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Abstract— This paper deals with the local state-feedback  The goal of this paper is to develop a locally stabilizing
control design problems for continuous-time Takagi-Sugeno (T- state-feedback control design method for the continuous-
S) fuzzy systems with the measurement errors in the state. e nonlinear fuzzy systems with measurement errors in

The state-feedback controller is designed in such a way that .
the closed-loop system is locally asymptotically stable. The the state. Motivated by the recent development on the local

stability is guaranteed to be robust against the measurement Stability of the discrete-time nonlinear fuzzy systems in
errors in the state. In addition, an inner estimation of the [38], an LMI-based optimization procedure is developed to
domain of attraction (DA) is obtained as a sublevel set of the design a locally stabilizing state-feedback controlleneT
obtained quadratic Lyapunov function. The design procedure is  giate feedback controller is robust against the errorén t
formulated as optimizations subject to linear matrix inequalities . .
(LMIs). state. Moreover, the design procedure provides a way to
compute an inner estimate of the domain of attraction (DA)

I. INTRODUCTION as a sublevel set of the Lyapunov function. Examples will

The Takagi-Sugeno (T-S) fuzzy system is a nonlinedt€ 9iven to illustrate the proposed method.
system description, which can express a general nonlinear [l. PRELIMINARIES
system locally as a convex combination of linear subsystemg Notation

One of the benefits of using the T-S fuzzy system is that The adopted notation is as followsi”: transpose of

in cpnjunctlon with the_ Lyapunov stability t_heory, many - irix A (A <0, A= 0 andA < 0, respectively):
nonlinear system analysis and control synthesis problems c ; » = . T L

i 7 " symmetric positive definite (negative definite, positivense
be formulated as convex linear matrix inequalities (LMIs)

for which several optimization tools are available [1],.[2br definite, and rle_gatlv_e sem|-<_jef|n|te, respectively) maz_tlx
. . . . I, and 0,,«x.,,: identity matrix andn x m zero matrix,
this reason, the nonlinear control system design and asalys

based on the T-S fuzzy system have attracted attention rﬁpezt.lvelyﬁfl: origin ?\”ﬁ 4f1 ?14}:.jhort hanq .not|on for
the last decades. + A; co{-}: convex hull [41]; * inside a matrix: transpose

. ; of its symmetric termZy := {1, 2,..., N}, diag{A, B}:
The S|mplest' Lyapunov approa.ch. Is to use the quadratfo(fock diagonal matrix with blocksl and B. Throughout the
Lyapunov function [3]-[5], which is in general overly con-

. . Raper, the following shorthand is used for ease of notation.
servative, because a common Lyapunov matrix should be

found for all subsystems of the fuzzy systems. To reduce(z(t)) == [ a1(2(t)) ao(z(t)) - an(z(t) ]F e RY
the conservatism, many efforts have been made to da

Nowadays, there is immense literature addressing the re-(a) = Zz;\} ai(zfvt))ri

laxation prob_lem through various approaches, _f(_)r |nst,a_ncq(a2) — Z; Z-f i (2(t))a; (2(8) T

the slack variable approaches [6], [7]; LMI conditions @gsin i=1 =1

information on the membership functions’ shape [8], [9]; For any functionf : R? — R, the gradient is denoted by

convergent LMI relaxation techniques that exploibly&'s of(2)
theorem [10], approaches based on piecewise Lyapunov V(z) = B
functions [11]-[13], the fuzzy Lyapunov functions [14]- = [ 0f(2)/021 0f(2)/0z2 -+ Of(2)/0z |.

[18], a class of Lyapunov functions using line integral [19] .
the polynomial Lyapunov functions [20]-[23], the switchin B. Prob!em Formulatpn _ _
polynomial Lyapunov function [24], the polynomial fuzzy Consider the continuous-time nonlinear system

Lyapunov functions [25]-[29], the multiple samples vaaat i(t) = flz(t), u(t)), (1)
approaches [30], [31]; approaches using new bounding tech- T _
niques on the time derivative of the membership functionghere =(t) = [z1(t) --- z,(t)] € R is the state,

[32]-[34]; the local stability and stabilization approash u(t) € R™ is the control input,f : R" x R™ — R" is

[35]-[38] that guarantee the asymptotic stability onlyeme & nonlinear function such that(0,,, 0,,) = 0,, i.e., the

local region of the state space. origin is an equilibrium point of (1). By the local sector
nonlinearity approach [4], some classes of nonlinear syste
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where A; € R"™" B; € R"™ are constant matrices, The problem addressed in this paper can be stated as
i € Iy = {1,2,..., N} is the rule numberz(t) := follows.
[z1(t) -+ zp(t)]T € R? is the vector containing premise  Problem 1 (Local stability):

variables in the fuzzy inference ruley;(z(t)) is the MF 1) Determine the state-feedback gain matricEs <
(membership function) for each rule, and the vector of the = Rmxn ; ¢ 7, such that the zero equilibrium point of

MFs a(z(t)) = [oa(2(t) --- ozN(z(t))}T € RY lies in (2) is locally asymptotically stable;
the unit simplexA for all (¢, z(t)) € R>o x £, where 2) Estimate an invariant subset of the domain of attrac-
N tion (DA).
Ay = {(5€R :261':1, 0<§; <1, ZEIN}. . MAIN RESULT

In this paper, we assume that We present LMI-based optimization procedures to solve
- Problem 1. For the development, define the following sets:
! . o« H(b) :={z€L: |(Tx) —a;(TZ)| <b,VieIn
2(t)=Ta(t)=|: |z1) eR’, T eR", i=z+\1Az, VA € D};
Q) :={zel: V(ix) <~}

T .
— nxn . T .
i.e., the premise variables are linear combinations of thees ~ * 72': {p EZR. . DI D ff;’g £ YA € DV
variables. In additonZ C R™ is a set of state variables * 7 {zeL: v (£ + .)x < N €Dk
satisfying . ;))}(b). set of vertices of the cubifv e RY : —b < w; <
LC{xeR": f(z,u) = Ala(z))r + B(a(z))u, » G;: set of vertices of a polytope that includ@s; (£)/0¢
a(z) € Ay, z =Tz, u e R™}. for all { = Tz, x € L, whereb € Ry is the upper

bound on the variations of the membership functions.

In other wprds,_ﬁ Is a queling re_gipn where the .T_S To proceed further, let us recall the following lemmas.
fuzzy model is defined. In this paper, it is assumed thad Lemma 1: ( [7, Theorem 2.2]) Given symmetric matrices
described as S , r "

Tija (17]) € Iz, Zi:1 Zj:l ai(z(t))aj(z(t))Tij <0
L:={x €R": Tix € [~ 21, max, 2, max)s | €L}, holds for all z(t) € £ if LMIs Y,;; < 0,Vi € Zy and
o (2/(r — 1) Yy + Yoy +Yji < 0,4 # 4,Y(, j) € I3 are
J J N
where z; max > 0,1 € Z,, are a priori given real numbers. ¢ illed.
For Q@ > 0, let V(z) := 2" Qux, 2 € R" be a candidate | oqpyra 2: ([42, Lemma 3.1]) Given matrices, V, T =

of quadratic Lyapunov functions. In addition, consider thg.r ¢ appropriate dimensions, the following statements are
parallel distributed compensation state-feedback cbtdave equivalent:

developed in [3: 1) T + He{UAV)} <0, VA € D;

N 2) There exists a real number > 0 such thatl’ +
u(t) = [ Y ei(2(t)F; | 2(t) = F(a)a(t). & VTV + xUUT < 0 holds:
i=1 . I +xUUT *
When considering the state-feedback control, one typicallyg) There exists: € R such that v |~ 0-

assumes that the state vector for the state-feedback tontro Proof: The proof fora) < b) is given in [42, Lemma
law is identical to the real state vectoft) without errors. 3.1], andb) « c) can be proven by the standard Schur
Generally, the state can include the measurement or esting@mplement argument [41]. |
tion errors, i.e.i(t) = x(t) + e(t), wheree(t) is the error Lemma 3: ([43, mean value theorem in several variables])
vector. In this case, the closed-loop system can be explesdeet U € RP be a convex set, and suppoge U — R is

as continuously differentiable. Then, for any, y € U, there
exists a real number € [0, 1] such that
#(t) = (A(a) + B@)P@)i(t), Y(a(t), #(t)) € £ x L, 0.1
3 Of((1 —c)y+cx
@ 1)~ Sy = L= 4y
where We now introduce an LMI-based optimization for solving
N Problem 1.
F(a) = ai(3(t)F; Problem 2: Let scalarsh > 0, and\ > 0 be given. Solve
i=1 for P = PT ¢ R™ " K; € R™M*™ M,; € Rm*n My; €
N N R™ " and k1, k2, 1, B € R, (i, j) € In x Iy the
=Y ai(2(t)Fi =Y ai(Ti(t)F, following optimization problem:
i=1 i=1
is the state-dependent feedback gain. Assume that the errof, .. Ml'_]{?}lm wois B B st
is of the following form: ’—P], ! ) !
e(t) = \"'Ax(t), VA E€D:={DeR™ : DTD <TI,}. [zhrlnaxﬁP —1] <0, Viel, ()



[ —-P * B -P *
Zl maxTP -1 B (zl maxTP+ AT lzfllrlaxTAP) -1
0 0 <o
+K1 — o ’ = -F * =<0
0 Zl max /1 T Zl maxT(I + AT 1A) -1 ’
I [P 0] —#ln VieT, AeD
vl e 1, 5 ) ) ]
p p Applying the congruence transformation to the last in-
Pl } =<0, (6) equality withdiag{ P~*, 1} and using the Schur complement
. 7’[" yield
- Inn 7}):| <0, (7) 2 max(I A IA)TTTT(I A lA) < p- 1
[—\2T, % , vieZ,, VAeD
! <0, Vg €3G, Viely, 8
L n9:T sz} 9i € Gir Vi € In ®) = zljfnaxiT'ﬁTﬁj <zTP 'z <1, VreQQ),VieT,

1 Lis(v) + Ti5 (v) + Ty (v) <0, &z < 2 max, Yz € Q(1), VI €T,

{Tii(v)<0, VieIn, YveV(b), @lefnanggla vz € Q(1), VI € T,
V(i, j) € {(i,5) € In X In : i # j}, Yo e V(b),
(i, 5) € {(2,5) N N EFE G} ()(9) sFel, Vre()

e = Q) SR
whereY;,;(v) is defined in (10) at the top of the next page.
It can be proved that the LMI optimization in Problem 2 .
can be used to solve Problem 1. Proof for statement cy Apply the Schur complement to

Theorem 1: Let scalarsb > 0 and A > 0 be (6)toobtain
given. Suppose that there exist matricés = P7T ¢ n 'PP—-P <0
Rnxn, K; € Rmxn’ Mlj € Rmxna MQj € R™*", and o P*l( 71PP7P)P71 _ 7]71[ _p! <0
scalarsky, k2i5, 1, 8 € R, (i, j) € Iy x In which are oy o "
feasible solutions to the optimization problem in Problem 2 Sn e <a Prx
Consider the quadratic Lyapunov function candidéte) = enltelr—1<aTP 2 -1
T P~1z. Then, an invariant subset of the DA for the closed- e @z —n) <aTP e —1
loop system (3) is given bf(1). T S

In order to prove Theorem 1, some intermediate results = (@72 —n) <n(a" Pz 1)

should be established first. = Q1) Cc{zeR": 2"z <n}
a) (1) c O
b) Q(1) C Proof for statement d): SinceQ(1) C {z e R": 2Tz <
c) Q1) c {x eR": 2Tz <n}; n} from statement c), one concludegx < n for all z €
d Q1) C{zeR": efe<nr 2, e=A"1Az, AcD};  Q(1). Therefore, we have
e) {z e R": 272 <1/8} C Q(1); T, _ \=2 TAT -2 T -2
f) Q1) C H(b): . efe=A"" AT Ar < Azt x < n\T 7,
9) Q1) C{zeLl: V(iz)<0}. Vo € Q(1), VA €D
Proof for statement a)y Applying the congruence trans- which implies Q(1) € {z € R : efe < pA 72, e =
formation to (4) withdiag{P~', 1} and using the Schur \~'Az, A € D}. O
complement, we have Proof for statement e) Applying the congruence trans-
formation to (7) withdiag{Zl,,, P~'} and using the Schur
G I < P7Y, VIET, complement, one gets
& zl,maxx 7;T77x <2"P 'z, VeI, _BI+P <0
& Zf,,?naleg <z'Ptz, Viez, o TPty < BTz
= {zeR": TPz <1} s’ P e —1< BTz —1/p)
C{z eR": 2z € [—21, max, i, max), VI € L,} = {zeR": 2Tz <1/8) C Q(1)
Q1) C L.
= Q1) C O
0 Proof for statement f): First of all, it can be seen that ()
Proof for statement b). Using Lemma 2, it follows form €nsures
(5) that —n I\, o« .
90 (T¢€) =
877’57— _b2

—P * 0
[1 TP —1]+HGHA11 %}A[P O]} Vee Tz eRP: x €L}, VieTy.

Zl,max 2], max



N
He {AZP—‘FBZKJ-FBZ (Kk+M1j)Uk} * *
k=1
Tij(’l)) = P —Iigij)\fn * (10)
N
KB + kzl (KE + Maj)vp BY Onxn koijln — 2P
Using the Schur complement, one gets V(z(t), i) € Q1) x In
(T 0 a1 (2(t)) — aa (2(2))[ < b
b—QTTaa1<T£) 8041(7'5)7__ nIA2I, <0, 1 _ !
oT¢ oT¢ = :
VEe{TzeRP : x € L}, Vie Iy lan(2(t) —an(Z@#)| < b
00i(T€) " 9ai(TE) Va(t) € Q(1)
Hr Tt t
=T ore “are W = Q1) C H(b).
< IA\%%e(t)Te(t), O
VEe{Tz eR?: w € L}, Viely, Ve(t) e R Proof for statement g} Applying Lemma 1 to (9), one
~ Ao (TE) Taai(frg) ~ can obtain (12) at the top of the next page. Sité) C L,
= (Ta(t) - Ta()" aTe aTE (Tz(t) = TZ(t))  we an replaceC in the above inequality by(b). In this
< a(t) — 3(8) (1) — 3(1), case, we have
VEe Tz eRP: z € L}, Vi€ Iy, Va(t) € Q1) a1(Tz) — a1 (Tx)
In the last inequality, ifc(t) € (1), then since(1) C R o(T%) — alTw) = o € V),
from the statement b), we haugt) € R. This guarantees an(T%) — an(Tx)
x(t) € L andZ(t) € L. Note also that, sinc€ is a convex YV (t) € H(b).

set inR™, (1 — ¢)x(t) + cZ(t) € £ holds for anyc € [0, 1].

In addition, we have Letting v — «a(7Z) — a(Tx) and using relation

Zf.vzl (a(TZ) — a(Tz)) =0, one has the matrix inequality
(1—0)T=z(t)+cTE(t) = (1 —c)z(t) + c2(t) in (13) shown at the top of the next page. Sifidé) C H(b),
the matrix inequality in (13) holds for al(¢) € (1) as in
(14) at the top of the next page.

which is also inside a convex set. Since the last inequality Applying the Schur complement and the extended Schur
holds for all§ € {Tz € RP: = € L}, £ can be replaced by complement in [44, Theorem 1] yield
(1 —¢)Tx(t) 4+ cTZ(t). Let us rewrite the last inequality as

S [_Zl,maxa Zl,max] X X [_Zp,ma)o Zp, max]7

follows: He{A(a)P + B(a)K (@)} + #2(a?)"'A~1PP
(Ta(t) — TEE) V(1 — ¢;)Ta(t) + e Ta(t)T + ko (a?)B(a)K (&) P~ P K (&) B(a)" <0
X Vai((1— ¢;)Tx(t) + e TEt)(Ta(t) — TE(t)) va(t) € (1)
<IN (x(t) — ()T (2(t) — (1)), Pre- and post-multiplying the left-hand side of the above
Vi e Iy, Va(t) € Q(1). (11) inequality by P! leads to

Now, we can use the mean value theorem in severale{P '(A(@) + B(a)K(@) P~ ")} + ra(a®)"'A71,
variables (Lemma 3), and conclude that there are some reak r,(a?)P~'B(a)K(&)P ' P~ K (&) B(a)TP~' <0

numbers(ci, ca, ..., cy) € [0, 1]V for every timet € R> Va(t) € Q1)
such that .
Vau((1 = e)Ta(t) + e TE(0) (Ta(t) — T b)) and by “S'Tg Lemma 2, one f]as o
= a;(Tz(t)) — a;(TE(t), V(x(t), i) € QL) x In. He{P™"(A(a) + B(a)(F(a) + F(@)A™A))} <0

Plugging the above equation into (11) yields va(t) €Q(1), A€ED

(@i(2(1)) — as(3(0)))? < = AZb2e(t) e(t), where F (&) = K(&)P~*!, which implies

Walt), 1) € Q1) x I 0> 22(t)" P~} (A(a)a(t) + B(a) F(@)i (1)
From statement d), we knoR(1) C {z € R" : efe < =V(z(t), Vva(t) € Q(l)\{on}
nA=2, e = \"1Az, A € D}, which means = Q()\{0,} C{z eR": V(z) <0}

(ail=(t) — cu(3(6)))* < 1 N2%e(t) e(t) < V7, O



N
He {A(a)P+B(a)K(a) + B(a) > (K +M1(a))vk} * *

k=1
P —ka(a?)N, * <0
N
K(@)"B(a@)" 4+ > (K} + Ms(a))v,B(a)” Onxn ka(a?)I, — 2P
k=1
U1
Va(t)e L, Yo=| 1 | €V(b). (12)
UN
N
te {A()P + B)K(@) + B(@) X (@(T8) -~ To)e p '
k=1
P —ka(a®)AI, * <0, Vz(t) € H(b)
N
K(@)TB(@)T + Y (i(TZ) — a;(Tz)) KL B(a)T Onxn ka(a?)I, — 2P
k=1
(13)
He{A(a)P + B(a)K (&)} * *
P —ro ()N, * <0, Vz(t) e Q1) (14)
K(d)TB(a)T Onxn 52(012)[” — 2P
Now, the proof of Theorem 1 is given below. Remark 2: In [45], a filter design problem was addressed

Proof of Theorem 1 From the above results, we know under the assumption that the premise variables are unknown
that 2(1)\{0,} € {z € R® : V(z) < 0} holds. By the Compared to the previous work, a distinguished feature of
Lyapunov stability theory [40], the closed-loop systemif?) the proposed method is that we consider the variation rate
locally asymptotically stable and(1) is an invariant subset of the membership functions to reduce the conservatism. In

of the DA [40]. 0 addition, the proposed approach provides an efficient ndetho
A brief outline of the design procedure is presented belowo analyze the local stability and estimate the domain of
Step 1. Given continuous-time nonlinear systesir(t) =  attraction.
flx(t), u(t)), obtain (A;, B;), a;(2(t)), Vi €
In, 2(t) = Tx(t) and £ for the fuzzy model (2). IV. EXAMPLES
Step 2. Calculated;(2)/0= and its vertices; for all i € In this section, an example is given to show the validity
IN. of the proposed method. The numerical example is treated
Step 3. Setb andn, and solve Problem 2. with the help of MATLAB R2012b. The LMI problems are

Step 4. If infeasible, then (2) cannot be identified as locallysolved with SeDuMi [1] and Yalmip [2].

asymptotically stabilizable via the Problem 2. Oth-  gxample 1: Consider the system (2) with

erwise, if feasible, then (2) is locally asymptotically

stable, and2(1) is an invariant subset of the DA. 4 _ [O —4] Ay — {—1 —4} By — H By — H

Remark 1. In Theorem 1, there exist some design param- 0 =2 0 =2 0]’ 1

eters that should be chosen by the designer. The constant(z) = (1 +sinz)/2, a2(z) =1— a1(2),
A € Ry can be determined based on the expected errgr— 7, 7 = 1, 0],
bound. Forb € (0, 1], there is no general guideline on how ., n . .
to select it. At(the]current stage, it should be determineg ={z €R": Tw € [2maxs 2maxlhs Zmax = /2
by a combination of previous expertise and trial and error. Sjnce
Typically, the smaller the constahtthe less conservative the

condition of Theorem 1. On the other hand) s too small, Do (2) = 0.5cos z € co{0, 0.5},
due to the constrainf(1) C H(b) in the statement f), the 8aaz(z)
2

volume of the level sef2(1) can also be reduced. Therefore, = —0.5cos z € co{0, —0.5}

one of strategies to determirbeis to initially selectb small 0z

enough and if the condition of Theorem 1 is feasible for théor all = € £, we haveG; = {0, 0.5} andG, = {0, —0.5}.
value ofb, then increasé until it becomes infeasible. Problem 2 is solved withh = 3 and b = 9.9, and the




1+ _ fmax_f(zl(t))

as(21(t)) = —/—————,
0.8’ 2( 1( )) fmaxffmin
0.6 which is modeled withint¥ = {¢ € R™ : [1 0]¢ €
04l [—21, max> #1,max] - 1O compute polytopic bounds on the
' derivatives of the MFs with respect to the premise variable
0.2y z1(k), consider
Y das(a(k) _ 1 Bf(a(k)
—0.2r 821(1{?) fmax - fmin 8Z1(k)
—0.4¢ 1 0 3 1
= —Z21(k) — =z (k)?
—0.6¢ fmax — fmin 821(]{1) ( 221( ) 221( ) )
3 1 1
—0.8¢ == — 21 (k
1k 2fmax_fmin fmax_fmin 1( )
-15 -1 -05 0 0.5 1 1.5 =: g(x1(k)),
z1(t) dag(z1(k) 1 df(z1(k))
Fig. 1. Converging trajectories (solid lines) initialized the A" marks 0z1(k)  fmax — fmin 021(k)
and the level sef2(1) (blue solid line) obtained by solving Problem 2. _
= —g(z1(k)).
Since
state-feedback gain and the quadratic Lyapunov functien ar
obtained as follows: Gmax = max ]9(21)7
Fy=[-1.0449 0.4548], F,=[-1.0442 0.4539] Gmin = min 9(21),

IIE[_ZI, maxs %1, max]
one concludes
Oay(z1(k))

7 [0.9318 0.9542
Vie) == {0.9542 3.7948| *

With the random matrixA(¢) € D, the simulation result
is depicted in Fig. 1, which shows converging trajectories 0z1(k)
(solid lines) initialized at the A" marks and the level sets daz(21(k))
Q(1) (blue solid line) estimated by solving Problem 2. 0z1(k)

Example 2: Consider the simplified continuous-time non- \jith 21 max = 0.1, we 0obtain foa = 0.1450, foin

S Co{gmim gmax}a

S Co{gmin 5 Gmax } .

linear Moore-Greitzer model of a jet engine with the assump-(.1550. Moreover, sincegm.x = —4.6667 and gmin

|

tion of no stall

dt |za(t) 0 0

+ {_OJ u(t), teR, t>0,

d {fﬂl(t)} _ [—gxl(t) — a1 (t)? —1} {

—5.3333, the setgj; and G, are set to be
G1 = Go = co{—5.3333, —4.6667}.

Problem 2 is solved withh = 30 andb = 0.0999, and the
state-feedback gain and the quadratic Lyapunov functien ar
obtained as follows:

wherex;(t) andz,(t) are related to the mass flow and the
pressure rise through the engine after an appropriate ehang Fi = [—1.8080 1.7207], F, = [~1.3464 1.6469]

of coordinate, respectively. In order to cast the aboveesyst
into a T-S fuzzy system under consideration, let us define Vix) =

3 1
f(zy) == —§x1 - 517%
and
fmax = max f(l'l)a
$16[_$1,max;w1,max]
Sin = min f(z1).

1 €[—Z1, max, T1, max)

Letting z1(t) = z1(t), T = [1 0], 21, max = %1, max:
the model can be expressed as a continuous-time T-S fuzzy

o [122.5946  21.3823
21.3823  74.2944| "

V. CONCLUSION

In this paper, a local state-feedback stabilization proble
is solved based on LMI optimizations. It is assumed that the
measured or estimated state for the state-feedback control
law involves errors, thereby existing control design mdgo
can fail to find a state-feedback controller which guaramtee
the stability. Examples illustrate the proposed method.
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