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Mode-Conscious Stabilization of Switched Linear Control Systems
against Adversarial Switchings

Jianghai Hu, Jinglai Shen, and Donghwan Lee

Abstract—The stabilization problem of a discrete-time
switched linear control system using continuous control input
against adversarial switchings is studied. This problem is for-
mulated as a two-player dynamic game, and it is assumed that
the continuous controller has access to the adversary’s switching
mode at each time and can be of the form of an ensemble
of mode-dependent state feedback controllers. Under this infor-
mation structure, the (fastest) stabilizing rate is proposed as a
quantitative metric of the system’s stabilizability. Conditions are
derived on when the stabilizing rate can be exactly achieved by
an admissible control policy and a counter example is given to
show that the stabilizing rate may not always be attained by a
mode-dependent linear state feedback control policy. Bounds of
the stabilizing rate are derived using (semi)norms. When such
bounds are tight, the corresponding extremal norms are char-
acterized geometrically. Numerical algorithms based on ellipsoid
and polytope norms are developed for computing bounds of the
stabilizing rate and illustrated through examples.

I. INTRODUCTION AND OVERVIEW

In this paper, we study the stabilization problem of switched
linear control systems (SLCS):

x(t+ 1) = Aσ(t)x(t) +Bσ(t)u(t), t ∈ Z+ := {0, 1, . . .},
(1)

where x(t) ∈ Rn is the state, u(t) ∈ Rp is the control
input, σ(t) ∈ M := {1, . . . ,m} is the switching mode, and
(Ai, Bi)i∈M are the subsystem matrices in different modes.
The set of all switching sequences σ = (σ(0), σ(1), . . .) is
denoted by S := M∞. Different from the existing work
(e.g., [1], [2], [3], [4]) where both the control input u and
the switching signal σ are utilized to stabilize the SLCS, the
problem we study here assumes that only u can be controlled
by the user to stabilize the SLCS, while σ is determined by
an adversary to destabilize the system. Thus, the problem is a
two-player dynamic game between the user and the adversary.

A. Mode-Conscious vs. Mode-Resilient Stabilization

The two-player dynamic game studied in this paper, called
the mode-conscious stabilization problem, assumes that the
adversary moves first, i.e., at each time t, σ(t) chosen by the
adversary is known to the user when deciding u(t). Under
this information structure, a valid control policy for the user
is given by u = (u0,u1, . . .) where ut is the feedback law for
determining the user’s input at time t: u(t) = ut(σ(t), x(t)).
Denote by U the set of all such mode-conscious control
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policies, and by x(·;σ,u, x(0)) the solution of the SLCS under
u ∈ U and the adversary’s switching σ ∈ S, starting from the
initial state x(0).

Definition I.1. The SLCS is called mode-conscious (or σ∗)-
asymptotically stabilizable if there exists u ∈ U such that, for
any σ ∈ S and any x(0), we have x(t;σ,u, x(0)) → 0 as
t→∞.

A related but different dynamic game, called the mode-
resilient stabilization problem, is treated in [5], where it is
assumed that at any time t, the user decides u(t) first and
then the adversary decides σ(t) based on the knowledge of
u(t), i.e., the user moves first in the two-player game. In this
setting, the user’s control policy at each time t is of the form
u(t) = ut(x(t)). If such a user control policy exists so that
the solution to the SLCS converges to zero as t → ∞ under
any possible adversary’s switching σ and for any initial state
x(0), then the SLCS is called mode-resilient stabilizable or σ∗-
stabilizable. Two illustrating examples are given as follows.

Example I.1. As an application, consider a networked control
system consisting of a discrete-time LTI plant xr(t + 1) =
Arxr(t) + Brur(t) and a remote controller. At each time t,
the controller will first receive the state xr(t) from the plant,
and then use it to calculate ur(t) and send it to the plant, both
over a communication channel. Suppose such communications
are subject to frequent disruptions which can each time last up
to a maximum of m − 1 times steps, and during disruptions,
the plant will keep using the last received control command
from the controller. By denoting 0 = t0 < t1 < t2 < · · · the
times at which the communications are successful, the sampled
state and control sequences x(k) = xr(tk) and u(k) = ur(tk)
follows the SLCS x(k + 1) = Aσ(k)x(k) +Bσ(k)u(k) where
σ(k) = tk+1− tk+1 ∈M and Ai = (Ar)

i, Bi = [(Ar)
i−1 +

· · · + I]Br for i ∈ M. If the controller does (resp. does
not) know the duration of each communication disruption,
then designing a controller to stabilize the plant becomes an
instance of the σ∗- (resp. σ∗-)stabilization problem. See [5],
[6] for details on the latter case.

Example I.2. As another example, consider a pursuer and an
evader with the respective positions xp, xe ∈ Rn. Suppose the
evader has several distinctive modes of evading maneuvers of
the form xe(t + 1) = xe(t) + Fi[xe(t) − xp(t)] for i ∈ M
and Fi ∈ Rn×n; while the pursuer has the dynamics xp(t +
1) = xp(t) + Bpu(t). Then, their relative displacement x :=
xe − xp follows the SLCS (1) with Ai = I + Fi and Bi =
Bp. Depending on if the pursuer knows the evader’s current
evading mode, designing control u(t) so that the pursuer can
capture the evader (i.e., xp = xe) is either a σ∗-stabilization
problem or a σ∗-stabilization problem.
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Due to the user’s information premium in the mode-
conscious problem, the task of mode-conscious stabilization is
considerably easier than mode-resilient stabilization, as illus-
trated by the following example. Consider the SLCS on R with
two modes: x(t+1) = x(t)+u(t) and x(t+1) = x(t)−u(t),
where B1 = 1 and B2 = −1. Given any x(t) 6= 0 at time
t, if the user does not know the current mode σ(t), its best
action is to choose u(t) = 0, for otherwise the adversary will
choose whichever mode with Bσ(t)u(t) ·x(t) > 0, resulting in
|x(t+1)| > |x(t)|. As a result, the SLCS is not mode-resilient
stabilizable. On the other hand, if the user knows σ(t), hence
Bσ(t), the SLCS can be steered to the origin in one step by
the controller u(t) = −x(t)/Bσ(t). More discussions on the
connection and difference of the mode-conscious and mode-
resilient stabilization problems will be given in Remarks I.1
and III.1.

Despite this relative ease, the mode-conscious stabilization
remains a difficult problem. For one, it subsumes the stability
problem of autonomous switched linear systems (SLSs) under
arbitrary switching as a special case with Bi = 0 for all i (c.f.
Remark I.2), which by itself is well known to be an NP-hard
problem [7]. Following is an example with Bi 6= 0:

A1 =

[
0.5 2
0 0.5

]
, B1 =

[
0
1

]
; A2 =

[
0.5 0
2 0.5

]
, B2 =

[
1
0

]
.

(2)

Suppose at each t, the adversary chooses σ(t) = 1 if |x1(t)| ≤
|x2(t)|, and σ(t) = 2 if |x1(t)| > |x2(t)|. Regardless of the
user’s choice on u(t), ‖x(t+1)‖∞ ≥ 3

2‖x(t)‖∞ for all t. This
implies that the SLCS is not σ∗-stabilizable, even though each
individual subsystem is stabilizable. The latter is a necessary
but not sufficient condition for σ∗-stabilizability.

B. Mode-conscious stabilizing rate

A distinguishing feature of this paper is its quantitative
approach: instead of just deriving stabilizability conditions, we
study a quantitative stabilizability metric defined as follows.

Definition I.2. The constant ρ ∈ [0,∞) is called an attainable
(exponential) stabilizing rate of the SLCS if there exist u ∈ U
and K ∈ [0,∞) such that for all x(0) ∈ Rn, σ ∈ S,

‖x(t;σ,u, x(0))‖ ≤ Kρt‖x(0)‖, ∀ t ∈ Z+. (3)

The σ∗-stabilizing rate of the SLCS, denoted by ρ∗ ∈ [0,∞),
is the infimum of all attainable stabilizing rates ρ.

Mode-conscious stabilizability can be determined from the
σ∗-stabilizing rate ρ∗: the SLCS is σ∗-asymptotically stabi-
lizable if ρ∗ < 1, and we will show in Section II that the
converse is also true. Furthermore, ρ∗ allows us to compare the
stabilizability of different SLCSs and measure the robustness
of stabilizability to perturbations to system parameters.

Remark I.1. The value of ρ∗ in Definition I.2 is independent
of the norm ‖ · ‖ since all norms are equivalent. If we further
restrict the user control policy u to be of the form u(t) =
ut(x(t)),∀ t ∈ Z+, a similar rate ρ∗ ≥ 0 can be defined,
which provides a quantitative metric of the SLCS’s mode-
resilient stabilizability [5]. Obviously, ρ∗ ≥ ρ∗. This inequality

represents the information premium of the user’s knowledge
of the current mode. See Example IV.1 for an example.

Remark I.2. An autonomous SLS x(t + 1) = Aσ(t)x(t) is
called absolutely stable [8] (or stable under arbitrary switch-
ing) if limt→∞ x(t) = 0 for any switching sequence σ ∈ S .
Define ρ ∈ [0,∞) to be an attainable (exponential) growth
rate if there exists K ∈ [0,∞) such that ‖x(t)‖ ≤ Kρt‖x(0)‖
holds for all t, x(0), and all σ ∈ S. The infimum of all
attainable growth rates, which is denoted by ρ̄ and is equal
to the joint spectral radius (JSR) of the matrix set {Ai}i∈M
([9], [10]), provides a quantitative metric of the SLS’s absolute
stability. Clearly, the joint spectral radius is a special case of
the σ∗-stabilizing rate ρ∗ with Bi = 0, ∀ i ∈M.

C. Main Questions

In this paper, we will address the following questions.

Question I.1. Can the σ∗-stabilizing rate ρ∗ be achieved
exactly by a user control policy u ∈ U , i.e., does (3) hold
when ρ = ρ∗?

We will deal with this question in Section III. In particular,
for an SLCS with ρ∗ = 1, if the answer is yes, then the
SLCS is marginally stabilizable as the user can keep any
state trajectory bounded against all adversarial switchings;
otherwise, the SLCS is not stabilizable.

Question I.2. If the σ∗-stabilizing rate ρ∗ is achievable, can it
always be achieved by a mode-dependent linear state feedback
controller of the form u(t) = Kσ(t)x(t)?

Mode-dependent linear state feedback controllers have a low
complexity as they are specified by a set of feedback control
gains {Ki}i∈M, one for each mode. If the answer to Ques-
tion I.2 is affirmative, then control synthesis can be greatly
simplified. The closed-loop system under such a controller is
the autonomous SLS: x(t + 1) = (Aσ(t) + Bσ(t)Kσ(t))x(t).
By Remark I.2, Question I.2 is equivalent to whether ρ∗ is
equal to the JSR of the matrix set {Ai+BiKi}i∈M for some
properly chosen {Ki}i∈M. Question I.2 will be addressed in
Section V.

Question I.3. For a general SLCS, is there a systematic way
to establish upper and lower bounds of ρ∗ that are arbitrarily
or even exactly tight?

Finding answers for Question I.3 is a major focus of this
paper. In Section IV and Section VI, we will present a
theoretical approach based on seminorms and various iterative
algorithms that generate increasingly accurate bounds of ρ∗.

D. Previous Work and Contributions

The stabilization of SLSs and SLCSs has been extensively
studied in the literature [11], [12]. A large portion of the
existing work (e.g., [13], [14], [15]) focuses on the SLS
switching stabilization problem, namely, stabilizing the SLS
using σ. For SLCSs, the stabilization using both u and σ
has received considerable attention [1], [2], [3], [4]. The
stabilization of SLCSs using u against adversarial σ has also
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been previously explored, for example, in the user-move-first
setting (σ∗-stabilization) [5], [16], [17], [18]. In the adversary-
move-first setting (i.e., the σ∗-stabilization problem treated in
this paper), LMI stabilizability conditions are derived based
on parameter-dependent quadratic Lyapunov functions method
[19], [20], [21], [22], multiple Lyapunov function (norm)
method [23], Lyapunov-like function method for discrete-
time SLCSs with average dwell time constraints [24], time-
varying quadratic Lyapunov function method for continuous-
time SLCSs with dwell time constraints [25], and for uncertain
LTI sampled-data systems [26], to name a few. In these papers,
the stabilizing controllers are assumed to be static or mode-
dependent linear state feedbacks. As shown in Section V of
the present paper, this assumption introduces conservativeness.
Another factor that makes these existing stabilizing conditions
sufficient but not necessary is that they employ variants
of quadratic Lyapunov functions, which are in general not
“optimal” (see Section IV for definitions of optimal ones). An
exact characterization of the σ∗-stabilizability condition and
more accurate methods for computing the stabilizing rate call
for further research and new techniques.

The main contributions of this paper are four-folds: (i)
conditions are developed for marginal mode-conscious stabi-
lizability using the notions of defectiveness and reducibility
(c.f. Section III); (ii) analytical bounds on the stabilizing rate
are established using (semi)norms and conditions are given on
when such bounds are tight (c.f. Section IV); (iii) it is shown
that, except for some special cases, the optimal user control
policy may not be a mode-dependent linear state feedback
controller (c.f. Section V); and (iv) numerical algorithms are
developed for computing the stabilizing rate (c.f. Section VI).
Finally, conclusions are given in Section VII.

It is worth pointing out that this paper contains substantial
new contributions compared to our previous work on the
σ∗-stabilization problem [5], despite certain similar concepts
used in the two papers, e.g., defectiveness, irreducibility, and
extremal norms. First, due to completely different information
structures, the aforementioned concepts are defined differently
and require new tools to handle them. Besides, the stabiliz-
ability conditions derived here are novel. Moreover, various
new results are established for extremal and Barabanov norms
of the σ∗-stabilization problem in this paper, which are the
first of their kind to our best knowledge; see Sections IV-
V. A conference version soon to be submitted [27] contains
part of the results in this paper. Compared to [27], this paper
has significantly more new results, e.g., Theorem II.1(iii),
Proposition IV.2, Theorem IV.1, the whole Section V, all the
examples (with the exception of Example IV.1), and the proofs
of all the main technical results.

II. PRELIMINARY RESULTS

We first derive some preliminary results and useful facts.
The notion of σ∗-asymptotic stabilizability has been defined
in Definition I.1. A related notion is defined as follows.

Definition II.1. The SLCS is call σ∗-exponentially stabilizable
if there exist u ∈ U , ρ ∈ [0, 1), and K ∈ [0,∞) such

that ‖x(t;σ,u, x(0))‖ ≤ Kρt‖x(0)‖, ∀ t ∈ Z+, ∀x(0) ∈
Rn, ∀σ ∈ S.

By Definition I.2, the SLCS is σ∗-exponentially stabilizable
if and only if ρ∗ < 1. It is obvious that σ∗-exponential stabi-
lizability implies σ∗-asymptotic stabilizability. The following
theorem, proved in Appendix VII-A, shows that the converse
is also true.

Theorem II.1. The following statements are equivalent:
(i) The SLCS is σ∗-exponentially stabilizable;

(ii) The SLCS is σ∗-asymptotically stabilizable;
(iii) For any z ∈ Rn, σ ∈ S, and ε > 0, there exist uz,σ,ε ∈ U

and Tz,σ,ε ∈ Z+ such that ‖x(Tz,σ,ε;σ,uz,σ,ε, z)‖ ≤ ε ·
‖z‖.

Consequently, through the rest of this paper, we will refer
to either notion simply as σ∗-stabilizability.

The following result states that the σ∗-stabilizing rate ρ∗
is positively homogeneous of degree one with respect to the
collective scale of {Ai}i∈M but independent of the scale
of any individual Bi. The latter is hardly surprising since
the lack of penalty on control input implies that ρ∗ depends
on each Bi only through its range space R(Bi), i.e., ρ∗ =
ρ∗({Ai}i∈M, {R(Bi)}i∈M).

Lemma II.1. Let ρ∗ be the σ∗-stabilizing rate of the SLCS
{(Ai, Bi)}i∈M. Given scalar constants α and βi 6= 0, i ∈M,
the SLCS {(αAi, βiBi)}i∈M has the σ∗-stabilizing rate |α| ρ∗.

Proof. It is trivial when α = 0. Suppose α 6= 0. If the
SLCS {(Ai, Bi)}i∈M has the solution x(t;σ,u, x(0)) under a
control policy u ∈ U , then under the control policy û ∈ U such
that ût(i, x) = αt+1(βi)

−1ut(i, x), ∀ i ∈ M, x ∈ Rn, the
solution to the SLCS {(αAi, βiBi)}i∈M is x̂(t;σ, û, x̂(0)) =
αtx(t;σ,u, x(0)). The desired result follows.

Owing to this homogeneity property, a common technique
we will employ when studying a general SLCS with ρ∗ > 0
is to study the scaled SLCS {(Ai/ρ∗, Bi)}i∈M. This allows
us to focus on SLCSs with ρ∗ = 1 when studying properties
of SLCSs with the same homogeneity.

III. DEFECTIVENESS AND REDUCIBILITY

In this section, we will present a partial answer to Ques-
tion I.1 given in Section I-C.

Definition III.1. The SLCS is called nondefective if there
exist u ∈ U and K ∈ [0,∞) such that ‖x(t;σ,u, x(0))‖ ≤
K(ρ∗)

t‖x(0)‖, ∀ t, for all x(0) and σ ∈ S . Otherwise, it is
called defective.

Recall that ρ∗ is defined as the infimum of ρ for which (3)
holds. For a nondefective SLCS, this infimum can be exactly
achieved. The SLCS is called σ∗-marginally stabilizable if
there exists u ∈ U under which x(t) is bounded for all t, σ
and x(0). This is the case if either (i) ρ∗ < 1 or (ii) ρ∗ = 1
and the SLS is nondefective.

In the particular case ρ∗ = 0, the SLCS is nondefective if
and only if it is controllable to the origin in one time step for
all σ(0) and x(0). As an example, note that the LTI system
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(A,B) with A =

[
1 1
0 1

]
and B =

[
0
1

]
has ρ∗ = 0 since it

is controllable to the origin in two time steps; it is defective
since it cannot be steered to the origin in one time step from
x(0) = (0, 1). Here, (0, 1) denotes a column vector in R2. In
the following, we will focus on the nontrivial case ρ∗ > 0.

As an example of defective SLCSs with ρ∗ > 0, consider
the following system:

A1 =

1 0 0
1 1 0
0 0 1

, B1 =

 1
0
−1

; A2 =

1 0 0
0 1 1
0 0 1

, B2 =

−1
0
1

.
Given the state x(t) at any time t, for any user input u(t),
x1(t+1)+x3(t+1) = x1(t)+x3(t) remains unchanged, while
the increase from x2(t) to x2(t+1) is either x1(t) if σ(t) = 1
or x3(t) if σ(t) = 2. Thus, for x(0) with x1(0) + x3(0) 6= 0,
say, x1(0)+x3(0) > 0, the growth of ‖x(t)‖ is dictated by the
growth of x2(t), since x1 and x3 are under the user’s control
and their difference can be made to zero as shown below.
The slowest growth rate of x2(t) against all possible σ is
achieved when the user chooses u(0) so that x1(1) = x3(1) =
[x1(0) + x3(0)]/2 > 0, and then u(t) ≡ 0 for t ∈ Z+. This
yields x2(t) = c+ x1(0)+x3(0)

2 t for some constant c. The linear
growth rate of x2(t), hence of ‖x(t)‖, implies that ρ∗ = 1.
The SLCS is defective as ‖x(t)‖ is unbounded despite the
user’s best effort.

For a general SLCS, the nondefectiveness is difficult to
verify. To find a sufficient condition, we call a subspace V of
Rn control σ∗-invariant if for each z ∈ V and each i ∈ M,
there exists vi ∈ Rp such that Aiz + Bivi ∈ V . Two trivial
control σ∗-invariant subspaces are {0} and Rn.

Definition III.2. The SLCS is called irreducible if it has
no nontrivial control σ∗-invariant subspaces. Otherwise, it is
called reducible.

When Bi = 0 for all i, the notion of an irreducible SLCS
coincides with that of an irreducible SLS [10]. An example of
irreducible SLCS with nonzero Bi is given by

A1 =

[
1 0
1 1

]
, B1 =

[
1
0

]
; A2 =

[
1 1
0 1

]
, B2 =

[
0
0

]
. (4)

The only one-dimensional subspace V control invariant under
mode 2 is the eigenspace of A2, i.e., the one spanned by (1, 0).
However, such a V is not control invariant under mode 1.

In Appendix VII-B, we prove the following sufficient con-
dition for nondefectiveness.

Proposition III.1. If the SLCS with ρ∗ > 0 is irreducible,
then it is nondefective.

As a consequence of Proposition III.1, the SLCS in (4) is
nondefective. This will be verified in Example IV.2 later on.

Irreducibility is a sufficient but not necessary condition for
nondefectiveness: one can easily find examples of SLCSs that
are reducible but nondefective. The SLCS given in (2) is such
an example: it is reducible since any 1D subspace of R2 not
aligned with either B1 or B2 is a control σ∗-invariant sub-
space; and it is nondefective as will be shown in Section IV.
A necessary and sufficient condition for nondefectiveness will
be presented in Theorem IV.1.

Remark III.1. In the study of mode-resilient stabilization
problem, we can similarly define the notions of nondefective
and irreducible SLCSs, with the control σ∗-invariant subspace
replaced by the control σ∗-invariant subspace, namely, a
subspace V such that for any x ∈ V , there exists v ∈ Rp such
that Aix + Biv ∈ V for all i ∈ M. One can also show that
irreducibility implies nondefectiveness [5], which is a much
stronger result than Proposition III.1 as the requirement for a
subspace to be control σ∗-invariant is far more stringent than
it being control σ∗-invariant.

IV. BOUNDS OF σ∗-STABILIZING RATE

In this section, to answer Question I.3 in Section I-C,
we develop a systematic approach to establish bounds of
the σ∗-stabilizing rate ρ∗. Recall that a seminorm on Rn is
a nonnegative function ξ : Rn → R+ that is subadditive
and absolutely homogeneous of degree one [28, Definition
1.33], i.e., ξ(x + y) ≤ ξ(x) + ξ(y) for all x, y ∈ Rn, and
ξ(λ · x) = |λ| · ξ(x) for all λ ∈ R, x ∈ Rn. A seminorm is
convex, and thus continuous, on Rn. If a seminorm is further
positive definite, i.e., ξ(x) = 0 only if x = 0, then it becomes
a norm on Rn.

Define an operator1 F so that, for any seminorm ξ on Rn,
F(ξ) is the function

F(ξ) : z ∈ Rn 7→ max
i∈M

inf
v∈Rp

ξ(Aiz +Biv) ∈ R+. (5)

In the above definition, using a similar argument as in [5,
Lemma IV.2], one can show that infv ξ(Aiz+Biv) is attained
by (possibly many) minimizers v for any z and i ∈M.

It is easily verified that F maps the seminorm ξ to another
seminorm F(ξ), which we denote by ξ]. In particular, if ξ =
‖ · ‖ is a norm, then ξ], which we denoted by ‖ · ‖], is a
seminorm but not necessarily a norm on Rn.

Proposition IV.1. Let α, β ≥ 0 be constants.
(i) If a nonzero seminorm ξ satisfies ξ] ≥ αξ, then ρ∗ ≥ α.

(ii) If a norm ‖ · ‖ satisfies α‖ · ‖ ≤ ‖ · ‖] ≤ β‖ · ‖, then
α ≤ ρ∗ ≤ β.

Proof. Let ξ 6≡ 0 be a seminorm satisfying ξ] ≥ αξ.
Assume that the adversary adopts the switching policy σ(t) =
arg maxi∈M infv ξ(Aix(t) + Biv) at each t. Then for any
t ∈ Z+ and any choice of u(t),

ξ(x(t+ 1)) = ξ(Aσ(t)x(t) +Bσ(t)u(t))

≥ inf
v∈Rp

ξ(Aσ(t)x(t) +Bσ(t)v) = ξ](x(t)) ≥ α ξ(x(t)).

Thus, if x(0) is such that ξ(x(0)) > 0, we have ξ(x(t)) ≥
αtξ(x(0)) for any u ∈ U . This proves statement (i) as well as
the first inequality of statement (ii). For the second inequality
of statement (ii), assume ξ(·) := ‖ · ‖ is a norm satisfying
‖ · ‖] ≤ β‖ · ‖. Then for any t ∈ Z+ and any σ(t), the user
can then adopt the policy

u(t) = ut(σ(t), x(t)) ∈ arg min
v∈Rp

ξ(Aσ(t)x(t) +Bσ(t)v).

1The operator F is similar to the operator T for mode-resilient stabilization
in [5], with the crucial difference that the order of max and inf is exchanged
due to the difference in information structures.
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Under this policy, for any x(0), σ ∈ S, and t, we have

ξ(x(t+ 1)) = ξ(Aσ(t)x(t) +Bσ(t)u(t))

= inf
v
ξ(Aσ(t)x(t) +Bσ(t)v) ≤ ξ](x(t)) ≤ βξ(x(t)).

Hence, ξ(x(t)) ≤ βtξ(x(0)), which implies that ρ∗ ≤ β.

As an example, for the SLCS in (2), the argument right
after (2) shows that ‖ · ‖∞,] ≥ 3

2‖ · ‖∞. Thus, in view of
Proposition IV.1, we have ρ∗ ≥ 3

2 .

Definition IV.1. A seminorm ξ on Rn is called a lower
extremal seminorm of the SLCS if ξ] ≥ ρ∗ξ. A norm ‖ · ‖
on Rn is called an extremal norm if ‖ · ‖] ≤ ρ∗‖ · ‖, and a
Barabanov norm if ‖ · ‖] = ρ∗‖ · ‖.

Proposition IV.1 implies that the task of finding tight lower
and upper bounds of ρ∗ can be reduced to finding lower
extremal seminorms and extremal norms of the SLCS, if they
exist. A Barabanov norm is both a lower seminorm and an
extreme norm and can characterize ρ∗ precisely by itself.
These notions are generalizations of their counterparts for
autonomous SLSs [29], [30].

Using Definition IV.1 and the definition of ‖ · ‖], we obtain
a useful geometric characterization of the extremal and Bara-
banov norms as follows. Toward this end, we first introduce
some notations. For a set X ⊂ Rn and i ∈ M, denote by
AiX the image of X under the linear transform Ai, by ∂X
and int(X ) the boundary and interior of X respectively (with
respect to the topology of Rn), and by PB⊥i the orthogonal
projection operator onto the subspace R(Bi)

⊥ = ker (BTi ).
For a closed convex set U in Rn, let rbd(U) and ri(U) denote
the relative boundary and relative interior of U respectively
[31], where rbd(U) = U \ ri(U). The silhouette of a closed
convex set C viewed along the direction of a subspace V is
defined as rbd(PV⊥C).

Proposition IV.2 (Geometry of Extremal Norms). Let B :=
{x ∈ Rn | ‖x‖ ≤ 1} and ∂B = {x ∈ Rn | ‖x‖ = 1} be the
unit ball and unit sphere of the norm ‖ · ‖, respectively.

1) ‖ · ‖ is an extremal norm if and only if PB⊥i (AiB) ⊆
PB⊥i (ρ∗B) for each i ∈M;

2) ‖ · ‖ is a Barabanov norm if and only if PB⊥i (AiB) ⊆
PB⊥i (ρ∗B),∀ i ∈ M and ∂B = ∪i∈MXi, where Xi :=
{x ∈ ∂B |PB⊥i (Aix) ∈ rbd(PB⊥i (ρ∗B))} consists of all
x ∈ ∂B so that Aix lies on the silhouette of ρ∗B when
viewed along the direction of R(Bi).

Proof. 1) By homogeneity, ‖ · ‖ is an extremal norm if and
only if ‖z‖] ≤ ρ∗ for all z ∈ B. “Only if”: suppose ‖ ·
‖ is an extremal norm. Then for any z ∈ B and each i ∈
M, infv∈Rp ‖Aiz +Biv‖ ≤ ρ∗. It follows from the comment
after (5) that there exists v∗ ∈ Rp such that ‖Aiz +Biv∗‖ =
infv∈Rp ‖Aiz + Biv‖ ≤ ρ∗. Hence, Aiz + Biv∗ ∈ ρ∗B. This
implies that PB⊥i (Aiz) = PB⊥i (Aiz + Biv∗) ∈ PB⊥i (ρ∗B).
Therefore, PB⊥i (AiB) ⊆ PB⊥i (ρ∗B), ∀ i ∈M.
“If”: suppose for any z ∈ B and any i ∈ M, PB⊥i (Aiz) ∈
PB⊥i (ρ∗B). Then there exists ẑ ∈ ρ∗B such that PB⊥i (Aiz) =
PB⊥i (ẑ). Thus w := ẑ − Aiz ∈ R(Bi), i.e., w = Biv∗ for
some v∗ ∈ Rp. Therefore, ‖z‖] = infv ‖Aiz+Biv‖ ≤ ‖Aiz+
Biv∗‖ = ‖ẑ‖ ≤ ρ∗, i.e., ‖ · ‖ is an extremal norm.

2) “Only if”: suppose ‖·‖ is a Barabanov norm. By Part 1),
PB⊥i (AiB) ⊆ PB⊥i (ρ∗B) for each i ∈ M. It suffices to show
that ∂B = ∪i∈MXi, or equivalently, ∂B ⊆ ∪i∈MXi. Since
‖ · ‖] = ρ∗‖ · ‖, for any z ∈ ∂B, there exists i ∈M such that
infv ‖Aiz +Biv‖ = ρ∗. This implies that ‖Aiz +Biv‖ ≥ ρ∗
for all v. Further, Part 1) implies that PB⊥i (Aiz) ∈ PB⊥i (ρ∗B),
where it can be shown that PB⊥i (ρ∗B) is a convex and compact
set. We claim that PB⊥i (Aiz) ∈ rbd(PB⊥i (ρ∗B)). Suppose
otherwise. Then noting that ri(PB⊥i (ρ∗B)) = PB⊥i (ri(ρ∗B)) =
PB⊥i (int(ρ∗B)) [31, Theorem 6.6], there exists v′ such that
Aiz + Biv

′ ∈ int(ρ∗B) or equivalently ‖Aiz + Biv
′‖ <

ρ∗. This yields a contradiction. Therefore, PB⊥i (Aiz) ∈
rbd(PB⊥i (ρ∗B)), and thus z ∈ Xi.

“If”: By Part 1), the first condition implies ‖ · ‖] ≤
ρ∗‖ · ‖. It suffices to show that for any z ∈ ∂B, ‖z‖] =
maxi∈M infv ‖Aiz+Biv‖ ≥ ρ∗. Since ∂B = ∪i∈MXi, there
exists i ∈ M such that PB⊥i (Aiz) ∈ rbd(PB⊥i (ρ∗B)). We
claim that ‖Aiz + Biv‖ ≥ ρ∗ for all v. Suppose otherwise,
then there exists v′ such that Aiz + Biv

′ ∈ int(ρ∗B).
Hence, PB⊥i (Aiz) = PB⊥i (Aiz + Biv

′) ∈ PB⊥i (int(ρ∗B)) =
ri(PB⊥i (ρ∗B)), a contradiction. Therefore, ‖z‖] ≥ ρ∗ for any
z ∈ ∂B.

The following result describes exactly the class of SLCSs
for which an extremal norm exists. Its proof is given in
Appendix VII-C.

Theorem IV.1. The SLCS has an extremal norm if and only
if it is nondefective.

Stronger conditions than nondefectiveness are in general
needed to ensure the existence of a Barabanov norm. For
illustration, consider the following family of SLCSs:

A1 =

[
a1 ?
0 1

]
, B1 =

[
1
0

]
; A2 =

[
a2 ?
? ?

]
, B2 =

[
0
1

]
, (6)

where |a1| < 1, |a2| < 1, and ? denotes any value in R.
For each such SLCS, we have ρ∗ = 1 as the adversary
will always choose mode 1 for x(0) with x2(0) 6= 0.
Moreover, ρ∗ can be achieved by the user control policy
u(t) = −Kσ(t)x(t) with K1 the first row of A1 and K2

the second row of A2; hence the SLCS is nondefective.
However, if a Barabanov norm ‖ · ‖ exists, then ρ∗‖(1, 0)‖ =
‖(1, 0)‖] = max (infv ‖(a1 + v, 0)‖, infv ‖(a2, v + ?)‖) =
infu∈R ‖(a2, u)‖, where ? in the above equation corresponds
to the (2, 1)-element of A2. However, this is impossible since
infu ‖(a2, u)‖ ≤ ‖(a2, 0)‖ = |a2| · ‖(1, 0)‖ < ‖(1, 0)‖. Thus,
this family of SLCSs does not attain Barabanov norms.

The following theorem, proved in Appendix VII-D, provides
a sufficient condition for the existence of Barabanov norms.

Proposition IV.3. If the SLCS is irreducible, then it has a
Barabanov norm.

Example IV.1. Consider the following SLCS:

A1 =

[
1 1
1 −1

]
, B1 =

[
0
1

]
; A2 =

[
0 1
−1 0

]
, B2 =

[
1
0

]
.
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Let γ = (
√

5 + 1)/2 ≈ 1.6180, which satisfies γ(γ − 1) = 1.
Define the norm on R2 as

‖z‖ := max{|z1|, γ|z1 + z2|}, ∀ z = (z1, z2) ∈ R2. (7)

The unit sphere of ‖ · ‖ is shown in the top figure of Fig. 1.
The images of the unit ball B after a scaling by γ−1 and
after the linear transforms by A1 and A2 are shown in the
bottom figure. The geometric properties in Proposition IV.2
can be verified. For instance, among the four edges of the
unit sphere, the two slanted ones after the linear transform
of A1 becomes the two vertical edges of A1B which, when
viewed in the B1 direction (i.e. top down), are in the silhouette
of γ−1B. Similarly, the images of the two vertical edges of
the unit sphere under A2 are in the silhouette of γ−1B in the
left-right view. This shows that the norm ‖ · ‖ in (7) is indeed
a Barabanov norm and ρ∗ = γ−1 ≈ 0.6180. In contrast, it is
found via numerical computation in [5] that the σ∗-stabilizing
rate ρ∗ of the SLCS satisfies ρ∗ ∈ [1.2183, 1.2239]. The gap
between ρ∗ and ρ∗ is due to information premium of the user’s
knowledge of the current mode. In this case, stabilization is
possible with this knowledge but impossible without it.

To find the optimal control policy, we first consider x(t) =
(z1, 1). If σ(t) = 1, then u∗(t) ∈ arg minv max{|z1 +
1|, γ|2z1 + v|}, which is the interval between the two val-
ues −2z1 ± (z1 + 1)/γ. If σ(t) = 2, then u∗(t) =
arg minv max{|v + 1|, γ|v − z1 + 1|} = (γ − 1)z1 − 1. We
next consider z = (1, 0). In this case, u∗(t) can be of arbitrary
values between −2 ± γ−1 if σ(t) = 1; and u∗(t) = γ − 1
if σ∗(t) = 2. By homogeneity, the above control policy can
be extended to arbitrary z ∈ R2. In particular, the following
mode-dependent linear state feedback controller achieves the
σ∗-stabilizing rate ρ∗: u(t) = Kσ(t)x(t), where

K1 =
[
−2 0

]
, K2 =

[
(γ − 1) 1

]
. (8)

Example IV.2. We now revisit the SLCS given in (2). Define
the norm ‖z‖ := max{|4z1+z2|, |z1+4z2|} for z = (z1, z2) ∈
R2. Similar to the previous example, one can verify that ‖·‖] =
3
2‖ · ‖. Thus, ‖ · ‖ is a Barabanov norm of the SLCS and
ρ∗ = 3

2 . In Fig. 2, we plot the unit ball of the norm ‖ · ‖ after
a scaling by ρ∗ and after the linear transforms by A1 and A2.
As in the previous example, ρ∗ can be achieved by a mode-
dependent linear state feedback controller (details are omitted).
The argument in the paragraph right after (2) in Section I
shows that ‖ · ‖∞,] ≥ 3

2‖ · ‖∞, i.e., ‖ · ‖∞ is a lower extremal
(semi)norm.

In general, the unit ball of a Barabanov norm (if it exists)
may have a high complexity, even for a bimodal (i.e., two-
mode) SLCS on R2, as shown by the following example.

Example IV.3. Consider the bimodal SLCS in (4), which is
recapped here for convenience:

A1 =

[
1 0
1 1

]
, B1 =

[
1
0

]
; A2 =

[
1 1
0 1

]
, B2 =

[
0
0

]
.

As shown in Section III, this SLCS is irreducible; hence it has
a Barabanov norm by Proposition IV.3. We construct the unit
ball B of this norm as follows. Let ρ ∈ (1, 2) be a constant

Fig. 1. Top: unit sphere of the Barabanov norm of the SLCS in Example IV.2;
Bottom: unit ball after scaling by γ−1 and the linear transforms A1 and A2.

whose value is to be determined later. Set t := (ρ−1)−1−1 >
0. Define a sequence zt−k := ((t−k)/ρt−k, 1/ρt−k) ∈ R2 for
each k ∈ Z+, which satisfies A2 zt−k−1 = ρ zt−k. Denote by
zt−k−1zt−k the line segment between zt−k−1 and zt−k. Then
A2 zt−k−1zt−k = ρ · zt−kzt−k+1 for k ≥ 1 and A2 zt−1zt is
along the direction (1,−1). In the top figure of Fig. 3, we plot
the line segments zt−k−1zt−k together with their symmetric
images across the origin.

From the point −zt, we plot a line L2 along the direction
of (−1, 1), which intersects a certain line segment zt−`−1zt−`
for some ` ∈ Z+ at the point y. Then half of the boundary
∂B of the unit ball B is given by (−zt)y, the line segment
between −zt and y, followed by the line segments yzt−`,
zt−`zt−`+1,. . . ,zt−1zt, whose symmetric images across the
origin form the other half of ∂B (see the top of Fig. 3). It
is easy to see that A2 ∂B ⊂ ρB. In fact, each of the line
segments yzt−`, zt−`zt−`+1,. . . ,zt−1zt after the transform of
A2 becomes part (or all) of the next line segment (clockwise
direction) on ∂B scaled by ρ; while A2 (−zt)y ⊂ ρB as
A2(−zt) ∈ ρ (−zt)y and A2y ∈ ρ zt−`zt−`+1. Furthermore,
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Fig. 2. Unit ball B of the Barabanov norm of the SLCS given by (2) after
scaling by 3

2
and the linear transforms by A1, A2.

note that the images of (−zt)y and zt(−y) under A1 are two
horizontal line segments. We can choose ρ so that one of
them has the same height (i.e., x2-coordinate) as that of ρy,
which would imply that A1B and ρB has the same silhouette
along the B1 direction. Numerical solution yields the value
of such a ρ as 1.2493. Thus, the norm whose unit ball is
the corresponding B is a Barabanov norm of the SLCS and
ρ∗ ≈ 1.2493. Fig. 3 plots the unit ball B and its images under
the scaling by ρ∗ and the linear transforms A1 and A2. For
this bimodal SLCS, its Barabanov norm has a polytopic unit
ball with 14 faces. Following similar steps, we can show that
if the (2, 1)-element of A1 is changed from 1 to an arbitrarily
small ε > 0, then the resulting SLCS attains a Barabanov
norm whose polytopic unit ball has arbitrarily many faces.

Example IV.4. A Barabanov norm may not always attain a
polytopic unit ball. Consider the following bimodal SLCS:

A1 =

cos(απ) − sin(απ) 0
sin(απ) cos(απ) 0

0 0 1

 , B1 = 0;

A2 =

1 0 0
0 0 1
0 −1 0

 , B2 =

1
0
0

 ,
where α > 0 is an irrational number. Due to subsystem
(A1, B1), the unit ball of any Barabanov norm (if exists)
must be invariant to all rotations around the x3-axis; hence
such a unit ball cannot be a polytope. It is easy to check that
the Euclidean norm is a Barabanov norm. Another Barabanov
norm is given by the one whose unit ball is the cylindrical
set {(z1, z2, z3) ∈ R3 | z2

1 + z2
2 ≤ 1 and |z3| ≤ 1}. Thus,

Barabanov norms when exist may not be unique.

V. MODE-DEPENDENT LINEAR STATE FEEDBACK
CONTROLLERS

Denote by L the set of all mode-dependent linear state
feedback control policies for the user, i.e., the policies of
the form ut(σ(t), x(t)) = Kσ(t)x(t), ∀t, for a finite set

Fig. 3. Top: unit ball B of the Barabanov norm of the SLCS (4); Bottom: B
after scaling by ρ∗ and after the linear transforms by A1, A2.

of feedback gain matrices {Ki}i∈M. Under such a policy,
the closed-loop SLCS becomes an autonomous SLS with the
subsystem matrices Ai + BiKi, i ∈ M, and the stabilizing
rate against adversarial switchings is the JSR of the matrix set
{Ai+BiKi}i∈M (see Remark I.2). Denote by ρ̄∗ the smallest
possible JSR achieved by different choices of {Ki}i∈M. Since
L ⊂ U , we have ρ̄∗ ≥ ρ∗.

A. Example of Suboptimality

We now present an example where the optimal σ∗-
stabilizing rate ρ∗ can be attained by some control policy in
U but not by any control policy in L.

A regular icosahedron, one of the five Planonic solids, is a
convex polyhedron with 12 vertices, 20 faces, and 30 edges. In
Fig. 4, a regular icosahedron Bicosa with all its edges of length
2 is plotted. The cartesian coordinates of its 12 vertices are all
the cyclic permutations of (0,±1,±γ), where γ = (

√
5+1)/2

is the golden ratio [32]. Being a symmetric convex body with
nonempty interior, Bicosa is the unit ball of a norm on R3,
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(a)

(b)

(c)

Fig. 4. (a) Icosahedron Bicosa viewed from an angle through the origin and
the center of an face; (b) Bicosa viewed from the top down; (c) Top down view
of Bicosa after the linear transform by diag ( 2√

3
, 2
γ2 , 1), with the dashed line

representing the regular hexagonal silhouette in (a) after a proper rotation.

which we denote by ‖·‖icosa. We will next construct an SLCS
whose Barabanov norm is exactly ‖ · ‖icosa. Important for our
construction are the following facts. First, when viewed along
a direction that passes through the origin and the center of a
face (e.g., as in Fig. 4(a)), the silhouette of Bicosa is the relative
boundary of a regular hexagon whose each edge is generic, i.e.,
being the projection image of a single edge of Bicosa. On the
other hand, when viewed along a direction that passes through
the origin and the center of an edge, e.g., from top down as
in Fig. 4(b), the silhouette of Bicosa is the relative boundary
of an irregular hexagon with four “singular” edges being the
projection images of four faces of Bicosa. Specifically, the four
non-horizontal edges of the irregular hexagon in Fig. 4(b)
are the top down projection images of the triangular faces
v1v6v7, v5v6v7, v2v8v9, and v10v8v9. Furthermore, as shown
in Fig. 4(c), a linear transformation exists that transforms the
irregular hexagon silhouette in Fig. 4(b) to fit tightly inside
the regular hexagonal silhouette in Fig. 4(a), with the four
singular edges of the former on the boundary of the latter.

We now construct the first subsystem (A1, B1). Let w ∈ R3

be the unit (outward) normal of the face v2v8v9, i.e., w =
(w1, w2, w3) = 1√

9γ+6
(2γ + 1,−γ, 0). Define

A1 =

−w2 0 w1

w1 0 w2

0 1 0

 · diag
(

2√
3
,

2

γ2
, 1

)
, B1 = w.

(9)

The linear transform represented by A1 is the composition of
two transforms. The first scales the x1 and x2 coordinates so
that the scaled icosahedron has a top-down view as in Fig. 4(c).
This is followed by a rotation that rotates the x3-axis to w
and the x2-axis to the x3-axis so that the top-down silhouette
of the scaled icosahedron in Fig. 4(c) becomes the silhouette
of A1Bicosa viewed from the w direction. This is shown in
Fig. 5, where the original icosahedron Bicosa (dashed lines)
and the transformed icosahedron A1Bicosa (solid lines) are
shown together and viewed from the w direction in (a) and a
generic direction in (b). As verified by Fig. 5(a), viewed from
the w direction, the four singular edges of the silhouette of
A1Bicosa are on the silhouette of Bicosa. This can also be seen
in Fig. 5(b): the line segment v1v3 (resp. v1v4) is on the same
plane as the face v′5v

′
6v
′
7 (resp. v′1v

′
6v
′
7), where v′i := A1vi for

all vertices vi of Bicosa.
Suppose at an arbitrary time t the state of the SLCS is at

x(t) 6= 0 which, due to homogeneity, can be assumed to lie on
the boundary of Bicosa, and the adversary chooses σ(t) = 1,
i.e., the above constructed subsystem (A1, B1), to evolve the
system. We now find the optimal user control input u(t) so
that x(t + 1) = A1x(t) + B1u(t) has the smallest ‖ · ‖icosa

norm.
• Case 1: If x(t) is on the face v5v6v7, then A1x(t) is

on the face v′5v
′
6v
′
7 of A1Bicosa. In this case, the smallest

possible ‖x(t+1)‖icosa is 1, which is achieved when x(t+
1) is placed on the line segment v1v3 by the following
unique choice of u(t):

u∗(t) =
[

3
√

3−
√

15
6

7
√

3−3
√

15
2 −1

]
x(t). (10)
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(a)

(b)

Fig. 5. The original icosahedron Bicosa (dashed lines) and the transformed
A1Bicosa (bold lines) viewed from: (a) the direction of w; (b) a generic
direction.

By symmetry, the same conclusion holds if x(t) is on the
opposite face v2v8v9.

• Case 2: If x(t) is on the face v1v6v7, then A1x(t) is on
the face v′1v

′
6v
′
7 of A1Bicosa. The smallest possible ‖x(t+

1)‖icosa (which is also 1) is achieved when x(t + 1) is
placed on the line segment v1v4 by the following unique
choice of u(t):

u∗(t) =
[

3
√

3−
√

15
6 − 7

√
3−3
√

15
2 −1

]
x(t). (11)

The same conclusion holds if x(t) is on the opposite face
v8v9v10. Note that the gain matrices in (10) and (11) are
different due to the fact that the two line segments, v1v3

and v1v4, and the origin are not on the same plane.
• Case 3: If x(t) is not on the faces v5v6v7, v2v8v9,
v1v6v7, or v8v9v10, then A1x(t) when viewed along

the w direction is not on the silhouette in Fig. 5(a).
In this case, by a proper choice of u(t), we can make
‖x(t+ 1)‖icosa strictly less than 1.

Denote by C1 = {α1v5 +α2v6 +α3v7 |α1, α2, α3 ≥ 0} the
convex cone spanned by the face v5v6v7. Similarly, denote by
C2 the convex cone spanned by the face v1v6v7. Then, −C1

and −C2 are the convex cones spanned by the faces v2v8v9

and v8v9v10, respectively. Define Ω1 = C1 ∪ (−C1) ∪ C2 ∪
(−C2). By homogeneity, the conclusions in the above three
cases can be extended to arbitrary x(t) ∈ R3:
(i) If x(t) ∈ C1 ∪ (−C1), then minu(t) ‖x(t + 1)‖icosa =
‖x(t)‖icosa. The minimum is achieved by u∗(t) in (10), under
which x(t+1) is on the plane spanned by v1v3 and the origin;
(ii) If x(t) ∈ C2 ∪ (−C2), then minu(t) ‖x(t + 1)‖icosa =
‖x(t)‖icosa. The minimum is achieved by u∗(t) in (11), under
which x(t+1) is on the plane spanned by v1v4 and the origin;
(iii) If x(t) 6∈ Ω1, then minu(t) ‖x(t+ 1)‖icosa < ‖x(t)‖icosa.
The optimal controllers in Cases 1 and 2 have the uniform
form:

u∗(t) =
3
√

3−
√

15

6
x1(t) +

7
√

3− 3
√

15

2
|x2(t)| − x3(t).

(12)

Let Ω2, . . . ,Ω5 be such that each Ωi is a cone spanned
by two adjacent faces of Bicosa together with their opposite
faces and ∪5

i=1Ωi = R3. For each Ωi, i = 2, . . . , 5, similar
to (A1, B1), we can construct a subsystem (Ai, Bi) under
which minu(t) ‖x(t + 1)‖icosa < ‖x(t)‖icosa if x(t) 6∈ Ωi;
and minu(t) ‖x(t + 1)‖icosa = ‖x(t)‖icosa if x(t) ∈ Ωi with
the minimum achieved by a unique optimal controller u∗(t)
of a form similar to (12). Furthermore, we can choose Ωi
and the corresponding rotation matrix in Ai carefully so that
the SLCS {(Ai, Bi)}i=1,...,5 is ergodic under the optimal
controller: starting from any x(0), the state trajectory x(t)
will visit each half of Ωi (as spanned by one face and its
opposite face) periodically with the period 10. As Bicosa

satisfies the geometric conditions in Proposition IV.2, ‖ ·‖icosa

is a Barabanov norm of the SLCS with ρ∗ = 1. Indeed, for
any x(t) 6= 0, we have x(t) ∈ Ωi for some i ∈ {1, . . . , 5}.
Then the most adversarial mode choice would be σ(t) = i,
against which the user can at best maintain the same ‖ · ‖icosa

norm of x(t+1) as x(t) using a nonlinear feedback controller.
Suppose the user adopts a control policy in L and the state

at time t is at, e.g., x(t) ∈ Ω1. Then under σ(t) = 1 and
the linear feedback controller u(t) = K1x(t), the user can
ensure ‖x(t + 1)‖icosa = ‖x(t)‖icosa for x(t) in at most half
of Ω1 by choosing K1 according to either (10) or (11). The
ergodicity property of the SLCS under the optimal control
policy then implies that there exists τ ≤ 10 such that ‖x(t+
τ)‖icosa > ‖x(t)‖icosa. As a result, the exponential growth
rate of ‖x(t)‖icosa under any u ∈ L is uniformly bounded
from below away from 1. This implies that ρ̄∗ > ρ∗ = 1.
After a scaling by α ∈ (1/ρ̄∗, 1), the α-scaled SLCS can be
σ∗-stabilized by some u∗ ∈ U but not by any u ∈ L.

B. Cases of Optimality

It is worth mentioning that for some SLCSs, their optimal
control policy can indeed be found in L. An example has
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been given in Example IV.1 where, among the many possible
optimal controllers, one of them as given in (8) is in L. In this
section, we will study some families of SLCSs which attain
optimal controllers in L.

Proposition V.1. For a nondefective SLCS {(Ai, Bi)}i∈M,
there exist a user control policy u ∈ L and some K ∈ [0,∞)
such that ‖x(t;σ,u, x(0))‖ ≤ K(ρ∗)

t‖x(0)‖, ∀ t, ∀σ ∈ S,
∀x(0), if one of the following conditions is satisfied.
(a) The state space is R2, i.e., Ai ∈ R2×2, Bi ∈ R2×p,
∀ i ∈M.

(b) The state space is Rn and, for each i ∈M, the dimension
of the range space of Bi is either 0, n− 1, or n.

Proof. We first prove for case (a). If ρ∗ = 0, then the SLCS is
stabilizable to the origin in one step, i.e, Ai = BiKi for some
Ki, ∀ i. We can then choose u ∈ L with u(t) = −Kσ(t)x(t).
In what follows, we assume that ρ∗ > 0. After a proper
scaling, we further assume ρ∗ = 1.

By Theorem IV.1, the nondefectiveness assumption implies
the existence of an extreme norm ‖ · ‖, which satisfies
maxi infv ‖Aiz + Biv‖ ≤ ‖z‖, ∀ z. Thus, with the control
policy u such that u(t) ∈ arg minv ‖Aσ(t)x(t) +Bσ(t)v‖, we
have ‖x(t + 1)‖ ≤ ‖x(t)‖, ∀ t, ∀σ(t). It remains to prove
that there is one such u in L, i.e., for each σ(t) = i, there
exists Ki ∈ Rp×2 such that Kiz ∈ arg minv ‖Aiz + Biv‖,
∀x(t) = z. If R(Bi) = {0}, i.e., Bi = 0, the choice of
Ki = 0 is trivial. If R(Bi) = R2, then there is some Ki such
that Ai + BiKi = 0, e.g., Ki = −B†iAi where B†i is the
pseudo-inverse of Bi. Suppose Bi is rank one. Without loss
of generality, we assume the first column of Bi is a nonzero
vector wi ∈ R2; hence R(Bi) = span {wi}. For the unit ball
B of ‖ · ‖, there exists some yi ∈ ∂B that is on the silhouette
of B when viewed along the wi direction, or more precisely,
PB⊥i (yi) ∈ rbd(PB⊥i (B)). Note that wi and yi cannot be of
the same direction as B has nonempty interior. Consider a
control input v∗ with v∗2 = · · · = v∗p = 0 and v∗1 ∈ R
such that ỹi := Aiz + v∗1wi = αyi for some α ∈ R, i.e.,
v∗1 = kiz := −(y⊥i )TAi/

(
(y⊥i )Twi

)
· z. A consequence of

such a choice is that the line passing through Aiz along the
direction of wi is a supporting plane (line) of the scaled unit
ball αB at the supporting point ỹi ∈ ∂(αB). This implies that
‖Aiz + Biv‖ achieves its minimum value α at v = v∗. As
v∗ = Kiz where the first row of Ki is ki and the rest of the
rows are zero, we have proved the statement (a). The proof
of statement (b) is an immediate extension of the above proof
and thus omitted.

VI. COMPUTATION ALGORITHMS

In this section, numerical algorithms for computing the σ∗-
stabilizing rate ρ∗ of SLCS will be developed based on the
results in Section IV.

A. Ellipsoid Norms
A positive semidefinite matrice P � 0 defines a seminorm

‖z‖P := (zTPz)1/2. If P � 0 is positive definite, then ‖z‖P
is a norm, called an ellipsoid norm. Simple computation shows

‖z‖P] = max
i∈M

zT
(
ATi PAi −ATi PBi(BTi PBi)†BTi PAi

)
z.

The condition that ‖ · ‖P] ≤ β‖ · ‖P is equivalent to

ATi PAi −ATi PBi(BTi PBi)†BTi PAi � β2P, ∀ i ∈M.

The smallest β∗ for the above to hold can be obtained by
solving the above (nonconvex) problem. For an easier bound,
consider control policies in L, i.e., ut(i, x) = Kix, and write

‖z‖P] = max
i

inf
v

(Aiz +Biv)TP (Aiz +Biv)

≤ max
i

inf
Ki

zT (Ai +BiKi)
TP (Ai +BiKi)z.

Thus, a sufficient condition for ‖ · ‖P] ≤ β‖ · ‖P is given by

∃Ki such that (Ai +BiKi)
TP (Ai +BiKi) � β2P, ∀ i.

By letting Q = P−1, Fi = KiP
−1, and using Schur

complement, we can rewrite the above as:

∃Q and Fi s.t.
[

βQ AiQ+BiFi
QATi + FTi B

T
i βQ

]
� 0, ∀ i.

(13)

By solving the LMI feasibility problem (13) with decreasing
β, we obtain an upper bound of ρ∗. This bound is conservative
since extremal or Barabanov norms are generally not ellipsoid
norms and the optimal user control policy may not be in L.

B. Polytope Norms

A less conservative but more computationally intensive
approach is based on polytope norms. Let C = {c1, . . . , c`} ⊂
Rn be such that c1, . . . , c` span Rn. Then ‖z‖C :=
maxj=1,...,` |cTj z| defines a norm on Rn (called a polytope
norm). Applying the operator (5), we have

‖z‖C] = max
i

inf
v

max
j

∣∣cTj (Aiz +Biv)
∣∣ .

For each fixed i ∈ M, infv maxj
∣∣cTj (Aiz +Biv)

∣∣ is the
optimal value of the linear program:

min
v,y

y s.t. ± cTj (Aiz +Biv) ≤ y, j = 1, . . . , `. (14)

By strong duality, the optimal value of (14) is equal to that of
its dual problem, i.e., maxc∈Ωi

cT z, where Ωi is the bounded,
centrally symmetric polytope in Rn given by

Ωi :=

∑̀
j=1

(θ+
ij − θ

−
ij)A

T
i cj

∣∣∣∣∣ ∑̀
j=1

(θ+
ij + θ−ij) = 1,

∑̀
j=1

(θ+
ij − θ

−
ij)c

T
j Bi = 0, θ+

ij ≥ 0, θ−ij ≥ 0

 .

Then, ‖z‖C] = maxi maxc∈Ωi
cT z = maxc∈Ω c

T z, where

Ω =

∑
i,j

(θ+
ij − θ

−
ij)A

T
i cj

∣∣∣∣∣∑
i,j

(θ+
ij + θ−ij) = 1,

∑
j

(θ+
ij − θ

−
ij)c

T
j Bi = 0, ∀ i, θ+

ij ≥ 0, θ−ij ≥ 0


is the convex hull of ∪i∈MΩi (denoted by Ω :=
Co (∪i∈MΩi)). Here, i ∈M and j = 1, . . . , `.
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The condition that ‖ · ‖C] ≥ α‖ · ‖C is equivalent to
Co (αc1, . . . , αc`) ⊂ Ω, i.e., αck ∈ Ω for each k = 1, . . . , `.
The largest α for this to hold provides a lower bound of ρ∗,
which is given by α∗ = mink α

∗
k where α∗k := sup{α ≥

0 |αck ∈ Ω} can be computed by solving a linear program. In
the ideal case, ‖ · ‖C resembles a Barabanov norm (if exists),
i.e., Co (c1, . . . , c`) and Ω have similar shape. This would
imply that α∗k have similar values (i.e., low eccentricity).

Based on the above discussions, we present Algorithm 1
below, which can adaptively change the polytope norm ‖ · ‖C
to achieve increasingly tight lower bounds of ρ∗. Using the
polytope norm ‖ · ‖C established by Algorithm 1, one can
solve a set of linear programs to find the smallest β such that
‖ · ‖C] ≤ β‖ · ‖ holds, which yields an upper bound of ρ∗.

Algorithm 1
1: Initialize C ∈ Rn×` with columns ck, k = 1, . . . , `
2: repeat
3: for k = 1, . . . , ` do
4: Compute α∗k = sup{α ≥ 0 |αck ∈ Ω}
5: end for
6: ᾱ∗ ←

√̀∏`
k=1 α

∗
k

7: for k = 1, . . . , ` do
8: ck ← (α∗k/ᾱ

∗) · ck
9: end for

10: until (maxk α
∗
k)/(mink α

∗
k) ≤ 1+ε or maximum number

of iterations is reached
11: return α∗ = mink α

∗
k

We now test the algorithms on the SLCS (4), whose
σ∗-stabilizing rate has been found in Example IV.3 to be
ρ∗ ≈ 1.2493. By using Algorithm 1 with C initialized to
have 72 unit vectors equally dividing half of the unit circle,
we obtain a polytopic norm ‖ · ‖C whose unit ball is very
close to the one depicted in Fig. 3. It produces the bounds
1.2474 ≤ ρ∗ ≤ 1.2638. In comparison, we obtain the upper
bound ρ∗ ≤ 1.4143 by solving the LMI problem (13), and the
upper bound ρ∗ ≤ 1.3305 when using the algorithm in [19,
Theorem 4].

VII. CONCLUSIONS

The optimal stabilizing rate is proposed as a quantitative
metric of the stabilizability of SLCSs against adversarial (but
known) switchings. It is shown that the optimal stabilizing rate
may not always be attainable and, even if it is attainable, it may
not be achieved by a mode-dependent linear state feedback
controller. Theoretical and numerical techniques based on
(semi)norms are proposed to compute bounds of the optimal
stabilizing rate.

APPENDIX

A. Proof of Theorem II.1

Obviously, (i) implies (ii), and (ii) implies (iii); we only
need to show that (iii) implies (i). Suppose (iii) holds. Consider
a fixed z ∈ Sn−1, where Sn−1 is the unit sphere in Rn, and
set ε = 0.5. Then for any σ, there exists uz,σ ∈ U such that

Tz,σ := min{t | ‖x(t;σ,uz,σ, z)‖ < 0.5} is finite. We claim
that Tz,σ is uniformly bounded in σ, i.e.,

Claim: there exists Tz ∈ Z+ such that for any σ ∈ S,
we can find uz,σ ∈ U so that Tz,σ ≤ Tz .

Suppose the claim fails. Then there exist a sequence of
switching sequences (σ(k)) and a strictly increasing time
sequence (Tk) such that for each k, ‖x(t;σ(k),u, z)‖ ≥ 0.5
for all t = 0, 1, . . . , Tk under any u ∈ U . At each t, since
σ(k)(t), k ∈ Z+, take values in the finite set M, at least one
value, denoted by σ(∞)(t), appears infinitely often. Denote
by σ(∞) ∈ S the switching sequence (σ(∞)(0), σ(∞)(1), . . .).
By repeatedly taking subsequences of (σ(k)) and induction on
t, we have ‖x(t;σ(∞),u, z)‖ ≥ 0.5,∀ t under any u ∈ U , a
contradiction to (iii). Hence, the claim holds.

For a fixed z ∈ Sn−1 and a given switching sequence
σ, let uz,σ be a control policy such that Tz,σ is the first
time satisfying ‖x(t;σ,uz,σ, z)‖ < 0.5 with Tz,σ ≤ Tz , and
uz,σ(t) be the control input value produced by this control
policy at t. Define the admissible control policy ũz,σ :=
(uz,σ(0), uz,σ(1), . . .). Clearly, under the given σ and ũz,σ ,
‖x(t;σ, ũz,σ, v)‖ is continuous in v at each t. Therefore, there
exists a neighborhood Uz,σ of z such that for any v ∈ Uz,σ ,
‖x(t;σ, ũz,σ, v)‖ < 0.5 for some t ≤ Tz . Since there are
only finitely many σ’s up to the time Tz , this neighborhood
can be chosen uniformly with respect to σ, i.e., we can find
a neighborhood Uz of z and a control policy ũz (which is
the ensemble of all the ũz,σ’s defined above) such that for
any σ ∈ S and any v ∈ Uz , ‖x(t;σ, ũz, v)‖ < 0.5 for
some t ≤ Tz . Since Sn−1 is compact, there exist finitely
many z(1), . . . , z(p) ∈ Sn−1 for some p ∈ N such that
the corresponding neighborhoods Uz(1) , . . . ,Uz(p) cover Sn−1.
Define T∗ := maxj=1,...,p Tz(j) . Let u∗ be the control policy
obtained by piecing together ũz(j) , i.e., if z ∈ Uz(j) , then ũz(j)
is invoked, ∀ j = 1, . . . , p. Therefore, for any z ∈ Sn−1 and
any σ ∈ S, ‖x(t;σ,u∗, z)‖ ≤ 0.5 for some t ≤ T∗. It can be
verified that supt∈[0,T∗],z∈Sn−1,σ∈S ‖x(t;σ,u∗, z)‖ < ∞. Us-
ing this result and a standard argument for switching systems
[33, Proposition 2.1], it can be shown that by repeating u∗

whenever the state solution’s norm is reduced by at least half
for the first time (which takes no more than T∗ time), we obtain
an admissible control policy that exponentially stabilizes the
SLCS.

B. Proof of Proposition III.1

By scaling all of the Ai’s matrices by 1/ρ∗, we can assume
without loss of generality that ρ∗ = 1. Define the extended
real valued function

ζ(z) := sup
σ∈S

inf
u∈U

sup
t∈Z+

‖x(t;σ,u, z)‖, ∀ z ∈ Rn. (15)

It is easily seen that ζ is subadditive, absolutely homogeneous
of degree one, and positive definite (since ζ(·) ≥ ‖ · ‖).
Hence, W := {z | ζ(z) <∞} is a subspace of Rn. We claim
that it is control σ∗-invariant. In fact, for any z ∈ W , there
exist K ∈ [0,∞) and u ∈ U such that for any σ ∈ S,
‖x(t;σ,u, z)‖ ≤ K, ∀ t. Let σ(0) = i be arbitrary, and let
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v = u0(z, i) be the corresponding control produced by the
policy u at time 0. Denote σ+ = (σ(1), σ(2), . . .) and u+ =
(u1,u2, . . .). Then x(1) = Aiz + Biv is such that for any
σ+ ∈ S, ‖x(t;σ+,u+, x(1))‖ = ‖x(t + 1;σ,u, x(0))‖ ≤ K.
This shows that x(1) ∈ W , i.e., W is control σ∗-invariant.

By the irreducibility assumption, W is either {0} or Rn.
In this and the next paragraph we will prove by contradic-
tion that the former is impossible. Suppose otherwise, i.e.,
W = {0}. Then for an arbitrary z ∈ Sn−1, there exists σz
such that infu∈U supt∈Z+

‖x(t;σz,u, z)‖ > 2, which implies
that for any u ∈ U , there exists sz,σz,u ∈ Z+ such that
‖x(sz,σz,u;σz,u, z)‖ > 2. We claim that sz,σz,u is uniformly
bounded in z ∈ Sn−1, σz , and u ∈ U , namely, there
exists N ∈ Z+ such that for any z ∈ Sn−1, there exists
σz such that for any u ∈ U , there exists t ≤ N so that
‖x(t;σz,u, z)‖ > 2. Suppose not, then there exist a strictly
increasing sequence of times (sk), a sequence (zk) in Sn−1,
and a sequence of control policies (uk) such that for each
k, ‖x(t;σ,uk, zk)‖ ≤ 2 for all σ and all t ∈ {0, 1, . . . , sk}.
It follows from the similar argument for [5, Theorem III.1]
that there exist z∗ ∈ Sn−1 and a control policy u∗ such that
supt∈Z+

‖x(t;σ,u∗, z∗)‖ ≤ 2 for all σ ∈ S. This implies that
ζ(z∗) ≤ 2 such that z∗ ∈ W , a contradiction. Therefore, the
claim holds. Hence, starting from any initial state z ∈ Sn−1,
there exists a switching sequence under which the state norm
will be more than doubled at some time t ≤ N regardless of
u ∈ U . When this occurs at time t, the adversary can start
a new switching sequence σx(t)/‖x(t)‖. Repeated indefinitely,
this process leads to a switching sequence σ ∈ S under which
the state solution grows exponentially fast to infinity regardless
of u ∈ U , contradicting the assumption that ρ∗ = 1. Therefore,
W 6= {0}.

Since the SLCS is irreducible, we have W = Rn, i.e.,
ζ is pointwise finite on Rn. Together with the properties
established at the beginning of the proof, we conclude that
ζ is a norm. Hence, ζ(·) ≤ K‖ · ‖ for a constant K ∈ [0,∞),
or equivalently, the SLCS is nondefective.

C. Proof of Theorem IV.1

Suppose the SLCS has an extremal norm ‖ · ‖, i.e., ‖z‖] =
maxi infv ‖Aiz + Biv‖ ≤ ρ∗‖z‖ for all z. Then under the
user control policy ut(σ(t), x(t)) := arg minv ‖Aσ(t)x(t) +
Bσ(t)v‖, we have ‖x(t + 1)‖ ≤ ρ∗‖x(t)‖, hence ‖x(t)‖ ≤
(ρ∗)

t‖x(0)‖ for all t, i.e., the SLCS is nondefective.
For the other direction, we only prove for the case of ρ∗ > 0

since the case of ρ∗ = 0 is straightforward. By replacing each
Ai with Ai/ρ∗, we further assume without loss of generality
that ρ∗ = 1. Since the SLCS is nondefective, there exist a
constant K ∈ [0,∞) and a user control policy u ∈ U such
that ‖x(t;σ,u, z)‖ ≤ K‖z‖, ∀ t, ∀σ ∈ S, ∀ z, where ‖ · ‖ is a
generic (but not necessarily extremal) norm. This implies that
the function ζ defined in (15) is bounded, i.e., ζ(·) ≤ K‖ · ‖,
and thus is pointwise finite on Rn. Since ζ is subadditive,
absolutely homogeneous of degree one, and positive definite,
it is a norm. We claim that ζ is an extremal norm. Indeed, any
σ ∈ S and u ∈ U can be written as σ = (σ(0), σ+) and u =

(u0,u+) where σ(0) = i ∈ M, σ+ ∈ S , u0(i, z) = v ∈ Rp,
and u+ ∈ U . For any z ∈ Rn, we have

ζ(z) = sup
σ(0)

sup
σ+

inf
u0

inf
u+

max

{
‖z‖, sup

t≥1
‖x(t;σ,u, z)‖

}
= max

{
‖z‖, sup

i∈M
inf
v

sup
σ+∈S

inf
u+∈U

sup
t≥0
‖x(t; (16)

σ+,u+, Aiz +Biv)‖
}

= max

{
‖z‖,max

i∈M
inf
v
ζ(Aiz +Biv)

}
= max {‖z‖, ζ](z)} ≥ ζ](z). (17)

Note that in deriving the second equality, we switch the order
of supσ+

and infu0 as the feedback control law u0 is based
on z and σ(0) but not on σ+. This shows that ζ is an extremal
norm.

D. Proof of Proposition IV.3

Suppose the SLCS is irreducible, and we consider ρ∗ > 0
first. By scaling the matrices Ai’s by 1/ρ∗, we assume without
loss of generality that ρ∗ = 1. Define

χ(z) := sup
σ∈S

inf
u∈U

lim sup
t→∞

‖x(t;σ,u, z)‖, ∀ z ∈ Rn,

which is pointwise finite, since the irreducibility of the SLCS
implies the nondefectiveness as shown in Proposition III.1.
Clearly, χ is a seminorm on Rn. By a similar argument
for the derivation of (17), we obtain, for any z ∈ Rn,
σ = (σ(0), σ+) ∈ S, and u = (u0,u+) ∈ U ,

χ(z) = sup
σ(0)

sup
σ+

inf
u0

inf
u+

lim sup
t→∞

‖x(t+ 1;σ,u, z)‖

= sup
i∈M

inf
v∈Rp

sup
σ+∈S

inf
u+∈U

lim sup
t→∞

‖x(t;σ+,u+, Aiz +Biv)‖

(i = σ(0), v = u0(i, z))

= max
i∈M

inf
v∈Rp

χ(Aiz +Biv) = χ](z). (18)

We next show that χ is a norm, or equivalently, the subspace
Nχ := {z |χ(z) = 0} is {0}. First, we claim that Nχ is
a control σ∗-invariant subspace. To see this, let z ∈ Nχ be
arbitrary. Then (18) implies that, for each i ∈M, infv χ(Aiz+
Biv) = 0. Since χ is a seminorm, it follows from the comment
after (5) that for each i ∈ M, there exists v∗i ∈ Rp such that
χ(Aiz + Biv

∗
i ) = infv χ(Aiz + Biv) = 0. This shows that

Nχ is control σ∗-invariant.
Since the SLCS is irreducible, Nχ is either {0} or

Rn. We show that Nχ 6= Rn. Suppose not, i.e.,
χ ≡ 0 on Rn. Fix an arbitrary z ∈ Sn−1. Then
for any σ, infu lim supt→∞ ‖x(t;σ,u, z)‖ = 0. Hence,
for any σ and ε > 0, there exists uz,σ,ε such that
lim supt→∞ ‖x(t;σ,uz,σ,ε, z)‖ < ε. This implies that
‖x(Tz,σ,ε;σ,uz,σ,ε, z)‖ ≤ ε for some Tz,σ,ε ∈ Z+. By
Theorem II.1, the SLCS is σ∗-exponentially stabilizable, i.e.,
ρ∗ < 1. This contradicts the assumption that ρ∗ = 1. Hence,
Nχ = {0} so that χ is a norm on Rn. Along with (18), this
shows that χ is a Barabanov norm.

Finally, we consider the case of ρ∗ = 0. Since the SLCS is
irreducible and hence nondefective, each subsystem (Ai, Bi)
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is stabilizable to the origin in one time step, i.e., Ai = BiKi

for a matrix Ki, ∀ i ∈ M. Any norm ‖ · ‖ on Rn satisfies
‖ · ‖] = 0 and is thus a Barabanov norm.
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