where ¢;; is random with zero
mean and variance o;;. Let k;;, (7, j) € £, be a set of nonnegative weights. Estimates of p
can be obtained as follows,

P =argmin Y k([P — psll — 2i;) (1.3)

P jee
Note that in general P is a set since for any p € P, all rigid body transformations of p also
belong to P. To assess the quality of the estimates, define the error between the estimate

set P and the true configuration p as
ep = d(P,p) = inf [|p —p].
pep

The question is then how to characterize the mean square estimation error E [e%] for the

above algorithm.

1.3 Preview of Main Contributions

This thesis mainly contributes to the theory of quantitative analysis of formations in
multi-agent system, which provide insightful numerical results that directly relates to a
wide range of practical applications of multi-agent systems and sensor networks. The the-
oretic framework proposed in this thesis can be regarded as a extension of the classic alge-
braic graph theory to the concept of formations, which is essentially graphs with weights
and designated embeddings in R%. This framework is shown to be useful in analyzing
multi-agent systems, e.g., as the motivating examples given in the previous section.

In Chapter 2, multi-agent formations are formulated as mathematical objects and stud-

ied from a quantitative perspective. The concepts of rigidity matrix and stiffness matrix



are introduced as descriptive quantities for multi-agent formations. These quantities are
derived from the study of the mechanical analogies of multi-agent formations. Specifically,
the concept of rigidity matrices, widely known in the field of structural mechanics, has
received much attention in the study of multi-agent systems. Nevertheless, the stiffness
matrices proposed in this thesis have a more compact representation, and are equivalent
to rigidity matrices in terms of deriving important properties and quantities of formations.
Moreover, being square matrices, the stiffness matrices enjoy plenty of interesting spectral
properties that are not available for rigidity matrices.

In Chapter 3, the quantitative measures of formation rigidity, namely the worst-case and
mean rigidity indexes, are proposed based on the eigenvalues of the stiffness matrix asso-
ciated with the formation. The properties shared by both indexes indicate that these quanti-
ties conform well to our intuition toward the concept of formation rigidity. The connection
of both rigidity indexes to the practical applications in multi-agent formation control and
wireless sensor networks localization is also demonstrated. More specifically, it is shown
through practical examples that the worst-case rigidity index substantially corresponds to
the convergence rate of formation control and the mean rigidity index effectively indicates
the level of estimation error in a network whose nodes are localized by relative distance
measurements.

In Chapter 4, the manipulability indexes are formulated based on the manipulability
matrix. The manipulability indexes quantify the influence of the leader agents to the fol-
lowers in the formation control setting. The special case of a single-leader rigid formation
is investigated with further details, and some direct formulas associated with this case are
derived. Toward the end of the chapter, a computationally efficient algorithm based on dy-
namic programming principles is proposed for computing the manipulability indexes of a
family of formations with special structures.

With the rigidity and manipulability indexes proposed, various formation optimization
problems are formulated and solved. Chapter 5 discusses on formation optimization by
maximizing rigidity indexes. In the first type of formation optimization, both the agent

positions and the connection topology are fixed, and the allocation of link resources (i.e.,



connectivity strengths) over all link is to be optimized. Due to the favorable properties
of the rigidity indexes, this problem can be formulated as a convex optimization problem
and thus solved effectively and efficiently. In the second type of formation optimization,
the agent positions and the connection topology are subject to change. A sub-optimal so-
lution can be found using a hybrid configuration/topology optimization algorithm, which
switches back and forth between position optimization and topology optimization in order
to avoid local extrema with poor performance. Similarly, the problems of finding the op-
timal leader and its position are studied in Chapter 6. The usefulness and effectiveness of
these optimization techniques is illustrated through several numerical examples.

Finally in Chapter 7, distributed algorithms for network localization is proposed on
the basis of the quantitative tools developed in the previous chapters. It is shown that
the localizability of network using the angle-of-arrival (AOA) information of incoming
signals from neighbors is equivalent to the infinitesimal rigidity, under which situation the
proposed algorithms are guaranteed to converge to the desired localization result. Various
aspects of the algorithms, such as convergence and delay tolerance, are investigate from
a quantitative perspective, and some formation optimization problems are formulated to
improve the performance of these algorithms. Errors caused by inaccurate measurements

in AOA localization process is analyzed toward the end of the chapter.



2. ALGEBRAIC FORMATION THEORY

In this chapter, multi-agent formations are formulated as a mathematical object extended
from classic graphs. Basic concepts and quantities related to formations are proposed,
followed by their properties and propositions that will come in handy for analysis in later

chapters.

2.1 Formations

A multi-agent system (including sensor network) can be modeled abstractly as for-
mations, where each agent is a vertex tagged with its positional information, and their

interconnections as weighted edges. Below are the mathematical definitions of formations.

Definition 2.1.1 (Leaderless Formation) A leaderless formation on the plane, or simply

formation, is a triple (V, p, K) consisting of the following:

eV = {1,2,...,n} is the index set of n vertices (agents, sensor nodes, etc.) on the
plane;
T .
ep=|p pj - pjl] € R?" is the (position) configuration of the n vertices,

with p; € R? denoting the position of vertex i;

o K = [kjij]ijev € R™ " is the connectivity matrix, where k;; for vertices i,j € V
is the connectivity coefficient between them and satisfies k; = 0, k;; > 0, and

kij = kj;. Denote by K the set of all such K.

Note that the formations depends both on the agents’ position p and connectivity matrix
K.
We note two important distinctions of our definition of formation with some typical

ones arising in other applications. First, vertices’ locations are an integral part of the for-



mation definition due to their geographically distributed nature. Second, the graph topology
as given by K is numeric rather than just binary. For instance, in the multi-agent formation
control example in Section 1.2.1, k;; represents the penalty for violating (or the stiffness
of keeping) the formation constraint between agents 7 and j. In the network localization
problem in Section 1.2.2, k;; determines the penalty on deviating from the relative distance

measurement between nodes ¢ and j.

Definition 2.1.2 (Leader-Follower Formation) A formation (V,p, K) with a nonempty
set of leaders L C V is called a leader-follower formation and denoted by (V,p, K, L).

Vertices in L and F = V \ L are called leaders and followers, respectively.

In precedent literature, leaders are also referred to as anchors or beacons. In the ap-
plications of network localization and formation control, leaders are usually used to model

those nodes that know their absolute locations via, e.g., positioning devices.

Remark 2.1.1 For readers familiar with the concepts of weighted graphs and graph em-
beddings, formation (V,p, K) can be equivalently formalized as an undirected graph
G = (V,€) associated with a mapping w : € — [0,+00) denoting the edge weights,
and an embedding p : V — R2 Some readers may also recognize this definition as an

alias of the term framework, as is used in [22, 40].

In practice, formations are often maintained by preserving the distances of connected
agents, i.e., whose edges have strictly positive connectivity coefficients. As a result, the
concept of consistency defined as follows serves as a meaning equivalence relation of for-

mations.

Definition 2.1.3 (Consistency) Two formations (V,p, K) and (V,p’, K) with the same
vertex set and connectivity matrix are called consistent if |p; — p;|| = ||p; — pj| for all
those i, j € V with k;; > 0.

Likewise, two leader-follower formations (V,p, K, L) and (V,p’, K, L) are consistent if:
(i) (V,p, K) and (V,p', K) are consistent; (ii) L = L'; (iii) p; = p; forall i € L.



As can be seen from the above definition, consistent formations must have the same rel-
ative distances between connected vertices, as well as identical leaders and leader positions
for leader-follower formations.

If two formations have the same relative distances between all pairs of vertices, not
just connected ones, then there must exist a congruent transformation 7' € R?*? composed
of rotations, translations, and reflections that transforms the vertex positions of one to the

other; thus the following definition.

Definition 2.1.4 (Congruency) Two formations (V,p, K) and (V,p’, K') are congruent if
Ipi — pjll = Ilp; — Pjll for all i, j € V. Two leader-follower formations (V, p, K, L) and
(V,p', K, L) are congruent if (V, p, K) is congruent to (V,p’, K) and L = L.

Obviously, congruent formations are consistent. The converse, however, does not hold

in general, except for formations possessing the following property.

Definition 2.1.5 (Global Rigidity [14]) A formation (V,p, K) is called globally rigid if

any formation (V,p’, K) consistent with it must also be congruent to it.

In essence, global rigidity characterizes the inflexibility of the shape of the formation,
given that the relative distances between connected vertex pairs are kept constant. In the
localization problem, exact distance-based localization is possible only for globally rigid

formations [14].

2.2 Rigidity Matrix

Determining global rigidity is, however, in general difficult. An easier alternative is to
analyze its infinitesimal version. For a given formation (V, p, K), the distance constraints
between connected vertices can be equivalently summarized as k;;||p; — ps||* = ki;d}; for
some constants d;; for all 7 < j. Taking the differentiation at both sides with respect to

some common variable (such as time) yields

kij(pj —pi) (B —Pi) =0, Vi, jeV, i<j.
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These equations can be put into a matrix form as
AgRp=0. (2.1)

where A is the diagonal matrix with k;; as diagonal entries, and R is called the normalized

rigidity matrix with rows

|:0 .o 0 e;; e;,l; o --- O}ERlXZn,
~ —~—
i-th block j-th block

where e;; € R? is the unit vector defined by

e, 2 1P
Ip; — pi

Note that diagonal entries of Ak and the rows of R are indexed by the same ordering of

{(i,7)]4,7 € V,i < j}, and there are n(n — 1)/2 of them. We also define R = A,%(R,

which is called the rigidity matrix. We assume by convention that all trivial rows (rows

having all zeros) are already removed in rigidity matrix R, that is, a row is removed if its

corresponding connectivity coefficient £;; = 0.

Definition 2.2.1 (Infinitesimal Rigidity [22,41]) A formation (or leader-follower forma-
tion) is infinitesimally rigid, or simply rigid, if the rank of its corresponding rigidity matrix

R is equal to 2n — 3.

The set of all infinitesimal displacements p caused by the simultaneous rigid body
motions of the whole formation forms a subspace of R?" of dimension three (two for trans-
lations and one for rotations), and is denoted by iso,, (p). If the solutions of (2.1) consist of
only those rigid body motions, the formation is considered rigid infinitesimally, or locally.

It is easy to see that iso,, (p) C null(R).

2.3 Stiffness Matrix

For the analysis of general “robustness” of a formation, a mass-spring analogy is adopted:

each vertex is modeled by a point mass, and the connection between vertices ¢ and j is
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modeled by a spring with the spring constant k;; and the natural length d;; = ||p; — pj||.
Suppose now that the vertices’ position is perturbed from p to p+Ap for some small Ap =
[AplT Ap, -+ Ap,} T. By the Hooke’s Law, the spring between vertices 7 and j will
exert a tension force on vertex ¢ as f;; = k;; (|| (p; + Ap;) — (P; + Apj)|| — |pi — Pjl]) €
where

e; = (p; — pi)/llp; — pil

is the unit vector pointing from p; to p;.

P;;Ap;
il oo Ap;
FijAp;

Fig. 2.1.: Determining the infinitesimal change in the length of the spring using projection

It is easy to obtain (see Fig. 2.1) that f;; = —Fk;; P;;(Ap; — Ap;) + o(Ap), where
P;; = ejje]; is the projection matrix onto the direction e;;. The total force exerted on

vertex ¢ 1S then

fi= Y f;=— > kyP;(Ap; — Ap)) + o(Ap).
JeV\{i} JEV\{i}
-
Consequently, the resulting aggregated tension force f = [flT £ - fnT] is deter-
mined by
f=—S Ap+ o(Ap), (2.2)

or the infinitesimal version as below,

f=—-9p, (2.3)
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Here, S = [Sij]ijev € R*?" is a block matrix with each block S;; € R**2, 4,5 € V,
given by

5, = —ki;j Pij, L F ] (2.4)

2 ey kb 1= 7.

The matrix S defined above is called the stiffness matrix of the formation (V,p, K). It
has a structure resembling that of the Laplacian matrix [42] L of the formation, which is
defined as
D tewpiy kie, ifi =
ki, ifi # j.

with the difference that the stiffness matrix S has twice the dimension as the graph Lapla-

L= [lz]] ,Where lij = (25)

cian L. See [22] for the definitions of S for general elastic structures. It was first adopted
in [36] for the study of multi-agent systems.
The total elastic energy .J stored in all the springs as a result of the perturbation Ap is
1 1
J(AP) = 5 3 kyllPy(Ap; — AP + oll|Ap|*) = 5APTSAP + o[ Ap|*). (2:6)
ijev
In other words, S is the Hessian of the energy function .J at the equilibrium position Ap =
0.
We note that (2.3) and (2.6) are generalizations of the relations f = —kAp and J =
%k(Ap)2 in the single-spring case, with the stiffness matrix .S a generalization of the spring
constant k. Whenever we need to indicate the dependence of S on the vertex configuration

p and the connectivity K, we will use the notation S(K, p).

Remark 2.3.1 In the special case where all entries in K are zero except k;; and kj; for
one pair of vertices i and j, the stiffness matrix S has exactly four nonzero 2-by-2 blocks,

namely, S;; = Sj; = k;ijP;j, Sij = Sji = —kijPij. Such an S'is of rank one as S = kijfijfjj,

-
where T;j; = [TS)T . fg‘)T] € R?" is defined by, forl € V,
(
€ij, =1
_(
rz(j) - —€45, ) :j (27)
0, otherwise.
\
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Let S be the stiffness matrix defined in (2.4) for an arbitrary formation (V, K, p).

Proposition 2.3.1 The stiffness matrix S has the following properties:

1) (Linearity in K) For any K|, Ky € K and o, f € R such that a K, + Ky € K, we
have

S(aKy+ fK,,p) = aS(Ky1,p) + B5(K2, p).
2) (Scale Invariance) S(K,p) = S(K,vp), Vv € R,.
3) (Translation Invariance) S(K,p) = S(K,p ® w), Vw € R? where

pOw2 [(pi4+w) - (patw) ]

4) (Rotation/Reflection Invariance) For any orthogonal matrix Q € O, £ {Q €
R¥>2: QQT =1}, denote Q ©p = [(Qp1)" -+~ (Qpn)T}T. Then,

S(K,Qop) = (L, Q)S(K.p)(1,®Q)",
where @ denotes the Kronecker product of matrices.

Proof Property 1 follows directly from the definition of S. Properties 2 and 3 can be easily
verified by noting that .S' depends on p only through the projection matrices F;;, which are
normalized and translation-invariant. To prove Property 4, observe that after the orthogonal
transformation the new projection matrices P; become

(@p; —Qpi)(@p; —Qp:)" _ Q(p; —Pi)(P; —P) '@
1Qp; — Qpill? Ip; — pil]?

:
P} = = QP,Q".

As this is true for each i and j, we have S(K,Q ®p) = (I, ® Q)S(K,p)(I, ® Q)". Note
that 1, ® @) € O, is also an orthogonal matrix corresponding to the simultaneous rotation

and/or reflection of all the vertices by (). [ ]

Two configurations p, p’ € R?" are called similar (denoted by p ~ p’) if one can be
obtained from the other by a rigid body motion and a scaling, i.e., if yp' = (Q © p) & w

for some v € R, Q € Oy, and w € R? Obviously, ~ is an equivalence relation. The
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equivalence class containing p is denoted by [p].. The proof of Proposition 2.3.1 shows
that the stiffness matrices of similar configurations are similar matrices and as a result have
the same set of eigenvalues. Thus, the spectrum o (S(K, [p].)) is well defined within each

equivalence class.
Proposition 2.3.2 (Nonnegative Definiteness) S > 0.

Proof Note that K = >33, ., KW where K@) € K is obtained by setting all
entries in K to zero except k;; and kj;, and that each S(K@) p) = k;;q;;q,; = 0 where
qij is defined in (2.7). Thus, S(K,p) = 33", icyici S(K@) p) = 0 by the linearity
property. ]

The above conclusion can also be obtained by noting that the stiffness matrix is the Hessian

matrix of the nonnegative total elastic energy function J(dp) defined in (2.6) at ép = 0.
Proposition 2.3.3 tr(S(K,p)) = D>_ >, icy Kije

Proof This follows since tr(S(K,p)) = > .oy tr(Su) = > ,cptr (Zjev\{i} kijPij) =
>~ i jev kij» where the last equality follows from tr (P;;) = 1 and k;; = 0. [

The stiffness matrix and the (normalized) rigidity matrix are related by the following

expression:

S=R'R=R"AkR, (2.8)

where A is the diagonal matrix whose entries are k;; in proper order.

Proposition 2.3.4 The stiffness matrix S and the rigidity matrix R share the same null

space.
Proof This is evident from (2.8). [ |
Corollary 2.3.1 A formation is rigid if and only if its stiffness matrix S has rank 2n — 3.

Proof This is directly from Proposition 2.3.4 and Definition 2.2.1. |

The stiffness matrix S has at least three zero eigenvalues whose corresponding eigen-

space is iso,, (p). The other 2n — 3 eigenvalues are nonnegative as S is nonnegative definite.
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By Sy )
3 1 1 1
2 2 2 2 g 0 0 0 | edge(1,2) 21 11 0 0 -1 1),
0 -1 0 0 0 1 0 0 | edge(1,3) -1 & 1 -1 0o 0 1 -1 4
2 2 g g 0 0 -2 2 | edge(l4d 1l gl 1 3 0 (Y
0 0 2 L 22 g | edge23) S -4 -1 -1 2 1 -1 0 o0 i
0 0 1 0 0 0 -1 0 | edge(2,4) - o 0 -1 1 % 1 i -1 -
0 0 0 0 ¥ 2 2 2| edgeB4 o o 1 -1 § 3 -3 -1 >
R e B
vertex 1 vertex2 vertex3  vertex 4 =
R
. L , ]
AK = dlag(170;2,273; 1) vertex 1 vertex2 vertex3 vertex4

Fig. 2.2.: Examples of normalized rigidity matrix and stiffness matrix

2.4 Fixability of Leader-follower Formations

For leader-follower formations, a property corresponding to infinitesimal rigidity can
also be defined. Recall that the vertex set )V is partitioned into followers F and leaders
L. Correspondingly, the rigidity matrix R can be rearranged (if necessary) and partitioned
as R = [Rf Rg] , where R; and R, consist of the block columns of R for followers and
leaders, respectively. The same partitioning applies to the normalized rigidity matrix R.
Consequently, the stiffness matrix S can be partitioned as

s | Ry R|= e Ry R|= oo (2.9)

R, R} Si Su
See Fig. 2.2 for an example where Sy is highlighted by the shaded region. Denote by py

and py the stacked vector of p;, ¢ € V, for i in F and in L, respectively.

Definition 2.4.1 (Fixability) A leader-follower formation (V,p, K, L) is called fixable, if
Rsps + Ripe = 0 and py = 0 necessarily imply py = 0.

For a fixable leader-follower formation, there is no infinitesimal movement of the fol-
lowers that can satisfy all the distance constraints while keeping the leaders fixed. In the
context of network localization, knowing the positions of the leaders together with the rela-
tive distances between vertex pairs (4, j) with k;; > 0 enables one to uniquely determine (at
least locally) the positions of all the followers. If the choice of a set of vertices as leaders

makes the resulting leader-follower formation fixable, then such a set is called a fixing set.
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Proposition 2.4.1 The following statements are equivalent:
1) (V,p, K, L) is fixable;
2) Ry has full column rank;

3) Sy is nonsingular.
The proof is trivial and hence omitted.

Theorem 2.4.1 If (V,p, K) is infinitesimally rigid, then any (V,p, K, L) with |L| > 2 is
fixable.

Proof Suppose u = [u} uﬂT with u, = 0 satisfies Su = 0, which implies S¢ruy = 0.

Since (V, p, K) is infinitesimally rigid, the nullity of S is 3. Specifically,

uy xp| |vr| |Py
€ null(S) = span , , ,

0 Xy ye o7
where x, y, p~ denote the simultaneous translations along z, 3 directions and the rotation
around the origin. We claim that {Xg, Yo, pj} is a linearly independent set; otherwise,
p; = ax, + By, for some o, 3 € R, which implies that all leaders share the same position
— acontradiction to Definition 2.1.1. Therefore, uy = 0 is the only solution to the equation

S¢ruy = 0, and Sy is nonsingular. n

The following result shows that fixability can be determined from the infinitesimal

rigidity of an augmented formation with all leaders connected.

Corollary 2.4.1 A leader-follower formation (V,p, K, L) with |L| > 2 is fixable if the
augmented formation (V,p, K ) is infinitesimally rigid. Here, K is the augmented ma-
trix obtained from K by setting the connectivity coefficients between every pair of leaders

strictly positive.

Proof Observe from (2.4) that Sy is independent from the connectivity coefficients be-
tween anchors. Hence, we may arbitrarily increase k;; for i, 7 € £, without affecting the
fixability of the anchored formation graph. Now if (), p, K ) is infinitesimally rigid, by
Theorem 2.4.1 (V, p, K, L) is fixable, and so is (V, p, K, L). [ ]
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[N T

(a) Not rigid (b) Rigid (c) Not fixable (d) Fixable

Fig. 2.3.: Examples illustrating infinitesimal rigidity and fixability

To illustrate the concepts of rigidity and fixability, some example formations are shown
in Fig. 2.3. The circles represent followers and the black dots represent leaders with fixed
locations. An edge between two vertices indicates that they are connected and hence their
distance is fixed. The (leaderless) formation in Fig. 2.3(a) is not rigid because its shape
can be deformed without changing edge lengths, whereas the one in Fig. 2.3(b) is infinites-
imally rigid (though not globally rigid). The leader-follower formation in Fig. 2.3(c) is
not fixable since the two followers on the bottom can be parallelly slided without altering
the lengths of the edges. The leader-follower formation in Fig. 2.3(d) on the other hand
is fixable. The fixability of Fig. 2.3(d) can be deduced from the infinitesimal rigidity of
Fig. 2.3(b) by using Corollary 2.4.1.

2.5 Looseness of Leader-follower Formations

In this section, we probe the properties regarding the looseness of a leader-follower

formation.

Definition 2.5.1 (Looseness) A leader-follower formation (V,p, K, L) is called loose, if
for an arbitrary infinitesimal motion of the leaders Py, there is an infinitesimal motion of

the followers Py satisfying Rypys + R¢pe = 0; otherwise it is tight.

In contrast to the fixability property where the leaders are assumed fixed, the looseness
property determines the abilities of the followers to adapt to arbitrary movements of the
leaders. If a leader-follower formation is tight, then there must be some directions in which

if the leaders move, the followers will be unable to move accordingly while maintaining all
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the distance constraints. In physical analogy, a tight formation is “stretched to extreme” by
the leaders in those directions, and further movements will cause some distance constraints

to break inevitably.

Proposition 2.5.1 The following statements are equivalent:
1) Leader-follower formation (V,p, K, L) is loose;
2) rank(Ry) = rank(R);
3) colsp(Ry) C colsp(Ry);

4) Equation Ry X = R, admits a solution.

Proof These are obviously the linear algebraic conditions equivalent to that in Defini-

tion 2.5.1. u

Remark 2.5.1 Proposition 2.5.1 implies that the looseness property of a leader-follower
formation is determined only by the set of edges (that is, the binary topology of the under-

lying graph), not the nonzero connectivity coefficients of the edges.

Corollary 2.5.1 For L C L' C V, if V,p, K, L) is tight, then (V,p, K, L) is tight; if
(V,p, K, L) is loose, then (V, p, K, L) is loose.

Proof This can be readily seen from Proposition 2.5.1 and the definition of R;. |
Corollary 2.5.2 A leader-follower formation having only one leader is loose.

Proof It is easy to verify that R (1, ® I,) = O, or Ry (1,1 ® I5) + R, = O, which im-
plies that both columns of R, are linear combinations of those of I2¢. Hence, rank(Rf) =

rank(R). n

Corollary 2.5.3 If (V, p, K) is rigid, then given any leader set L C V with |L| > 2, the

leader-follower formation is tight.

Proof Since (V, p, K) is rigid, rank(R) = 2|V| — 3, whereas rank(R) < 2|V| — 2|L| <
2|V| — 4 when |£| > 2. Thus the leader-follower formation must be tight. [ ]



19

Proposition 2.5.2 [f there exist two leaders directly connected with each other, then the

leader-follower formation is tight.

Proof Suppose the leader-follower formation has only two leaders, namely ¢ and j, with

. . T
ki; > 0. Consider p, = [ez’Tj esz'] ’
*
) k . e k * * . *
Py T I
[ Ry ‘ Ry } — =10 - 0| Vkye, ke T by | 70
Pe
*k o .. % * * eZ] *
eji

which, according to Definition 2.5.1, implies that the leader-follower formation is tight.

The case with more than two leaders can be readily proven by Corollary 2.5.1. |

Proposition 2.5.3 Given leader-follower formation (V,p, K, L) with two leaders L =
{i,7}, if V,p, K, L) is both fixable and tight, then (V,p, K) is rigid.

Proof By Proposition 2.4.1, the fixability of the leader-follower formation indicates that
rank(Ry) = 2|F| = 2|V| — 2|L| = 2|V| — 4. On the other hand, the tightness implies that
rank(Ry) < rank(R) by Proposition 2.5.1. Therefore, rank(R) = 2|V| — 3, and (V, p, K)
is rigid. [ ]

2.6 Subformations and Rigid Components

Definition 2.6.1 (Induced Subformation) Given formation (V,p,K) and V' C V, the
induced subformation is defined as the formation obtained from removing all vertices in
V\ V' and all corresponding the rows and columns of K and p. The subformation induced
by V' from (V,p, K) is denoted by (V,p, K)[V']." Likewise, the induced subformation of a
leader-follower formation (V, p, K, L) by the vertex subset V', denoted by (V, p, K, L)[V'],
is the induced subformation (V, p, K)[V'| with leader set LN V'

Note that an induced subformation may have an index set that is not consecutive or starting from 1, but this
is easily fixed by relabeling the vertices without causing confusion.
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Theorem 2.6.1 Given leader-follower formation (V, p, K, L), if there exists V' C V such
that (V,p, K, L)[V'] is tight, then (V, p, K, L) is tight.

Proof We claim that if (V, p, K, £)[V'] is tight, then (V, p, K, £)[V' U{i}], Vi € V\V'is
tight. To see this, let R denote the rigidity matrix of (V, p, K, £)[V']. By Proposition 2.5.1,
colsp(Ry) € colsp(Ry). If i € F \ V', then the rigidity matrix R’ of (V, p, K, L)[V' U {i}]

has the following structure:

Ry O| R,
R=|r|r|=]"
k k k
If i € £\ V', then R’ has the following structure:
Rf Rg *
R = R. | R —
Lmlw]= 0

In both cases, colsp(/?)) & colsp([}), hence (V,p, K, £)[V" U {i}] is tight.
By induction, (V, p, K, L) is tight. [ |

Corollary 2.6.1 If leader-follower formation (V,p, K, L) is loose, then for any V' C 'V
such that V' 0 L # 0, the induced subformation (V,p, K, L)[V'] is also loose.

Proof By contraposition of Theorem 2.6.1. [ ]

Theorem 2.6.2 (Theorem of Rigid Merging) Given formation (V,p, K), letV,, V), be the
subsets of V such that |V, N\ Vy| > 2. If both induced subformations (V,p, K)[V1] and
(V,p, K)[Vs| are rigid, then (V,p, K)[V, U Vs is rigid.

Proof Pick any two vertices i,j € V; N Vs and let £ = {i,j}. Since (V,p, K)[V1] and
(V,p, K)[Vs] are rigid, (V,p, K, L)[V1] and (V. p, K, L)[Vs] are both fixable and tight.
Thus, (V,p, K, L)[V) U V| is tight; moreover, (V,p, K, £)[V; U V] is also fixable by
Definition 2.4.1. Therefore by Proposition 2.5.3, (V, p, K)[V; U V] is rigid. u

Definition 2.6.2 (Rigid Component) Given formation (V,p, K), an induced subforma-
tion (V,p, K)[V'] (V' C V) is called a rigid component, if it is rigid and there does not
exist V' D V' such that (V,p, K)[V"] is rigid.
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In other words, V' is a maximal subset of vertices such that the induced subformation
is rigid. For notation simplicity, the vertex set )’ may also be used to denote the rigid

component (V, p, K)[V'] (V' C V) where confusion is unlikely.

Proposition 2.6.1 Given formation (V,p, K), if (V,p, K)[V1| and (V,p, K)[V.] are dis-

tinct rigid components, then |V; N V,| < 1.

Proof Suppose |V N Vy| > 2, since both (V, p, K)[V1] and (V, p, K)[V,] are rigid, by
Theorem 2.6.2, (V, p, K)[V; U V] is also rigid. This contradicts with the maximality of

either V; or Vs. [ |

Corollary 2.6.2 Given formation (V,p, K) andi,j € V with k;; > 0, the rigid component

containing {i, j } uniquely exists.

Proof First, note that (V, p, K)[{i, j}] is rigid, hence there exists at least one rigid com-

ponent containing {4, j }. The uniqueness is given by Proposition 2.6.1 [ ]

Using Corollary 2.6.2, it can be seen that for any given formation (), p, K), there
exists a unique collection of vertex set R, such that R is a cover of V and for each V' € R,

(V,p, K)[V'] is arigid component. We also define the pivot set V), as
£ U wnv, (2.10)
VIER, VIER\{V'}

and each vertex in V), is called a pivor.

Definition 2.6.3 (Skeleton Graph) The skeleton graph G of formation (V,p, K) is an
undirected graph with vertex set R UV, and edge set {{v,V'} :v € V,,V € R,v e V'}.

Proposition 2.6.2 The skeleton graph G g has the following properties:
1) G is bipartite;
2) Every leaf (vertex with degree 1) in G g is an element in 'R.

3) The girth of G (size of smallest cycle) must be greater than or equal to 6;
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Proof Property 1) and 2) can be readily observed from Definition 2.6.3 and the fact that

its girth g(Gs) > 6 results from Proposition 2.6.1. n

Definition 2.6.4 (Trailer) A formation is called a trailer if its skeleton graph is a tree (i.e.,

connected and acyclic).

Vy

V3

(a) Rigid components (b) Skeleton graph

Fig. 2.4.: Rigid components and the skeleton graph of a general nonrigid formation

V6 VB
V1
Vs Vi
1%
Vi
Vs
(a) Rigid components (b) Skeleton graph

Fig. 2.5.: Rigid components and the skeleton graph of a trailer

Two formations, as plotted in Fig. 2.4(a) and Fig. 2.5(a), are given as examples of

rigid components. Each rigid component is encircled with a dashed ellipse in the plot and
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labeled by V;, denoting the vertex subset corresponding to that rigid component. We see
from the figures that any two adjacent rigid components share only one pivot vertex. The
skeleton graphs of the formations are illustrated in Fig. 2.4(b) and Fig. 2.5(b), where the
black vertices denote the rigid components in R and the white vertices represent the pivot
vertices. The two ends of any edge in the skeleton graphs consist of one black vertex
and one white vertex, hence the skeleton graphs are bipartite. Moreover, the formation in

Fig. 2.5(a) is a trailer, since the skeleton graph in Fig. 2.5(b) is a tree.

2.7 Comparison with Graph-theoretic Concepts

In Table 2.1 below, the concepts proposed in this chapter are compared with their coun-
terparts (if any) in classic graph theory. Since the concept of leader is not widely adopted
in the classic graph theory, notions specifically related to leader-follower formations, such

as fixability and looseness, have no well-known counterparts therein.

Table 2.1: Table of corresponding concepts

Concept in algebraic formation theory Graph-theoretic counterpart [43]
formation (undirected weighted) graph
induced subformation (vertex-)induced subgraph
rigidity matrix R incidence matrix C'

stiffness matrix S = R' R graph Laplacian matrix L = CTC

rank(S) = 2n — 3 = formation is rigid rank(L) = 2n — 1 = graph is connected

worst-case rigidity index* r, = \4(S) algebraic connectivity a = A\y(L)
trailer tree
rigid component (no shared edge) connected component (no shared vertex)

¥ The definition of worst-case rigidity index r, is given in Section 3.1.
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2.8 Summary

In this chapter, multi-agent formations were formalized as mathematical objects and
studied using algebraic methods. First in Section 2.2 and 2.3, rigidity matrices and stiff-
ness matrices were proposed as quantities that describe both positional and topological
information of formations. These quantities also give rise to some key properties of for-
mations (both leaderless and leader-follower) such as rigidity, fixability, looseness, which
were discussed in Section 2.4 and 2.5. Lastly in Section 2.6, it was shown that every gen-
eral nonrigid formation can be decomposed into a unique collection of rigid components,
and a special family of formations called trailers was defined, which will become useful in

the later chapters of this thesis.
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3. RIGIDITY INDEXES

This chapter is focused on the concept of rigidity indexes, numerical metrics of formation
rigidity derived from the stiffness matrix. Various interesting properties of rigidity indexes
are discussed through proofs and numerical examples. Finally, the usefulness of these

indexes is justified through their intimate relation with multi-agent system applications.

3.1 Rigidity Indexes of Leaderless Formations

We recall that the stiffness matrix S in (2.3) is a generalization of the spring constant
k in the single spring case. Just as k indicates the elasticity of the single spring, S can be
used to characterize the rigidity of the formation graph. Intuitively, the formation is “more
rigid” if a larger tension force f is resulted by the same perturbation p, or equivalently, if
exerting the same amount of force f leads to a smaller displacement p in vertex positions.

An arbitrary infinitesimal perturbation p in (2.3) can be decomposed as p = u + v,
where u € iso, (p) and v € iso, (p)". Since u moves the whole formation as a rigid
body and only v effectively deforms the formation shape, when analyzing infinitesimal

formation rigidity we can ignore u and focus on the case that p € iso, (p)L.

Definition 3.1.1 (Worst-case Rigidity Index) The worst-case rigidity index (WRI) of the
formation (V, p, K) is defined as

TS(K
TW(K, p) é min q (T 7p>q
q€ison (p)* q q

= A\(S(K,p)), 3.1
where \y(S(K,p)) denotes the fourth smallest eigenvalue of the stiffness matrix S(K, p).

The WRI measures the robustness of the formation graph against perturbations in its
most vulnerable direction. We will show later that it characterizes the convergence speed

of the multi-agent formation control algorithm in Section 3.5.1.
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Definition 3.1.2 (Mean Rigidity Index) The mean rigidity index (MRI) of the formation
graph (V,p, K) is defined as the harmonic mean of the largest 2n — 3 eigenvalues Ay, >
Aop—1 = -+ > A of the stiffness matrix S(K, p):

B 0, ifrank(S(K, m—3
ralKp) & o = s ) = o (3.2)

SO A . '
2 t ey frank(S(K.p)) = 2n -3,

where S(K,p)' is the pseudo-inverse of S(K,p). Note that the last equality follows as the

nonzero eigenvalues of S(K,p)' are reciprocal of the nonzero eigenvalues of S(K,p).

Obviously, we have 7 (K,p) < r,(K,p). It will be shown in Section 3.5.2 that
the MRI measures the robustness of the formation graph against a random perturbation
p isotropically distributed in iso,, (p)L, and can characterize the localization error for the
network localization problem described in Section 1.2.2. The potential application value of
these indexes are also revealed through the appearance of similar quantities in some recent
work, such as [30, 44], despite not being identified there as quantities related to graph

rigidity.

Remark 3.1.1 We note that the arithmetic mean of the largest 2n — 3 eigenvalues of the

stiffness matrix S(K, p) is exactly > k;;/(2n — 3) by Proposition 2.3.3, which is inde-

ijev

pendent of the vertex locations p and as such not an effective rigidity measure.

3.2 Rigidity Indexes of Leader-follower Formations

For leader-follower formations, we can still apply the mass-spring analogy in Sec-
tion 2.3 to study their robustness under the perturbations of the followers. Assume that

the leaders’ positions are precisely known, we set p, = 0, thus,

| Sy Syl |Bs

f, Sty S| |0

from which we have the relation between p and f,

fr = =Sypy-. (3.3)
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Being a principal minor of the positive semidefinite matrix .S, Sy is also positive semidef-
inite hence has nonnegative eigenvalues. On the other hand, different from S which al-
ways has a three-dimensional null space iso,, (p) corresponding to infinitesimal rigid body
motions, Sy is not necessarily singular, as fixing one leader eliminates the freedom of

translations and fixing two eliminates the freedom of rotations.

Definition 3.2.1 (Rigidity Indexes of Leader-follower Formations) For leader-follower
formation (V,p, K, L), its worst-case rigidity index 1y, and mean rigidity index ry, are

defined as

0, if \(Sy) =0

rm(K,p; L) £
2| F] [tr (Sjifl)]_l , otherwise,

where | F| is the number of followers.

Both rigidity indexes are nonnegative. Moreover, the leader-follower formation is fix-
able if and only if 7, or ry, is strictly greater than zero. These indexes give numeric mea-
sures of the rigidity of leader-follower formations in the sense similar to that of leaderless

formations.

3.3 Properties of Rigidity Indexes

We next discuss some notable properties of the two rigidity indexes defined in the pre-
vious section, the WRI r, and the MRI r,,,. For commonly held properties, the generic
notation (K, p) is used to indicate both indexes. Note that the properties possessed by

r(K, p) also apply to r(K, p; £) with fixed £, unless otherwise indicated.

Proposition 3.3.1 Both rigidity indexes r(K, p) have the following properties:
1) (Nonnegativeness) r(K,p) > 0. Further, r(K,p) # 0 if and only if (V,p, K) is
rigid (or fixable for leader-follower formations).

2) (Homogeneity) r(aK,p) = ar(K,p), Va € R,.
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3) (Similarity Invariance) p ~ p' = r(K,p) =r(K,p’).
4) (Monotonicity) r (K, p) is nondecreasing with respect to each entry k;; of K € K.

5) (Boundedness) For a fixed K € K, r(K,p) < 525> > ijey kij Vp € R*™.

Proof Let S be the stiffness matrix of the formation (V, p, K).

1). That r(K,p) > 0 follows from the nonnegative definiteness of S. Further, for either
index, (K, p) # 0 if and only if S has rank 2n — 3, which by Corollary 2.3.1 is equiva-
lent to the rigidity of the formation. For leader-follower formations, see the discussion in
Section 3.2.

2) and 3). These two properties follow directly from Proposition 2.3.1 as the stiffness
matrix S(K, p) is linear in K and similar (hence of the same spectrum) for similar config-
urations.

4). Consider K, K’ € K where K’ — K has nonnegative entries. Then, S(K’, p) —
S(K,p) = 0 as it is the stiffness matrix of the formation (V, p, K’ — K). By [45, Corol-
lary 4.3.3], the sorted eigenvalues of the two matrices satisfy \;,[S(K’,p)] > \[S(K, p)]
fori =1,...,2n. This implies that (K’, p) > r(K, p).

5). The inequality is trivial for non-rigid formations. Assume the formation is rigid.

Then,

1 2n—3 tI‘(S) 1
Tw(KaP)_Tm(K’p)—2n_3z)\k<s) 2n—3 271_322]{:”

k=4 i,jEV

The second inequality above follows by the Arithmetic-Harmonic Mean inequality [46]. B

The monotonicity property implies that strengthening the connectivity between any pair
of vertices can only increase (or at least not decrease) the rigidity of the formation, which
is consistent with one’s intuition.

To derive the next property, we need the following lemma.

Lemma 3.3.1 For any symmetric positive definite matrices A and B of the same dimen-

sion,

[tr (A+B) ™M) > [ (A D]+ [r (BY)]
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Proof Let A = B — A. Since both A and B are positive definite, so is A + tA for each
t € [0, 1]. Define
f6) & (tr((A+ta)7) ", telo]

For the desired conclusion, we need only to show that f(¢) is concave on [0, 1]. To this

purpose, we compute

if(t) (A EA)TA(A+EA)TY)  tr (GAG)
dt N [tr ((A +tA)-1))2 (@)

where G = (A +tA)~! = 0. Note that

d G G
S (GAG) = (EAG + GAE) = —2tr (GAGAG),

we have

d_2 _i tr (GAG) _ 2 . 24 .
T (t) = py ( " () ) FIEE ([tr(GAG)P — tr(G)tr(GAGAG)) .

Since G = 0, G = H'" H for some H = 0. By the Cauchy-Schwarz inequality,
[tr(GAG)]* = [tr(H'THAG)]2 <tr(H'"H)tr(GTATHTHAG) = tr(G)tr(GAGAG).

As tr(G) > 0, we conclude that %f(t) <0,Vt € [0,1], i.e., f(t) is a concave function on

0, 1]. [

Proposition 3.3.2 (Superadditivity) r(K, + Ko, p) > r7(Ky,p) + (K, p), Vp € R?",
Kl, K5 e K.

Proof For simplicity, denote by S(K) the stiffness matrix of the formation (V, p, K).
Note that S(K; + K3) = S(K;) + S(K3). For the WRI, the conclusion is immediate from
(3.1) using the superadditivity of the min operation.

For the MR, if the MRI corresponding to either of K; and K, say r,, (K1), is zero, then
the desired conclusion 7, (K + K3) > r, (K5) follows immediately from the monotonicity
property of 7,,. Assume r,(K7) > 0 and r,(K3) > 0, i.e., both S(K;) and S(K5) have
rank 2n, — 3. For each K € K, define S(K) 2 VT S(K)V, where V = [v; --- Vo, 3] €

R27*(27=3) whose columns form an orthonormal basis of iso,, (p)". Then r,(K) = (2n —
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3) [tr(S(K)T)}_l = (2n—3)[tr(S(K)~")] " forall K € K such that S(K) has rank 2n— 3.
By Lemma 3.3.1,

% _ [tr (S(K1 +K2>—1)]1 = {tr ((S‘(Kl) +§(K2)>1>}1

)]1 _ T (K1) + i (K2)

= st )] e st ] = 0

which is exactly the desired conclusion for the MRI. [ ]

The following property is a direct result of the superadditivity and the homogeneity of

r(K,p).

Corollary 3.3.1 (Concavity) r(aK; + (1 — a)Ks,p) > ar(Ky,p) + (1 — a)r(Ks, p),
Vael0,1], K1, K, € K.

In other words, either of the two rigidity indexes is a concave function of the connectiv-
ity matrix &K € K. This makes it possible for us to find the efficient solutions of the rigidity

maximization problems in Section 5.

3.4 Numerical Examples

0.5 05

~05 -05

-1 -0.5 0 0.5 1 -1 -05 0 0.5 1 -1 -0.5 0 0.5 1

(a) Complete (b) Two-hop ring (c) Wheel

Fig. 3.1.: Three typical formation graphs (n = 9)
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Table 3.1: WRI and MRI of the three special types of formations in Fig. 3.1

WRI MRI
! @ b (© (a) b  (©
6 3 1 0917 | 3.177 2.118 1.688
71 35 0377 0.849 | 3.667 1300 1.563
8 4 0.152 0.802 | 4.160 0.722 1.463
9 | 45 0.068 0.763 | 4.655 0.400 1.382
10 5 0.033 0.727 | 5.152 0.230 1.315

Consider three special formations of n vertices whose instances with n = 9 are plotted
in Fig. 3.1. Assume unit connectivity k;; = 1 for each link depicted. The WRI and the MRI
of these formations are computed numerically for the cases n = 6,7, ...,10 and summa-
rized in Table 3.1. As can be expected, the completely connected (equilateral) formation is
the most rigid as measured by either index due to the maximum connections it possesses;
it indeed becomes even more rigid as the number of vertices increases. On the other hand,
the two-hop ring graph, despite having more connections than the wheel graph, quickly be-
comes much less rigid than the wheel graph as well as the completely connected formation
as n increases. Intuitively, the connections of all the other vertices with the central ver-
tex in the wheel formation strengthen the overall structure against the many vulnerabilities

suffered by the two-hop formation.

Remark 3.4.1 The rigidity indexes of a formation with a uniform nonzero value for all
connectivity coefficients (i.e., with a completely connected graph with uniform weights), as
illustrated in Fig. 3.1(a), can be found analytically. Without loss of generality, assume its n
vertices are located at p; = \/iﬁ[cos(%ﬁ/n), sin(2im/n)], i = 1,...,n, ona circle of radius
V. Let W € R?*™*3 be such that its columns are the three directions of infinitesimal rigid

body motions in iso, (p), W = \/Lﬁ [x,y,r], where x and y denote the simultaneous trans-

lations along x- and y-directions and r with r; = [— sin (2”) , COS (2”)} a=1,....n,

n n
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denotes the simultaneous rotation around the origin. Note that WTW = I;. Now, one can
verify that the stiffness matrix S,, can be written in the following form,

n

Sn2

(Ign +pp' — WWT) .

Since W'p = 0, we conclude that the eigenvalues of S,, are 0 (with multiplicity 3), n
(with multiplicity 1) and n/2 (with multiplicity 2n — 4). Hence, the WRI and the MRI are,
respectively,

n 2n2 — 3n
"w =735 T™m= :
2 4dn — 7

3.5 Application Examples of Rigidity Indexes
3.5.1 Performance Evaluation for Formation Control Systems

Consider the multi-agent formation control problem described in Section 1.2.1, where
the configuration q of n agents is controlled by the feedback controller (1.2) to achieve a
set of formation constraints: |lq; — q;f| = dj; for (i,j) € £. Recall that p is assumed to
be a configuration satisfying all the formation constraints. Then the formation constraint
function defined in (1.1))satisfies F'(p) = 0 and p is an equilibrium point of the dynam-
ics (1.2).

For agent configurations q very close to p, the dynamics of the deviation 0p £ q — p
can be approximated by linearizing equation (1.2) around p as:

d
—q=-95 3.4
74 q, (3.4)

where S is exactly the stiffness matrix for the formation (V,p, K). Here, the connec-
tivity matrix K is defined such that k;; is the penalty weight in the formation constraint
function (1.1) for violating the formation constraint ||p; — p;|| = d}; for any agent pair
(i,7) € & and zero otherwise. Indeed, the formation constraint function F'(q) is exactly
the total elastic energy function J(q) defined by 2.6 in the mass-spring analogy.

Since both iso,, (p) and iso, (p)™ are invariant subspaces of S, the solution to (3.4) can

be decomposed into q(t) = u(t)+v(t), where u(t) € iso,, (p) and v(t) € iso, (p)* for all
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t. We can disregard u(t) because rigid body motions will not result in shape deformation
hence violations of formation constraints. Thus, convergence to formation is equivalent to
v(t) — 0, which occurs at the exponential rate A\4(.S) in the worst case.

In summary, the formation p satisfying all the formation constraints can be successfully
recovered (up to a rigid body transformation) by the controller (1.2) after small perturba-
tions if and only if the formation graph (V, p, K) is rigid; and the exponential rate of the

recovery is precisely the WRI of (V, p, K).

3.5.2 Bound of Estimation Errors in Network Localization

Recall that in the network localization problem described in Section 1.2.2, noisy mea-
surements z;; = ||p; — p;|| + &;; of the distances between certain pairs of sensor nodes
(i,7) € & are available, with the variance of the error ¢;; being 0;;. A set P of the esti-
mates of the node locations p can then be obtained according to (1.3), where k£;; penalizes
the discrepancy with the measurement z;; resulted by the estimate. Generally speaking, the
more accurate the measurement z;;, the higher the penalty k;;. We assume in the following
that k;; = Jif for (i,7) € €. A formation graph (V, p, K) can then be constructed whose
connectivity matrix K is defined by k;; = 0% for (i, j) € € and k;; = 0 if otherwise.

When the formation (V, p, K) is rigid and the measurement errors ¢;; are small, at least
one estimate p in P should be close to p, i.e., p = p + p for some small estimation error
p. Note that p by definition minimizes the function }_; ¢ ki;([[D: — P;) || — 2;;)? which
can be thought of as the total elastic energy in a mass-spring system. By the principle
of minimum energy, such p is an equilibrium configuration of the mass-spring system, in
which the total force acting on each node should be zero:

> ke (D — Bill = z;) =0, VieV. (3.5)
FEV\{i}

Using the following approximation (see Fig. 2.1),

1B; = Bill = zi; = I1Di = Bsll = P = psll + lIpi = psll = 25

=el (D;— i) — e +o (D), (3.6)
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we can rewrite equation (3.5) as below,
Z k:ijeije?j (pj — pz) ~ Z k:ijeijeij, VZ - V (37)
jeV\{i} jev\{i}

By stacking all €;; for 7 < j into a column vector e € R™, we write (3.7) in matrix form as
Sp ~ HDe.

Here, S is the stiffness matrix of the formation (V, p, K), D € R™*™ is a diagonal matrix
with the diagonal entries \/k_w = aigl and H € R?™™ has columns h;;, indexed by the
same order of the pairs (7, 7) as in e. Each column h;; € R*" is the vertical stacking of n
vectors in R?: | /k;; e;; at the ith position, \/k;; e;; at the jth position and zero elsewhere.
It can be verified that HH " = S.

From the above derivation, the best estimate p deviates from the true location p by
p ~ StHDe. By assumption, e is a random vector with the covariance £ [eeT} =X =

diag(c7;). The mean square error is then
E[(ep)’] =E[IP|*] ~E[e"DH'S'STHDe| = tr (H'S'STHDED) .

Note that D> D is the identity matrix. Consequently,

2n—3
Tm(S).

E[(ep)’] = tr (ST(HHT) ST) = tr(ST) = (3.8)

That is, for small measurement noises, the mean square error (MSE) of the developed
estimator is determined by the reciprocal of the MRI of the formation graph (V, p, K). A
more rigid graph implies a smaller MSE hence a more accurate best estimation, up to a
rigid body transformation. The value in (3.8) has also been shown to be the Cramér-Rao

lower bound of the localization estimator [47].

3.6 Summary

In this chapter, two quantitative metrics of formation rigidity, namely the worst-case

rigidity index and the mean rigidity index, are derived from the eigenvalues of the stiffness
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matrix associated with the formation. It was shown that both indexes possess interesting
properties: They are both nonnegative, monotonically increasing with respect to connec-
tivity coefficients, and invariant among similar formations. Both rigidity indexes were also
proven to be concave functions of the connectivity coefficients, which implies that forma-
tion optimization by maximizing these rigidity indexes is a convex program that can be
solved effectively and efficiently, as will be demonstrated later in Chapter 5.

In addition to the theoretic results regarding rigidity indexes, their usefulness in practice
was also demonstrated by two instances of multi-agent system application. It was particu-
larly shown that that the performance of a class of formation control strategy is precisely
indicated by the worst-case rigidity index, whereas the error bounds of many distance-
based localization algorithms can be characterized by the mean rigidity index. Therefore,

rigidity indexes are useful in assessing the general “goodness” of a given formation.
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4. MANIPULABILITY INDEXES

In this chapter, the concept of manipulability indexes is proposed with its properties and
methods of computation discussed. Like rigidity indexes, manipulability indexes also quan-
tifies the capability of the leaders to influence or manipulate the configuration of the fol-
lowers in a leader-follower formation. The definition of manipulability index was first
proposed by Kawashima et. al in [30] and further developed in [31]. Most of the results
in this chapter supplement the previous works by providing alternative formulations of the

manipulability indexes, newly discovered properties and improved computational methods.

4.1 Manipulability Matrix and Manipulability Indexes

Let us consider a formation control scenario, which is similar to the example in Sec-
tion 1.2.1, except that there are leaders whose movements are controlled exogenously. Let
(V,p, K, L) denote the leader-follower network, and q; the displacement of vertex ¢ from
its original position p,. Suppose that the leaders positions are changed from p, to p, + qy
and that qy is very small, then the dynamics of the followers under the control law (1.2)
becomes

qy = —Spay — Spede,
4.1
q, = 0.
Assume that the dynamics start from zero initial state, i.e. qf(to) = 0. Then, using the

final value theorem [48], we have

t—+o00

as(00) £ lim qy(t) = lim s (s + Sy7) ™ (=Sp0) -
— _ -1
= —lim (s] + Sgr) " Speae

= —54,Spea,
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where the last equality follows from the fact that Sy is symmetric and that null(Sys) L
colsp(Sy,) according to (2.9). The amount of “energy” transferred from the leaders to the
followers can be formulated using the Rayleigh quotient:
T(cT ol of
(o) a(o0) _ U (S7SiySiySn) @, o ha,

m = — S , (4.2)
qa/ q, a a/ a

where M £ S;S}fS}fS ¢ 1s called the manipulability matrix of the leader-follower forma-
tion.

Based on the manipulability matrix, we define the manipulability indexes as follows.

Definition 4.1.1 (Manipulability Indexes) 7he minimum, maximum and mean manipu-

lability indexes, denoted by m iy, Mmax, M respectively, are defined as

Mmin = )\min (M) ) Mmax £ >\max (M> ’ m = SrAtr (M) :

4.1.1 An Alternative Formulation

The manipulability matrix can be derived alternatively from the perspective of real-time
optimization. Suppose the leader-follower formation (V, p, K, £) reaches an equilibrium
state at time %, that is, the global edge-tension energy as defined in (1.1) is locally mini-

mized:
py(to) = argmin F (py, pe(to)) .
Py
As a result,
OF (py(to), Pe(to))
8pf

Note that only the followers have the freedom to decide their locations autonomously. Now

= 0. 4.3)

if we assume that in a small amount of time dt, the leaders move from py(tg) to ps(to)+0pe,

"Here the equality is a little abuse of notation since there could be many local minima for the edge-tension
energy function. We can consider any one of them.



38

and the followers reached the new equilibrium state instantaneously?, then using Taylor

expansion at point (p¢(to), p«(to)) and (2.6),

F (pf(to + (St), pg(to —+ (St)) =

OF (py(to), pe(to)) OF (py(to), pe(to))
fapf ops + : Opy

F (py(to), pe(to)) + Y,

1
+ 5 (5p}rSff5pf +2- 5p}rSﬂ5pg + 5p25g45p4) + h.o.t.

where Syr, Sy and Sy are parts of the stiffness matrix S correspond to the leader-follower
formation at time .
Since we assume that at time ¢, + d¢ the formation reaches another equilibrium state,

the edge-tension energy is again minimized. Hence,

OF (py(to), Pe(to)) _ OF (py(to), Pe(to))
9(0py) opy

= 6p; Sy +0p; Sf,+hot. =0 (4.4)

+ 6p—erff + 5pZSJTg + h.o.t.

We derive the instantaneous velocities by dividing both sides in (4.4) by 0t and taking the
limit 6t | 0, which yields

Spr)py(t) + Spe(t)e(t) = 0. (4.5)

We hereby substitute ¢, with ¢ to emphasize that this relation holds for every time instant
t, and that the parameters S¢; and Sy, are time-variant. If Sy is nonsingular, then without
ambiguity

Dr(t) = =S5 () Sre(t)Delt). (4.6)
If S¢ is singular, then the possible instantaneous velocities py at time ¢ form a nontriv-
ial affine subspace. The solution having the least norm is given by the Moore-Penrose

pseudoinverse as follows
Ds(t) = =S} (8)Spe(t)de(t), (4.7)
which gives a solution whose projected components in the null space of Sy, are all zero.

From the perspective of physics, the vertices can be regarded as having no inertia, as they

2This assumption is similar to letting s — oo for the rigid-link approximation proposed in [30].
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will not drift at a nonzero speed within the null space of S (equivalently, null(Ry)). This
formulation is consistent with the rigid-link approximation proposed in [30]. Since for
nonsingular Sy, we have Sf’fl = S}f, the two cases in (4.6) and (4.7) can be consolidated

into (4.7), which gives rise to the same expression of the manipulability matrix as in (4.2).

4.2 Properties of Manipulability Matrix

Proposition 4.2.1 The manipulability indexes M (K, p) possess the following properties:

1) (Nonnegative Definiteness) M > 0. Furthermore, M = O if and only if there exists

no edge between L and F.
2) (Scale Invariance) M (K,p) = M(GK,~vp), V 5,7 € R,.
3) (Translation Invariance) M (K,p) = M(K,p ®w), Vw € R?, where

pOWE [(pi+w) - (patw) ]

4) (Rotation/Reflection Invariance) For any orthogonal matrix Q € O, 2 {Q €
R>? : QQ" = I}, denote Qo p 2 [(Qp1)" - (Qpn)']". Then,

M(K,Qop) = (I, @ QQM(K,p)(I, ®Q)",
where & denotes the Kronecker product of matrices.

Proof Properties 2)—4) are direct results of Proposition 2.3.1. We now prove the latter part
of the nonnegative definiteness property.

If there exists no edge between £ and F, thatis, k;; = 0, Vi € L,j € F, then
Spe=0 = M =0.

Conversely, M = O implies that S}fSﬂ = O. Thus, colsp(Sy) C null(S}f) =
null(Sys), or Sy Spe = O. According to (2.4), if there is a nonzero 2-by-2 block in the j-th
block-row of Sy, then the (7, j)-th block of Sy is also nonzero, thus the product Sy S .
Therefore, S¢S, = O holds only if all the blocks in S, is zero, indicating that there exists

no edge between the leaders £ and the followers F. |
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Lemma 4.2.1 S}fog = R}RngV any leader-follower formation (V,p, K, L).

Proof Recalling from (2.8) and using Moore-Penrose pseudoinverse identities [49],

1.5y = (R]Ry)' RF R, = R (R}) R Ry = RIR,, (4.8)
which is the desired conclusion. [ |

Remark 4.2.1 As a result of Lemma 4.2.1, M = RZR}T R}Re is an equivalent expression

of the manipulability matrix.

The main nontrivial property of the manipulability matrix is the following theorem,
which states that for loose formations, the manipulability matrix M only depends the
topology given by £(K), not the relative nonzero values of k;;. The sufficiency part of

the following result was previously proposed in [30, Theorem 5.1].

Theorem 4.2.1 Given the vertex set V, leader set L and configuration p, for all the leader-
follower formations sharing the same set of edges, i.e., E(K) = {(i,j) : ky > 0},
the quantity R}Rg, is invariant if and only if the formations are loose (i.e., rank(Ry) =
rank(R).

Proof First we note that by Remark 2.5.1, all such leader-follower formations share the
same looseness property. Therefore, the proposition is well-defined.

By the definitions of rigidity matrices, R; = A%{R rand Ry = A[%(Rg. Without causing
confusion, we hereby assume that the zero diagonal entries in Ax and the corresponding
rows in R; and R, are already removed, so that only those rows corresponding to the
elements in £(K) are retained. Hence A is positive definite.

First we prove sufficiency and assume rank(R;) = rank(R). Observe the equation
R;X = Ry has at least one solution under this assumption, and so does R;X = R, by
left-multiplying A;(% (a positive definite matrix) on both sides. Note that, by the property
of Moore-Penrose pseudoinverse, R}Rz and R}Rz can be regarded as the unique optimal

solutions to the following problems, respectively:
minimize || X]||p minimize || X||p
X X

subjectto Ry X = Ry, subject to RfX = Ry,
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which are identical problems and hence the unique solutions must coincide.
For necessity, assume rank(R;) < rank(R), then R;X = R, admits no solution, and

R}R@ is the least-square solution, i.e., the solution of the following problem,
1 _
minimize A% (R X — Ry) ||r
The first-order necessary condition of the above optimization implies
RiAx (R X" — Ry) = O. (4.9)

Suppose that given R; and Ry, (4.9) holds for arbitrary positive definite diagonal matrix
A k. Rewriting (4.9) by decomposing both R; and R, into rows, denoted by Tg s and fiTM
respectively , we have

> kit (8 X7 —1),) = O, with arbitrary k;; > 0.

(i,)€E(K)
& Tijy (T X —T.,) =0, V(i,j) € E(K).
& T, X =T, =0,V(ij) € E(K).
= RfX* = R@
which is an obvious contradiction. Thus, R}R( cannot be invariant. [ ]

Remark 4.2.2 By Lemma 4.2.1, the invariance of the quantity S}fS #¢ and the manipula-

bility matrix M depends on exactly the same condition described in Theorem 4.2.1.

- R —

Fig. 4.1.: Scenario where the distance constraint is about to be violated

Fig. 4.1 gives an example of a tight leader-follower formation, where R}RK depends
on not only the binary topology but also the connectivity coefficients. The two black dots
represent the leaders, moving away from each other at the same speed, while the white dot

in the middle represents the follower. Let the connectivity coefficient for the bolder edge in
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the figure be denoted by %, and for the other edge k9, and suppose k; > ks. It can be seen
intuitively that the follower will move toward right, because otherwise the edge-tension
energy would increase more. This shows that the movement of the followers in a tight

leader-follower formation depend on the relative values of the connectivity coefficients.

4.3 Properties of Manipulability Indexes

In this section, we discuss some notable properties of the manipulability indexes defined
in the previous section. For commonly held properties, the generic notation m(K, p) is
used to indicate all three indexes, namely My, Mmax and m. Throughout the section we

assume there is an underlying leader-follower formation (V, p, K, £).

Proposition 4.3.1 The manipulability indexes m(K, p) possess the following properties:
1) (Nonnegativeness) m(K,p) > 0. Further, My (K,p) = 0 or m(K,p) = 0 if and
only if there exists no edge between L and F.
2) (Scale Invariance) m(K,p) = m(aK,p), Va € R,.
3) (Similarity Invariance) p ~ p' = m(K,p) = m(K,p’)

Proof These properties directly result from Proposition 4.2.1. [ ]

Proposition 4.3.2 The following statements are equivalent:
1) mpyn > 0;
2) S¢e has full column rank;
3) Ry has full column rank and colsp(Ry) N colsp(Ry)* = {0},

4) No leader lies on the same line with all its follower-neighbors.

Proof 1) < 2): Since rowsp(R}) = rowsp(RJf) by property of Moore-Penrose pseudoin-
verse [49], there exists V' € GL(2|F|,R) such that RJ} = V R} . Therefore,

Mmin > 0 & rank(R}Rg) =2|L| & rank(VR}ng) = rank(V'Sy) = 2|L|

& rank(Sy) = 2|L|.
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2) < 4): Recalling the structure of Sy, as defined in (2.4) and (2.9), it can be easily seen
that the column rank becomes deficient if and only if all the projection matrices F;; with
k;; > 0 in a block-column of Sy, are identical, which indicates that the edges connecting
that leader and all its neighbors in the follower set are collinear (or in more trivial cases,
there is only one or no edge connecting a follower and that leader).

2) < 3): Sy having full column rank is equivalent to the following statement by defi-

nition of linear independence:
R;Rgu:0 <~ u=0.

The above statement is true if and only if both of the following holds true:
a) I, has full column rank;

b) colsp(R,) Nnull(R}) = {0}.

Since null(R ) = colsp(Ry)*, this concludes the proof. [
Proposition 4.3.3 The minimum manipulability m..;, is upper bounded by %
Proof For any u € R?\ {0}, we have R (1,, ® u) = 0, or equivalently,
Ry (Lr @) = =R (1 @u).
From the above equation, we see that R;x = —R, (1| £ ® u) has at least one solution,

hence by property of Moore-Penrose pseudoinverse [49], x* = —R}:Rz (1| ) ® u) is the

solution having the minimum Euclidean norm. Therefore,

x*|| < ||1)7 ® u||. Now,

_ d'R/RVRIRq
Mmin = min
aeRI£1\ {0} a'q

. (g u)' R/ RIRIR, (12 @)
(L @u)’ (L @u)
_ (o) (xew) |7

(e U)T (1 @ u) L]

which concludes the proof. [ ]
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2 3

Fig. 4.2.: Example of a leader-follower formation whose maximum and mean manipulabil-

ity indexes are potentially unbounded

Remark 4.3.1 In general, there does not an upper bound in terms of K, |F| and |L| for
either My, or m. To see this, consider a three-vertex formation with two leaders as
illustrated in Fig. 4.2. We can explicitly write the rigidity matrix of the leader-follower

formation as below,

—sina —cosa | sina  Ccos« 0 0
Rl R ] =
f . .
sinaw —cosa 0 0 —sina cos«
Therefore,
RiR,= R;'R,
1 1 .
—5ars 3ana sina  cos« 0 0
— Sin & Sin o
-3 L 1 0 0 —sina cos«
cos & 2cos«
1 1 cot o 1 —cot «v
2 tan « 1 —tan « 1

M = e (BT RS RYR:) = A (RERRTRYT)

1= 0 1 1
= Apax | = [P @ :max{ }

2 0 1 2sin?a’ 2cos?
cos? o

The maximum manipulability index M.y is unbounded as o — 0 or 3, and so it is with

the mean manipulability index m.
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4.4 Manipulability Indexes of Single-leader Rigid Formations

Definition 4.4.1 The centroid of a formation (V,p, K) or a leader-follower formation

(V,p, K, L), denoted by pe, is defined as
po 213 p,
© n 4 b;-
V%
The torque ratio, denoted by T, is defined as

o Siclpi—pol?
> jev 10, — Dol

-
particularly, the torque ratio T is zero for leaderless formations.

Proposition 4.4.1 Given leader-follower formation (V,p, K, L), if formation (V,p, K) is
rigid and |L| = 1, then
1) Mpax = |Fl =n—1;

n

2) Mupin = 1l

— 1, where T is the torque ratio.

Proof For the case where |£| = 1 and the formation is rigid, the rigidity matrix R can be
partitioned as R = [R; Ry], where Ry € R™*?" 2 and R, € R™*2. Apply the singular

value decomposition on R and remove all the degenerate rows and columns, we can get

— L T Tl =0 |vT vT
R= U YL =vsly v]=0[y v,
mx2n—3 2n—3x2n—3 2n—3X2n

where U = UY and X is a positive definite diagonal matrix. By unitarity,
VIV =V V; + V'V, = Ipy_s.

Notice that for the |£| = 1 case, rank(R;) = rank(R) = 2n — 3 by Corollary 2.5.2.

Therefore Ry = U VfT is a full-rank decomposition, which implies that

R} =V;(V, V) H(UTO)U
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Hence,

—RiR, = -V;(V/ V) {@TO) U OV,
= =V (Vi vy tv)!
= Vi (Lons =V, Vo) VT
= ~Vy (Bos + Vi (= Vi) Vi) VT
1

= ViV = ViV (L= ViVT) (VY = B) = ViV (R = Vi)

= ViV (=) *.10)

Recall that colsp(V') @ iso, (p) = R*" (the vector space). Let x, y, r denote the vectors
corresponding to z-translation, y-translation and simultaneous rotation, respectively, with

proper scaling such that the following unitarity equation holds,

T T T T
Vi, Vi,

T T T T

X Xy Vf Xf Yf I‘f Vf Xf yf I'f X Xy

J; T =l & i T = Lon.
Yi Yo Vi x¢ yo 14 Viexe Yo reo| |Yr Yo
r]oxf D

) ) T 41D

The above equations yields

T T T T
ViV = —xyX, —yry, — 1Ty,

ViV,' =1 — x¢x; —yoy, — 1)
Plugging these into (4.10), we have

1
~R{Re = (xpx/ +ypy] +rpe]) (xex/ +yey! +rer]) .

g

21 symmetric
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We compute the manipulability matrix M using the relations established in (4.11),
M =R/RIURIR, =W (xex} +yoy}] +1e}) (xpx) +ysy/ +1p0)) W
=W (XeX[XpX] +XXpYpy +XeXpree] + Yy XX, + Yy yiyi +
ygy;rfreT + rgrjrxfxér + I‘gI';yfyZ + I‘gI‘;I‘fI';) w
= W(Xg (1 —xzx@) x, +x0-0-y] +x (—X;I‘g) v, +y,-0-x)+
ye(L=y/ye) v +ye(=yire) v +re (—r/x0) x, +re (~r0ye) y/ +
r(1—r/r)r))W. (4.12)
Finally, observing the following identities,
X, Xe =Y,y = %, XX, +yy, = %fzy

and also the following according to Woodbury Matrix Identity [45],

7’L2I'KI‘€T

1 -1
W=|-1I . =n-I)— ——=—
(ng—i—rgré) n- Iy T+,

Equation (4.12) can be simplified as below,

-1 2
M=W (n 1+ <1 - —> rr, — rg?wr}) w
n n

n2r2
=(n—-1I) — —P,, 4.13
(n=1)b 14+nrz ™ (.13)
where
248 T p 2 /)
r=1r,r r, — .
¢h Cor)ry

Now recall that r | x and r L y. It can be seen with some calculation that

r=3(p-1,®po),

-1
where 5 = (Z] ey Py — p®H2> is the normalization coefficient. It is not difficult to

verify that 7 = r?

according to Definition 4.4.1. Therefore, the minimum and maximum
manipulability indexes are

n*r  n
l+nr nr+1

Muin = (n — 1) — 1, Mmax =n — 1. (4.14)

This concludes the proof. [ ]
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Fig. 4.3.: A single-leader rigid formation

n—1

Proposition 4.4.2 For single-leader formations, 0 < 17 <
n

Proof By Proposition 4.3.1, the nonnegativeness property indicates that mmyin = 5
1 > 0, which implies 7 < ”T_l The other inequality is evident by Definition 4.4.1. Note
that the inequalities hold even for nonrigid formations since the definition of 7 is indepen-

dent of K. m

Theorem 4.4.1 For the single leader case (|L| = 1), the minimum manipulability of a rigid

formation is maximized when the leader agent is located at the centroid of the formation.

Proof Note that my,;, < n—1 = mpyay, Where the equality is attained when 7 = 0, which

implies p; = pe. [ ]

Fig. 4.3 gives a single-leader rigid formation. The solid dot represents the leader and
the dashed circle in the middle denotes the centroid of the formation. The minimum manip-
ulability index, according to (4.13), corresponds to the leader’s movement in r, as plotted
in Fig. 4.3. The maximum manipulability index corresponds to the movement of the leader
along the direction from the leader to the centroid. Such movement will not result in any
rotation of the formation; instead, all the followers will be pushed or pulled parallelly by

the same displacement of the leader.
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4.5 Manipulability Indexes of Single-leader Trailers

For a general nonrigid formation (V, p, K'), the manipulability index is usually found by
first computing the manipulability matrix M/ and then analyze its spectrum. This process
involves the computation of the Moore-Penrose pseudoinverse matrix S}f (or R}). As
the formation becomes larger in the number of followers, the computation of S}f may
encounter numerical stability issues, because the Moore-Penrose pseudoinverse operation
is discontinuous at the set of rank-deficient matrices.

In this section, the computation of manipulability matrix and indexes for trailers as
defined in Section 2.6 is discussed. A hierarchical recursive algorithm based on dynamic
programming is proposed to compute these quantities in a fast and stable manner.

Trailers are nonrigid formations whose skeleton graph is a tree (Definition 2.6.4). In
other words, the rigid components of a trailer do not form any loops. Therefore, it is
possible to specify one of its rigid components as a “root” (denoted by }) and build a
hierarchical structure of the other rigid components by inspecting the corresponding rooted
version of the skeleton graph. Rigid component V; is called an ancestor of V,, denoted by
V1 < Vs, if V) is an ancestor of V, in the skeleton graph with root V). Likewise, V) is a
descendant of Vs, denoted by V; = Vo if Vo <V, If Vo = Vyand V; NV, # (0, then Vs is a
successor of V1, and V] the predecessor of V5. Note that in a trailer, a rigid component may
have many successors, but can only have one predecessor (except for the root component
which has no predecessor). The set of all successors of V] is denoted by succ(Vs).

Given the trailer in Fig. 4.4, assume that rigid component V), is the root, i.e., V, £ V.
We have V; < V;,i = {2,...,8}, Vs < Vs, Vs € succ(Vy), etc. However, Vs ¢ succ(Vs)

(they are not adjacent) and V3 £ V,. If we set V5 as the root, then V3 < V.

Definition 4.5.1 (Subtrailer) Given trailer (V,p, K) with root V,, a rigid subtrailer from

V' € R is the induced subformation of the union set of V' and all its successors.

We use the notation V. to denote the vertex set of the subtrailer from V. if the trailer
has a single leader /¢, then by default we assume that the rigid component containing ¢ is

the root component. Each of its subtrailers is also assumed to have a single leader, which
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Fig. 4.4.: An example trailer

Z’ 1/

=

(a) Trailer (b) Subtrailer from )}’ (c) Subtrailer from V"’

Fig. 4.5.: Trailer and its subtrailers

is the pivot connecting it to its ancestors. The notation V denotes the subset of V excluding
all leaders.

Fig. 4.5 illustrates the subtrailers of a single-leader trailer. Fig. 4.5(b) depicts the sub-
trailer from V', denoted by V., and the connecting pivot ¢’ is also assigned to be the leader
of VL. Fig. 4.5(c) depicts a different subtrailer from V", with the connecting pivot ¢” as its
leader.

With the above notation setup, we now derive the formula for computing the manipula-

bility matrix of a trailer with single leader ¢. By property of Moore-Penrose pseudoinverse,
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the quadratic form involving manipulability matrix M can be written in the form of an

optimization problem as follows,
T i 2 2
o Mar = ||~R}Reae| = min {llay | : Ryqy + Reqe =0}, (4.15)

We can split the term ||qs||* (which is in fact a sum) into the rigid component V), and the
subtrailers from its successors. Let py» denote the components of p corresponding to the
vertices in V'. For each subtrailer V. with V' € succ(V)), let ¢ denote the connecting
pivot. The optimization problem can be rewritten as

. . . 2 2
winimze 3 [al?+ Y 3 ol @16

it

eV V' esucc(Vo), jef;é
subject to Ry, qy, + R =0 4.17)
Rf,;qf,; + Rpqe = 0,V V' € suce(Vy). (4.18)

The first summation in (4.16) corresponds to the total movements in the root component
V. The double summation in the second part correspond to all the remaining subtrailers
(excluding the connecting pivots to avoid double counting with the first summation). Like-
wise, the equality constraint (4.17) describes the movements of the vertices in 1, under the
leading of /. In (4.18), for each successor ), the equality constraint describes the move-
ments of the vertices in the corresponding rigid subtrailer under the leading of the pivot
connecting )" and V. One can show that the combination (4.17) and (4.18) is equivalent
to Rrqr + Ryqe = 0, as there is no edge shared by the root component and the rigid
subtrailers.

According to the dynamic programming rule, we may substitute the parts corresponding
to the subtrailers in the optimization problem (4.16) by the value function G (-) defined
as follows,

Gv(ar) 2min{ > lla;*: Ry ay + Reqr =0 p. (4.19)

JEVL
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The optimization problem (4.16) now becomes

minimize Z l|a]|® + Z Gy (qe) (4.20)
qi,i€Vo\{¢} -

i€V V' esucc(Vo)
subject to Ry, ay, + Reqe = 0. 4.21)

Notice that (4.19) can be written as q] Mq, = Gy, (qy), therefore,

Gy(q) =min > >+ Y Gwlar): Ry ay, + Rea, =0

eV V' esucc(Vo)
By substituting root component V), with a general rigid component V" € R, and leader ¢

with connecting pivot ¢” of V', a recursive expression can be derived as follows,

GV” (qg//) = min Z Hq2||2 + Z le<qgl> . R]}//Qf)// —|— RZ”CM” = 0 , (422)

eV V' esuce(V")
Since the rigid component V" itself is rigid, the rank deficiency of Ry, is equal to 1, thus

the feasible set defined by the equality constraint in (4.22) can be expressed as
{—RE,,Rg//qgu +aw: o€ R} ,

where w € null (Ry,,) is the unit vector representing the simultaneous rotation of V" about
the pivot ¢”, or explicitly,

! 1
W = Z Hp _ pf”HQ (pfj// - 1|V”|71 ® p(”)

ey

For notation simplicity, let 1" denote the matrix —RI}N Ryr. Then (4.22) can be manipulated

into an unconstrained optimization problem,

GV”(CIZ”) = moin Z ||VViq€" + O[VVZ‘H2 + Z le (Wg/qe// —+ aWZI)

ey V' esucc(V"),
—ming o’ + Y [Wiael’+ D Gu (Weae +awe) b, (4.23)
ey V' esucc(V'")

where Wj and w, refer to the block rows of W and w corresponding to vertex ¢, respec-

tively.
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For each rigid component }” whose corresponding vertices in the skeleton graph are
leaves, it can be readily seen that Gy (qe) = g My»qer where My is the manipulability
matrix for the rigid component ) with pivot £” as the leader. For a general rigid component
V", assume that for each successor V' € succ(V"), Gy (qr) is quadratic, i.e. Gy(qp) =
q, My qp for some real symmetric matrix My, € R?**2. Now, observing the first order

necessary condition for the optimality of (4.23) yields

2()[* + 2 Z (W[/qg// —|— O(*WZ/>T MV’WZ’ = O

V' esucc(V")

o My W,

W@' V! 0

V' esucc(V")
A
= o = Aqm, A= — - e R,
1+ E Wy MV/Wg/
V' esucc(V")

Substituting into (4.23), we have

Gv”(QZ“) — q;, ATA —+ WTW -+ Z (ng —+ Wg//l)—r MV/ (Wg/ + WE’A) qer.
V' esucc(V")

J

~
My,

(4.24)

By induction on the tree structure, Gy (-) is a quadratic form for every rigid component

V' in the trailer, and the update formula for Gy (-) is given by (4.24), which by applying
recursively yields My, the manipulability matrix of the rigid trailer.

The advantage of this dynamic programming approach is that the entire process in-

volves only the propagation of 2-by-2 matrices, and hence is much more numerically sta-

ble. The Moore-Penrose pseudoinverse operation is done only on rigid component, whose

rank deficiency is equal to one and has a much smaller scale compared to the entire trailer.

4.6 Summary

The relation between the leaders’ infinitesimal movements and the resultant reactions
of followers can be established via the manipulability matrix. The manipulability indexes,
derived from the singular values of this matrix, are the quantitative measures of leaders’

amplification effect on followers, which can be viewed as an indicator of the effectiveness
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of leader-follower formations. In this chapter, the formulation of the manipulability matrix
and indexes was given in two approaches, followed by the discussion of their properties.
The properties and computation methods of the manipulability indexes for two particu-
lar cases were studied: single-leader rigid formations and single-leader trailers. Explicit

expressions of the manipulability indexes for both cases were derived.
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5. FORMATION OPTIMIZATION USING RIGIDITY INDEXES

This chapter! is focused on the problems of finding favorable formations in terms of greater
rigidity measured by the rigidity indexes proposed in Chapter 3. In practical applica-
tions, such formations are often robust to perturbation or measurement inaccuracy (see
Section 3.5 for application examples in formation control and network localization). The
general problem of finding the most rigid formation is to solve the following formation
optimization problem

maximize 7(K,p) (5.1

subject to certain constraints on the connectivity matrix K and the configure p, where r is
either the worst-case rigidity index or the mean rigidity index. With different combinations
of objectives and constraints, various optimization problems are formulated in this chapter.
For nonconvex optimization problems, several approximate algorithms with high computa-
tional efficiency are also proposed with numerical examples illustrating their effectiveness

in solving the problems.

5.1 Optimal Link Resource Allocation

In this section, problem (5.1) is studied by assuming a fixed vertex position p and
optimizing with respect to the connectivity / only, which is referred to as the optimal link
resource allocation problem, since entries of X model the strength of links between vertices
which typically require consuming resources (transmission power, etc.) to maintain. The
more general case of optimizing with respect to both K and p will be studied in the next

section.

"Most of the results presented in this chapter are previously published in [50] and [51].
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(a) (b)

Fig. 5.1.: A formation generated using a communication range 2 = 5.

Specifically, the following optimal link resource allocation problem is considered:

imi K 2
maximize r(K,p) (5.2)
subject to Z kij <c, and k;; =0 for (i,5) €. (5.3)

i<j

Here, p is assumed to be fixed and the rigidity index r to be optimized is either the WRI r,,
or the MRI r,,,. We denote by £ C V x V the set of active links. For instance, £ could be
chosen so that (i, 7) € £ if and only if vertices ¢ and j are within a communication range
R of each other (see Fig. 5.1 for an example). In the constraint (5.3), ¢ > 0 is the total
amount of resources to be allocated over all active links. For example, wireless localiza-
tion schemes using Time of Arrival (TOA) estimation [52] can be modeled by formations
with £;; being the inverse of the Cramér-Rao Bound (CRB) of distance sensing errors and
proportional to the power of the sensing signals [47]. Thus, c can be interpreted as the total
power of pulse signals used for distance measurements, with k;; being the portion of the
power used for measuring the distance between vertices ¢ and j. Solving (5.2) will then
show how the signal power should be allocated over all active links for the most efficient

network localization.
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(a) WRI (b) MRI

Fig. 5.2.: Computed optimal link resource allocations for the formation in Fig. 5.1.

Since both 7, (K, p) and r, (K, p) are concave continuous functions of K and the con-
straint (5.3) defines a compact convex feasible subset of X, problem (5.2) is a convex
optimization problem whose solution exists and can be effectively solved by existing nu-
merical methods, e.g, the CVX toolbox for MATLAB [53]. As an example, consider the
formation in Fig. 5.1 with the total resource c set as |£|, i.e., each link is allocated unit
amount of resources on average. The computed optimal allocations with respect to r, and
rm are plotted in Fig. 5.2a and 5.2b, respectively. A thicker line segment indicates that a
larger portion of resources should be allocated to that link; whereas a dashed line indicates
that the link has been eliminated (k;; drops to zero) in the optimal solution.

Several observations can be made by comparing Fig. 5.2a and Fig. 5.2b. Both results
show that the “bottleneck™ links in between the two end clusters need significantly more
resources than peripheral links. Furthermore, the optimal allocation in Fig. 5.2a is more
polarized than that in Fig. 5.2b, with several links in the original formation eliminated (as
shown by the dashed lines) after the optimization. Experiments show that allocations ob-

tained by optimizing 7., tend to be more smoothly distributed. On the other hand, through
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optimizing r,, dispensable links that contribute little to the overall formation rigidity can

be identified. This is especially useful when the number of active links needs to be reduced.

5.1.1 Sensitivity Analysis

We next investigate how sensitive the rigidity indexes are to changes in link connectiv-
ity. First consider the WRI r,, which by definition is the fourth smallest eigenvalue A\, of
the stiffness matrix S(K). If \4 is a distinct eigenvalue of S(K’), the partial derivative of

ry with respect to k;; has been derived in [54] as

Ok,  * \Oky) "

where v4(K) is the unit eigenvector corresponding to the eigenvalue \,. Noting that % =
ij

qijqiTj where q;; is defined in (2.7), the WRI sensitivity with respect to link (4, j) can be

expressed as

Ory
Ok Vi

k (5.4)

The fact that

g;:_; > 0 for all k;; confirms the monotonicity property of the WRI r+,.

For the MRI 7, suppose the formation (V, p, K) is rigid. Then the MRI r,,, = (2n —
3) (tr(S(K)1) ', Since both S and ST are symmetric, we have

Orm(K) 0 (2n-3 2n —3 951 2n —3 L 0S4
— _ — 3 . tr — 5 . tr S S .
Oki;  Okij \ tr(ST) (tr(S1)) Oki; ) (tx(S1)) ki

By noting again that % = qiquTj, the MRI sensitivity with respect to link (4, 7) at K can
ij

be written as
ory, 2n—3 2
ki (tx(S1)° 5 al" )

As in the WRI case, g};“]‘ > 0 for all %;;, verifying the monotonicity property of the MRI

Tm-

For the formation in Fig. 5.1, we compute the sensitivities of the rigidity indexes with
respect to all the active links at two different K. Fig. 5.3 illustrates the sensitivity distri-
butions of both the WRI r, and the MRI r,, at their respective optimal allocation schemes

(as plotted in Fig. 5.2a and Fig. 5.2b). In both cases, the sensitivity values are identical for
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(a) WRI (b) MRI

Fig. 5.4.: Sensitivity of rigidity indexes at the equal allocation.

all active links except for a few links in Fig. 5.3a that are allocated zero resources in the
WRI-optimal scheme, i.e., those depicted by dashed lines in Fig. 5.2a. This is consistent
with the optimality of both schemes, as the rigidity indexes cannot be further increased by

shifting resources from one link to another.
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Next, we compute the sensitivity distributions of both rigidity indexes at the equal allo-
cation scheme, i.e., each link is allocated the same unit amount of resources. The computed
sensitivity distribution is shown in Fig. 5.4. The thicker line segments indicate the more
“sensitive” links. Shifting resources from other links to these more sensitive ones will re-
sult in an increase of the rigidity indexes. As a result, it can be expected that these links
will demand more resources in the optimal allocation schemes, as is verified by the plots in

Fig. 5.2.

5.2 Configuration Optimization

In the configuration optimization problem, one assumes a fixed connectivity K and tries
to find the vertex configuration p resulting in the largest rigidity index. Take the example
of MRI. The optimization to be solved is:

maximize 7, (K, p). (5.6)
pERQn

Note that K is fixed and there is no constraint on p. Since the MRI is invariant to simi-
larity transformations, only the shape of p is to be optimized, while its absolute location,
orientation, and size have no effect.

Assume that throughout the optimization process the formation remains rigid, i.e.,
rm(K,p) > 0. Under this assumption, by recalling (3.2), problem (5.6) is equivalent
to

minimize tr(S(K,p)"), (5.7)

peR2”
which is a nonlinear and nonconvex optimization problem. One solution approach is the

gradient descent method.

Lemma 5.2.1 Denote X £ S(K,p)'S(K,p)' = [Xi;]ijev for some X;; € R¥*? satisfy-
ing X;; = XJTZ Then

otr (ST) —9 Z kﬂ(pi - pz)T(Xzz — Xy — Xli)([ - Pil)

) o1 = pil2 , forleV. (5.8)

€V\{l}
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Proof For notational simplicity, we drop the arguments in S. By [55], foreach [ € V,

otr(st) 08 05\ 03,

1,j€V

According to (2.4), 0S;;/0p; = 0 unless either i = [ or j = [. For eachi € V with i # [,

we have

otr (XiSi) 9 (e Xijeq) - +. 0ey - — I =Py

A Raa) _ g TG0 e (X 4+ XT) 2 = kel (X + X)L
opi " opy e (X J>8pz rea (X ])Hpi_le

Similarly, we can compute Otr (X;5;;) /Op; for j € V with j # [, and Otr (X;;.5;) /Opu.

Plugging these into (5.9) yields the desired conclusion. [ ]

By stacking the partial derivatives in (5.8) for all [ € V), we obtain the gradient of the
objective function of the optimization problem (5.7) with respect to p. Gradient descent
methods such as the Newton and quasi-Newton methods [56] can then be applied to find a

(generally suboptimal) solution to problem (5.6).

Remark 5.2.1 At a given configuration p, denote by v, the eigenvector of the stiffness
matrix S(K, p) corresponding to its fourth smallest eigenvalue \y. Then, it is known [54]
that the gradient of the WRI at p is given by

) L (BERY
Thus, the above gradient-based methods can be similarly applied to optimize r, with re-
spect to p. One needs to be aware that when \, is a multiple eigenvalue, the concept of

subgradient is involved. (See [57] for more details.)

5.3 Topology Optimization

In the topology optimization subproblem, the vertex configuration p is assumed to be
fixed, and the rigidity index is optimized with respect to the connectivity K that quantifies
the topology of the formation:

maximize r(K,p),
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for some feasible set Ky C K of K. A version of this problem has already been studied in
Section 5.1 with Ky defined through the constraints (5.3). In the following, we consider the

following more challenging version, where the feasible set /g is a discrete set defined by
Ko = {K N Kllo = ¢, and kyy € {0,ki;}, Vi, j € v} . (5.10)

Here, || K ||, denotes the number of nonzero entries, ¢ is a positive integer and K = [/2:”]
with fcij > () is a preset connectivity matrix. In other words, each edge is either on or off,
and there are no more than ¢ “on” edges. For simplicity, choose the rigidity index to be
optimized as the WRI r,.

The optimization problem with the 0-1 constraint on K is NP-hard in graph size. To find
a sub-optimal solution, we propose a method that swaps edges iteratively. In each iteration,
an absent edge is first added to increase the WRI the most, followed by the removal of an
edge that results in the least decrease of the WRI. Thus the WRI will never decrease in each
step. The process terminates when the same edge is being added and removed in a single
step.

Assume that the initial formation with the configuration p and the topology K is rigid.
When a single edge, say, between vertices ¢ and j, is added/removed, the original stiffness
matrix S is updated by a rank-one modification S = S + p - AS, where AS = l%ijqijq;j
with q;; defined in (2.7), and p is +1 or —1 if the edge is added or removed. According to

the following theorem, if the edge is added, then A\4(.S) is between A\4(.S) and A;(.S); while

if the edge is removed, then A\4(.S) is between 0 and A\4(S).

Lemma 5.3.1 (Cauchy’s Interlace Theorem [58]) Let C = D + obb', where matrix
D = diag(dy,ds, ... ,dsy,) € R?*™?" js diagonal; b € R* and 0 € R. Suppose

dy < dy < -+ < dsy, are the eigenvalues of C. Then,

S
A
o
IN
S
IN
S
IN
IN
S
3

IN

di <dy <dy <dy < -+ <dpy, <

To characterize the eigenvalues of S, we write S = QDQ", where Q € R2*2 ig

orthogonal and D = diag(A, \a, . .., A9, ) With \;’s being the eigenvalues of S. Suppose
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Ais an eigenvalue of S =S+ pdS with v a corresponding eigenvector. Then A must be a

root of the following secular equation [58]:
Sv=(S+ pl%ijqijqz—‘;){/ =W = 14 Pffz'j(_ljj(D — M) 'q; =0

R 2n 2
= wij(p) é1+pkz‘jz)\§—iu=0, (5.11)
m=1""T

where @;; = Q' qi; = [€1,&, ..., &n] T is constant for varying p.

The secular equation (5.11) is a monotonically increasing equation on the interval
(A4(S), X5(S)). Denote by £°" and £°T the set of edges that are currently on and off,
respectively. When an edge (i,j) € £°F is turned on, the new WRI can be obtained by
solving the secular equation using a bisection algorithm.

In fact, instead of solving (5.11) for each individual edges that can be added, the fol-
lowing algorithm, inspired by [59] and summarized in Table 5.1, can simultaneously solve
all the secular equations through a single bisection algorithm. Ateachstept = 0,1,.. ., let
[ and u be a lower bound and an upper bound of the largest WRI 7, achievable by adding
edges in the feasible set A;, and let m = (I 4 u)/2. We can classify links (¢, j) in A; into
two groups A~ = {(,5) € A \(S) € [I,m)} and At = {(i,7) € A\(S) € [m,u]}
according to whether the corresponding secular equation satisfies w;;(m) > 0 or not. After
this classification, if A™ is empty, then the midpoint m becomes the new upper bound and
the new feasible set .4, is updated to .A~. Otherwise m becomes the new lower bound
and A4 is updated to A ™. This process is repeated until the required precision is achieved.

The above idea can also be applied to the similar problem of deleting one edge that
results in the least decrease in the WRI. In this case, the new WRI lies inside the interval
(0,A4(S5)); and since p = —1, each secular equation w;; () is non-increasing on this in-
terval. The algorithm in Table 5.1 can be modified to obtain the Edge Removal Bisection
Algorithm. By alternating between the edge addition and removal algorithms, we obtain
a combined iteration algorithm, called the Edge Swapping Algorithm, that at each step re-
locates an edge within the formation graph. This algorithm is stopped whenever the same

edge is added and removed in a single step.
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Table 5.1: Edge Addition Bisection Algorithm

Input  p=1,1=X(9),u=Xs(S),m=(l+u)/2, A =ETandt =0

Step1 If |A;| = 1, then go to Output; otherwise, AT = (), A~ = (), and go to
Step 2.

Step2  For each (4, j) € A, if w;j(m) > 0, then A~ <+ A~ U {(4,)}; Other-
wise, AT «— AT U{(i,))}

Step3 If|A"| =0,u + mand A;,; = A otherwise, | + m and A;,; = A"

Step4 ¢+« t+ 1andgoto Step 1

Output A, (singleton)

@ (b) ©)

(d) (e

Fig. 5.5.: Edge Switching Algorithm (a) Input — (b) Step 1 — (c) Step 2, Step 3 — (d)
Step 1 — (e) Step 2, Step 3 then Output

Fig. 5.5 shows a step-by-step illustration of applying the Edge Swapping Algorithm to
a simple example where all l%ij are assumed to be 1. As a result, the WRI increases from

the initial 0.268 to 0.586 at the end.
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Table 5.2: Alternating Optimization Algorithm

Input  Original formation (V, K@, p®) X t:=0,e
Step1 Fix K", optimize p’ := arg max ry, (K ® p) from p(*)
p
Step2  Fix p*Y, optimize K**V := argmax ry, (K, p(tH)) from K
Kex

Step3  Ifr, (KD pth) <y (KO, p®) + ¢, go to Output

Stepd t:=t+1,gotoStepl

Output K® p®

5.4 Hybrid Configuration/Topology Optimization

The two optimization algorithms discussed in the previous two subsections can be com-
bined to solve the general formation optimization problems. The idea is to alternatively ap-
ply the configuration optimization and the topology optimization until both fail to improve
the formation rigidity any further. The combined algorithm is described in Table 5.2. An
advantage of the combined algorithm is that it can avoid some local extrema with poor over-
all value associated with either the configuration optimization or the topology optimization
individually.

Fig. 5.6 depicts the simulation results of the combined formation optimization algo-
rithm for a five-vertex formation under the constraint / = 6. The initial formation has
random vertex positions and a given topology as shown in Fig. 5.6(a). We first apply the
configuration optimization with the fixed initial topology to obtain a solution in Fig. 5.6(a),
where the initial and the final vertex positions are shown by hollow and solid dots, respec-
tively, and the dashed lines represent the trajectories of the intermediate results during the
gradient descent optimization. We then apply the topology optimization with fixed vertex
configuration as in Fig. 5.6(a) to obtain the solution in Fig. 5.6(c). Another configuration
optimization leads to the final solution in Fig. 5.6(d). In Fig. 5.7 we plot the WRI and

the MRI of the resulted formations as a function of the number of iterations during this
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(a) Initial formation (b) After position optimization

(c) After topology optimization (d) Final formation

Fig. 5.6.: Example on Alternating Optimization Algorithm

optimization process. Both rigidity indexes increase over iterations, with the WRI grows
from 0.0145 to 0.837 while the MRI grows from 0.0959 to 1.458. The sudden jumps of the
two rigidity indexes at the time step 50 are due to the swapping of an edge caused by the
topology optimization. It is observed that the MRI exhibits a similar general trend but with

a smoother variation compared with the WRI.

5.5 Optimal Leader Selection

A fixable formation is highly desirable in many applications due to its structural ro-

bustness and localizability. As setting up leaders in practice has often high hardware and
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Rigidity Indices

0 10 20 30 40 50 60 70 80
Time

Fig. 5.7.: Rigidity indexes versus time step

energy cost, it is meaningful to find a minimum set of leaders that makes the formation

fixable. Such a set is called a minimum fixable set.

Lemma 5.5.1 (Cauchy’s Interlacing Theorem [45]) Let A € R be a symmetric matrix
with eigenvalues )\, . .., )\, and let B € R'"=Y"! be a principal minor of A with eigen-
values i1, . .., j—1, both sorted in ascending order. Then \; < j1; < Ay < pig < -+ <
Hi—1 < A

Proposition 5.5.1 Let S be the stiffness matrix of a formation with n vertices. Then a

minimum fixable set contains at least n — |rank(S) /2| leaders.

Proof Let \q,..., )\, be the eigenvalues of S in ascending order and suppose a set of m
leaders has been chosen. Since S of the resulting leader-follower formation is a principal
minor of S of order 2n — 2m, by repeatedly applying Lemma 5.5.1, the smallest eigenvalue
q of S satisfies \; < p1 < Aopyr. If pg > 0, we must have Ao, 11 > 0, or rank(S) >
2n — 2m. Since m,n are integers, this implies that 2m > 2n — rank(S), or m > n —

|rank(S)/2]. [

Proposition 5.5.1 gives a generally conservative estimate on the size of the minimum

fixable set, whose choice is by no means unique. In addition to finding a minimum fixable
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rm = 0.3876

T =0.0310 | |
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10 10}

(a) WRI (b) MRI

Fig. 5.8.: Best choices of anchors with respect to the WRI and the MRI

set, a secondary objective is to find one that results in the “most fixable” leader-follower
formation as measured by the rigidity index r that is either ry, or 7,. This can be formulated

as the following multi-objective optimization problem:
minignize L], 1/r(K,p;L)] subjectto 7(K,p;L) > 0. (5.12)

When both m and n are small, this problem can be solved using an exhaustive search. It
is worth noting that a similar problem was previously stated in [44], in which the authors
proposed an efficient relaxation method for relatively large-scale problems.

Fig. 5.8 illustrates the best choices of m = 2 anchors computed for an example. In both
cases, the two anchors in the best schemes are chosen far from each other such that the
two ends of the long narrow formation are pinned down. Intuitively, this kind of anchoring
provides a better global fixation of the formation structure compared to having both anchors
at one end, leaving the other end vulnerable to perturbations. We also note that the best

anchoring are different for the two rigidity indexes.
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5.6 Summary

In this chapter, the optimization problems of maximizing rigidity indexes were stud-
ied. Specifically, three types of optimization problems were formulated and solved. Firstly,
the optimal link resource allocation problem assumes that both the agent positions and the
connection topology are fixed and finds the optimal allocation of link resources (i.e., con-
nectivity coefficients) over all link, with constraint on the total link resource. This problem,
due to the concavity of the rigidity indexes, is a convex program and hence can be solved
efficiently. Secondly, the configuration optimization problem assumes a fixed topology of
the formation, and aims to find the optimal positions of the vertices in terms of maximizing
the values of rigidity indexes, which is a highly nonlinear optimization problem. Since
the gradient direction of the objective function can be given analytically, gradient-based
optimization methods can used to find a locally optimal solution. Thirdly, the topology
optimization problem assumes a fixed configuration and a designated connectivity coeffi-
cient for each pair of agents provided the link is turned on. The objective is to find an
optimal set of links to turn on, while the number of on-links is constrained. This problem
is a binary program and generally NP-hard. To overcome the computational difficulties,
an edge-switching algorithm was developed to improve a current topology until it cannot
evolve locally. The topology optimization problem can be combined with the configuration
optimization problem through alternative execution to avoid local optima with poor per-
formance. Lastly, the optimal leader selection problem in the context of rigidity indexes

maximization was formulated and a numerical example was given.
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6. FORMATION OPTIMIZATION USING MANIPULABILITY

In this chapter!, the formation optimization problems are revisited from the distinct per-
spective via the manipulability indexes. Particularly, the single-leader formations receive
focused study as the looseness property, hence conflict-freeness, is guaranteed for these
formations. Such optimization problems often prove to be useful in designing multi-agent
systems where the dynamics of the system is determined by a small subset of leaders, e.g.,

leader-follower multi-vehicle systems.

6.1 Optimal Leader Position

Provided we are given the freedom to adjust the position of the leader, how can we find
the optimal leader’s position in terms of maximizing the manipulability indexes? In this
section, we will study a particular scenario where there is only one leader and the objective
is to maximize the minimum manipulability index m,;,. Maximizing m,;, is often more
desirable than m,,,, in real applications as it prevents a leader-follower formation from
significantly poor performance in the worst case. To solve this problem, we introduce the
gradient-based method to solve this problem. For convenience, let us define the operator ®

as DA 2 0A /00, where A is a scalar or a matrix which depends on some common variable

6.

Lemma 6.1.1 For the single leader case (|L| = 1), the following identity holds:

T T — gt of T

I'The results presented in this chapter were partially published in [31].
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Proof Recall that for the single leader case, the column space of Sy, is contained in the
column space of Sys. Since Sy is real symmetric, S fijcf = S}fS #¢. Furthermore, S}fS f

is the projection matrix into the column space of S¢s. The above facts imply the following,
StStSy =St SySkSp = S
According to [60] and the above identities, we have
T T _ ot T T T ot
— SLS1L(DSyy) Sy Sk + (DSy) S S,

— S} Sy (PSS} Sl ) Sre

= — 51,55 (DSy) Sk S

Finally,
S1y® (81y512) = Sly (DSl;) Spe + S} S}0Spe
— 81} ((©850) = (D817)8};55e)
which concludes the proof. [ ]

Lemma 6.1.2 ([54]) Suppose X is a real symmetric matrix. The i-th smallest eigenvalue

of X is denoted by \;(X) and the corresponding normalized eigenvector by v;. Then,
DN(X) =0 (DX) ;.

Proposition 6.1.1 For the single leader case (|L| = 1), if the minimum manipulability

index Muyin = Amin(M) > 0, then its gradient with respect to the leader’s position py is

VAmin(M) =2 Z (ij + XJTJ + Y3 + Y]'T)(pj - pg),
JEN(6)

where

e v is the normalized eigenvector associated with the eigenvalue A\, (J T )s
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o X, is the d-by-d block of the matrix X € R2AF<2AF]
X = R}RzUUTRZR}TS}f;
o Y is the d-by-d block of the matrix Y € R2x2171
Y = UUTRZR}TS}f;
Proof By (4.2) and Lemma 6.1.2,
DAmin(M) =0T (DM)v = tr (vv'DM) = 2tr (vaS};S}f@ <S}f5fg>>
Using Lemma 6.1.1 and the fact that S}f St = R} Ry for the single leader case, we have
DAmin(M) = 2tr (YD Sp) — 2tr (XDSyy).

If we view X and Y as constants, it is not hard to see that

tr(YDSp) = > tr (VD (~(p; — po)(p; —po)T))

JEN ()

= — Z @ pg TY( pg))

JEN(0)

=Y (pj—p)' (V;+Y,)D(p. - p))

JEN()
Similarly,
tr (X@Sff) = — Z (pj - pe)T (ij + X]T]) Q(pé - pj)
JEN ()

Now we replace © with 5>-. Note that 5~ (pg — p;) = I>. Therefore,

a)\I"I'lln
_22 (X + X, +Y+Y)),
JEN(£)
which implies the desired conclusion. [ |

The gradient information enables us to use the gradient descent method to search for a

locally optimal leader’s position which maximizes the minimum (worst-case) manipulabil-

ity.



(a) G1 (b) G2 (c) G3
(d) G4 (e) G5 () G6

Fig. 6.1.: Original leader-follower formations

(a) Gl (b) G2 (c) G3*

(d) G4 (e) G5 (f) G6

Fig. 6.2.: Optimal leader position for maximizing the minimum manipulability.

1 This is the asymptotic configuration, but not a valid solution.
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Fig. 6.2 depicts the optimal leader’s position in each instance where the topology is
given as in 6.1 and the positions of the followers are assumed fixed. It is worth noting that
a legitimate solution for optimal leader’s position does not always exist. For example, in
G3, the optimal leader’s position tends to one of the followers, but the asymptotic result
does not give a valid solution (the two agents collide). Another interesting observation is
that for every rigid formation (such as G4, G5 and G6), the optimal leader’s position is
always the centroid of the rest of the agents, in which case the manipulability is isotropic

and equal to | F|. This phenomenon was previously certified by Theorem 4.4.1.

6.2 Optimal Leader Selection

In this section, we will mostly consider the optimal leader selection problem for single-
leader formations in terms of maximizing the minimum manipulability index, which can
be formulated as follows,

imi min K; 7»6 6.1
B (R P oD

We assume that the connectivity matrix K and the configuration p are fixed. Therefore,
the search region for the optimization problem is a finite set, and the original problem can
be solved using brute force search. In terms of computational complexity, the brute force
approach is tractable in that a formation with meaningful manipulability index values often
has only a limited number of vertices.

Particularly, if the formation is rigid, then according to Proposition 4.4.1, the minimum

manipulability index mp,;, = — 1 is a monotonically decreasing function with respect

nTZ—l
to the torque ratio 7 as defined in Definition 4.4.1. As a result, the optimal leader /* which

leads to maximal m,;, 1s given by

. 2
¢ = argmin — P2~ Pol :
¢ ey P — ol

In other words, the optimal leader is the one closest to the centroid p., of the formation.

= arg;nin lpe — Poll-

Since for rigid formations, the relative distance between the centroid and each of the ver-
tices remain constant, thus the optimal leader remains to be ¢* regardless of the position

and orientation of the formation.
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In Fig. 6.3, two formations with same configuration and different topologies are plotted.
Particularly, formation (a) is rigid and formation (b) is nonrigid. The manipulability indexes
of both formations are computed with each of vertices being assumed as the single leader,
and their values are listed in Table 6.1.

We first observe from Table 6.1 that for formation (a), the maximum manipulability
index M.y 1s equal to 5.0000 regardless of the choice of the leader, which in compliance
with Proposition 4.4.1. The largest value of minimum manipulability index m,;, for for-
mation (a) is obtained when vertex 4 is the leader. This also conforms with the previous
discussion as vertex 4 is located near the center of the formation. The same conclusions do
not hold for the nonrigid formation (b), where the largest value of m.,,;, is attained when

vertex 5 is the leader.

(a) Rigid formation (b) Nonrigid formation

Fig. 6.3.: Example formations for optimal leader selection

6.3 Summary

Formation optimization in the context of leader-follower manipulability was studied
in this chapter, with particular emphasis on the single-leader cases. Due to the lack of
the concavity properties of the manipulability indexes, the maximization problems of the

manipulability indexes are much harder to solve than those of the rigidity indexes. There-
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Table 6.1: Computed manipulability indexes for formations in Fig. 6.3

(a) (b)
Mmin m Mmax | Mmin m Mmax
1 1.9560 3.4780 5.0000 | 1.6567 2.8424 4.0281
1.9402 3.4701 5.0000 | 1.1077 1.5596 2.0115
1.3158 3.1579 5.0000 | 1.0980 2.3093 3.5206
4.8015 4.9008 5.0000 | 0.4697 2.7348 4.9999
1.8496 3.4248 5.0000 | 1.8495 3.2203 4.5911
1.7286 3.3643 5.0000 | 1.7285 3.3394 4.6502

Leader

AN L B~ W

fore, only the gradient-based solution algorithms and exhaustive search algorithms were
proposed for these problems. Nevertheless, it was proven previously in Section 4.4 and
revisited by numerical examples in the chapter that for single-leader rigid formations, the
optimal position of the leader is precisely the centroid of the remaining formation formed

by the followers.
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7. NETWORK LOCALIZATION USING ANGLE-OF-ARRIVAL
INFORMATION

Network localization, which is to find the (potentially time-varying) locations of the agents
based on available measurements, is one of the crucial tasks in a majority of multi-agent
system (including sensor network) applications. A direct method to localize the agents is
to use positioning devices such as GPS [61]. However, due to issues such as cost, energy
usage, and form factor, such devices are typically available only at a subset of the agents.
To localize other agents, additional inter-agent measurements are needed. Designing al-
gorithms that only utilize local measurements to localize the whole network has become a
popular research topic in the study of multi-agent systems [62].

Based on the type of measurement data available, localization algorithms can be clas-
sified into two categories: distance-based schemes and direction-based schemes. In the
distance-based schemes, the neighboring agents measure their relatively distances and then
attempt to recover the global positional configuration of the system. Numerous distance-
based localization algorithms have been proposed in the literature using, e.g., received sig-
nal strength (RSS) [63], time of arrival (TOA) or time difference of arrival (TDOA) [64], or
a combination of RF and ultrasound sensing [65]. A common issue with these algorithms
however is that eliminating ambiguity, especially reflective ambiguity, is often very diffi-
cult and may result in large errors [66]. Indeed, the distance-based localization problem has
been shown to be NP-hard [67,68], with unique solution existing only when the underlying
graph is globally rigid [14]. Although with some additional assumptions the distance-based
localization problem may be significantly simplified [69], it remains a challenging problem
in general.

On the other hand, the direction-based localization methodology uses the measure-
ments of angles of arrival (AOA) instead of relative distances. Direction-based localization

schemes have not received adequate attention mainly because of two drawbacks. First, lo-
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calization problem based on relative angle measurements is also an NP-hard problem [70].
However, if compasses are installed on all the agents to allow for a common global coor-
dinate for the measured angles, the direction-based localization problem could be as easy
as solving a set of linear equations [71,72]. Second, measuring AOA of RF signals re-
quires more advanced hardware such as antenna arrays that are usually expensive and large
in size due to wavelength constraint. Nevertheless, in many environmental monitoring
applications, the agents/sensors are already equipped with acoustic sensing devices [73],
thus acquiring AOA information via acoustic sensors would be a natural inexpensive ex-
tension [62]. As the technologies advance in signal measurement and hardware manufac-
turing, these drawbacks could be alleviated to the point that AOA localization schemes
become a viable alternative or at least a valuable supplement to distance-based schemes.
In this chapter!, the AOA localization problem is studied using the quantitative analy-
sis framework established in the previous chapters. Specifically, it is shown that solving
the AOA localization problem is equivalent to finding the solution to a system of linear
equations involving the stiffness matrix of the formation. To avoid the matrix inversion,
we propose distributed algorithms for both continuous-time and discrete-time dynamics,
which are guaranteed to globally asymptotically converge to the desired localization result.
These algorithms turn out to be similar to the consensus protocol described in [33] and also
the distributed formation controller proposed in [76]. The convergence, delay tolerance as

well as potential performance improvements of these algorithms are also studied.

7.1 AOA Localization Problem

The direction-based localization problem that is the focus of this section has been previ-
ously formulated and studied in [71,72] and more recently in [77], all through the rigidity
matrix. Different from these studies, we present here an approach that utilizes the stiff-
ness matrix. Although for the purpose of determining localizability the two approaches

ultimately lead to equivalent rank conditions, the presented one can also be used to study

"Most of the results presented in this chapter are previously published in [74] and [75].
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further problems such as quantifying the degree of localizability. Moreover, with a struc-
ture resembling the graph Laplacian, the stiffness matrix makes it easy to design distributed
localization algorithms, such as the ones to be presented in Section 7.2 and 7.3.

Consider a sensor/agent network consisting of n nodes (vertices) modeled by the leader-
follower formation (V, p, K, L), where p represents sensor locations and K their connec-
tivity coefficients. Recall that vertices in £ are leaders and vertices in F = V \ L are

followers.

Assumption 7.1.1 (Global Coordinate [72,77]) There exists a global direction in the R?

plane shared by all the sensors against which the angles are measured.

The above assumption can be satisfied by either installing compasses on all the sensors, or
on a subset of sensors and letting them propagate the coordinate to the remaining ones.

The problem to be studied is formulated below.

Problem 7.1.1 (AOA Localization Problem) Suppose that the absolute positions of the
leaders py are known. Given the connectivity coefficients k;; and the angle measurements
0,; € [0,2m) for all i, j such that k;; > 0, find the absolute positions of the followers p;
that satisfy Z(p; — pi) = 0y foralli € V, j € F and k;; > 0.

Remark 7.1.1 In precedent literature on network localization, nodes with knowledge of
their absolute positions are more often referred to as anchors or beacons. The use of the

term leaders here is mainly for terminology consistency with previous chapters.

An AOA localization problem may have no feasible solution if the given angle mea-

surements are inconsistent, e.g.,

0;; — 0;i| # m. Perfect measurements generated from a
given formation graph, on the other hand, is guaranteed to have at least one solution, which

is itself.

Definition 7.1.1 A leader-follower formation (V, p, K, L) is called AOA localizable if the
AOA localization problem given the anchor positions p, and angle measurements 0;; =

Z(p; — pi) admits only one solution, namely, p.
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Lemma 7.1.1 If (V, p, K, L) is fixable, then

p]% = —S;flegpeL. (71)

Proof Note that p- € null(S) as the direction of pt corresponds to the simultaneous
infinitesimal rotation of all the vertices around the origin. Thus,

Sgr Spe| |PF . .
=0 = Sffpf —I—ngpg =0. (7.2)

Saf Saa pﬂL
By assumption, Sy; is nonsingular. The conclusion (7.1) then follows directly from (7.2).

Equation 7.2 is an explicit expression of the positions of followers in terms of the an-
chor positions and angle measurements, hence is more favorable compared to the implicit
solution of an optimization problem as in [71].

Notice that Sy and S, depend on 0;; and £;; only, which together with p, are assumed
to be known in Problem 7.1.1. Hence, Lemma 7.1.1 gives an explicit formula for recovering
the unknown positions of followers when the anchored formation graph is fixable. The

following theorem states that fixability is also a necessary condition of AOA localizability.

Theorem 7.1.1 A leader-follower formation (V, p, K, L) is AOA localizable if and only if

it is fixable.

Proof Sufficiency has been shown in Lemma 7.1.1. To prove necessity, suppose Sy is
singular, i.e., Syruy = 0 for some uy # 0. Define u = [u} OT}T € R?" and write it as a
stacked vector of u; € R?, i € V. Then u' Su = 0, which by the definition of S in (2.4)
implies that

D kij(u; — wy) " Py(u — uy) = 0.

ijev
As each term in the summation is nonnegative, it can only be zero. Hence, for ¢, 7 with

kij > 0,u; — u; € null(P;), or equivalently, uj- — uj = ;; - e;; for some (;; € R.
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Define p = p + ¢ - u for some small § > 0. We claim that p # p is also a solution to
the AOA localization problem, which shows that the leader-follower formation is not AOA
localizable. In fact, for any ¢, 7 € V with k;; > 0,

- - 1
P —DPi=(pj —pi) +0(u; —w)

= (Ilpj — pill = 4i;0) ey;.
Thus, Z(p; — Pi) = £Z(p; — pi) = ZLe;; for § small enough. [ |

Fig. 7.1(a) shows a fixable anchor formation graph. One way to verify its fixability is
by applying Corollary 2.4.1: after connecting the leaders, the resulting formation graph
in Fig. 7.1(b) is infinitesimally rigid. By Theorem 7.1.1, it is also AOA localizable as in
Fig. 7.1(c). We note that the formation in Fig. 7.1(b) is not globally rigid due to reflection
ambiguity (dashed lines). Thus, this anchored formation graph can be uniquely localized
by angle measurements but not by distance measurements.

On the other hand, the formation in Fig. 7.2(a) is not fixable as the augmented formation
in Fig. 7.2(b) is globally but not infinitesimally rigid (infinitesimal rotations of the inner tri-
angle do not change the distances between connected vertices). Hence its AOA localization
problem admits multiple solutions as shown by the dashed circles in Fig. 7.2(c). This yields
an example of anchored formations that can be localized by distance measurements but not
by angle measurements.

An interesting observation from the above two examples is that, although fixability
is a necessary and sufficient condition for the direction-based localizability, it is neither
necessary nor sufficient for the distance-based localizability, despite the fact that fixability

is originally defined via an infinitesimal analysis of distance-based localizability.

7.2 Continuous-Time AOA Localization

A distributed continuous-time AOA localization algorithm is described as follows. Sup-
pose at each vertex ¢ € V, a variable x; € R? is maintained that represents the current

estimate of vertex ¢’s position. If vertex 7 is an anchor which knows its position exactly,



/
(a) Fixable (b) Infinitesimally but not (c) AOA localizable

globally rigid

Fig. 7.1.: AOA localizable formation that is not distance-based localizable

(a) Not fixable (b) Globally but not in- (c) Not AOA localizable

finitesimally rigid

Fig. 7.2.: Distance-based localizable formation that is not AOA localizable
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the value of x; is fixed to be pf. If vertex ¢ is a follower, then with the available angle
measurement data 6;; for those vertices j connected with it, x; is updated according to the
following distributed protocol,
Xi(t) = — Y kiPy(x;(t) = x,(t)), VieF. (7.3)
JEV
Here, F;; is the projection matrix along the direction of the angle 6;;. In matrix form,
equation (7.3) becomes

>'(f = —Sffo — ngpé', (74)

where x; = [X;];cr. This dynamics is similar to the continuous-time average consensus
dynamics [33], with the difference being that (7.4) has vector-valued state variables and
matrix-valued weights instead of scalars.

Using (7.2), the following result can be proved.

Proposition 7.2.1 The precise AOA localization result, x; = pj%, is an equilibrium point

of the dynamics (7.4).

7.2.1 Stability and Convergence Rate

We first show how the convergence of the algorithm (7.3) depends on the fixability of

the underlying formation graph.

Proposition 7.2.2 [f the leader-follower formation is fixable, then under algorithm (7.3),

Xp — pj% exponentially fast at the rate \(Sys), namely, the worst-case rigidity index
rw(K,p; £).

Proof Let e(t) = x;(t) — py be the localization error. Using (7.2) and (7.4), the error
dynamics is €(t) = —Syre(t). For fixable formations, Sy is nonsingular hence positive

definite. Thus, (t) — 0 at the exponential rate \;(Ss) in the worst case. [

We simulate the distributed continuous-time protocol (7.4) with a square-shaped forma-

tion consisting of 50 agents for three different set of leaders. The connectivity coefficient
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between each pair of neighboring agents is set to be 2 uniformly. The simulation results are
shown in Fig. 7.3, where the red filled dots denote the leaders and the white dots denote the
agents to be localized. In the first case (Fig. 7.3(a)—(d)), the localization process converges
to the true ground configuration fairly quickly. Intuitively speaking, if the whole formation
is viewed as a mechanical structure, the selected leaders are effective in pinning down the
whole formation as they are located at the corners. As we remove some of the leaders, as
is shown in Fig. 7.3(e)—(h) and (i)—(1), the AOA based protocol may become less efficient
in localizing the agents that are not geographically surrounded by leaders. A heuristic ex-
planation is that the directional information is effective in distinguishing different shapes,
but less effective at determining the scale of the shape. Hence, if the leaders are unable to
stretch a certain part of the formation, e.g., the right wing of the case in Fig. 7.3(1)—(k), it

may take very long for those agents to converge to the correct scale.

7.2.2 Delay Tolerance

We consider a more general scenario where there is a constant communication delay 7
across all links. The localization dynamics with delay becomes
Xi(t) = =Y kiPy(x;(t —7) = xi(t = 7)), VieF. (7.5)
JEV
The stability of such delayed systems is characterized by a threshold value of 7 in the

following proposition. The proof follows very similar lines as those of the consensus algo-

rithm in [33].

Proposition 7.2.3 Given an anchored formation (V,p, K, L) that is fixable, the dynamics
(7.5) is stable if the communication delay T < T*, where 7 = T /2 \yax (Stf)-

7.2.3 Bounds of Performance Indexes

Knowing the values of A\ (Sys) and Ayax(Syr) is important as they characterize the

convergence speed and the delay tolerance of the distributed algorithm (7.3). In this section,
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Fig. 7.3.: Simulation results using different sets of leaders



86

we derive some estimation bounds on these two quantities that can be easily computed

distributively by consensus-type algorithms.

Proposition 7.2.4 For any given leader-follower formation (V,p, K, L), we have A <
Amax (Sfr) < \, where

Zz’e]—‘ ZjeV\{i} kU

>\:

= P g
max ¢ A | Y kP |+ Y Ky
jeV\{i} JjeF\{i}

As a result, the delay margin 7* is bounded by

T/2) < 7 < /2.

Proof For the lower bound, using (2.4) and the fact that each projection matrix F;; has

trace 1, we obtain

2|7
Z /\k Sff = tI‘ Sff Ztr Z kijpij = Z Z k”
k=1 ieF JeEV\{i} ieF jeV\{i}

The lower bound follows as the maximum eigenvalue is no smaller than the average of all
eigenvalues.

For the upper bound, note that each diagonal 2-by-2 block S;; of Sy is positive semidef-
inite. Let a; < f3; be its only two eigenvalues, then ||.S;;||» = ;. Each off-diagonal 2-by-2
block satisfies ||S;j||2 = kij|| Pijll2 = kij. According to the Generalized Gershgorin Circle
Theorem [78, Theorem 2], for each eigenvalue A of Sy, the following inequality must hold

for at least one 7 € F,

S 1Silly > ([[(Si = AL) ™) = min {Jas — Al 8 — Al},

JE€F\{i}
which implies that
Ji€F suchthat A< Bi+ > ki
jeF\{i}
Taking the maximum value of the right hand side over all = € F yields the desired result. B
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Both bounds in Proposition 7.2.4 are of a form that is amenable to distributive compu-
tation: \ by local computations followed by an average consensus; and \ by local compu-
tations followed by a max consensus. Therefore, the delay tolerance margin for the AOA
localization algorithm running on any formation graph can be estimated in a distributed

way.

Remark 7.2.1 The upper bound \ for Apay (S 1) can be further relaxed as follows,

jeF\{i} jeL
The new upper bound may be more desirable in some applications as it no longer depends

on the vertex positions.

As pointed out in Section 2.3, the well studied graph Laplacian matrix has half the
dimension as that of S. The following result establishes new estimation bounds on A (Syy)

and A\ax(Syr) using the Laplacian matrix.

Proposition 7.2.5 Let L be the Laplacian matrix of the underlying weighted graph (V, K)
defined in (2.5). Let Ly be the submatrix of L consisting of the rows and columns that
correspond to the followers. Then \1(S¢r) < Ai(Lyr)/2 and Mnax(Str) > Amax(Lgr) /2.

Proof Aseach P;; € R?*?is a projection matrix, we have P;; + QP;;Q~' = I, where Q is
the 2-by-2 orthogonal matrix corresponding to the 90° counterclockwise rotation. Hence,

the following holds according to (2.4) and (2.5),
S+ (L ®Q)S(In®Q) " =Ly ® I (7.6)

Note that L ¢y ® I has twice the dimension as that of L and its spectrum is exactly that of
Ly repeated twice. Since ()7 ® Q)Syr (17 ® Q) is similar to Sy, using the Rayleigh

quotients argument on (7.6), we deduce that

221 (Spr) < M(Lyr),  2Amax(Sgr) = Amax(Lgyr),

which yield the desired conclusion. [ ]
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Proposition 7.2.5 states that both the convergence rate and the delay tolerance of the
AOA localization algorithm are upper bounded by the corresponding performance metrics
(after proper scaling) of the leader-follower consensus algorithm running on the same for-
mation graph. This provides a connection between the studies of the AOA localization
problem and the consensus problem. On the other hands, the bounds in Proposition 7.2.5

are in general not tight.

7.2.4 Parameter Optimization

Assume that the underlying graph topology £ = {(i, j) | ki; > 0} is fixed, while the val-
ues of k;; > 0 can be varied through network resource re-allocation, e.g., moving more ac-
curate sensors to strategically more important positions, increasing the transmission power
at certain vertices, etc. A natural question is how to choose k;; to maximize the conver-
gence rate A\ (Sy) and the delay tolerance margin 7 /2\,ax(Syr) simultaneously. One way

to formulate this is by solving the following condition number minimization problem:

minimize —)\max(sf 1 () ,
KeK(€) /\1(Sff(K))

(7.7)
Here, () denotes the set of all feasible K consistent with the given topology £. Prob-
lem (7.7) is equivalent to either of the following two problems: 1) maximize the conver-
gence rate while keeping the delay margin at a certain value; 2) maximize the delay margin
while keeping the convergence rate at a given value.

Using the relation (2.8) and the fact that both the numerator and denominator in (7.7)
are linear in K, Problem (7.7) can be cast as the following semidefinite program,

i

RIAgR; — 1 (7.8)

subject to =0
u[ - R}I—AKRf

— Y

which can be solved very efficiently.

Remark 7.2.2 In the above optimization, the vertex positions as encoded in Ry are as-

sumed to be known a priori, which is not the case for localization problems in practice.
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Nevertheless, the optimization problem discussed here is still of potential use in several
scenarios. Firstly, if the positions of the vertices can be roughly estimated in advance, then
the solution of the problem (7.8) using the rough guess may still identify the bottleneck
links in the formation that need to strengthen the most, thus providing at least qualitative
directions for topology design and link resource allocation [50]. Secondly, in the scenario
where the agents/sensors are mobile and require localization continually, a one-shot opti-
mization of the link connectivity coefficients could improve the performance of the dynamic

localization process.

IR I
‘.<‘

T

,A\!

N7
e
e N

Fig. 7.4.: Sample leader-follower formation graph (ground truth)

As a numerical example, we implement the distributed algorithm (7.5) with uniform
communication delay 7 on the formation in Fig. 7.4. Two cases with different connectivity
matrices K are tested. In the first case, all edges have the same connectivity coefficient 2,
and the resulting .Sy has the smallest and largest eigenvalues \; ~ 0.072 and Ay ~ 18.71,
respectively. For comparison purpose, the bounds in Proposition 7.2.4 yields 14.39 <
Amax < 31.12. The corresponding delay margin 7 is hence 7/2A.x ~ 84 ms. By
solving the optimization problem (7.8), the optimal K* is obtained and adopted in the
second case study. Calculation shows that while )., remains the same as in the first case,
A is increased to A; = (.14, essentially doubling the convergence rate compared to the
uniform K case. Alternatively, we can scale K* so that the resulting S has the same Ay,
hence the convergence rate, as in the first case, but with A\, = 9.62, which implies that

the delay margin has been increased to 163 ms.
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Simulation results of the two test cases (uniform K and optimal K, with the same A,
values) are illustrated in Fig. 7.5, which plots the localization errors as a function of time
(in seconds) for three different delays. As can be seen, the delay margins for both cases lie
between 80 ms and 90 ms. When both dynamics are stable, as expected, the second case
using the optimized connectivity matrix /* converges to the true configuration faster in the

long run.

7.2.5 Switching Topologies

We next consider the case where the graph topology £ may vary with time. In practical
applications, this could be due to obstructions between vertices, sensor sleeping/wakeup,
etc. For ease of analysis, suppose that the connectivity matrix A can only switch among the
m matricesin J = {K W KM } The AOA localization algorithm (7.3) in Section 7.3

then becomes

==Y EP(x() = xi(t), Vi€ F, (7.9)
JjeEV
where o, is the mode sequence that takes values in the mode set M = {1,... ,m} for

t > 0. We assume that oy is right-continuous and has a dwell time 6 > 0, i.e., consecutive
switches are at least  time apart.
Again let e(t) = x(t) — pj% be the localization error of the followers. The error

dynamics for the algorithm (7.9) is
Et) = —Si7Ve(t). (7.10)

Here, S](c;t) = R} Mgy Ry. The algorithm (7.9) will converge to the true solution p if

and only if the system (7.10) is asymptotically stable under any valid mode sequence.

Definition 7.2.1 The set of recurrent modes for a given mode sequence o, is defined as

those modes that appear infinitely often in o,:

Mo =J 1o} cM.

t>0 s>t



0 5 10 15 20 25 30
Uniform K, No Delay

J

y

0 5 10 15 20 25 30
Uniform K, Delay = 80 ms

20

10

-10

5 10 15 20 25
Uniform K, Delay = 90 ms

0 5 10 15 20 25 30
Optimal K*, No Delay

o 5 10 15 20 25 30
Optimal K*, Delay = 80 ms

2 4 6 8 10
Optimal K*, Delay = 90 ms

91

Fig. 7.5.: Comparison of convergence speed and delay performance between uniform con-

nectivity and optimal connectivity.
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We now give the necessary and sufficient conditions for the convergence of the algorithm

(7.9).

Theorem 7.2.1 Given the set of vertices V), the position configuration p and the anchor set
A. Suppose the connectivity matrix K switches among the set [J = {K WK (m)} and
the mode sequence o; has a strictly positive dwell time 7 > 0. Then the distributed AOA
localization algorithm as described in (71.9) will always converge to the unique true solution

Py if and only if the anchored formation (V, p, K, L) is fixable, where K = __ ., K@),

Theorem 7.2.1 can be proven using tools in Lyapunov stability theory, which will be

introduced as follows. A Lyapunov function for the autonomous system:
X = f (X>7 x € R"

is a continuous function V' : R"” — R satisfying: (i) V' (0) = 0; (ii)) V(x) > 0, Vx €
R™\ {0}; (iii) V(x) < 0, Vx € R".

Lemma 7.2.1 (Lyapunov Stability Criterion [79]) If an autonomous system given by
X = f (X)> x € R"

admits a Lyapunov function V : R" — R which in addition satisfies

1. V(x) <0, ¥Yx € R*\ {0};
2. ||x|| = o0 = V(x) = o0,
then the autonomous system is globally asymptotically stable at the origin.

We now prove Theorem 7.2.1 using the above lemma.

Proof First assume that (), p, K, £) is not fixable, i.e., its stiffness matrix S is singular:

Sj(f;)u = 0 for some u # 0. Note that Sy = >\ Sj(c;'c) with each S](;) > 0. Therefore,

o)

Sgu = 0 implies u' Syu = >0 uTS}f u = 0 and hence S};)u = 0 for each
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0 € M. In other words, u is a common equilibrium point of the error dynamics (7.10)
for all the recurrent modes. As a result, localization error does not always converge to zero
for all initial conditions.

Conversely, assume that (V, p, K, £) is fixable. Define

V() = 5l

Then it is easily verified that V' (-) is a common Lyapunov function for the error dynamics

(7.10) of all the modes. In fact,
V(e(t) = e(t) é(t) = —e(t) TS e(t) < 0.

Starting from the initial error £(ty) = ¢, we use the following procedures to recursively

find intervals [sy, ), kK = 1,2, ..., in which the trajectory of € is not constant:?
o = inf {3 5> t1,e(t) T Se(t) > o} , (7.11)
ty =1Inf {t : t > s, 00 # 05, }. (7.12)

with the definition inf ) = +oco. Since S} is nonsingular, for every u € R271\ {0}
there exists 0 € M, such that uTSJ(c;)u > (. Therefore, it is guaranteed that s, < +o0
whenever t;,_; < +o00. Furthermore, we have Zle(tk — 8;) — 400 as k — oo. Define
w : [tg, +00) = [to, +00) as

D ocick (ti—si)) +(t—s1) ifsy <t <ty
w(t) =

Zo<i<k (ti — s4) ift,_1 <t<syg.

and let é(t) = e (w(t)). Note that &(¢) is continuous, piecewise differentiable,
lim &(t) = lim e(t),

t—-+o0 t——+o00

and

= e (W) S e (w(t)) <0, ¥t > 1,

2In fact, Sk, tx (k> 0) are functions of €y, which we omit for simplicity of notations.
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where the strict inequality follows from the definition in (7.11). According to Lemma 7.2.1,
lim; ., €(t) = 0. Therefore, the error dynamics of the distributed AOA localization

algorithm as described in (7.10) is globally asymptotically stable. [ ]

7.3 Discrete-Time AOA Localization

According to Theorem 7.1.1, Equation (7.1) provides a feasible and reliable method
of solving the AOA Localization Problem. However, computing Sjifl is time-costly and
technically difficult to carry out in a distributed fashion. To overcome this limitation, we
decompose Sy into Dy — Fyy, where Dy is composed of the 2 x 2 diagonal blocks in Sy
and F'y; the negated off-diagonal blocks. We first need to verify the invertibility of matrix
D .

Proposition 7.3.1 If a leader-follower formation is fixable, then all 2-by-2 diagonal blocks

of the matrix Sy are invertible.

Proof We prove by contraposition. Suppose a 2-by-2 diagonal block of Sy, say S, is
singular. Recall from (2.4) that S;; is the sum of the projection matrices. In the two-
dimensional case, S;; is singular if and only if all the projection matrices share the same
null space. This implies that the null space shared by all the 2-by-2 blocks in the -th block

column and row is nontrivial. Therefore, St must also be singular. [ ]
We assume that the leader-follower formation is fixable. By Proposition 7.3.1, Dy is
invertible. Therefore, (7.1) can be manipulated into the following iterative form,
p; = Dy Fypy — D3/ Sppy - (7.13)
We propose as follows a damped version of (7.13) which gives the same solution,
p; = (D + M) (Fyr + M) py — (Dgr + M) Spepy (7.14)

where A is assumed to be 2-by-2 block diagonal , i.e., A = diag(A;;) where A;; € R**2,

According to (2.4), we can write (7.14) in the decentralized form as below,
-1
pi = | A+ Z kij Pij I Z kijpijpj_ , VieF.
jeV\{i} jeV\{i}
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The above expression can be viewed as the weighted average of the vectors p; and p;
with matrix-valued weights A;; and k;; P,;. Now we can design the following algorithm to

solve (7.14) distributedly.

Algorithm 1 Distributed AOA Localization Algorithm for agent ¢ at time step k
Input: A; € R?2 ptk], by [k, 05 €10,2m), (j €N)
Output: p; [k + 1]

A+ Ay

u < Aypi[K]

for all j € \V; do
e « [cosB,;,sinf;;]"
u < u+ee' pjlk]
A+ A+ee’

end for

pilk+1] + A lu

Remark 7.3.1 Algorithm 1 is essentially similar to a consensus process over the network.
The subtle difference is that each node will converge to its respective localized position
through the execution of the algorithm; whereas in the classical notion of consensus, all

nodes converge to the same value over the network.

7.3.1 Stability and Convergence Rate

Let p[k] in Algorithm 1 denote the estimated positions of the followers at step k. Note

that the discrete-time dynamics of p[k] can be expressed as below,
ﬁj{[k’ + 1] = (fo + A)_l (Fff + A) ﬁjc‘[k] — (fo + A>_1 ngpj‘. (7.15)

We hereby define the convergence of the dynamics (7.15), thus equivalently, the conver-

gence of the algorithm (that is, Algorithm 1).
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Definition 7.3.1 (Convergence) Given a leader-follower formation (V,p, K, L), if for any
initial guess f)J% [0] € R?", the dynamics (7.15) always converges to the true configuration

Py, then the algorithm is said to be convergent.

It can be readily inferred from Theorem 7.1.1 that the fixability of the underlying forma-
tion graph is necessary for convergence. The following theorem gives a sufficient condition

for convergence.

Theorem 7.3.1 (Sufficient Condition of Convergence) The proposed algorithm is con-

vergent if (V, p, K, L) is fixable and A is symmetric positive definite.

Proof Since (V,p, K, L) is fixable, the convergence of the algorithm is implied by the

stability of the discrete time-invariant affine system (7.15), which is given by
-1
p (D + 0 (Fpr +A)) < 1,

where p(-) denotes the spectral radius. Since the following matrix,

D=
D=

(Dgr +A) 2 (Fyp + M) (Dyr + A)

is symmetric and similar to (D + A) ™" (Fy; + A), we can alternatively show that

[
[NIE

[>—(fo+/\)7 (Fff—FA)(fo—FA)i - —1.

N

The first part of the inequality is easily seen given the positive definiteness of (D + A)~
and Dy — Fyp (which is equal to Sy and positive definite, by the assumption that the
formation is fixable).

For the second part, it suffices to show that Dy + Fy + 2A >~ 0. We observe that
Dy + Fy is the matrix whose off-diagonal blocks are negated compared to Syy. Inspired

by the following relation,
Dy — Fyp = Syp = Rf AR},
we can see that D + Iy can be similarly decomposed as follows,

Dy + Fyy = R TA R}, (7.16)
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where the matrix fi;{ consists of rows in the following form

f.(ij):[o e 0 eiTj eZTj 0o ... O]T
~~

i-th block j-th block
(negated)

The decomposition in (7.16) certifies that Dy + Fyr = 0. Consequently, we have Dy +
Fpr 42N = 0. u

We test our distributed AOA localization algorithm on a multi-agent network consisting
of 50 agents as shown in Fig. 7.4. Four agents at the corners of the formation (marked by
red dots and labeled A, B, C' and D) serve as leaders (i.e., their positions are a priori
known). Fig. 7.6 shows the simulation result. As is theoretically proven, the localization
result converges to the ground truth as the number of iterations increases. Fig. 7.7 illustrates
the localization error with respect to the number of iterations. The solid line denotes the
convergence performance for the case shown in Fig. 7.6, while the two dashed lines denote
the performance for the same formation but starting from different random initial guesses.
We see that after a large number of iterations, the convergence rate, depicted by the slope
of logarithmic line, converge to the same value. This value is essentially determined by the
largest eigenvalue of the matrix (D + A)_1 (Fr + A). We make some comments toward

the end of the paper on the potential improvements that can be made in future works.

7.4 Steady-State Error Analysis

In the study of AOA localization problem so far, the leaders’ positions and the angle
measurements are assumed to be precisely known. In practice these are often subject to
errors. In this case, the algorithm (7.3) will still converge, though to a result that deviates
from the ground truth. In this section, through perturbational analyses, we will study how

these measurement errors affect the localization results.
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Fig. 7.6.: Simulation result of the algorithm
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Fig. 7.7.: Convergence performance of localization algorithm
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7.4.1 Inaccurate Leader Positions

Consider the scenario where the measurements of the absolute leader positions differ

from their true values by dp,. From (7.1) the resulting steady-state localization error is

ops(6pe) = (171 © Q) Sy Sp(dpe) ™ (7.17)

We propose two metrics to quantify how much the errors in leader positions affect the

localization results.

Definition 7.4.1 The worst-case error propagation coefficient of leader positions, denoted

by e}, is defined as
opr(d
8 19PS0PO]
ope#0 H(Sng
It can be readily seen from (7.17) that ¢}’ = HS]Tfl S fg{

Sy S

,» 1.e., the largest singular value of

Definition 7.4.2 The mean error propagation coefficient of leader positions, denoted by

ey, is defined as

16pe]”

where 0py is random and E is the expectation operator.

2
ma | [napf(ape)n ]

Proposition 7.4.1 Suppose dpy has an isotropic probability distribution (i.e., equally likely
in all directions) and P (6p, = 0) = 0, then

1
el = ——||S7' S]] .,
where || - || denotes the Frobenius norm of a matrix.

Proof We compute

B E (5pg)iTS]T€SJTfIS]7fleg(6pg)¢
16D

B ) L§ 1T B
- \/tr(sfflsﬂE [E 53; (EQK)J sjgsffl). (7.18)

/

g

4Ap



100

Since dpy is isotropic by assumption, the symmetric matrix P define above must satisfy

T-'PT =Pforall T € SOy, which implies that P = aly¢| for some o € R. Matching

the traces of P and aly| yields a = ﬁ The desired expression can be obtained by
plugging P = ﬁfgw into (7.18). [ ]

It is noteworthy that the values of (¢})? and (£}")? are precisely the maximum ma-
nipulability index m,., and the mean manipulability index m, respectively, as defined in

Definition 4.1.1.

7.4.2 Inaccurate Angle Measurements

We next take the AOA measurement errors d6;; into account and carry out a pertur-
bational analysis of (7.1). Denote by d0 the vector composed of all 4¢;; and let op; =
dps(00) be the resulting AOA localization error. Since the map dpy(-) is nonlinear, the

error propagation coefficients are defined locally as below.

Definition 7.4.3 The worst-case error propagation coefficient of AOA measurements, de-
noted by €y, is defined as

w A

a . ||ops(e-60)]|
S0 =

Definition 7.4.4 The mean error propagation coefficient of AOA measurements, denoted by

ey, 1s defined as

A
e = |E [lim
o o |e- 00|

. ||6pf<e-5e>||2]7

where 60 is assumed to be random.
Lemma 7.4.1 The Taylor expansion of 6p;(60) at 60 = 0 is
ops(60) = (Iir ® Q) 'S WAKHO + 0(58). (7.19)

where W is a matrix whose columns are w;; defined as

Wij = pi — Pj| < ti-th block row.
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“«

The notation “|” here means that all components except the one specifically indicated are

zero.

Proof Let 0,; denote the orientation angle of vertex j w.r.t. vertex ¢ for i € F and (i, j) €
. If there is no measurement error, then |6,; — 6;;| = m. Consequently,

T

po_ cos0;; | |cosb;; _p

i . Jji
sinf;; | |sind;;
If both 7 and j are followers, then

o0pr)! A Sy) g i g9

95y OSpr |
00, 00;, 1190,

90, V1

(—S;flsﬂp;) = —S]:fl (7.20)

Note that the matrix derivative %Z—ﬁ has only two nonzero blocks: kij% at (i,7) and
1] )

—k;; 225 at (i, j), where

i 90,
T T
OP;; —sind;; | |cosb,;; cosb;; | | —sinb;;
7 J ] 1) 1) —1
0, . , = QP+ P
ij cos 0;; sin 0;; sin 0;; cos 0;;

Plugging these into (7.20) and recalling that P;;(p; — p,;)* = 0, we have

|
0(5pf)L _ _
00, =S5 | kiy(@Py + PyQ")(pi — py)*

|
= —kijS;fl PijQ_l(pi — pj)L = —kijsf_flwij. (721)
|
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Next, we consider the case when j is a leader. In this case both Sy and Sy, depend on

¢;;. Hence,
o0py)t =Sy o . o108k,
20, o0, Spepy ff _391-]- P
o) 0S
_ _q-1 ff L fe_ 1
- <aeij Py B0, pf)

|
- _Sf_fl kij(QP;; + P;Q 1) (pi — pj) "
|
= —kij Sy wij, (7.22)

which turns out to be identical to the case when ¢, j are both followers. The expression
(7.19) can be obtained from (7.21) and (7.22) by stacking the w;; horizontally to form V.
]

Proposition 7.4.2 The error propagation coefficients of AOA measurements in the worst

case and in the mean case (with isotropic distribution of 60 ) are respectively

ey = ||S WAk, . e WAk .

1
=@ 1S5

where W is the matrix stacking the corresponding w;; horizontally.

The derivation of the above expressions is entirely similar to that of Proposition 7.4.1;

hence the proof is omitted.

7.4.3 Numerical Examples

To illustrate the results in the previous sections numerically, we computed the error
propagation coefficients for the formation shown in Fig. 7.4 with different leader sets. The
four candidates for leaders are labeled A, B, C' and D. The numerical results of the error
propagation coefficients are listed in Table 7.1. The random measurement errors for the

mean case are assumed to be isotropic.
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Table 7.1: Error propagation coefficients for Fig. 7.4

Leader Set ey g €y €y
A, B,C,D 5.8885 3.8852 6.5043 0.6061
A B,C 5.4307 3.9999 15.1156 1.2606
A, B 9.2271 5.8950 184.1435 13.7199
A, D 5.0222 4.5624 24.1448 1.9578

From the numbers in Table 7.1, several observations can be made. Firstly, the values of
mean error propagation coefficients are always smaller than their worst-case counterparts,
consistent with their definitions. Secondly, the mean error propagation coefficients for the
AOA measurement errors are significantly smaller than that of the worst cases. Therefore,
one may effectively suppress the worst-case localization errors by averaging the results of
multiple measurements. Thirdly, in general the more leaders the network possesses, the
smaller €3 and €;' becomes. This complies with our intuition that the more leaders help
suppress the uncertainty caused by measurement errors. In the particular case of A, B
being the leaders, the localization errors caused by inaccurate AOA measurements could
potentially be huge. This is because the bottom part, hardly “pinned down” by the leaders
A and B, can be easily deformed without causing large AOA measurement errors on any
edge.

The numerical results regarding the error propagation coefficients for the leader position
errors do not have as easy an interpretation. It can be seen from the first, second and
fourth cases in Table 7.1 that adding more leaders may not decrease the error propagation
coefficients. On the other hand, a small but poorly chosen leader set, such as the third case,
could still potentially lead to much larger error propagation coefficients. We will investigate

further these observations in our future work.



104

7.5 Summary

In this chapter, the angle-of-arrival (AOA) localization problem is studied using the
concepts of formation rigidity. Specifically, we characterize the AOA localizability using
the fixability of the underlying anchored formation. Moreover, we propose a distributed
algorithm that can localize the followers whenever the formation is fixable, and derive its
convergence speed and robustness to communication delay. We formulate and solve an
optimization problem whose solution can maximize the convergence speed and delay tol-
erance of the algorithm at the same time. We also study the sensitivity of the localization
results to inaccuracy in anchor positions and AOA measurements. Some simulation results
are provided to demonstrate the effectiveness of the proposed algorithm and its perfor-
mance.

Many interesting research problems arising from the setup of this paper deserve further
investigation. Examples include finding the best formation topology and/or anchor selec-
tion under resource constraints for fast and robust AOA localization; incorporating distance
information into angle-based localization algorithms; devising methods that can blunt the
destabilizing effect caused by communication delay. Solution of these problems will not
only reveal new properties of formation graphs, but also have practical implications in the

many applications of multi-agent systems.
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8. CONCLUSION

Formations, more specifically, the geographic configurations of agents together with their
interconnection topologies, play a significant role in the collaborative performance of multi-
agent systems involving formation control, localization, and other geo-sensitive applica-
tions. This dissertation proposed a general theory toward the quantitative analysis of for-
mations, and demonstrated its applications in formation control and network localization.
In Chapter 2 an algebraic formation theory was developed which served as a fundamen-
tal tool for the study of formations in the later chapters. Two basic quantities associated
with a formation, namely the rigidity matrix and the stiffness matrix, were derived from a
spring-mass mechanical analogy of multi-agent formations. From these two quantities, the
definitions of formation rigidity, fixability and looseness/tightness were proposed and their
interesting relations reported through chains of propositions and theorems. Moreover, it
was shown that a unique decomposition into rigid components exists for any given forma-
tion. Based on this decomposition, the concept of skeleton graphs was introduced so that
the analysis of formations with complicated structures can be better visualized and vastly
simplified. It is also interesting to see that many concepts in the framework of algebraic
formation theory have corresponding counterparts in the classic graph theory, and a list of
such correspondence was provided to bring a deeper understanding of these concepts.
Chapter 3 introduced two novel quantitative measures of formation rigidity, namely the
worst-case rigidity index and the mean rigidity index, via inspecting the spectrum of the
stiffness matrix associated with the formation. Many properties shared by both indexes
were reported, indicating that the proposed measures conform well to our intuitive concep-
tion of formation rigidity. It was also shown that the performance of a class of formation
control and localization algorithms was precisely characterized by these indexes, rendering
them useful in evaluating the general “goodness” of a given formation and thus helping in

the process of multi-agent system design.
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In Chapter 4, the manipulability matrix were formulated, followed by the definitions
of manipulability indexes, quantitative measures derived from the spectrum of the ma-
nipulability matrix. The manipulability indexes quantifies the amplification effect on the
dynamics of followers from leaders’ movements, hence are indicative of the effectiveness
of leader-follower formations. It also shown that for single-leader rigid formations and
trailers, the special formation structures may be taken advantage of to significantly reduce
the computational cost of evaluating the manipulability indexes.

With a handful of quantities related to formations proposed in the previous chapters,
multi-agent formation optimization problems were proposed in Chapter 5 and 6, where
both problem formulations solution algorithms of the optimization with respect to rigidity
indexes and manipulability indexes were provided. Specifically, problems including link
resource allocation, configuration optimization, topology optimization, leaders’ selection
and position optimization were covered in the discussion of the two chapters, with each
type of optimization demonstrated through some numerical examples.

Lastly in Chapter 7, the network localization problem, as an instance of systematic
application of the proposed quantitative analysis framework, was investigated with the as-
sumption that relative orientational information is available through signal angle-of-arrival
measurements. It was proven that the solvability of the problem necessarily depends on the
rigidity of formation. Considering the fact that the rigidity property was previous derived
from a distance-preserving, this result is an intriguing one which bridges the distance-
based and direction-based network localization schemas. Distributed localization algo-
rithms based on AOA measurements of neighbors was proposed and proven to converge
to the true configuration under scenarios with limited amount of uniform communication
delay and switching topologies. A discrete version of such algorithm was also shown to
converge exponentially fast. Other analyses such as convergence rate, delay tolerance,
topology switching paradigms and steady-state error due to inaccurate measurements, were

also conducted and illustrated through numerical simulation.
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8.1 Future Work

Many of the algorithms proposed in this thesis are centralized, hence are not effectively
deployable in multi-agent systems where there is often no central node or station. The
decentralized versions of our algorithms can potentially be obtained by solving the corre-
sponding optimization problems in the dual space. In such a way, the constraints in the
optimization problems are converted to the minimization of Lagrangians, which can often
be decomposed such that each agent can process a local minimization involving the states
of a limited set of neighboring agents. However, more work is demanded for an algorithm
for computing the rigidity indexes in a decentralized fashion.

In our current model, all connections among agents are symmetric. It is natural to
extend the model to accommodate asymmetric connections, in which case the connectivity
matrices K will be asymmetric; as a result, complex values in rigidity indexes may occur.
It is interesting to study the behaviors of such formations and generalize our existing work

to these cases.
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