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Abstract— This paper deals with the local state-feedback
control design problems for continuous-time Takagi–Sugeno (T–
S) fuzzy systems with the measurement errors in the state.
The state-feedback controller is designed in such a way that
the closed-loop system is locally asymptotically stable. The
stability is guaranteed to be robust against the measurement
errors in the state. In addition, an inner estimation of the
domain of attraction (DA) is obtained as a sublevel set of the
obtained quadratic Lyapunov function. The design procedure is
formulated as optimizations subject to linear matrix inequalities
(LMIs).

I. I NTRODUCTION

The Takagi–Sugeno (T–S) fuzzy system is a nonlinear
system description, which can express a general nonlinear
system locally as a convex combination of linear subsystems.
One of the benefits of using the T–S fuzzy system is that
in conjunction with the Lyapunov stability theory, many
nonlinear system analysis and control synthesis problems can
be formulated as convex linear matrix inequalities (LMIs),
for which several optimization tools are available [1], [2]. For
this reason, the nonlinear control system design and analysis
based on the T–S fuzzy system have attracted attention in
the last decades.

The simplest Lyapunov approach is to use the quadratic
Lyapunov function [3]–[5], which is in general overly con-
servative, because a common Lyapunov matrix should be
found for all subsystems of the fuzzy systems. To reduce
the conservatism, many efforts have been made to date.
Nowadays, there is immense literature addressing the re-
laxation problem through various approaches, for instance,
the slack variable approaches [6], [7]; LMI conditions using
information on the membership functions’ shape [8], [9];
convergent LMI relaxation techniques that exploit Pólya’s
theorem [10], approaches based on piecewise Lyapunov
functions [11]–[13], the fuzzy Lyapunov functions [14]–
[18], a class of Lyapunov functions using line integral [19],
the polynomial Lyapunov functions [20]–[23], the switching
polynomial Lyapunov function [24], the polynomial fuzzy
Lyapunov functions [25]–[29], the multiple samples variation
approaches [30], [31]; approaches using new bounding tech-
niques on the time derivative of the membership functions
[32]–[34]; the local stability and stabilization approaches
[35]–[38] that guarantee the asymptotic stability only in some
local region of the state space.
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The goal of this paper is to develop a locally stabilizing
state-feedback control design method for the continuous-
time nonlinear fuzzy systems with measurement errors in
the state. Motivated by the recent development on the local
stability of the discrete-time nonlinear fuzzy systems in
[38], an LMI-based optimization procedure is developed to
design a locally stabilizing state-feedback controller. The
state-feedback controller is robust against the errors in the
state. Moreover, the design procedure provides a way to
compute an inner estimate of the domain of attraction (DA)
as a sublevel set of the Lyapunov function. Examples will
be given to illustrate the proposed method.

II. PRELIMINARIES

A. Notation

The adopted notation is as follows:AT : transpose of
matrix A; (A ≺ 0, A � 0, and A � 0, respectively):
symmetric positive definite (negative definite, positive semi-
definite, and negative semi-definite, respectively) matrixA;
In and 0n×m: identity matrix andn × m zero matrix,
respectively;0n: origin of Rn; He{A}: short hand notion for
AT +A; co{·}: convex hull [41]; * inside a matrix: transpose
of its symmetric term;IN := {1, 2, . . . , N}; diag{A, B}:
block diagonal matrix with blocksA andB. Throughout the
paper, the following shorthand is used for ease of notation.

α(z(t)) := [ α1(z(t)) α2(z(t)) · · · αN (z(t)) ]T ∈ R
N

Υ(α) :=
∑N

i=1
αi(z(t))Υi

Υ(α2) :=
∑N

i=1

∑N

j=1
αi(z(t))αj(z(t))Υij

For any functionf : Rp → R, the gradient is denoted by

∇f(z) =
∂f(z)

∂z
:=
[

∂f(z)/∂z1 ∂f(z)/∂z2 · · · ∂f(z)/∂zp
]

.

B. Problem Formulation

Consider the continuous-time nonlinear system

ẋ(t) = f(x(t), u(t)), (1)

where x(t) :=
[

x1(t) · · · xn(t)
]T

∈ R
n is the state,

u(t) ∈ R
m is the control input,f : R

n × R
m → R

n is
a nonlinear function such thatf(0n, 0m) = 0n, i.e., the
origin is an equilibrium point of (1). By the local sector
nonlinearity approach [4], some classes of nonlinear systems
can be represented by the T–S fuzzy system

ẋ(t) =

N
∑

i=1

αi(z(t))(Aix(t) +Biu(t)), ∀x(t) ∈ L, (2)



where Ai ∈ R
n×n, Bi ∈ R

n×m are constant matrices,
i ∈ IN := {1, 2, . . . , N} is the rule number,z(t) :=
[

z1(t) · · · zp(t)
]T

∈ R
p is the vector containing premise

variables in the fuzzy inference rule,αi(z(t)) is the MF
(membership function) for each rule, and the vector of the
MFs α(z(t)) :=

[

α1(z(t)) · · · αN (z(t))
]T

∈ R
N lies in

the unit simplexΛN for all (t, x(t)) ∈ R≥0 × L, where

ΛN :=

{

δ ∈ R
n :

N
∑

i=1

δi = 1, 0 ≤ δi ≤ 1, i ∈ IN

}

.

In this paper, we assume that

z(t) = T x(t) =







T1
...
Tp






x(t) ∈ R

p, T ∈ R
p×n,

i.e., the premise variables are linear combinations of the state
variables. In addition,L ⊆ R

n is a set of state variables
satisfying

L ⊆ {x ∈ R
n : f(x, u) = A(α(z))x+B(α(z))u,

α(z) ∈ ΛN , z = T x, u ∈ R
m}.

In other words,L is a modeling region where the T–S
fuzzy model is defined. In this paper, it is assumed thatL is
described as

L := {x ∈ R
n : Tlx ∈ [−zl,max, zl,max], l ∈ Ip},

wherezl,max > 0, l ∈ Ip are a priori given real numbers.
For Q ≻ 0, let V (x) := xTQx, x ∈ R

n be a candidate
of quadratic Lyapunov functions. In addition, consider the
parallel distributed compensation state-feedback control law
developed in [3]:

u(t) =

(

N
∑

i=1

αi(z(t))Fi

)

x(t) = F (α)x(t).

When considering the state-feedback control, one typically
assumes that the state vector for the state-feedback control
law is identical to the real state vectorx(t) without errors.
Generally, the state can include the measurement or estima-
tion errors, i.e.,̃x(t) = x(t) + e(t), wheree(t) is the error
vector. In this case, the closed-loop system can be expressed
as

ẋ(t) = (A(α) +B(α)F (α̃))x̃(t), ∀(x(t), x̃(t)) ∈ L × L,
(3)

where

F (α̃) :=
N
∑

i=1

αi(z̃(t))Fi

=

N
∑

i=1

αi(z̃(t))Fi =

N
∑

i=1

αi(T x̃(t))Fi

is the state-dependent feedback gain. Assume that the error
is of the following form:

e(t) = λ−1∆x(t), ∀∆ ∈ D := {D ∈ R
n×n : DTD � In}.

The problem addressed in this paper can be stated as
follows.

Problem 1 (Local stability):

1) Determine the state-feedback gain matricesFi ∈
R

m×n, i ∈ IN such that the zero equilibrium point of
(2) is locally asymptotically stable;

2) Estimate an invariant subset of the domain of attrac-
tion (DA).

III. M AIN RESULT

We present LMI-based optimization procedures to solve
Problem 1. For the development, define the following sets:

• H(b) := {x ∈ L : |αi(T x)− αi(T x̃)| ≤ b, ∀i ∈ IN
x̃ = x+ λ−1∆x, ∀∆ ∈ D};

• Ω(γ) := {x ∈ L : V (x) ≤ γ};
• D := {D ∈ R

n×n : DTD ≤ In};
• R := {x ∈ L : x̃ = (In + λ−1∆)x ∈ L, ∀∆ ∈ D};
• V(b): set of vertices of the cubic{v ∈ R

N : −b ≤ vi ≤
b};

• Gi: set of vertices of a polytope that includes∂αi(ξ)/∂ξ
for all ξ = T x, x ∈ L, whereb ∈ R>0 is the upper
bound on the variations of the membership functions.

To proceed further, let us recall the following lemmas.
Lemma 1: ( [7, Theorem 2.2]) Given symmetric matrices

Υij , (i, j) ∈ I2
N ,

∑r
i=1

∑r
j=1 ai(z(t))aj(z(t))Υij ≺ 0

holds for all x(t) ∈ L if LMIs Υii ≺ 0, ∀i ∈ IN and
(2/(r − 1))Υii + Υij + Υji ≺ 0, i 6= j, ∀(i, j) ∈ I2

N are
fulfilled.

Lemma 2: ( [42, Lemma 3.1]) Given matricesU, V, Γ =
ΓT of appropriate dimensions, the following statements are
equivalent:

1) Γ + He{U∆V } < 0, ∀∆ ∈ D;
2) There exists a real numberκ > 0 such thatΓ +

κ−1V TV + κUUT ≺ 0 holds;

3) There existsκ ∈ R such that

[

Γ + κUUT ∗
V −κI

]

≺ 0.

Proof: The proof fora) ⇔ b) is given in [42, Lemma
3.1], and b) ⇔ c) can be proven by the standard Schur
complement argument [41].

Lemma 3: ( [43, mean value theorem in several variables])
Let U ∈ R

p be a convex set, and supposef : U → R is
continuously differentiable. Then, for anyx, y ∈ U , there
exists a real numberc ∈ [0, 1] such that

f(y)− f(x) =
∂f((1− c)y + cx)

∂x
(y − x).

We now introduce an LMI-based optimization for solving
Problem 1.

Problem 2: Let scalarsb > 0, andλ > 0 be given. Solve
for P = PT ∈ R

n×n, Ki ∈ R
m×n, M1j ∈ R

m×n, M2j ∈
R

m×n, and κ1, κ2ij , η, β ∈ R, (i, j) ∈ IN × IN the
following optimization problem:

min
Pi, Ki,M1j ,M2j , κ1, κ2ij , η, β

β s.t.

[

−P ∗
z−1
l,maxTlP −1

]

≺ 0, ∀l ∈ Ip, (4)























[

−P ∗
z−1
l,maxTlP −1

]

+κ1

[

0 0
0 λ−2z−2

l,maxT
T
l Tl

]









∗

[

P 0
]

−κIn













≺ 0,

∀l ∈ Ip, (5)
[

−P P
P −ηIn

]

≺ 0, (6)
[

−βIn In
In −P

]

≺ 0, (7)
[

−λ2In ∗
ηgiT −ηb2

]

≺ 0, ∀gi ∈ Gi, ∀i ∈ IN , (8)






Υii(v) ≺ 0, ∀i ∈ IN , ∀v ∈ V(b),
2

r−1Υii(v) + Υij(v) + Υji(v) ≺ 0,

∀(i, j) ∈ {(i, j) ∈ IN × IN : i 6= j}, ∀v ∈ V(b),
(9)

whereΥij(v) is defined in (10) at the top of the next page.
It can be proved that the LMI optimization in Problem 2

can be used to solve Problem 1.
Theorem 1: Let scalars b > 0 and λ > 0 be

given. Suppose that there exist matricesP = PT ∈
R

n×n, Ki ∈ R
m×n, M1j ∈ R

m×n, M2j ∈ R
m×n, and

scalarsκ1, κ2ij , η, β ∈ R, (i, j) ∈ IN × IN which are
feasible solutions to the optimization problem in Problem 2.
Consider the quadratic Lyapunov function candidateV (x) =
xTP−1x. Then, an invariant subset of the DA for the closed-
loop system (3) is given byΩ(1).

In order to prove Theorem 1, some intermediate results
should be established first.

a) Ω(1) ⊂ L;
b) Ω(1) ⊆ R;
c) Ω(1) ⊂ {x ∈ R

n : xTx ≤ η};
d) Ω(1) ⊆ {x ∈ R

n : eT e ≤ ηλ−2, e = λ−1∆x, ∆ ∈ D};
e) {x ∈ R

n : xTx ≤ 1/β} ⊂ Ω(1);
f) Ω(1) ⊆ H(b);
g) Ω(1) ⊆ {x ∈ L : V̇ (x) < 0}.

Proof for statement a): Applying the congruence trans-
formation to (4) withdiag{P−1, 1} and using the Schur
complement, we have

z−2
l,maxT

T
l Tl ≺ P−1, ∀l ∈ Ip

⇔ z−2
l,maxx

TT T
l Tlx < xTP−1x, ∀l ∈ Ip

⇔ z−2
l,maxz

2
l < xTP−1x, ∀l ∈ Ip

⇒ {x ∈ R
n : xTP−1x ≤ 1}

⊂ {x ∈ R
n : zl ∈ [−zl,max, zl,max], ∀l ∈ Ip}

⇒ Ω(1) ⊂ L.

�

Proof for statement b): Using Lemma 2, it follows form
(5) that
[

−P ∗
z−1
l,maxTlP −1

]

+He

{[

0
λ−1z−1

l,maxTl

]

∆
[

P 0
]

}

=

[

−P ∗
(z−1

l,maxTlP + λ−1z−1
l,maxTl∆P ) −1

]

=

[

−P ∗
z−1
l,maxTl(I + λ−1∆)P −1

]

≺ 0,

∀l ∈ Ip, ∆ ∈ D

Applying the congruence transformation to the last in-
equality withdiag{P−1, 1} and using the Schur complement
yield

z−2
l,max(In + λ−1∆)TT T

l Tl(In + λ−1∆) ≺ P−1,

∀l ∈ Ip, ∀∆ ∈ D

⇔ z−2
l,maxx̃

TT T
l Tlx̃ ≤ xTP−1x ≤ 1, ∀x ∈ Ω(1), ∀l ∈ Ip

⇔ z−2
l,maxz̃

2
l ≤ 1, ∀x ∈ Ω(1), ∀l ∈ Ip

⇔ |z̃l| ≤ zl,max, ∀x ∈ Ω(1), ∀l ∈ Ip

⇔ x̃ ∈ L, ∀x ∈ Ω(1)

⇒ Ω(1) ⊆ R

�

Proof for statement c): Apply the Schur complement to
(6) to obtain

η−1PP − P ≺ 0

⇔ P−1(η−1PP − P )P−1 = η−1In − P−1 ≺ 0

⇔ η−1xTx < xTP−1x

⇔ η−1xTx− 1 < xTP−1x− 1

⇔ η−1(xTx− η) < xTP−1x− 1

⇔ (xTx− η) < η(xTP−1x− 1)

⇒ Ω(1) ⊂ {x ∈ R
n : xTx ≤ η}

�

Proof for statement d): SinceΩ(1) ⊂ {x ∈ R
n : xTx ≤

η} from statement c), one concludesxTx ≤ η for all x ∈
Ω(1). Therefore, we have

eT e = λ−2xT∆T∆x ≤ λ−2xTx ≤ ηλ−2,

∀x ∈ Ω(1), ∀∆ ∈ D

which implies Ω(1) ⊆ {x ∈ R
n : eT e ≤ ηλ−2, e =

λ−1∆x, ∆ ∈ D}. �

Proof for statement e): Applying the congruence trans-
formation to (7) withdiag{In, P−1} and using the Schur
complement, one gets

− βI + P−1 ≺ 0

⇔ xTP−1x < βxTx

⇔ xTP−1x− 1 < β(xTx− 1/β)

⇒ {x ∈ R
n : xTx ≤ 1/β} ⊂ Ω(1)

�

Proof for statement f): First of all, it can be seen that ()
ensures

[

−η−1λ2In ∗
∂αi(T ξ)

∂T ξ
T −b2

]

≺ 0,

∀ξ ∈ {T x ∈ R
p : x ∈ L} , ∀i ∈ IN .



Υij(v) :=













He

{

AiP +BiKj +Bi

N
∑

k=1

(Kk +M1j)vk

}

∗ ∗

P −κ2ijλIn ∗

KT
j B

T
i +

N
∑

k=1

(KT
k +M2j)vkB

T
i 0n×n κ2ijIn − 2P













(10)

Using the Schur complement, one gets

b−2T T ∂αi(T ξ)

∂T ξ

T
∂αi(T ξ)

∂T ξ
T − η−1λ2In ≺ 0,

∀ξ ∈ {T x ∈ R
p : x ∈ L}, ∀i ∈ IN

⇒ e(t)TT T ∂αi(T ξ)

∂T ξ

T
∂αi(T ξ)

∂T ξ
T e(t)

≤ η−1λ2b2e(t)T e(t),

∀ξ ∈ {T x ∈ R
p : x ∈ L} , ∀i ∈ IN , ∀e(t) ∈ R

n

⇒ (T x(t)− T x̃(t))T
∂αi(T ξ)

∂T ξ

T
∂αi(T ξ)

∂T ξ
(T x(t)− T x̃(t))

≤ η−1λ2b2(x(t)− x̃(t))T (x(t)− x̃(t)),

∀ξ ∈ {T x ∈ R
p : x ∈ L}, ∀i ∈ IN , ∀x(t) ∈ Ω(1).

In the last inequality, ifx(t) ∈ Ω(1), then sinceΩ(1) ⊆ R
from the statement b), we havex(t) ∈ R. This guarantees
x(t) ∈ L and x̃(t) ∈ L. Note also that, sinceL is a convex
set inRn, (1− c)x(t) + cx̃(t) ∈ L holds for anyc ∈ [0, 1].
In addition, we have

(1− c)T x(t) + cT x̃(t) = (1− c)z(t) + cz̃(t)

∈ [−z1,max, z1,max]× · · · × [−zp,max, zp,max],

which is also inside a convex set. Since the last inequality
holds for allξ ∈ {T x ∈ R

p : x ∈ L}, ξ can be replaced by
(1− c)T x(t) + cT x̃(t). Let us rewrite the last inequality as
follows:

(T x(t)− T x̃(t))T∇αi((1− ci)T x(t) + ciT x̃(t))T

×∇αi((1− ci)T x(t) + ciT x̃(t))(T x(t)− T x̃(t))

≤ η−1λ2b2(x(t)− x̃(t))T (x(t)− x̃(t)),

∀i ∈ IN , ∀x(t) ∈ Ω(1). (11)

Now, we can use the mean value theorem in several
variables (Lemma 3), and conclude that there are some real
numbers(c1, c2, . . . , cN ) ∈ [0, 1]N for every timet ∈ R≥0

such that

∇αi((1− ci)T x(t) + ciT x̃(t))(T x(t)− T x̃(t))

= αi(T x(t))− αi(T x̃(t)), ∀(x(t), i) ∈ Ω(1)× IN .

Plugging the above equation into (11) yields

(αi(z(t))− αi(z̃(t)))
2 ≤ η−1λ2b2e(t)T e(t),

∀(x(t), i) ∈ Ω(1)× IN .

From statement d), we knowΩ(1) ⊆ {x ∈ R
n : eT e ≤

ηλ−2, e = λ−1∆x, ∆ ∈ D}, which means

(αi(z(t))− αi(z̃(t)))
2 ≤ η−1λ2b2e(t)T e(t) ≤ b2,

∀(x(t), i) ∈ Ω(1)× IN

⇒











|α1(z(t))− α1(z̃(t))| ≤ b
...

|αN (z(t))− αN (z̃(t))| ≤ b

∀x(t) ∈ Ω(1)

⇒ Ω(1) ⊆ H(b).

�

Proof for statement g): Applying Lemma 1 to (9), one
can obtain (12) at the top of the next page. SinceH(b) ⊆ L,
we an replaceL in the above inequality byH(b). In this
case, we have

α(T x̃)− α(T x) =







α1(T x̃)− α1(T x)
...

αN (T x̃)− αN (Tx)






∈ V(b),

∀x(t) ∈ H(b).

Letting v → α(T x̃) − α(T x) and using relation
∑N

i=1 (α(T x̃)− α(T x)) = 0, one has the matrix inequality
in (13) shown at the top of the next page. SinceΩ(1) ⊆ H(b),
the matrix inequality in (13) holds for allx(t) ∈ Ω(1) as in
(14) at the top of the next page.

Applying the Schur complement and the extended Schur
complement in [44, Theorem 1] yield

He{A(α)P +B(α)K(α̃)}+ κ2(α
2)−1λ−1PP

+ κ2(α
2)B(α)K(α̃)P−1P−1K(α̃)TB(α)T ≺ 0

∀x(t) ∈ Ω(1)

Pre- and post-multiplying the left-hand side of the above
inequality byP−1 leads to

He{P−1(A(α) +B(α)K(α̃)P−1)}+ κ2(α
2)−1λ−1In

+ κ2(α
2)P−1B(α)K(α̃)P−1P−1K(α̃)TB(α)TP−1 ≺ 0

∀x(t) ∈ Ω(1)

and by using Lemma 2, one has

He{P−1(A(α) +B(α)(F (α̃) + F (α̃)λ−1∆))} ≺ 0

∀x(t) ∈ Ω(1), ∆ ∈ D

whereF (α̃) = K(α̃)P−1, which implies

0 > 2x(t)TP−1(A(α)x(t) +B(α)F (α̃)x̃(t))

= V̇ (x(t)), ∀x(t) ∈ Ω(1)\{0n}

⇒ Ω(1)\{0n} ⊆ {x ∈ R
n : V̇ (x) < 0}

�















He

{

A(α)P +B(α)K(α) +B(α)
N
∑

k=1

(Kk +M1(α))vk

}

∗ ∗

P −κ2(α
2)λIn ∗

K(α)TB(α)T +
N
∑

k=1

(KT
k +M2(α))vkB(α)T 0n×n κ2(α

2)In − 2P













≺ 0

∀x(t) ∈ L, ∀v =







v1
...
vN






∈ V(b). (12)













He

{

A(α)P +B(α)K(α) +B(α)
N
∑

k=1

(αi(T x̃)− αi(T x))Kk

}

∗ ∗

P −κ2(α
2)λIn ∗

K(α)TB(α)T +
N
∑

k=1

(αi(T x̃)− αi(T x))KT
k B(α)T 0n×n κ2(α

2)In − 2P













≺ 0, ∀x(t) ∈ H(b)

(13)





He{A(α)P +B(α)K(α̃)} ∗ ∗
P −κ2(α

2)λIn ∗
K(α̃)TB(α)T 0n×n κ2(α

2)In − 2P



 ≺ 0, ∀x(t) ∈ Ω(1) (14)

Now, the proof of Theorem 1 is given below.
Proof of Theorem 1: From the above results, we know

that Ω(1)\{0n} ⊆ {x ∈ R
n : V̇ (x) < 0} holds. By the

Lyapunov stability theory [40], the closed-loop system (2)is
locally asymptotically stable andΩ(1) is an invariant subset
of the DA [40]. �

A brief outline of the design procedure is presented below.
Step 1. Given continuous-time nonlinear systeṁx(t) =

f(x(t), u(t)), obtain (Ai, Bi), αi(z(t)), ∀i ∈
IN , z(t) = T x(t) andL for the fuzzy model (2).

Step 2. Calculate∂αi(z)/∂z and its verticesGi for all i ∈
IN .

Step 3. Setb andη, and solve Problem 2.
Step 4. If infeasible, then (2) cannot be identified as locally

asymptotically stabilizable via the Problem 2. Oth-
erwise, if feasible, then (2) is locally asymptotically
stable, andΩ(1) is an invariant subset of the DA.

Remark 1: In Theorem 1, there exist some design param-
eters that should be chosen by the designer. The constant
λ ∈ R>0 can be determined based on the expected error
bound. Forb ∈ (0, 1], there is no general guideline on how
to select it. At the current stage, it should be determined
by a combination of previous expertise and trial and error.
Typically, the smaller the constantb, the less conservative the
condition of Theorem 1. On the other hand, ifb is too small,
due to the constraintΩ(1) ⊆ H(b) in the statement f), the
volume of the level setΩ(1) can also be reduced. Therefore,
one of strategies to determineb is to initially selectb small
enough and if the condition of Theorem 1 is feasible for the
value ofb, then increaseb until it becomes infeasible.

Remark 2: In [45], a filter design problem was addressed
under the assumption that the premise variables are unknown.
Compared to the previous work, a distinguished feature of
the proposed method is that we consider the variation rate
of the membership functions to reduce the conservatism. In
addition, the proposed approach provides an efficient method
to analyze the local stability and estimate the domain of
attraction.

IV. EXAMPLES

In this section, an example is given to show the validity
of the proposed method. The numerical example is treated
with the help of MATLAB R2012b. The LMI problems are
solved with SeDuMi [1] and Yalmip [2].

Example 1: Consider the system (2) with

A1 =

[

0 −4
0 −2

]

, A2 =

[

−1 −4
0 −2

]

, B1 =

[

1
0

]

, B2 =

[

2
1

]

,

α1(z) = (1 + sin z)/2, α2(z) = 1− α1(z),

z = T x, T = [1, 0],

L = {x ∈ R
n : T x ∈ [−zmax, zmax]}, zmax = π/2.

Since

∂α1(z)

∂z
= 0.5 cos z ∈ co{0, 0.5},

∂α2(z)

∂z
= −0.5 cos z ∈ co{0, −0.5}

for all x ∈ L, we haveG1 = {0, 0.5} andG2 = {0, −0.5}.
Problem 2 is solved withλ = 3 and b = 9.9, and the
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Fig. 1. Converging trajectories (solid lines) initializedat the “△” marks
and the level setΩ(1) (blue solid line) obtained by solving Problem 2.

state-feedback gain and the quadratic Lyapunov function are
obtained as follows:

F1 =
[

−1.0449 0.4548
]

, F2 =
[

−1.0442 0.4539
]

V (x) = xT

[

0.9318 0.9542
0.9542 3.7948

]

x

With the random matrix∆(t) ∈ D, the simulation result
is depicted in Fig. 1, which shows converging trajectories
(solid lines) initialized at the “△” marks and the level sets
Ω(1) (blue solid line) estimated by solving Problem 2.

Example 2: Consider the simplified continuous-time non-
linear Moore-Greitzer model of a jet engine with the assump-
tion of no stall

d

dt

[

x1(t)
x2(t)

]

=

[

− 3
2x1(t)−

1
2x1(t)

2 −1
0 0

] [

x1(t)
x2(t)

]

+

[

0
−1

]

u(t), t ∈ R, t ≥ 0,

wherex1(t) andx2(t) are related to the mass flow and the
pressure rise through the engine after an appropriate change
of coordinate, respectively. In order to cast the above system
into a T–S fuzzy system under consideration, let us define

f(x1) := −
3

2
x1 −

1

2
x2
1

and

fmax := max
x1∈[−x1,max, x1,max]

f(x1),

fmin := min
x1∈[−x1,max, x1,max]

f(x1).

Letting z1(t) = x1(t), T =
[

1 0
]

, z1,max = x1,max,
the model can be expressed as a continuous-time T–S fuzzy
model with

A1 =

[

fmax −1
0 0

]

, A2 =

[

fmin −1
0 0

]

, B1 = B2 =

[

0
−1

]

,

α1(z1(t)) =
f(z1(t))− fmin

fmax − fmin
,

α2(z1(t)) =
fmax − f(z1(t))

fmax − fmin
,

which is modeled withinX = {ξ ∈ R
n :

[

1 0
]

ξ ∈
[−z1,max, z1,max]}. To compute polytopic bounds on the
derivatives of the MFs with respect to the premise variable
z1(k), consider

∂α1(z1(k))

∂z1(k)
=

1

fmax − fmin

∂f(z1(k))

∂z1(k)

=
1

fmax − fmin

∂

∂z1(k)

(

−
3

2
z1(k)−

1

2
z1(k)

2

)

= −
3

2

1

fmax − fmin
−

1

fmax − fmin
z1(k)

=: g(z1(k)),

∂α2(z1(k))

∂z1(k)
= −

1

fmax − fmin

∂f(z1(k))

∂z1(k)

= −g(z1(k)).

Since

gmax = max
z1∈[−z1,max, z1,max]

g(z1),

gmin = min
x1∈[−z1,max, z1,max]

g(z1),

one concludes

∂α1(z1(k))

∂z1(k)
∈ co{gmin, gmax},

∂α2(z1(k))

∂z1(k)
∈ co{gmin, gmax}.

With z1,max = 0.1, we obtainfmax = 0.1450, fmin =
−0.1550. Moreover, sincegmax = −4.6667 and gmin =
−5.3333, the setsG1 andG2 are set to be

G1 = G2 = co{−5.3333, −4.6667}.

Problem 2 is solved withλ = 30 andb = 0.0999, and the
state-feedback gain and the quadratic Lyapunov function are
obtained as follows:

F1 =
[

−1.8080 1.7207
]

, F2 =
[

−1.3464 1.6469
]

V (x) = xT

[

122.5946 21.3823
21.3823 74.2944

]

x

V. CONCLUSION

In this paper, a local state-feedback stabilization problem
is solved based on LMI optimizations. It is assumed that the
measured or estimated state for the state-feedback control
law involves errors, thereby existing control design methods
can fail to find a state-feedback controller which guarantees
the stability. Examples illustrate the proposed method.
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