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t�Dynami
al 
onne
tion graph 
hanges are inherentin networks su
h as peer-to-peer networks, wireless ad ho
 net-works, and wireless sensor networks. Considering the in�uen
eof the frequent graph 
hanges is thus essential for pre
iselyassessing the performan
e of appli
ations and algorithms on su
hnetworks. In this paper, using Sto
hasti
 Hybrid Systems (SHSs),we model the dynami
s and analyze the performan
e of anepidemi
-like algorithm, Distributed Random Grouping (DRG),for average aggregate 
omputation on a wireless sensor networkwith dynami
al graph 
hanges. Parti
ularly, we derive the
onvergen
e 
riteria and the upper bounds on the running timeof the DRG algorithm for a set of graphs that are individuallydis
onne
ted but jointly 
onne
ted in time. An effe
tive te
hniquefor the 
omputation of a key parameter in the derived boundsis also developed. Numeri
al results and an appli
ation extendedfrom our analyti
al results to 
ontrol the graph sequen
es arepresented to exemplify our analysis.Index Terms�Performan
e Analysis, Aggregate Computation,Sensor Networks, Randomized Algorithms, Distributed Algo-rithms, Sto
hasti
 Hybrid Systems, Graph Theory.I. INTRODUCTIONDynami
al graph 
hanges are inherent in networks su
h aspeer-to-peer networks, wireless ad ho
 networks, and wirelesssensor networks. Take the example of the wireless sensor net-works, whi
h have attra
ted tremendous resear
h interests inthe re
ent years. In a pra
ti
al or even hostile environment, the
onne
tion graph of a sensor network may vary frequently intime due to various reasons. For instan
e, the 
ommuni
ationlinks (edges of the graph) may fail for being interfered, jammedor obstru
ted; sensor nodes may be disabled or relo
ate in the�eld; to save energy, some sensor nodes may sleep or adjusttheir transmission ranges, thus altering the 
onne
tion graph.Algorithms and proto
ols developed on these networks need totake this nature into 
onsideration. In this setting, distributed andlo
alized1 algorithms requiring no global data stru
ture, su
h asrouting table or tree hierar
hy, are preferable for their s
alabilityand robustness to the frequent graph 
hanges [1℄, [2℄, [3℄, [4℄,[5℄.Although various algorithms have been proposed to deal withnetworks with dynami
al graphs, their performan
es are usuallyanalyzed under the assumption of a �xed 
onne
tion graph [2℄,[3℄, [4℄. In this paper, using the notion of sto
hasti
 hybridsystems (SHSs), we present an analyti
al framework to modelThe authors are with the S
hool of Ele
tri
al and Computer Engineering,Purdue University, West Lafayette, IN 47907. E-mail:jenyeu�ieee.org. andjianghai�purdue.edu.1A lo
alized algorithm in this paper refers to an algorithm only requireslo
al 
ommuni
ations, i.e., a node only 
ommuni
ates with its dire
t one-hopneighbors.

the dynami
s of a 
lass of distributed and lo
alized algorithms ona network with a time-varying 
onne
tion graph. As a parti
ularexample, we analyze the performan
e of a distributed randomizedalgorithm, namely, the DRG (Distributed Random Grouping)algorithm proposed in [2℄, for average aggregate 
omputation onsensor networks with randomly 
hanging graphs.Distributed average 
onsensus has been an important problemwith many appli
ations in distributed and parallel 
omputing [6℄.Re
ently it also �nds appli
ations in the 
oordination of dis-tributed dynami
 systems and multi-agent systems [7℄, [8℄, [9℄,[10℄, as well as in distributed data fusion in sensor networks [2℄,[3℄, [4℄, [5℄. In analyzing the performan
e of the proposeddistributed s
hemes for average 
onsensus, authors of [2℄, [3℄,[4℄ bound the running time of their s
hemes on �xed 
onne
tedgraphs. In [7℄ Olfati-Saber and Murray 
hara
terize the 
onver-gen
e speed of their s
heme � over a set of possible dire
tedgraphs assumed to be balan
ed and strongly 
onne
ted � by theminimal algebrai
 
onne
tivity of the mirror (undire
ted) graphof ea
h possible network graph. Authors of [5℄, [8℄, [9℄, [10℄provide 
riteria for their s
hemes to 
onverge on a dynami
al
hanging graph whi
h is possibly dis
onne
ted during some timeperiod but do not 
hara
terize the 
onvergen
e speed. Differentfrom these works, the goal of this paper is to not only determinethe 
onvergen
e 
riteria but also bound the running time of theDRG algorithm on a randomly 
hanging graph whi
h espe
ially
ould be dis
onne
ted all the time. It turns out that sto
hasti
hybrid systems provide the appropriate framework for modelingand analyzing su
h a system of two-fold randomness: one fromthe randomly 
hanging environment (the 
onne
tion graph), theother from the exe
ution of the randomized algorithm, DRG.Proposed to model dynami
al systems with both 
ontinuousand dis
rete dynami
s, a hybrid system has a state that 
onsistsof a 
ontinuous part and a dis
rete part (mode). In parti
ular,sto
hasti
 hybrid systems are hybrid systems with sto
hasti

ontinuous dynami
s and random dis
rete mode transitions, andhave found appli
ations in a diverse range of s
ienti�
 and engi-neering problems su
h as air traf�
 management systems, multi-vehi
le 
oordination 
ontrol, 
omputer networks [11℄, embeddedsystems, and biologi
al systems. The average 
omputation on asensor network with a randomly 
hanging graph 
an be naturallymodeled as a sto
hasti
 hybrid system: its dis
rete mode is thenetwork 
onne
tion graph whi
h varies with a �nite dis
rete valuesto
hasti
 pro
ess, and its 
ontinuous state is the data value storedat sensor nodes, whi
h will be updated in ea
h iteration of theDRG algorithm.This paper has the following 
ontributions. (a) We expli
-itly model the dynami
s of a distributed randomized algorithm,namely the DRG algorithm, running on a randomly 
hanging



2graph by a sto
hasti
 hybrid system. This modeling frameworkmay be extended to model other similar algorithms on randomly
hanging graphs. (b) For the DRG algorithm, we provide the
riteria of its 
onvergen
e (
orre
tness) on randomly 
hanginggraphs. (
) By 
hara
terizing the graph 
hanging patterns asspe
i�
 sto
hasti
 pro
esses (sequen
es), we extend our previousanalyti
al results of the DRG algorithm on a �xed 
onne
tedgraph and obtain the upper bound on the running time (the
onvergen
e speed) of the DRG algorithm on wireless sensornetworks with randomly 
hanging graphs. In parti
ular, the 
ases
onsidered in this paper is a network graph that randomly swit
hesamid a set of individually dis
onne
ted but jointly 
onne
tedgraphs, making this paper the �rst 
ontribution to deal with this
ase. II. RELATED WORKSIn a wireless sensor network, it is often important to 
omputestatisti
s su
h as the average, the maximum/minimum, and the
ount of data stored in the nodes of the network [12℄, [13℄. Inthese 
ases, the information of interest is not the data stored at anindividual sensor node, but the aggregate statisti
s (aggregates)amid a group of sensor nodes. Possible appli
ations of aggregatesin
lude the average temperature in a area, the minimum remainingbattery life of all the sensor nodes, the 
ount of some endangeredanimal in a natural area, and the maximal noise level in a groupof a
ousti
 sensors, to name a few. The operations for 
omputingbasi
 aggregates su
h as average, max/min, sum, and 
ount 
an befurther adapted to more sophisti
ated data query or informationpro
essing operations.Many tree-based or multi-path-routing approa
hes, e.g. thealgorithms in [14℄, [15℄, [16℄, [17℄, have been su

essfully de-veloped to 
ompute aggregates in a sensor network. Requiringglobal data stru
tures su
h as routing tables or the aggregationtree hierar
hy, these approa
hes suffer from high overheads onre
onstru
ting the global data stru
ture when the network graph
hange frequently. On the other hand, epidemi
-like distributedlo
alized algorithms [2℄, [3℄, [4℄, [5℄ 
ompute aggregates withonly lo
al one-hop 
ommuni
ations. Without the need to maintaina global data stru
ture, they 
an be robust and s
alable in alarge s
ale and versatile sensor network. Even in the presen
eof dynami
al graph 
hanges, the aggregate 
omputation by thesealgorithms 
an 
ontinue without interruption; and the error of the
omputation results will 
onverge to zero under some assumptionson the 
hanging graphs [5℄, [7℄. For more dis
ussions on theadvantages of distributed lo
alized algorithms, the readers 
anrefer to [2℄, [3℄, [4℄. In analyzing the performan
es of these algo-rithms, most existing works assume a �xed network graph duringthe whole 
omputation pro
ess, and derive asymptoti
 boundson the running time in terms of the �xed graph's eigen-stru
ture[2℄, [3℄. These bounds may be inadequate in 
hara
terizing theperforman
es of the algorithms on networks with a time-varyinggraph. For example, bounds obtained by assuming the worst-
asenetwork graph are often too 
onservative. This motivates us todevelop analyti
al tools and frameworks for performan
e analysison a time-varying graph.This paper is organized as follows. In Se
tion III we reviewsome ba
kgrounds and elaborate on the DRG algorithm and itsperforman
e on a �xed graph. Then in Se
tion IV, we formallymodel the dynami
s of the DRG algorithm on a randomly 
hang-ing graph by SHS. From Se
tion V to Se
tion VI, we analyze

the performan
e of the DRG algorithm on a network graphrandomly swit
hing among a set of individually dis
onne
tedbut jointly 
onne
ted graphs and develop an effe
tive te
hniqueto 
ompute a key parameter in the derived performan
e bounds.Numeri
al results on four typi
al sets of su
h graphs are providedin Se
tion VII. An appli
ation based on our analyti
al resultsto optimize and 
ontrol the sensors' sleep/awake s
hedule ispresented in se
tion VIII. Finally, we 
on
lude our work inSe
tion IX. III. BACKGROUND AND ASSUMPTIONSA. Network graphThe 
ommuni
ation graph, or network graph, of a wirelesssensor network 
an be modeled as a geometri
 graph G(V, E)where ea
h vertex v ∈ V represents a sensor node and ea
h edge,
e ∈ E , is a valid 
ommuni
ation link, i.e., two end nodes of anedge 
an su

essfully re
eive the wireless messages from ea
hother in a satisfa
tory quality su
h as BER. Sin
e the wirelesstransmission will degrade by distan
e due to path loss and fading,a

ording to the transmitting power and the appropriate radiopropagation model of the environment, for ea
h sensor node, aradio radius r is de
ided as the threshold distan
e within whi
hother senor nodes 
an re
eive its wireless transmissions in asatisfa
tory quality. In this paper we assume that the networkgraph is time-varying and randomly swit
hes among the elementsof a �nite set of geometri
 graphs indu
ed on the same setof nodes, V. In other words, the network graph is a sto
hasti
sequen
e with the set of all possible graphs as its state spa
e. Notethat the geometri
 graph is not ne
essarily a random geometri
graph.It is important to have a suf�
ient large radio radius or asuf�
ient large node density so that the network graph keeps 
on-ne
ted [18℄. Although the network graph shall be pre-engineeredto be 
onne
ted in the deployment stage, it may be
ome dis-
onne
ted be
ause some 
ommuni
ation links may fail laterdue to environmental 
hanges or adversary atta
ks. Also, forsaving energy, sensor nodes may periodi
ally sleep or redu
ethe transmission power, making the network graph dis
onne
tedtemporarily. In this paper we will prove that the DRG algorithm
an su

essfully 
ompute the average aggregate even though thetime-varying network graph is dis
onne
ted all the time given the
ondition that the union of all graphs visited in�nitely often is
onne
ted.B. Distributed Random Grouping � DRGIn our previous work [2℄, we present a distributed, lo
alized,and randomized algorithm 
alled the Distributed Random Group-ing (DRG) algorithm to 
ompute aggregate statisti
s in a wirelesssensor network. The DRG algorithm is similar to the Gossipalgorithm [3℄, [4℄ but with a better performan
e. It requiresonly lo
al (one-hop) 
ommuni
ations among nodes to save theoverhead on 
onstru
ting and maintaining global data stru
turessu
h as routing tables or aggregation tree hierar
hies. In [2℄,we show that the performan
e of the DRG algorithm is relatedto the eigen-stru
ture of the network graph, whi
h is assumedto be �xed throughout the aggregate 
omputation. Spe
i�
ally,we use the algebrai
 
onne
tivity [19℄, i.e., the se
ond smallesteigenvalue of the Lapla
ian matrix, of the �xed network graph tobound the running time and the total number of transmissions. The



3results show that the DRG algorithm is more ef�
ient than otherrepresentative distributed algorithms su
h as the Flooding [3℄algorithm and the Gossip algorithm as it 
an take advantage of thebroad
asting nature of wireless transmissions. In the following,we will brie�y des
ribe the DRG algorithm, whi
h will be thefo
us of this paper in a generalized setting of randomly 
hangingnetwork graphs.Ea
h sensor node i is asso
iated with an initial observation ormeasurement value denoted by vi(0) ∈ R. The values over allnodes form a initial value ve
tor v(0). The goal is to 
ompute(aggregate) fun
tions su
h as the average, sum, max, min, et
.of the entries of v(0). Throughout this paper we use vi(k) todenote the value of node i and v(k) = [v1(k), v2(k), . . .]T thevalue ve
tor after running the DRG algorithm for k rounds.Note that the v(k) is not the set of measurements that sensornodes take from the environment but the estimations of theglobal aggregate altered from the initial value ve
tor v(0) after
k rounds of the DRG algorithm. The sensor network may takeseveral independent measurements at different times from theenvironment to have several initial value ve
tors, e.g. v

t(0) attime t. On these initial value ve
tors, distinguished by the timestamp t, separate pro
esses of the DRG algorithm 
an be exe
utedto 
ompute their respe
tive aggregates individually.The main idea of the DRG algorithm is as follows. In ea
hround of the iteration, ea
h node independently be
omes a groupleader with a probability pg and then invites its one-hop neighborsto join its group by wireless broad
asting an invitation message2.A neighbor who su

essfully3 re
eives the invitation message thenjoin its group. Note that unlike the 
on
ept of a 
luster in thesensor network literature, a group 
ontains only the group leaderand its one-hop neighbors. Several disjoint groups are thus formedover the network. Next, in ea
h group, all members other thanthe group leader then send the leader their values so that theleader 
an 
ompute the lo
al aggregate and broad
ast it ba
kto the members to update their values. Sin
e in ea
h round,groups are formed at different pla
es of the network, throughthis randomized pro
ess, the values of all nodes will diffuse andmix over the network and 
onverge to the 
orre
t aggregate valueasymptoti
ally almost surely, provided that the �xed networkgraph is 
onne
ted [2℄. The DRG iterations stop when 
ertainaggregate a

ura
y 
riteria are satis�ed.A high-level des
ription of a round (iteration) of the DRGalgorithm to 
ompute the average aggregate, is shown in Fig. 1.Aggregates other than the average 
an be obtained by an easymodi�
ation of this algorithm [2℄. For simpli
ity, in this paperwe will fo
us on the average aggregate only.C. Performan
e of the DRG algorithm on a �xed network graphIn [2℄, a Lyapunov fun
tion 
alled the potential (fun
tion) isde�ned to assess the 
onvergen
e of the DRG algorithm.De�nition 1: Consider an undire
ted 
onne
ted graph G(V, E)with |V| = n nodes. Given a value distribution v(k) =

[v1(k), ..., vn(k)]T where vi(k) is the value of node i after krounds of the DRG algorithm, the potential φk of round k is2A wireless broad
ast transmission by the group leader 
an be re
eived byall its one-hop neighbors.3Collisions amid multiple invitation messages from different group leadersmay o

ur at some nodes. Also, a group leader will ignore invitations fromits neighbors.

Alg: DRG: Distributed Random Grouping for Average

1.1 Each node in the idle mode independently originates to form a group
and becomes the group leader with a probability pg.

1.2 A node i that decides to become a group leader enters the leader

mode and broadcasts a group call message, GCM ≡ (groupid = i), to
all its neighbors and waits for JACK message from its neighbors.

2.1 A neighboring node j, in the idle mode and successfully receiving a
GCM , responds to the group leader by a joining acknowledgment,
JACK ≡ (groupid = i, vj, join(j) = 1), with its value vj included. It
then enters the member mode and waits for the group assignment
message GAM from its leader.

3.1 The group leader, node i, gathers the received JACKs from its
neighbors; count the total number of group members,
J =

∑
j∈gi

join(j) + 1; and compute the average value of the group,
Ave(i) = (

∑
k∈gi

vk)/J .

3.2 The group leader, node i, broadcasts the group assignment message
GAM ≡ (groupid = i, Ave(i)) to its group members and then returns
to the idle mode .

3.3 A neighboring node j, in the member mode and upon receiving
receiving GAM from its leader node i, updates its value vj = Ave(i)
and then returns to the idle mode .Fig. 1. A round of DRG algorithm to 
ompute average aggregatede�ned as

φk = ||v(k) − v1||22 = x
T (k)x(k),where the 
onstant v = 1

n

P
i∈V vi(k) is the global average valueover the network; the ve
tor 1 is the ve
tor with all entries oneand x(k) = [v1(k) − v, ..., vn(k) − v]T is the error ve
tor.Running the DRG algorithm on a �xed 
onne
ted graph, it iseasy to show (see [2℄) that the potential φk will monotoni
allyde
rease to zero from its initial value φ0, i.e., the values of allnodes will 
onverge to the global average v asymptoti
ally almostsurely. Given an a

ura
y requirement ε, we showed in [2℄ thatthe upper bound of the running time of the DRG algorithm in a�xed graph G is as follows.Theorem 2: Given a 
onne
ted undire
ted graph G(V, E) with

|V| = n, and an arbitrary initial value distribution v(0) with theinitial potential φ0, with a high probability (at least 1− ( ε
2

φ0
)σ−1for some σ > 2), the average aggregate on G(V, E) 
an be solvedby the DRG algorithm within an ε > 0 a

ura
y, i.e., |vi−v| ≤ εfor all i, in

O

�
σ

γ
log(

φ0

ε2
)

� rounds,where the 
onvergen
e rate γ := infv 6=v1

n
E
h
δφk

φk

io
= (1 +

α)a(G)
pgps

d ; a(G) is the algebrai
 
onne
tivity of the graph
G [19℄; α > 1 is a parameter dependent only on the topology of
G; d = max (di)+1 ≈ max (di) is the maximum degree of nodesin G; pg is the grouping probability; and ps is the probability ofno 
ollision o

urring to a group leaders' group 
all message,GCM.When the �xed graph G is a 
onne
ted graph, the 
onvergen
erate is stri
tly greater than zero, γ > 0. Otherwise, if the graph
G is dis
onne
ted, γ = 0, implying that the DRG algorithm maynever 
onverge on a �xed dis
onne
ted graph.



4D. Sto
hasti
 hybrid systemsIn this se
tion, we will introdu
e the framework of sto
hasti
hybrid systems that 
an be used to model the exe
ution of theDRG algorithm on a network with randomly evolving graph.A hybrid system is a dynami
al system whose state (q,x)
onsists of two parts: (1) a dis
rete state (mode), q, taking valuesin a dis
rete set Q = {q1, q2, . . .}; (2) a 
ontinuous state, x, takingvalues in a 
ontinuous spa
e X = Rd . As shown in Fig. 2, thestate spa
e of the hybrid system is Q×X, whi
h 
onsists of |Q|
opies of X. For ea
h mode q ∈ Q, the a
tual feasible values of
x ∈ X may be a subset of X, 
alled Dom(q), domain of mode
q, that varies with mode q.To model the dynami
s of the DRG algorithm, we need the
on
ept of sto
hasti
 hybrid systems [11℄, [20℄, [21℄, [22℄ whi
hare hybrid systems with sto
hasti
 
ontinuous dynami
s andrandom mode transitions. The evolution of a sto
hasti
 hybridsystem is des
ribed by (1) Continuous dynami
s: the 
ontinuousstate x evolves a

ording to sto
hasti
 differential equations(SDE) (sto
hasti
 differen
e equation for dis
rete-time systems)with mode-dependent 
oef�
ients; (2) Dis
rete dynami
s: modetransitions follow a sto
hasti
 pro
ess (sequen
e) de�ned on Qor o

ur with a probability when 
ertain 
onditions, 
alled theguards on x, su
h as the 
ontinuous state x rea
hes the boundaryof the feasible set Dom(q), are satis�es; (3) Reset 
onditions:when a dis
rete mode transition o

urs, the 
ontinuous state x isrestarted in the new domain a

ording to some spe
i�ed rules.

modesQ 

X

X

Xq

q
1

|Q|q
k

Dom(1)

Dom(|Q|)

Dom(k)

continuous
states

Fig. 2. A possible state spa
e of a hybrid automaton.We next give the formal de�nition of hybrid systems.De�nition 3: A hybrid system is a 
olle
tion H =

(Q,X,Dom, f,Ψ , G, R) where
• q is a dis
rete variable (mode) taking values in Q;
• x is a 
ontinuous variable taking values in X = Rd ;
• Dom : Q → 2X assigns to ea
h q ∈ Q a domain Dom(q)of X;
• f : Q × X → TX are ve
tor �elds on X that de�ne theevolution of x in mode q: ẋ = f(q,x) or x(k + 1) =

f(q(k),x(k));
• Ψ ⊂ Q × Q , where ea
h (q, q′) ∈ Ψ spe
i�es a validtransition from mode q to mode q′;
• G : Ψ → 2X assigns to ea
h transition (q, q′) ∈ Ψ a set(
alled guard) G(q, q′) ⊂ X su
h that a transition from q to
q′ o

urs whenever x rea
hes G(q, q′);

• R : Ψ ×X → 2X assigns to ea
h transition ψ = (q , q ′) ∈ Ψthe set of values R(ψ,x) ⊂ Dom(q ′) that x 
an be reset toafter transition from mode q to mode q′.IV. MODELING THE DYNAMICS OF DRG ON A TIME-VARYINGNETWORK GRAPH BY SHSIn our modeling, sin
e the number of possible graphs is �niteand dis
rete, ea
h possible graph 
an be represented as a dis
retemode of the SHS. Therefore, the time-varying network graph is

modeled as a sto
hasti
 sequen
e {gk}∞k=0 with that the graphof round k is gk and the state spa
e is the set of all possiblegraphs. The network graph only 
hanges at the beginning of ea
hround the DRG algorithm (we will validate this assumption innext sub-se
tion). The values on the sensor nodes are 
ontinuousvariables; hen
e they 
an be 
hosen as the 
ontinuous state ofthe SHS whi
h evolves by the exe
ution of the DRG algorithm.In summary, the formal de�nition of the sto
hasti
 hybrid system
HDRG for modeling the DRG algorithm is given below.De�nition 4: The sto
hasti
 hybrid system HDRG =

(Q,X,Dom, f,G,Ψ) is given by
• Q = {q} is the set of all possible graphs and the graph ofround k is gk ∈ Q;
• X : x = v − v̄1∈ Rn is the offset value distribution;
• Dom: Dom(q) = {x ∈ Rn : x⊥1} 
onsists of all x whoseentries add up to zero;
• f : x(k + 1) = W (k)x(k) for some random matrix W (k)dependent to graph gk and the grouping rules of the DRGalgorithm.
• Ψ : the swit
hing rules of the graph sequen
e {gk}∞k=0;
• G = X; R is the trivial reset: R((q, q′),x) = x.A. Validation of the graph 
hanging modelIn our model, we assume that the graph only 
hanges at thebeginning of ea
h round of the DRG algorithm. Within a roundof the DRG algorithm, the graph is �xed. This assumption isvalid due to two fa
ts: (1) the DRG algorithm uses only lo
alone-hop 
ommuni
ations and (2) the graph 
hanges o

urring inthe middle of a round have the same effe
t as if they o

ur atthe beginning of a round due to the implementation of messagespassing me
hanism in the DRG algorithm. For the �rst fa
t,as all 
ommuni
ations are lo
al, the time period of a round ofthe DRG algorithm is very short so that the probability that thenetwork graph keeps the same in a round is large. In this 
ase,the possible 
ompli
ated analysis of a multi-hop routing on atime-varying graph is also avoided. Further, for the se
ond fa
t,whi
h is the main reason, if a 
ommuni
ation link fails (hen
ethe graph 
hanges) in the middle of the transmission of a GCMmessage or a JACK message, the 
orresponding neighbor willnot join the group, whi
h is of the same effe
t as a link failsat the beginning of a round. A link failure happening in themiddle of a GAM message 
an be easily dete
ted by the groupleader through the timeout of the A
knowledgment of the GAMmessage. A leader who does not re
eive the A
knowledgmentfrom one of its group members needs to roll ba
k and ex
ludesthe 
orresponding group member from the 
omputation of thelo
al aggregate. This ex
lusion o

urring at the stage of GAMmessage has the same effe
t as the ex
lusion due to a link failureo

urring at the beginning of a round.V. PERFORMANCE OF DRG ON TIME-VARYING NETWORKGRAPHSIt is nontrivial to extend our results of the DRG algorithm on a�xed 
onne
ted graph in [2℄ to the general 
ase of time-varyinggraphs. For a �xed graph, we have shown in [2℄ that all the nodevalues will eventually rea
h 
onsensus by 
onverging to the globalaverage, starting from an arbitrary initial value if and only if thegraph is 
onne
ted. However, in the 
ase when the graph is time-varying, even if the graph is dis
onne
ted in some time periods,



5it is still possible that 
onsensus 
an be rea
hed, provided thatthe union of the graphs appearing in�nitely often is 
onne
ted.(This 
onvergen
e 
riterion has been shown in [5℄, [8℄ for theirs
hemes. Later, we will brie�y prove that it is also valid for theDRG algorithm.)Moreover, 
hara
terizing the 
onvergen
e rate of the DRGalgorithm in this 
ase is a 
hallenging task, as it depends onthe possible graphs of the network, as well as the rules for the(random) evolution of the network graph in time. If some (at leastone) of the possible graphs are 
onne
ted and visited in�nitelyoften, then our results in [2℄ 
an be dire
tly extended. We 
an
onservatively lower bound the 
onvergen
e rate for the wholeexe
ution by the minimum among those non-zero 
onvergen
erates on 
onne
ted and in�nitely-often-visited graphs. If thesegraphs are visited a

ording to some parti
ular frequen
y, e.g.,the stationary distribution of an ergodi
 sto
hasti
 pro
ess, thenwe 
an obtain a normalized 
onvergen
e rate
γ∗ = 1 −

Y
(1 − γG)pG , (1)where γG is the 
onvergen
e rate on a 
andidate graph G and pGis the frequen
y that the graph G is visited. We refer readersto [23℄ for the performan
e analysis of the DRG algorithmon two useful sto
hasti
 models for the time-varying networkgraph, namely, independently and identi
al distributed pro
ess andpure jump pro
ess. In these two sto
hasti
 models, at least one
andidate graph visited in�nitely often is 
onne
ted so that theaforementioned normalized 
onvergen
e rate 
an be derived.If all graphs are dis
onne
ted, the results in [2℄ 
an not bedire
tly applied to �nd the normalized 
onvergen
e rate sin
e the
onvergen
e rate on ea
h graph is zero (γ = 0) for all graphs.However, if the union of all graphs visited in�nitely often is
onne
ted, the DRG algorithm 
an still 
onverge. In the followingsubse
tions we will �rst prove this 
onvergen
e 
riterion and thenshow the 
onvergen
e rate of the DRG algorithm running on anetwork graph randomly swit
hing among a set of individuallydis
onne
ted but jointly 
onne
ted graphs.Remark: A graph Gu(V, Eu) is the union of two graphs,

G1(V, E1) and G2(V, E2), indu
ed on the same set of verti
es
V if and only if Eu = E1 ∪ E2, i.e., Gu(V, Eu) = G1(V, E1) ∪
G2(V, E2) ⇐⇒ Eu = E1 ∪ E2. If the union of a set of graphs is
onne
ted, for simpli
ity, we say that this set of graphs are jointly
onne
ted.A. Convergen
e 
riterion for DRG on time-vary network graphsWe 
an show the 
onvergen
e 
riterion, i.e., the union of allgraphs visited in�nitely often is 
onne
ted, by extending the proofof Theorem 1 in [5℄. Note that this 
onvergen
e 
riterion isgeneral enough for any set of possible graphs, but not just fora set of individually dis
onne
ted but jointly 
onne
ted graphs.Suppose there are |Q| < ∞ possible graphs, where Q = {Gi},ea
h of whi
h is visited in�nitely often. On ea
h graph Gi thereare a set of possible group assignments {DGi

} resulting fromthe randomized grouping rule of the DRG algorithm. Ea
h DGiis asso
iated with a double sto
hasti
, symmetri
 and para
on-tra
ting 4 matrix WDGi (w.r.t. Eu
lidean norm) so that the valueve
tor is updated by v(k + 1) = WDGi v(k) when DGi
o

ursat round k. (The value updating matrix Wi of [5℄ depends only4A matrix W is para
ontra
ting w.r.t. a ve
tor norm ‖·‖ if Wx 6= x ⇔

‖Wx‖ < ‖x‖. [24℄

on the 
hosen network graph Gi; but our WDGi is determinedby the group assignment DGi
whi
h in turn depends on thegraph Gi and the randomized grouping strategy of the DRGalgorithm.) Ea
h Gi is visited in�nitely often, so is DGi

. Hen
e,there exists at least a set of updating matri
es Γ = {WDGi }for i = 1 · · · |Q| su
h that M = 1
|Q|

P|Q|
i=1W

DGi is sto
hasti
,symmetri
 and irredu
ible if the union of possible graphs is
onne
ted. This implies that M's �x-point subspa
e, i.e., theeigenspa
e asso
iated with the eigenvalue 1, H(M) = span(1).Therefore, by [5℄, TΓ H(WDGi ) = span(1), whi
h by [25℄ leadsto the 
on
lusion that the DRG algorithm will asymptoti
ally
onverge to the unique �xed point � 1
n1

T
v

�
1, i.e., the status ofthe average 
onsensus.B. Performan
e of DRG on individually dis
onne
ted but jointly
onne
ted graphsWe 
onsider a model where all the possible graphs are in-dividually dis
onne
ted but jointly 
onne
ted. We assume thatea
h graph o

urs with some positive probability in a round ofthe DRG algorithm and is visited in�nitely often in the wholesto
hasti
 graph sequen
e. In su
h a model, the expe
ted potentialde
rement in a single round in the worst 
ase is uniformly zero,i.e., γq = 0, ∀q. We 
an not dire
tly extend the results of [2℄to �nd a positive normalized 
onvergen
e rate by (1). However,even though all possible graphs are dis
onne
ted, sin
e their uniongraph is 
onne
ted, the DRG algorithm 
an still 
onverge toglobal average. In the following we derive the 
onvergen
e rateand the upper bound of running time for the DRG algorithmrunning on su
h a set of graphs.For illustration purpose, we analyze the simplest 
ase wherethe network graph swit
hes randomly in�nitely often between twographs, namely G1 and G2, whi
h are individually dis
onne
tedbut jointly 
onne
ted. Our analysis 
an be easily extended to thegeneral 
ase of swit
hing amid more than two graphs. Fig. 11(a)is one of the simplest examples of su
h a set of graphs. Note that

G1 and G2 
an be of any graph topology and size as long as theyare individually dis
onne
ted but jointly 
onne
ted.In ea
h round, the network graph 
an be either G1 or G2.Hen
e in the sto
hasti
 hybrid system model, the spa
e of dis
retemodes is Q = {G1, G2}. The mode transition pattern 
an be
hara
terized by a two-state Markov 
hain shown in Fig. 12(a).Sin
e G1 and G2 are ea
h dis
onne
ted, the lower bound onthe 
onvergen
e rate for ea
h of them in a single round is zero.However, in two rounds, the network may swit
h between thesetwo jointly 
onne
ted graphs with positive probability, resultingin a positive expe
ted potential de
rement. Thus to lower boundthe expe
ted potential de
rement rate, we need to 
onsider tworounds of DRG iterations. Sin
e this is a worst-
ase analysis, weassume the worst s
enario: only one group is formed in ea
hround. The DRG algorithm 
an have more groups in a roundand hen
e 
onverge faster than the upper bound derived here.Also, we assume every node has equal probability to be
ome aleader. Without loss of generality, de�ne x(k) = v(k)−v1, whi
his orthogonal to the ve
tor 1, i.e., x(k)⊥1. Then ea
h round ofDRG iteration 
an be expressed as x(k+1) = W (k)x(k) for somerandom matrixW (k) depending on the 
hoi
e of group leader. Forexample, if in round k, the network graph is gk ∈ {G1, G2} andnode i be
omes the group leader, then W (k) = W gk,i = [wgk,i
ης ]



6where
wgk,i
ης =

8><>: 1
di+1 , if η, ς ∈ {Ngk (i) ∪ i};
1, if η, ς /∈ {Ngk (i) ∪ i} and η = ς;

0, otherwise. (2)Here Ngk (i) is the set of neighbors of node i in graph gk.In summary, the formal de�nition of the sto
hasti
 hybridsystem HDRG, j.c. for modeling the DRG algorithm on thisrandomly 
hanging graph model is given below.De�nition 5: The sto
hasti
 hybrid system HDRG, j.c. =

(Q,X,Dom, f,G,Ψ) is given by
• Q = {G1, G2} and the graph of round k is gk ∈ Q;
• X : x = v − v̄1∈ Rn is the offset value distribution;
• Dom: Dom(q) = {x ∈ Rn : x⊥1} 
onsists of all x whoseentries add up to zero;
• f : x(k + 1) = W (k)x(k) for some random matrix W (k)de�ned by (2);
• Ψ : P(gk+1 = G2 |gk = G1 ) > 0 ;

P(gk+1 = G1 |gk = G2 ) > 0 ;
• G = X; R is the trivial reset: R((q, q′),x) = x.From the 
ontinuous dynami
s, in two rounds, we have x(k+

2) = W (k + 1)W (k)x(k) = fWx(k). The ratio of potentialde
rement after two rounds is
φk − φk+2

φk
=

‖x(k)‖2 − ‖x(k + 2)‖2

‖x(k)‖2

= 1 − x(k)TfWTfWx(k)

x(k)Tx(k)
. (3)De�ne γ2 as the lower bound on the expe
ted 
onvergen
e rateafter two 
onse
utive rounds:

γ2 ≡ inf
x(k)⊥1;
x(k) 6=0

�
E

�
φk − φk+2

φk

��
.From (3), we have

E

�
φk − φk+2

φk

�
= 1 −

x(k)TE
hfWTfWix(k)

x(k)Tx(k)

=1 − x(k)T Kx(k)

x(k)Tx(k)
≥ 1 − λ2(K) > 0, (4)where λ2(K) is the se
ond largest eigenvalue of the matrix Kde�ned by

K = E
hfWTfWi

=
X

(gk,gk+1)

X
i,j

Pgk,gk+1

n2
(W gk+1,jW gk,i)T (W gk+1,jW gk,i).In the above, Pgk,gk+1 = P (gk)P (gk+1|gk) is the probability thatthe graph of round k is gk and the graph of round k+1 is gk+1.So, the lower bound on the expe
ted 
onvergen
e rate after two
onse
utive rounds is

γ2 = 1 − λ2(K) > 0.Note that the largest eigenvalue of K is always one so the se
ondlargest eigenvalue λ2(K) < 1 sin
e the two possible graphs arejointly 
onne
ted.Theorem 6: For the SHS HDRG, j.c. with an arbitrary initialvalue distribution v(0) and the initial potential φ0, with highprobability (at least 1− ( ε
2

φ0
)σ−1 ; σ > 2), the average 
onsensus

problem 
an be solved by the DRG algorithm within an ε > 0a

ura
y, i.e., |vi − v| ≤ ε for all i, in
O

�
σ logλ2(K)(

ε2

φ0
)

� rounds.Proof: To meet the a

ura
y 
riterion after 2τ rounds ofthe DRG algorithm, by (4), we need E[φ2τ ] ≤ (1 − γ2)
τφ0 =

(λ2(K))τφ0 ≤ ε2, from whi
h we get τ ≥ logλ2(K)(
ε2

φ0
). Choose

τ = σ logλ2(K)(
ε2

φ0
) where the σ ≥ 2. Then be
ause ( ε

2

φ0
) ≪ 1and (σ − 1) ≥ 1, the Markov inequality

P (φ2τ > ε2) < λ2(K)
σ logλ2(K)(

ε2

φ0
)
(
φ0

ε2
) = (

ε2

φ0
)σ−1. (5)Thus, P (φ2τ ≤ ε2) ≥ 1 − ( ε

2

φ0
)(σ−1) is arbitrarily 
lose to 1by 
hoosing large σ. (Sin
e typi
ally φ0 ≫ ε2, taking σ = 2is suf�
ient to have high probability at least 1 − O( 1

n ); in 
ase
φ0 > ε2, then a larger σ is needed to have a high probability).Hen
e running the DRG algorithm for 2τ = O

�
σ logλ2(K)(

ε2

φ0
)
�rounds, , with high probability 1−( ε

2

φ0
)(σ−1), the DRG algorithm
onverges to an ε a

ura
y.Similar pro
edures 
an be 
arried out to obtain the 
onvergen
erate for network graphs randomly swit
hing among a set ofindividually dis
onne
ted but jointly 
onne
ted graphs 
onsistingof more than two graphs. In the following se
tion, we providean effe
tive way to 
ompute the 
ompound matrix, K, for twouseful families of individually dis
onne
ted but jointly 
onne
tedgraphs on an arbitrarily large set of nodes.VI. COMPUTATION OF THE COMPOUND MATRIX KFrom the previous se
tion, the 
ompound matrix K is a keyelement in the upper bound of the running time of the DRGalgorithm. Here we introdu
e an effe
tive way to 
ompute the
ompound matrix K for two representative families of graphswhose n and |Q| 
an be arbitrarily large.The 
omputation of matrixK 
an be very time 
onsuming if thepossible graphs are 
ompli
ated. However, due to the fa
t that thesparser the graph, the longer the time the DRG algorithm will taketo 
onverge, the sparest graph, namely, linear array, with only oneedge 
onne
ting two nodes in ea
h possible graph, is 
onsideredin this se
tion as the worst 
ase ben
hmark for the performan
e ofthe DRG algorithm running on a set of individually dis
onne
tedbut jointly 
onne
ted graphs. Another sparse graph, a star graphwith only one edge 
onne
ting two nodes in a time, is alsopresented for 
omparison.A. The 
ompound matrix K for linear arraysThe possible graphs are from a set of h = n − 1 graphs ea
hwith n nodes positioned as a linear array and with only oneedge 
onne
ting two 
onse
utive nodes. Shown in Fig. 3(a) is apossible graph with an edge between node m and node m+1, andin Fig. 11(
) is an example set of all possible graphs with n = 4.Ea
h graph itself is dis
onne
ted but the union of these graphstogether is 
onne
ted. Thus, the DRG algorithm will 
onvergeto the global average. Be
ause of the extreme sparsity of ea
hgraph, a time-varying network graph randomly swit
hing amongthese graphs is among the worst 
ases for the DRG algorithm to
onverge. In ea
h round, we 
onservatively assume that only oneleader is 
hosen among the n nodes with equal probability. As aresult, unless one of the two end nodes of the only edge be
omes



7a leader, the transition matrix W (k) is the identity matrix In oforder n. For example, suppose that the network graph is Gm inFig. 3(a) at round k. When node m or node m+ 1 be
omes thegroup leader,
W (k) = WGm,m = WGm,m+1

= diag�Im−1,

�
1/2 1/2

1/2 1/2

�
, In−m−1

�
;

(6)when the other nodes be
ome the leader, W (k) is the identitymatrix of order n, i.e., W (k) = WGm,i/∈{m,m+1} = In.For 
onvenien
e, we de�ne two independent sequen
es: thegraph sequen
e, Λ = {gk}hk=1, namely the realization of therandomly swit
hing network graph over rounds k = 1, . . . h; andthe leader sequen
e, l = {lk}hk=1, where lk is the leader node forthe randomly swit
hing network graph gk at round k. The leadersequen
e l = {lk}hk=1 is an i.i.d. sequen
e where ea
h lk is ofthe uniform distribution over all n nodes. We re-write
K = E

hfWTfWi
=
X
Λ

P (Λ)E
hfWTfW ���Λi =

X
Λ

P (Λ)KΛ.The graph sequen
e Λ and P (Λ) depend on the graph 
hangingpattern; and the matrix KΛ ≡ E
hfWTfW ���Λi is the 
ompoundmatrix for a given graph sequen
e Λ. Sin
e the 
omputation of

KΛ is the key to 
omputing K, in the following, we illustrate the
omputation of KΛ through an example.Be
ause W (k)T = W (k) and the group leaders in differentrounds are 
hosen independently, we have
KΛ = E

hfWTfW ���Λi = E

"
hY
k=1

W (k)

hY
k=1

W (h− k + 1)

�����Λ#
=
X
l

P (l = {lk}hk=1|Λ) · Wl,Λ

=
X
l

P (l1|Λ) · · ·P (lh|Λ) · Wl,Λ

=
X
l

P (l1|g1) · · ·P (lh|gh) · Wl,Λ,where Wl,Λ = W g1,l1 · · ·W gh,lh ·W gh,lh · · ·W g1,l1 and ea
h
W gk,lk is the W (k) de
ided by gk and lk at round k. Note that
W gk,lk appears twi
e on the right hand side. Sin
e we assumethat there is only one leader in ea
h round, P (lk|gk) = 1/n, 1 ≤
k ≤ h.Ea
h W (k) = W gk,lk is a basi
 
omputation blo
k forthe 
omputation of KΛ and 
an be represented as a bipartitegraph. An example of this basi
 
omputation blo
k for W (k) =

W gk,lk = [wgk,lk
ij ] on the graph gk = Gm of Fig. 3(a) is shownin Fig. 3(b). Spe
i�
ally, 
orresponding to ea
h entry wgk,lk

ij of
W (k), there is a link with weight wgk,lk

ij 
onne
ting the uppernode (entry node) i and the lower node (exit node) j of thebipartite graph. Those links with zero weight (wgk,lk
ij = 0) areomitted sin
e they will not 
ontribute to the 
omputation of KΛ.For the example of Fig. 3(b), with probability 2

n , when either ofnode m or m + 1 be
omes the leader, a = b = 1
2 , i.e., W (k)is given by (6); with probability n−2

n , a = 1, b = 0, i.e., W (k)will be the identity matrix of order n. To 
ompute KΛ these
omputation blo
ks are 
as
aded as in Fig. 4. The 
omputation

. . . .. . .1 2 m m+1 n(a) An example graph Gm of lin-ear array with only nodes m and
m + 1 
onne
ted.

1 aba b 11

m nm+1

m m+1 n

1i

1j

. . . .

2

2

. . .(b) The 
omputation blo
k for W (k) on thegraph Gm, where with probability 2

n
, a =

b = 1

2
and with probability n−2

n
, a = 1,

b = 0.Fig. 3. An example graph of linear array and its 
orresponding 
omputationblo
k for 
omputing KΛ.

g

1 2 3 4

1 2 3 4j

i

b

f

d

c

a

e

(a) paths for KΛ(1, 1)

c

1 2 3 4

1 2 3 4j

i

b

a

g

f

e

d

(b) paths for KΛ(2, 3)Fig. 4. The un-solid lines are the possible paths (multipli
ation 
ombinations)for an entry of the matrix KΛ.blo
ks are mirror symmetri
 a
ross the horizontal line in Fig. 4:the �rst and the last 
omputation blo
ks are the same, et
.As an example, we show how to 
ompute KΛ for a graphsequen
e Λ = {gk}hk=1 in whi
h gk has only one edge 
onne
tingnodes k and k + 1 (i.e., m = k in Fig. 3(a)). Correspondingto the graph sequen
e Λ, the 
omputation blo
ks are 
as
adedin a way as in Fig. 4 for the 
ase n = 4, i.e., h = 3. Wede�ne a path ψ := (s1, . . . , sf , . . . , s2h+1) to be a possiblenode sequen
e starting from the entry node s1 of the top (�rst)
omputation blo
k to the exit node s2h+1 of the bottom (last)
omputation blo
k. Ea
h intermediate node sf is the entry nodeof the f-th 
omputation blo
k and the exit node of the (f − 1)-th
omputation blo
k. Fig. 4 illustrates the possible paths for 
om-puting KΛ(1, 1) and KΛ(2, 3), where KΛ(1, 1) has four differentpaths and KΛ(2, 3) has three different paths. For generalization,denote a path with the �rst node s1 = i and the last node
s2h+1 = j by ψ(i, j), and the set of all possible ψ(i, j) by
Ψ(i, j) = {ψ := (s1, . . . , s2h+1)|s1 = i, s2h+1 = j}. In theexample of Fig. 4(a), the number of possible paths for KΛ(1, 1)is |Ψ(1, 1)| = 4. In general, the number of possible paths for
omputing KΛ(i, j) is

|Ψ(i, j)| = n− max(0, max(i, j) − 2).



8Furthermore, de�ne the average weight of a path ψ as
w̄(ψ) =

X
l

hY
k=1

P (lk|gk) · wgk,lk
sksk+1

· wgk,lk
s2h−k+1s2h−k+2

=
hY
k=1

X
l

P (lk|gk) · wgk,lk
sksk+1

· wgk,lk
s2h−k+1s2h−k+2

, (7)where wgk,lk
sksk+1

is the (sksk+1) entry of the matrix W gk,lk =

W (k) of round k. Also, the last equality in the above equationfollows from the fa
t that l = {lk}hk=1 is an i.i.d. sequen
e.Ea
h entry of KΛ, i.e., KΛ(i, j), therefore 
an be 
omputed bysumming the average weights of all possible paths 
onne
ting theentry node s1 = i on the top to the exit node s2h+1 = j at thebottom:
KΛ(i, j) =

X
ψ∈Ψ(i,j)

w̄(ψ).Take the possible path ψ1 := (a = 1, b, c, d, e, f, g = 1) ofFig. 4(a) for example. With probability 2/n, the weights of link
(a, b) and (f, g) are both 1/2; with probability (n − 2)/n, theyare both 1. All the other links on this path are always of weight1 (with probability 1). Hen
e by (7) the average weight of path
ψ1 is

w̄(ψ1) =
2

n
· 1

2
· 1

2
+
n− 2

n
· 1 · 1 =

2n− 3

2n
,where n = 4 in this example. As another example for the possiblepath ψ2 :=(a = 2, b, c, d, e, f, g = 3) in Fig. 4(b), with probability

2/n, the weight of (a, b) is 1/2 and the weight of (f, g) is 1, whilewith probability (n− 2)/n, both the weights of (a, b) and (f, g)are 1. (Hen
e, the weight of (f, g) is always 1 in this 
ase.) Inorder for the link (e, f) to have nonzero weight, node 2 or node3 must be the leader of round 2, whi
h o

urs with probability
2/n. In this 
ase, the weights of (b, c) and (e, f) are both 1/2.The average weight of this path is therefore
w̄(ψ2) =

�
2

n
· 1

2
· 1 +

n− 2

n
· 1 · 1

��
2

n
· 1

2
· 1

2

�
=
n− 1

n

1

2n
.In this equation, we only need to 
onsider two rounds, sin
e atround 3, the links (c, d) and (d, e) are of weight 1 with probabilityone.From these 
as
ading 
omputation blo
ks, we obtain the ana-lyti
al expression of KΛ as follows. Let r = 1

2n , ζ = (1 − 3r)and ℑ = (2r)x−1(r + rζ 1−rn−x−i

1−r + rn+1−x−i); KΛ(i, j) =8>>>>><>>>>>: ζ 1−rh

1−r + rh, i = j = 1;

r + ζ2 1−rn−i

1−r + ζrn−i, 1 < i = j ≤ n;

ℑ, i = 1, j = 1 + x, 1 ≤ x ≤ n− 1;

(1 − 2r)ℑ, 1 < i ≤ n, j = i+ x, 1 ≤ x ≤ n− i;

KΛ(j, i), i > j.Note that KΛ is a double sto
hasti
 matrix whi
h 
an be easilyveri�ed from the above expression.The 
omputed KΛ is shown in Fig. 5(a) for n = 4 and inFig. 5(b) for n = 4, . . . , 12. It 
an be seen from Fig. 5(b) that thematrix KΛ will approa
h the identity matrix of order n when n islarge, i.e., if n→ ∞, then r → 0, KΛ(i, i) → 1 and KΛ(i, i+x) ∼
1
nx , indi
ating that the se
ond largest eigenvalue of the matrix KΛwill approa
h 1, i.e., λ2(KΛ) → 1, as n→ ∞.If the graph sequen
e Λ o

urs with probability 1, i.e., if thegraph 
hanging pattern is deterministi
 (a spe
ial 
ase of thegeneral random swit
hing setting), then K = KΛ 
an be dire
tly

1
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4
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0.4

0.6
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(a) KΛ, n = 4.
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Λ

 

 

KΛ(1,1)

KΛ(1,2)

KΛ(1,3)

(b) The trend of KΛ in logarithm axes, when n isin
reasing from 4 to 10. Three typi
al entries of KΛare shown.Fig. 5. Properties of KΛ.obtained from the above 
omputation of KΛ. Taking this 
aseas an example to dis
uss the 
onvergen
e trend of the DRGalgorithm on su
h a set of graphs, we show the se
ond largesteigenvalue λ2(K) = λ2(KΛ) and the 
onvergen
e rate of theDRG algorithm γ2 in Fig. 6 for n = 4, . . . , 12. It 
an be seenthat the larger the number n, the smaller the 
onvergen
e rate
γ, implying a slower 
onvergen
e of the DRG algorithm while
omputing the aggregates on su
h kind of graphs. The reason isstraightforward. Only when an end node of the only edge of ea
hgraph be
omes a group leader will the DRG averaging pro
essreally take effe
t to redu
e the value variations on nodes. Whenthe number of node n be
omes large, the 
han
e of the two endnodes of the only edge independently be
oming a leader dwindles,slowing down the 
onvergen
e pro
ess.Running the DRG algorithm on su
h a set of h = n−1 possiblegraphs, the 
onvergen
e rate γ is the minimal ratio of the expe
tedpotential de
rement E[δφ] after h rounds of the DRG algorithm tothe (known) original potential, i.e., γ ≤ E

h
φk−φk+h

φk

i
. For fair
omparison, we also show in Fig. 6 the normalized parameter

λ∗2 = h
√
λ2 and normalized 
onvergen
e rate γ∗ = 1 − λ∗2 whi
hindi
ates the minimal ratio of the expe
ted potential de
rement

E[δφ] after a round of the DRG algorithm to the potential at thebeginning of that round of the DRG algorithm, following fromthe relationship E[φk+h|φk] ≤ λ2φk = (λ∗2)hφk.
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ond largest eigenvalue of 
ompound matrix K, λ2(K), and
onvergen
e rate, γ = 1 − λ2(K) vs the number of nodes, n, in the jointly
onne
ted linear graphs, under a deterministi
 graph 
hanging pattern Λ.
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G

1B 2B 3Fig. 7. The star topology, dis
onne
ted star graphs and their 
orresponding
omputation blo
ks.B. The 
ompound matrix K for star topologyAnother useful graph topology is the star topology, whi
h isalso a 
ommon topology for networks. We illustrate a simpleexample for n = 4 nodes in Fig. 7. The graph G at the top leftof Fig. 7 is the jointly 
onne
ted star graph with four nodes. For
onvenien
e we 
an rearrange graph G into a linear array topologyas graph Ĝ shown below G. We 
onsider the graph sequen
e
Λ = {G1, G2, G3}, whi
h is of the equivalent representation Λ =

{Ĝ1, Ĝ2, Ĝ3}. From the linear arrangement of nodes, it be
omes
lear that the prin
iple of 
as
ading 
omputation blo
ks in theprevious example of linear array 
an also be applied again here.We show the 
orresponding 
omputation blo
ks B1, B2, B3 atthe bottom of graphs Ĝ1, Ĝ2, Ĝ3. Similar to the previous exampleof linear array, to 
ompute KΛ, we 
as
ade the 
omputationblo
ks in a way in Fig. 8 where Fig. 8(a) illustrates the possiblepaths for KΛ(1, 1) and Fig. 8(b) shows those for KΛ(2, 3).To generalize this star topology, we number the 
enter node asnode '1', whi
h sequentially 
onne
ts to only one other node inea
h round, i.e. there is only one edge in ea
h round. We numberthe node 
onne
ted in round k as node k+1. There will be a totalof h = n− 1 rounds. Let r = (n−1
n )2 and ζ(j) = 1−r(n−j)

1−r . ByFig. 8, we obtain, for star topology with n nodes, the 
ompound

1n−1
n

n
1

n−1
n

1 2 3 4

1 2 3 4j

i
a

b

c

d

e

f

g

1

(a) paths for KΛ(1, 1)

1n−1
n

n
1

n−1
n

1 2 3 4

1 2 3 4j

i
a

b

c

d

e

f

g

1

(b) paths for KΛ(2, 3)Fig. 8. The possible paths (multipli
ation 
ombinations) for an entry of thematrix KΛ in star topology.matrix
KΛ(i, j) =8>>>>>>><>>>>>>>:rh + 1

n2 ( 1−rh

1−r ), i = j = 1;
1
nr

1
2 (2n−j−1) + r

1
2 (j−1)( 1

n +
ζ(j)
n3 ), i = 1, 1 < j ≤ n;

r + r(n−i)

n2 +
ζ(j)
n4 , 1 < i = j ≤ n;

r
1
2
(j−i)

n2

h
1 + r(n−j) +

ζ(j)
n2

i
, 1 < i < j ≤ n;

KΛ(j, i), i > j.Fig. 9(a) shows the matrix KΛ for a star topology with fournodes, i.e., n = 4. Ea
h sub-�gure presents a row of the matrix
KΛ. It is also easy to verify that the KΛ is a double sto
hasti
matrix by Fig. 9(b). Every 
olumn of KΛ is depi
ted by a distin
t
olor whereas the values on ea
h row are summed up together tobe 1. Note that KΛ is a symmetri
 matrix.We also 
ompare the normalized 
onvergen
e rate γ∗ = 1−λ∗2of the DRG algorithm on linear topology with that on startopology. It is shown in Fig. 10 that with larger normalized
onvergen
e rate the DRG algorithm will 
onverge faster in startopology than in the linear topology of the same size. This isbe
ause, in the star topology, the 
enter node is always 
onne
tedto be a bridge for data ex
hanges, providing a better 
onne
tion.Meanwhile, the diameter of the star topology is only two whereasthe diameter of the linear topology will go up to h = n− 1. Anytwo nodes in the star topology need at most two edges to ex
hangedata but in the linear topology they may require as many as hedges.We also see from Fig. 10 that both the normalized 
onvergen
erates of two topologies de
rease at least exponentially fast withthe number of nodes n. (Note that the y-axis of bottom sub-�gureis in logarithmi
 s
ale.) The normalized 
onvergen
e rate of thelinear topology drops faster than that of the star topology. We 
anuse the slope of ea
h line in the bottom sub-�gure of Fig. 10 asthe s
alability indi
ator of a set of swit
hing graphs of the samesize to run the DRG algorithm�-for the extreme example, theslope 
lose to zero indi
ates a 
onstant normalized 
onvergen
erate of the DRG algorithm regardless of the size of the graph. Sogiven a threshold ns, the s
alability Γns of the DRG algorithm
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2
= h

√
λ2 and the normalized 
onvergen
e rate

γ∗ = 1 − λ∗

2
for the linear and star topologies in various graph sizes from

n = 4 to n = 12.on a set of swit
hing graphs G is
Γns(G ) = max

n>ns

� −n
ln γ∗(n)

�
.VII. NUMERICAL RESULTSWe now present some numeri
al results on the 
onvergen
e rateof the DRG algorithm on the randomly graph-
hanging modelsstudied in Se
tion V-B. Re
all that, in this 
ase, there are a total of

h possible graphs for the network, ea
h of whi
h is dis
onne
ted.As a family, however, the h graphs are jointly 
onne
ted. A lowerbound γh on the h-step 
onvergen
e rate is given by γh = 1 −

G1

G2(a) Case I G G G2 31 (b) Case II
G

G

G

2

3

1(
) Case III G

GG

G1 2

34(d) Case IVFig. 11. Example 
ases for numeri
al results.
λ2(K), where K = E

hfWTfWi and fW = W (k+h−1) · · ·W (k+

1)W (k).In Fig. 11, four 
ases under study are plotted. In 
ase Iand 
ase III, the union of possible graphs forms a linear arraywith three and four nodes, respe
tively. In 
ase II and 
ase IV,the union of possible graphs forms a ring with three and fournodes, respe
tively. The Markov 
hains (the randomly graph-
hanging model) des
ribing the transitions among possible graphsare shown in Fig. 12: Fig. 12(a) for 
ase I; Fig. 12(b) for 
aseII and 
ase III; and Fig. 12(
) for 
ase IV. We 
ompute γ2 for
ase I, γ3 for 
ase II and III, and γ4 for 
ase IV, under differenttransition probabilities p and q.Fig. 13(a) plots the 
omputed λ2(K) of 
ase I as a fun
tionof the transition probabilities p and q. It 
an be seen that, as
p and q both approa
h 0, λ2(K) a
hieves its minimum; hen
e
γ2 = 1 − λ2(K) a
hieves its maximum, implying the fastest
onvergen
e rate of the DRG algorithm. This is understandableas, in this 
ase, the transitions between the two possible graphsare the most frequent and o

ur in ea
h round, remedying theslow 
onvergen
e 
aused by the individual dis
onne
ted graph.On the other hand, by requiring that p+ q = 1, λ2(K) be
omesa fun
tion of p only, and is plotted in Fig. 13(b). Note that theplot in Fig. 13(b) is a sli
e of the plot in Fig. 13(a) along the line
p + q = 1. As 
an be seen from the plot, the minimum λ2(K),hen
e the maximal 
onvergen
e rate γ2, o

urs at p = q = 0.5when the two graphs have identi
al stationary probability 0.5. Forall other 
hoi
es of p and q satisfying p+ q = 1, the transitionshave a tenden
y of staying in one graph longer, whi
h slows downthe 
onvergen
e of the DRG algorithm.Fig. 13(
) 
ompares the 
onvergen
e rates of the DRG algo-rithm for these four 
ases as well as an additional 
ase of thering topology that is of �ve dis
onne
ted graphs, h = 5. The
omputed 
onvergen
e rate γh for these �ve 
ases are plotted inFig. 13(
) as fun
tions of the transition probability p (in 
ase I, weset q = p). We observe that, the larger the number of nodes, theslower the 
onvergen
e rate. In addition, with the same numberof nodes, the 
ase whose union graph is a linear array has theslower 
onvergen
e rate than the 
orresponding 
ase whose uniongraph is a ring. This is be
ause on a linear array ea
h of the twoend nodes has only one dire
tion to spread out its value whereasall nodes in a ring have two.VIII. AN APPLICATION: SLEEP/AWAKE SCHEDULINGOne of the efforts to save energy 
onsumption in sensornetwork is to let some sensor nodes sleep (in power savingmode) from time to time without affe
ting the 
orre
tness of
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Fig. 12. The Markov 
hain for jointly 
onne
ted swit
hing graphs ea
h ofwhi
h is dis
onne
ted.the exe
ution of the algorithm but possibly with some a

eptabledegradation on the performan
e of the algorithm. In our example,the network graph may be
ome dis
onne
ted when some nodessleep. This is espe
ially true for sparse network graphs. However,from the results of previous se
tions, we know that the DRGalgorithm still 
onverges as long as the time-varying networkgraph is jointly 
onne
ted. In this se
tion we dis
uss the DRG'sperforman
e on several sleep/awake s
heduling sequen
es and try

(a) (b) (
)(d) (e) (f)Fig. 14. Conne
tion graphs for sleep/awake s
hedulingto �nd the best 
ontrolled graph sequen
e in terms of both energysaving and 
onvergen
e time.We 
onsider a sparse graph: a linear array with 4 sensor nodesin a row. The network graph �e� of Fig. 14(e) is the 
onne
tedgraph while all four nodes are awake. Other graphs in Fig. 14are dis
onne
ted be
ause some sensor nodes are in sleep mode,e.g., in graph �a� (Fig. 14(a)) node 3 and node 4 are in sleepmode. When a node sleeps, its CPU is at power saving mode andits radio 
omponents are dea
tivated. We 
ompare nine differentperiodi
 graph sequen
es (i.e., different sleeping s
hedules forsensor nodes): Λ1 = {e}, Λ2 = {abc}, Λ3 = {abcb}, Λ4 =

{abce}, Λ5 = {dc}, Λ6 = {df}, Λ7 = {adefc}, Λ8 =

{edef}, Λ9 = {eaebec}, where {abc} means that the networkgraph repeats in �ab
� pattern periodi
ally, i.e., in �rst round thenetwork graph is Fig. 14(a), the se
ond round Fig. 14(b), thethird round Fig. 14(
) and the fourth round Fig. 14(a) again ...et
. Sin
e the graphs in ea
h sequen
e are jointly 
onne
ted, theDRG algorithm will 
onverge for these graph sequen
es.Running the DRG algorithm on an n-nodes linear array with
mk awake nodes, we model the expe
ted energy 
onsumption in
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Fig. 15. The normalized energy per round and normalized 
onvergen
e timefor different graph sequen
es.the round k of the DRG algorithm as follows.
EDRG =

2

n
(3Etx + 2(Er/w + ECPU−active))

+
mk − 2

n
(4Etx + 3(Er/w + ECPU−active))

+
mk

n
(ECPU−awake + Erx)

=
mk

n
(3E0 + Etx + E1) −

2

n
E0,where E0 = Etx + Er/w + ECPU−active and E1 =

ECPU−awake+Erx; Etx is the energy for transmitting a messageand Erx is for nodes to listen to MAC 
hannels and re
eivemessages. Every awake node 
onsumes the same Erx even thoughit does not re
eive any messages in a round. In a round of the DRGalgorithm, the CPU of an awake node 
onsumes ECPU−awakeand an extra ECPU−active when it be
omes busy, i.e. the awakebut idle nodes 
onsume only ECPU−awake. The Er/w is the totalenergy required for an awake node to read/ write informationfrom/to its EEPROM in a round of the DRG algorithm. Ex
eptthe number of awake nodes mk, all the other parameters in theabove equation are 
onstants in rounds of the DRG algorithm.(For detail energy quantities 
onsumed by a sensor node, we referto [26℄.) The total energy 
onsumption EDRG in a round of theDRG algorithm is a linear fun
tion of the number of awake nodes
mk whi
h may vary by rounds. To 
ompare the average energy
onsumed in a round for different graph sequen
es, we take theaverage number of awake nodes

E∗
DRG(Λ) =

X
k∈Λ

mk/|Λ|, where |Λ| is the number of graphs of a sequen
e pattern, as thenormalized energy index for the sequen
e Λ, e.g., for {dc} thenormalized energy index is E∗
DRG({dc}) = (3 + 2)/2 = 2.5.From Theorem 2, given φ0 and ǫ, the running time is propor-tional to −|Λ| log−1(λ2(KΛ)). Thus, we de�ne the normalizedindex for running time of the DRG algorithm

T ime∗(Λ) = − log−1(λ∗2(KΛ)) = −|Λ| log−1(λ2(KΛ)).Fig. 15 shows our simulation results for the nine graph se-quen
es mentioned previously. The x-axis is the normalized index

for running time; the y-axis is the normalized energy index
E∗
DRG(Λ). The sequen
e Λ1 = {e} where nodes never sleep
onsumes the most energy but 
onverges fastest. In 
ontrast, thesequen
e Λ3 = {abcb} where two nodes sleep in turn round byround 
onsumes least energy but 
onverges the slowest. Therewill be always a tradeoff between these two performan
e indi
es.To in
orporate both energy 
onsumption and 
onvergen
e timeinto the performan
e assessment, we 
an minimize the 
ombinedindi
es:

min(α ·E∗
DRG(Λ) + (1 − α) · T ime∗(Λ)).Two extreme 
ases are α = 1 and α = 0, representing the
onsideration of only energy 
onsumption and only 
onvergen
etime 
orrespondingly. By linear programming on the 
onvex hullof Fig 15, we 
an �nd the proper graph sequen
e for a desired

α. For example, the sequen
e Λ5 = {dc} should be used whenwe set 0.0982 < 1−α
α < 0.2926.IX. CONCLUSION AND FUTURE WORKSTo guarantee the 
orre
tness and pre
isely bound the runningtime of an algorithm developed on a sensor network, we needto 
onsider one of the senor network's salient nature: frequently
hanging graphs. In this paper, we model the exe
ution of theDistributed Random Grouping (DRG) algorithm for 
omputingthe average aggregate on a sensor network with randomly 
hang-ing graphs by sto
hasti
 hybrid systems (SHSs). Criteria aregiven for the 
onvergen
e of the DRG algorithm on a randomly
hanging graph. Parti
ularly for two families of graphs whi
h areindividually dis
onne
ted but jointly 
onne
ted, bounds on the
onvergen
e rate and the running time are presented. Numeri
alresults are provided to illustrate our analyti
al results. An appli-
ation built on our analyti
al results to optimize and 
ontrol thesleep/awake s
hedule for sensor nodes is also introdu
ed.This work 
an be extended in several ways. For example, we
an use SHS to model the dynami
s of the sensed values anddevelop a new version of the DRG algorithm that exploits theauto-
orrelation of the sensed data to expedite the 
onvergen
e ofaggregation; the SHSs framework 
an also be applied to modeland analyze other similar distributed lo
alized algorithms su
has gossip and �ooding for aggregate 
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