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Optimal Multi-Agent Coordination under Tree Formation Gtraints

Wei Zhang and Jianghai HMember, IEEE

Abstract— This paper presents a framework for studying the [26]), and consensus forming (e.g. [4], [20], [23]). In thes
centralized optimal multi-agent coordination problem under tree  works, the problems are usually formulated in a decengdliz
formation constraints. The geodesic equations charactezing the manner (e.g. [14], [19], [21]), and many of them (e.g. [2]

optimal coordinated motions are derived in a suitably chose 161. 126 id hol ic f fi trainis
coordinate system for general tree formation constraints.The [16], [26]) consider nonholonomic formation constrainks.

solutions to these equations, however, may fail to be optinha contrast, this paper focuses on the optimality of the cénéa
once extended beyond certain points called the conjugate s coordinated motions with simple kinetic agent dynamics and

due to the failure of second order optimality condition. Forthe holonomic formation constraints. Although these assuomsti
particular class of star formations, two methods for computng may be limiting for some practical applications, the resglt

the conjugate points along a natural candidate solution are . . . .
introduced. Using these methods, we derive analytically & formulation has several benefits. First of all, it enablesaus

conjugate points, as well as the better solutions once therdidate ~ derive optimal solutions and to obtain higher order optimal
solution is extended beyond its first conjugate point. The dgmal ity conditions analytically. In comparison, for decenizat

centralized coordinated motions derived in this paper willyield  coordination problems, it is very difficult, if not impossb
a performance lower bound for those generated by decentrated 15 gptain the optimal solutions even numerically. Moregver
algorithms. . - . .
under the same cost function, decentralized solutions will
inevitably have higher cost than the optimal centralizedson
. INTRODUCTION Thus the optimal centralized coordinated motions derived i

Due to their diverse applications in engineering ﬁeld§hiS paper can yield a performance lower bound for all the

multi-agent coordination problems have attracted inéngas decentrallzgd solution algon.thms. S
attention of the control community in the recent years. Th_e _multl—agent cooergUon pf"?"em StUd'eq in this paper
Their applications include, for example, air traffic mar}agéS °F'9'“a”y propc_>sed In _|ts prellm_|nary for_m n [11].’ _and
ment (ATM [9], [17], [29]), robotics ([5]), Unmanned Aerial studied for a special case in [12]. This paper is a_genetmrza
Vehicle (UAVs [25], [30]), and spacecraft [13], [28], etc.Of these works, and contains several significant improvésnen

In these applications, the system under study consists of ISt of all, this paper studies the much more general tree

group of agents that can coordinate their motions to achie,(?émat'on constraints, for which the snake formation stddi

a common goal or complete a common task. Often times, tWe[lzl is only a very SPeCia' case. Second, this paper derive
coordinated motions are subject to some formation comsg,ai equgtlons for the optimal solutions whqse coefficients are
namely, distances between certain pairs of agents need td"pgrices depen_dent on the graph describing _the_tree fqmatl
kept constant throughout the process. For example, a gr(ﬁ?&sua'mtaﬂd In pgrtlcular, for t_h.e_case s}gdmd in Badll-

of UAVs may need to fly in a certain formation to reducé OPtimality conditions on the initial positions of the age
their fuel expenditure and keep active communication linkY accordaﬂce W'tl? Te gra_ph andthglr me2char?|cal '”.te“"?’ret
among them. As another example, a team of mobile robé't%n“:"_F_Olrlt es_n? 3 c'i/lrmatl_on st Iel |r]1 [12], these c ol
may coordinate their motions to carry a common object frof € trivially satisfied. More importantly, from a computata
one end of the room to the other end without dropping it d}omt of View, the J?COb' quatlon der|v?d for the tree forma
running into the obstacles. This paper studies a class ohapt ]E'On constraint in this paper is of tge form;.Lrl]I + Loz =0
multi-agent coordination problem where the graph desugibi ﬁr sorlne_ nonzfero matrlc?sl an dLO,dW Ic ngczg:fnates_ |
the formation constraint is a tree. Specifically, the goatois the SO ution of a general second order matrix_ differentia
find the coordinated motions with the minimum energy co§guation through matrix polynomial and latent roots/vesto

that can move a group of agents from given initial positior%na_lys'lS [1_8]; Whlere/as_ in [12], the rlnat_r|]£(1f|s_lfero1;f_ and
to given destination positions within a certain time honizo2 SIMP'€ €lgenvaiue eigenvector analysis/of will suffice.

without violating certain tree formation constraints. Hence this paper deals with a much more challenging problem

Previous studies on formation-constrained multi-agent ci'@n the one studied in [12]. See Remark 3 in Section IlI-

ordination problems mainly focus on aspects such as sfyfor further comments on this aspect. In another related
bility (e.g. [7], [8], [10], [24], [27]), feasibility (e.g. [22], work [11,fthe probl_em ofopt|m_al m_oUons_foragroup of robots
under rigid formation constraints is studied. The differeof
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Wei Zhang is with the School of Electrical and Computer Ergiing,
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Under this framework, the geodesic equations for the optima 2) the locations(¢;(t))}-, of the n + 1 agents satisfy the

solutions are derived in a suitably chosen coordinate arat-a n G-formation constraint at all timesin [0, t¢];

ural candidate solution satisfying these equations arairdxd. 3) the total energy expenditurkis minimized, whereJ is
The Jacobi equation characterizing the conjugate poiotsgal defined by

this candidate solution is also derived and two general austh 1 gt

are proposed to solve it. (i) For a family of tree formation J=Z Z/ ll|? dt. 1)
constraints, we derive analytically both the conjugaten{soi 2 i—0 /0

i
along the natural candidate solution and the better soistio Remark 1:A justification for choosing the energy expen-
that consume less energy than the candidate solution after iditure J as the cost function for the problem can be found
extended beyond its first conjugate point. This case study i [11]. Intuitively, J is the sum of.+1 terms; and minimizing
only demonstrates the methodologies developed in the gen&ach term[7 [|¢;[|* d¢ will tend to make the motion; (t) for
framework, but also is in itself an important contributigii) ~agent: follow a straighter path with less speed variations. If
This paper also represents a nontrivial application of tagrpn  instead the term/y” ||¢;|| dt is used in the definition of/,
differential equation (MDE) theory in the solution of thethen, asj;ff lld:|| dt is the length of the curve;(t), 0 <t <
Jacobi equation arising in the optimal multi-agent cocatlion ¢z, motions that follows the same path but with drastically
problem. different speed variations will have the same cost. ObWous
This paper is organized as follows. In Section Il, the gefR practice, smoother motions should be favored.
eral formation constrained optimal multi-agent coordimat  For brevity, in the rest of the paper, the above problem will
problem is formulated. We then focus on the tree formatidre called the OFC problem. Thus the OFC problem tries to find
constraints in Section IlI, for which we propose an optimdhe coordinated motions of thet-1 agents that can move them
candidate solutions and derive the Jacobi equation clearacfrom (a;);, at time0 to (b;);_, at timet; with the minimal
izing the conjugate points along it. Two methods are progosenergy expenditure, while at the same time maintaining the
in Section 1V to solve the Jacobi equation. These methods &dormation constraint, namely, the distance between agent
illustrated in Section V, where for a family of tree formatio andj is kept at the constant 1 at all times f@r j) € £.
constraints, we derive analytically the conjugate poims a The starting position(a;);", and the destination position
the better solutions when the candidate solution is exend@;);, are calledaligned if they have the same centroid:
beyond its first conjugate point. Finally, some concludingss > i— @i = 745 Y im0 bi = ¢. In [11], it is proved that
remarks are given in Section VI. the OFC problem with general initial and destination posii
can be reduced to the OFC problem where the initial and
Il. OPTIMAL FORMATION CONSTRAINED MULTI-AGeNnT  the destination positions are aligned. Hence without Idss o
COORDINATION generality we assume in the rest of this paper that’_, and
(b;)?_, have a common centroid say, at the origin.

_In _th's section, the _problem Of_ opt|_mal multi-agent coor- Assumption 1:Assume that the initial and the destination
dination under formation constraints is formulated. Wetf'r?)ositions are aligned at the same centreid 0:

introduce some notations.

Considern + 1 agents moving on a plan®2. Their 1 z”: 1 zn:b-—o
positions are denoted by the ordered+ 1)-tuple (¢;)!"_, = n+14& T a1 — L
(90,---,qn), Where g; € R? is the position of agent,  Under this assumption, the following result can be used to

i = 0,...,n. A formation constraint on the locations of thereduce the complexity of solving the OFC problem.

n+1 agents can be described in terms of an undirected graph emma 1 ([11]): Suppose that in the OFC problem the
G = (V,&), whose set of vertice¥ = {0,...,n} consists of starting position(a;)?_, and the destination positiofb;)_,

n + 1 nodes that correspond to the+ 1 agents, and whose are aligned at the common centraid= 0. Then the optimal

set of edgeg’ is a subset ob’ x V. An (n + 1)-tuple (¢;)iy  solutions (¢;)?_, to the OFC problem under any formation
is said to satisfy the/-formation constrainif and only if for  constraintg satisfy

each edgéi, j) € £, 0 < 4,j < n, the distance of ageritand
agentj is at a prescribed value (say, unity):

— > ai(t) =0, Vteoty].

In other words, thé_gositions of the+ 1 agents during the

Note that in the above definition, i, j) is not an edge if€, optimal coordinated motions are also centered at the origin

there is no constraint on the distance between ageats j: under_ arbltr_ary formation constraints. This in Qﬁect reem_

llg: — g;|| can be either greater or smaller than 1. the dimension of the prqblem by Mo: Fhe optimal solution
Problem 1: (Optimal Formation Constrained Multi-Agento; ---:dn) @S & curve inR*"*1) lies in a subspace of

Coordination) Given a formation graptg, and the starting codimension two.

position (a;)"_, and the destination positioth;)?, of the

n+ 1 agents, find the motiong; (¢))!, of the agents over a IIl. OFC PROBLEM UNDER TREE FORMATION

time interval(0, t¢] so that CONSTRAINTS

1) for each agent, it starts froma, at time0 and ends at  In this paper, we focus on the OFC problem with a particular
b; attimety, i.e., ¢;(0) = a;, ¢;(ty) = b;; formation constraint structure, namely, whénis a tree. A

la: — gl = 1 for each(i, j) € £.
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in (2), we have

(n+1)g+>, Y. =0,

i=1 k=i, k#£0
or equivalently,
fo=—— Zn: o= Xk o, A3)
ntl i=1 k=i, k#£0 =" +1

In the above equation, for an arbitrary nodether than the
root, x; is an integer associated with nodedefined as the
Fig. 1. An example of arin + 1)-tuple satisfying a tree formation constraintnumber of successors of nodencluding node itself. More
(n = 6). precisely,

connected undirected graph is calledree if it has no loop. Xo = #{k#0: i 2 k) @
For a treeG = (V,€), typically a node, say, node O, iSAs an example, in Fig. 1, we have = 5, x2 = x5 = X5 =
identified as the root, and a layered structure can be esti@oli . — 1, andy, = 3. Using (3), for eachi = 0, ..., n, we can
for the rest of the nodes according to their distances todbe r rewrite (2) as

More precisely, a partial ordex can be defined o so that

two nodesi and k satisfyi < k if and only if nodei is a " on+1— 0k " Xk oy
predecessoof nodek, or equivalently, if and only if nodéis 4= Z niﬂe' - Z n—+1€
on the shortest path between nadand the root. Otherwise, k=1, ki k=1, k2

we write ¢ 2 k. Note thati < 4, and that it is possible that Equation (5) defines a coordinate transformation between th

(5)

bothi £ k andk A ¢ are true for certain nodeisand k. As canonical(qo, . . ., ¢») and the new coordinate®., ..., 6,).

an example, in the tree shown in Fig. 1, we have 6, while  Note that in the new coordinate system, the formation con-

376 and6 £ 3. straint, namely]|¢i—qx || = 1 whenevei, k) € £, is implicitly
encoded.

A. A New Coordinate System We now derive the expression of the enerfgefined in (1)

It turns out that in studying the OFC problem with a ireth the new coordinate system. Differentiating (5) and tgkin
formation constraini, it is more convenient to work in a the norm square, we have

different coordinate system than the canonieal .. ., ¢,,) for 2
represgnti_ng_the agents’ po;itions, as the formation cainst il = Z n+1—xk g Xk i
is not intrinsically encoded in the latter system. To ses,thi 1%/l = |2~ =7 J k ‘n+1’ k
let (g;)7_, be an(n + 1)-tuple satisfying theG-formation ki ki
constraint. For each edge, k) € £ where n(_)dez is an N1 Xk g oy
immediate predecessor of nog#ewe can associate an angle = Z i1 ¢ Or — nt1’¢ Ok
0 defined as the phase angle of the vegtor ¢;. See Fig. 1 k=i ki
for an example whem = 6. Note that since(i,k) € & 1
and(g;)?_, satisfies th&j-formation constraint, we must have . | — Z uje—j@kgk + Z Xk je=i%d,
ll¢: — qr|| = 1. Thus if we identifyR? with the complex plane = ntl Pl
C, then from the above definition, we hayg — ¢; = % n 2 2
] ] c ) _|_ 1 _ . .
wherej = /—11. As a result, the positio; of an arbitrary = Z ﬁ% + Z (7117’“1)2913
nodei can be expressed in terms of the positigrof the root k=i ki
and the angles associated with all the edges on the shortest (n+1—xp)(n+1—xk,) c
path from the root to nodé as: + Z (n+1)72 €080k, = Ok, ) O, O
k1=, ko =,
¢ =qo + Z % i=0,...,n. (2) lale e
k1 Xk ;g
k=i, k#0 + Z m cos(0k, — Ok,)0k, Ok,
Note that the summation in (2) is over all the predecessors of k124 k22, ki#ks
L. . . 1— .
nodei, mcludmg node; itself, except the root. _ _ _ Z (n+ Xk;)le co8(01, — Oy )0r, O,
By Assumption 1 and Lemma 1, the optimal solutions by <0 R i (n+1)

(gi)", must satisfy>""" ' ¢; = 0 at all times. Substituting
for i = 0,...,n. Note that the running indicek, k1, k2 in
!In this paper,;j can either denota/=T or be an integer index. There the ahove equation are all assumed implicitly to take values
should be no ambiguity in its meaning as we have ensuredjthdth the . . . .
two different interpretations will not appear in the sampression in the rest in the rangel, ..., n. Moreover, the summations 'nVOIV'd‘g
of the paper. andk. are over ordered pairéky, k2) and(k2, k1) are counted
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separately. As a result, the energycan be written as Define the (column) vectof = (64,...,6,) € R™ and the
A matrix
=5 [l )a v
2 Jo (; G(0)=19ij (0)]1<i,j<n=[Aj co8(0:—05)], <, <, € R™™.
10
1 3 Xe(nt1=xw)® | xp(ntl—xi)] g (10)
2/, - (n+1)2 (n+1)2 k Then (8) can be simplified as
("+1—Xk1)("+1—xkz) .. . . _ 1 [Y T .
:%; CEE Lk =ik =} J—§O 67 G(6)6 dt. (11)
M +1 = Xk )Xo - . . Thus the OFC problem is reduced to the following optimal
- (n+1)? #{i R 2 ke A} control problem:
Xkl(”+1—Xk2) . . . ty
B e i A G Minimize /ﬂ %uT@ﬂ?wﬁdﬂdu
0
. ; ; (12)
+ fffﬁ)é ik A ke A ’L'}‘|'COS(9k1—9k2)9k1 9k2}dt subject to u(t) = (1), t € [0,t],
6(0) = 0o, 6(t;) = 6.
t n
:1/ ’ Z Ay €08(O, — Oy )0k, O, | dt. (6) Herebo, 0 R’f are ch(_)sen to match th_e initial position
2 Jo Ky a1 (a;)?, and the final positior{b;);_,, respectively.

The constants\y, s, in equation (6) can be determined by Remark 2: The matrix G(0) is indeed the Riemannian

comparing the coefficients with the previous equation Specmemc in the coordinate syste(fl;, ..., 6,) transformed from
baring P q ' the canonical Euclidean metric &?("*1) via the coordinate

ically, for eachk =1,...,m, transformation (5), and/ in (11) is the energy of the curve
A — (n+1—xk)? v X (41— ) 6(t), 0 <t < ty, as measured by this metric. Thus the optimal
Wk (n+1)2 Xk (n+1)2 Ak control problem (12) is equivalent to finding the shortest
 xk(n+1—xx) . distance curves fronf, to §; parameterized with constant
- n4+1 : (7) speed [6].
Forky,ko=1,...,n with k1 =< ko,
A 41— xk)n+1—xk) \ B. Optimality Condition Obtained by First Variation
kiks = :
v (n+1)? : We now solve the optimal control problem (12). Define the
4 X Xks (L= xk,) - (1= Xk)Xks (X —Xks) - Hamiltonian
(n+1)2 (n+1)2
H= 1uTG(H)u + ATy
:(”+1—Xk1)Xk2_ 9 ’
n+1

where A\ € R™ is the co-state. Then by the Maximum

Similarly, for ki, ke = 1,...,n with & = k1, Principle [3], the optimak is determined by

A :Xkl("+1—sz) 1
Fikz n+1 ' u =argmin, H = argmin, 5uTG(t9)u + AT
On the other hand, ik; A k2 andks £ k1, then

Xki Xk
Akllklz — 1 2

= GOu+Ar=0,

'(n+1_Xk1_Xk2)

(n+1)? while the dynamics of\ is given by
("+1—Xk1)Xk2 Xk (n+1_Xk2)
—— = Xk : OH 10
n+1)2 Xk (n+1)2 Xka N = — 7 =370 [u"G(O)u] .
_ _thkz
T oop+17 Combining the above two equations, we obtain
To sum up, the energy expenditufein the new coordinate 10 ) d
system becomes 390 [wW"GO)u] = A= -G(O)u — EG(H) -,
1 (& . : _ g ; .
J= 3 /0 (Z Ajj cos(f; — 9j)9i9]> dt, (8) Sinceu =0, the above equation can be rewritten as
v coi =22 lircop - Law 6. 13)
where the constantd,;, 1 <, j < n, are defined as (0)0 = 200 { () } Cdt (0)-96.
(A1=xi)xi i 4 < j Equation (13) is called thgeodesic equatioand its solutions
n+1 ) —_ 3 . .
A= d xitntloxg) e s 9) are called geodesics, as the optimal control problem (1@¢un
h X.’;jfl ’ otfjle? "se study is an instance of the shortest distance problem under a
— wise.

n+l’ suitable Riemannian metric [6] (see Remark 2).
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Evaluating thek-th component of the above vector equad = (64, ...,0,) constructed in Section IlI-A, this candidate
tion (13), we obtain solutiong* corresponds to
R 10 [ . d .
[G0)], = 5 55 [I7C0)] - | 560) e]k 0 —Gort-1, (1)
10 - N . NG 4 wheref, = (69, ...,60°) is the new coordinate corresponding
T 200, Z Aij cos(0; — 0;)0:0; to the initial position(a;)"_,, and1 € R™ is the vector whose

4,j=1 )
components are all’s.

+ Z A sin(bx — 0;) (0 — 6;)0; In order forg* to be a solution to the OFC proble#t, must

lsjsn satisfy the geodesic equation (14). Sirite= 0, 65 = 1, and

1 o 0y — 07 = 07 — 07 are constant foil < j,k < n, we must

=5 |- > Agysin(0x — 0;)04; have
1<j<n
o > Aysin() —69) =0, k=1,....n. (16)
+ Z Ajg Sin(ej — Ok)é’j@k 1<j<n
1<j<n

+ Y Aiysin(Br — 6;)(0x — 0;)6; Equation (16) is the condition ofy, so that starting from the

corresponding initial positiofia;)?",, the coordinated motion

1§,J§n o g* obtained by rotating around the origin satisfies the first
== Z Arj sin(6 — ;)01 order optimality condition (13).
s . . 1) A Mechanical Interpretation of Condition (16Jo better
+ Z Agjsin(0x — 0;) (0 — 0;)0; understand the implication of condition (16), we next depel
Isjs<n a mechanical analogy. To this purpose, we first prove a useful
=— Z Ay, sin(fy — Hj)éf-, identity. Suppose thdb;, .. ., 6,,) is the new coordinate for an
1<j<n (n+1)-tuple (g;)?"_, satisfying theG formation constraint un-

der the coordinate transformation (5) described in Sedtlen
A, and letA;; be defined as in (9).
Lemma 2:For eachl = 1,...,n, we have

where[-], denotes thé-th component of a vector. Therefore
the geodesic equation (13) is equivalent to

G()0| =— Apjsin(0p—0,)0%, k=1,...,n. (14)
{ L“ 1§]Z'§n S ! Z ¢ = Z ANTRCALE (17)

From the standard result of optimal control theory, equa- Proof: Sub{sléiltﬁfci}ng in 1(21;3\7\,6 have
tion (14) gives a necessary condition for a cuf{e) to be ’ '
a solution to the OFC problem. Conversely, a cufi(e),
t € [0, ty], satisfying the geodesic equation (14) is a solution toz o Z Z n+1-—xx it _ _Xk_ iy
the OFC problem it is sufficiently small [3], [6]. However, £~ ** L ‘41 ‘n+1
for larget, the optimality of6(t) may be lost due to various (i) (iiziy Ak e
reasons. Later in this section, we will study one of them,_ Z ["+ L=Xk Xk (v —Xk)] oJ0

! . Xk — — 7
namely, the occurrence of conjugate points. n+1 n+1

{k: 1=k}

n+1— :
. . 4 E nrli—Xk Y1 70k __ E Xk X1 6.70k
C. A Special Instance of the OFC Problem and Its Candidate sy " +1 (ke kgL igk) ™ +1
Solutions T Y

_ (n+1=x)Xk jo,
Instead of studying the general solutions to the geodesic Z T n+1 ¢
equation (14), we consider a special case. Suppose that thé* =}
initial position (a;)™_, and the destination positiofh;)? , of I Z xi(n+1-xk) S Z “XIXk 0
then+1 agents are not only aligned at the common centpid sl n+1 (s gL 1K) n+1
but they can be obtained from each other by a rotation around B
the origin. More precisely, we assume that = R;, (a;),

i =0,...,n, where for eachx € R, R, denotes the rotation
operation around the origin by the anglecounterclockwise.
Under this assumption, a natural candidate solutipn=
(g, to the OFC problem under any formation constrai

G can be described as follows; (t) = Ri(a;), t € [0,ty],

i = 0,...,n. In other words, all the: + 1 agents rotate at o
unit angular velocity counterclockwise around the origioni Z ai = Z Ay %%,
{a;)™ o attime0 to (b;)™_, at timety. In the coordinate system (i 1=} 1sksn

The desired conclusion can be obtained by comparing the
coefficients in the last equation with (9). [ ]

Now supposé#y = (69, ...,60%) is the new coordinate cor-
responding to the initial positiofu;)?_,, and that it satisfies
r}:tondition (16). By Lemma 2, for each=1,...,n,
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Fig. 2. Examples of different initial positions: (a) and &3jtisfy condition (19) while (b) does not. However, (c) does satisfy Assumption 1.

Thus, if Im[-] denotes the imaginary part of a complex numbet,; — a; acting on the point mass located @t Then it can

then also be verified that condition (19) is equivalent to thas thi
mechanical system is in a balance of forces.
Im Z a; | - e % | =1m Z A eI (0R—00) If the initial position satisfies condition (19), or equigatly,
i 1=i} 1<k<n condition (16), ther9* defined in (15) is a solution to equa-
_ Z A sin(602 — 09) = 0, (18) tion (13), hence is a candidate solution to the correspandin

OFC problem. The above mechanical analogies provide much

) - . easier-to-use criteria for checking wheth#r with a given
where the last equality follows from condition (16). Since,itia| position is a candidate solution. As examples, oaa ¢

every step of the above derivation is reversible, we corelufly nediately see that* is a candidate solution for the initial

1<k<n

that condition (16) is equivalent to the following: position shown in Fig. 2-(a), but not for (b) and (c). The was
the vectorz a; is of the same is that the point-mass system corresponding to (b) is not in a
{2151} (19) balance of forces, while although (c) satisfies conditio),(1
direction ase’® fori=1,...,n. it violates Assumption 1.
Note that for each = 1,...,n, since nodel is not the

root, it has an immediate predecessor, say, nodBy the
definition of 69, ¢i% is the direction of the vecton; — a;.
Hence condition (19) says that the sum of the positions pf Optimality Condition Obtained by Second Variation
all successors of nodg including nodel itself, is of the
same direction as the vector pointing from the immediate
predecessor of nodeto nodel. In particular, if nodel is
a leaf, namely, a node with no other successors other th
itself, then condition (19) says that its immediate predsoe
must be located on the line connectiiagand the origin. For
example, the agent, in Fig. 2-(b) is a leaf, but its predecess i _ ) )
a1 is not on the line connecting, and the origin; thus the However, as the time horizan increases?” may fail to be
initial position in Fig. 2-(b) does not satisfy conditiong)l ~ an optimal solution to th_e OFC prpblem. One possible reason
A mechanical interpretation of condition (19) can be givel§ the occurrence of conjugate points [15], namely, theifail
as follows. Corresponding to the+ 1 agents, there are + 1 of * to meet the_sec_ond order optimality condition. Intu_mvely
unit point masses located @, . . . , a,,. For each edgéi, j) € @ conjugate point is encountered along a .geodesu.: .when
&, there is a rigid rod of zero mass and unit length connectifffinitesimally there are more than one geodesic connedtng
the i-th and thej-th agents. Moreover, for each agenthere two e_nd points. For the S|mplest example of conjugate p,0|_nts
is a centrifugal force pointing from the origin @ with the consider a spherg._Geodesu:s on the sphere_ are great.circles
strength||a;||. Then it can be easily verified that the initiat® 9reat circle emitting from the south pole will no longer be
condition (a;)7_, satisfies condition (19) if and only if the distance-minimizing between its two end points after pagsi
mechanical system described above is in equilibrium, ngméfS first conjugate point, namely, the north pole. The reason
all the forces acting on each agent, including the centaifugh@t the north pole is a conjugate point is because there is
force and the forces by the rods connecting to it, add up e than one great circle connecting it to the south pole.
zero. In order to characterize the conjugate points aléhgwe
By noting the constraint tha}_!" ,a; = 0, an alternative need to find the variation of in equation (14) around the
mechanical interpretation can be given as follows. Insifad nominal solutioné*. To this purpose, letd(t) € R™ be a
the centrifugal forces, assume that in the+ 1)-point mass variation of 6*(¢) for ¢t € [0,¢;]. Since the two end points
system connected by rods described above, for eactOpair of 6* are fixed, the variation must be proper, i.86(0) =
i,7 < n, the point mass located at has a repulsive force of 66(¢;) = 0. Taking the variatiordd in (14) along the solution

Consider the special instance of the OFC problem described
in Section IlI-C. Suppose thdt;)?_, satisfies condition (16).
#en the candidate solutiar defined in (15) satisfies the first
order optimality condition (14), and, as a result, is an ropti
Orsolution to the OFC problem if; is sufficiently small.
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0*, we obtain
[G(0) - 30+ 0G(6%) - 6]
- _ Z Agj cos(0), — 07)(00k — 593‘)(9;)2
1<j<n
— N 20 sin(0; - 603) 67 805,
1<j<n
for k = 1,...,n. Note thatd* = 0, 6 = 1, andf; — 0% =
92 - 9;?. Thus, the above equation is reduced to
0*) - 60
ORI
S Z Apj cos() — 69)(80), — 66;)
1<j<n

— D 27 sin(6) — 69)6;

1<j<n

=—| > Agjcos(0) —69)| 56

1<j<n

+ Z Ay cos(0)—67)66,— Z 2A; sin(6) —69)09; .
1<j<n 1<j<n

(20)

To simplify the above equation, define the constants

e = Z A;@jcos(b’g—ejo-), k=1,...,n.

1<j<n

Define the matriced and G;(6*) € R"*" as

(21)

A= diag(ula e 7Mn)7

1<i,j<n’
Then equation (20) can be written in matrix form as
G(0%) 60 = —A 60 + G(0%) 60 — 2G4 (6%) 89,
or equivalently,
00 = —2G(0*) 1G4 (0%) 60 — [G(0*)"*A — I]66.  (23)

Equation (23) is called thelacobi equation A conjugate

point along 6* (or along ¢* in the canonical coordinates)
occurs at timer if there is a nontrivial solution to the Jacobi

equation that vanishes at both time 0 and time.e., if there
is a solutionéf(t) not identically zero fort € [0, 7] with

caused by the general tree formation structure. Hence the
direct variational approach is adopted here.

Remark 4: As another remark, although in this section we
only carry out the second variation for the special instavfce
the OFC problem described in Section 1lI-C, Jacobi equation
similar to equation (23) can be derived for an arbitraryanse
of the OFC problem around any candidate solution satisfying
equation (14) by using a similar approach. In these general
cases, however, the coefficient matrices in the Jacobi iequat
are no longer constant, but time-varying instead. Thusrigndi
the solution of the Jacobi equation becomes a much more
challenging task.

IV. SOLUTION OF THE JACOBI EQUATION

To solve the Jacobi equation (23), we first write it in the
generic form

Lok + L + Loz =0, (24)

wherex = 4§60, and Ly, L1, and L, are constant matrices
defined by

Ly=1, L;=2G%)'G.(0%), Lo=G(O) 'A-1.

From the discussions at the end of Section IlI-D, in order
to find the conjugate points along*, we need to solve
equation (24). In particular, we need to find those nontrivia
solutionsz(¢) that vanish at both time 0 and a positive time
7. For each such solution, a corresponding conjugate point is
located at9* (7). In this section, two methods are proposed to
solve equation (24): a direct method suitable for analitica
calculation and an indirect method suitable for numerical
verification.

A. Direct Method

The equation (24) is a second order homogeneous matrix
differential equation (MDE) with constant coefficient medis
Ly, Ly, Ly € R™ "™, A standard way of solving a general MDE
is described in [18] and can be adopted to solve our problem.
We now review some of the important results. The interested
reader can refer to [18] for proofs and other details.
Definition 1: Consider the constant-coefficient MDE of or-
der! given by

Liz® () 4+ -+ LizMW(t) + Lox(t) =0,  (25)

56(0) = §6(7) = 0. By the standard result of optimal control

theory [3], [15], oncety > 7, 6* will no longer be optimal,

whereLg,...,L; € C"*", det(L;) # 0, andz : Ry — C™is

or equivalently, the corresponding will no longer be the [-time differentiable. Define thmatrix polynomialas: L(\) =

optimal coordinated motion of the + 1 agents from(a;)?"_,
at time0 to (b;)!", at timet;.

1
ST NL; for X e C.
1=0

In the next section, we will find the conjugate points along 1) )\, is alatent rootof L()\) if det(L(\o)) = 0;
* by solving the Jacobi equation. From the above discussions2) A nonzero vectow, € C" is a latent vectorof L()\)

this will give us upper bounds oty for the optimality of6*.

Remark 3:In theory, the Jacobi equation (23) can also be 3) A sequence of vectorsy, .
derived through a purely differential geometric approagh b
computing the curvature tensors of the Riemannian metric
G(0), similar to the one adopted in [12] in studying the
special snake formation case. However, such an approach is
almost infeasible here due to the increased problem coritiplex

associated with a latent rody if L(Ag)vg = 0;

Lo vp_1 €CP with vg 75 0,
is aJordan chainof lengthk for L()) corresponding to
the latent root\, if for eachm =0,...,k—1, we have

U S OISY 1
Z % =0. (26)

=0
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Here L(Y()\) denotes the-th order derivative off())
with respect to\.

The above definition for a matrix polynomial is conceptually
similar to the eigenpairs and the Jordan chains of a nunierica
matrix except that the number of the latent roots Igf\)
(counting multiplicity) isi - n, and that the latent vectors as-
sociated with different latent roots are not necessarilgdrly
independent. Vectors in the same Jordan chaif (@) could
also be linearly dependent. On the other hand, most othey fac
about the Jordan chains of numerical matrices still appig.he
For example, if)\; is a latent root ofL(A) with algebraic
multiplicity n; and geometric multiplicitym;, then there are Fig. 3. Initial position for an example formation of agentithan = 5.
m,; sets of Jordan chains associated withand the numbers
of vectors in these Jordan chains sum umto See [18] for

more details. Hence, by the standard result of linear system theory, the
With the above definitions, the following theorem (Segolunon to equation (28) is

[18, Chap. 14]) describes the relationship between theaord o z(t) | ar| =(0)

chains of L(\) and the primitive solutions of the MDE (25). y(t) = () | (0)

Theorem 1:Let L(X) be the matrix polynomial associated
with MDE (25).

1) If vo andwv; are two latent vectors of.()\) associated
with latent roots\g and\; (A\g # A1), respectively, then
zo(t) = voett and zi(t) = vy et are two linearly
independent solutions of the MDE (25).

(1>

Moy (t) Mao(t) z(0)

We are interested in those non-trivial solutiorg) that start
from 0 at time 0 and come back t® at some finite time
7> 0,1.e.,2(0) =z(r) =0. Sincez(0) = 0, by (29), such a
solution is of the form

{ My (t)  Mia(t) } { z(0) } _ (29)

2) If vy, v1,...,vx_1 is @aJordan chain of lengthfor L(\)
corresponding to the latent roag, then x(t) = Mio(t) - ©(0).
zo(t) = vo et x1(t) = (tvo + vl)ekoﬂ o For non-trivial solutions;(0) # 0. In order forx(r) to be
=1, zero,Mi2(7T) must be singular. Thus, we can find the conjugate
zr_1(t) :<Z L;'vk_l_J) ot (27) points of 9 by looking for thoser > 0 at which Mi2(7) is
o singular.

] ] ] The indirect method is conceptually much simpler than
arek linearly independent solutions of the MDE (25). the direct method. However, in our case, it is difficult to

3) Solutions of the form (27) but belonging to differentpayytically compute the matrix exponentiat® and thus in
Jordan chains of.(}) are linearly independent. turn the conjugate points. On the other hand, under tree for-
MDE (25) has ani - n-dimensional solution space. Bymation constraints, the matricés, L, and L, usually have
Theorem 1, a Jordan chain of lengthfor L(X) can provide some special structures that one can employ to analytically
exactlyk independent solutions. Thus the whole solution spaggaracterize the latent roots, latent vectors, and in then t
of the MDE (25) is fully characterized by the Jordan chaingy|ytions to the Jacobi equation (24). In the next section,
of the corresponding matrix polynomial(). we will illustrate this by using first the direct method to
The conjugate points along™ can be located by finding gnalytically compute the conjugate pointsgffor a particular

particular solutionsz(t) to the equation (24) that start fromcjass of tree formation constraints and then the indire¢hote
zero and come back to zero at a later time. Since equation (Z¢humerically verify the results.

is just a second order MDE, by Theorem 1,3ts-dimensional
solution space is spanned by linearly independent vectwr-fu  \/ QFC PROBLEM UNDER A SPECIAL CLASS OF TREE
tions defined in terms of the latent roots and the correspandi FORMATION CONSTRAINTS

Jordan chains of.(\). Therefore, the problem of finding the
conjugate points of* can be transformed to computing theih
latent roots and the Jordan chainsigf\).

Consider the tree formation pattethy = (Vo, &) where
e root node 0 has (n > 2) immediate successors, i.e.,
Vo ={0,1,...,n} and& = {(0,i) : i = 1,...,n}. Suppose
that the starting positiong:;)?"_, of then + 1 agents are give

B. Indirect Method by:ap =0, a; = (cos((i—1)¢,),sin((i—1)¢,)), i =1,...,n,
Another way of solving equation (24) is to transform i%/vhere p o (30)
into a first-order MDE. Denote; = | € C2. Then "o

In other words, at timef = 0, agent0 is located at the
origin while all the other agents are evenly distributed on
the unit circle. Thus in the new coordinate systefip, =
N, = ((i — 1)¢,)™ . See Fig. 3 for an example when

equation (24) is equivalent to

. 0 I a
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n = 5. Suppose that the destination positions &rg} , = Using Lemma 3, assuming > 3, the inverse ofG(6*)
(Ry, (as))i—y- As in Section IlI-C, we consider the candidatalefined in (32)G(0*)~! = [¢”]1<i j<n. IS given by
solution ¢*(t) = (g (£)7y = (Re(ai))ig, 0 < t < 1y, s o

which in the new coordinate system is given &Yy defined gl = 2 =17 (33)
in (15). It is easy to see thdt;)!" , satisfies condition (19), %H cos ((i — J)pn), @ #7].

hence condition (16). Thug* is a solution to the geodesic Remark 5:The result in equation (33) can be directly

equation (13). As a resglt, it is sufficiently small, the verified using Lemma 3 withn — 2. Thus (33) is valid
coordinated motion described lgy, namely, agent O remains o whenn > 3 as can be seen from the condition of

at the origin while all the other agents rotate around flemma 3. In the subsequent discussions, we shall assume
at constant unit angular velocity, is a solution to the OFC - 3 temporarily, and then deal with the — 2 case
problem. However, the first conjugate point alofig occurs sep;a\rately at the er’1d of this section

at6”(r,) for some_posmve time, dgpenqlent om, |mply|n_g Furthermore, using Lemma 3, it can also be checked that
that_@ , henceg*, is no longer optlmal_lftf > Tn. In this . defined in (21) is

section, we shall use the two methods in Section IV to derive

. o —cos((k=g)pn)  n
“k_i: nt1 M Sk
J#k
A. Analytical Solution Therefore, the matrixd = diag(y1, . . ., i) in (22) is simply

The analytical computation of the conjugate points alorte identity matrix,A = 1.
* can be divided into three steps. First, we compute theGiven the simplifiedG(6*)~! and A, the coefficient matri-
constant coefficient matrices in the Jacobi equation fog thges in equation (24) can now be computed as
particular example. To solve the Jacobi equation, we nedlt fin

all the latent roots and latent vectors of the corresponding Ly =1, [Lolij = o= cos((i = j)én),
matrix polynomial. Using these latent roots/vectors, wa ca -4
then obtain the general solutions of the Jacobi equation, as and [Ll]ij = nt2 sin((i — j)én ).

well as the conjugate points. . : . .
; - . . Then, the matrix polynomial associated with the MDE (24
1) Computation of the Coefficient Matrices in the ‘]aCOtHecomes forl < Zr; <yn (24)

Equation: To find the conjugate points alor§, we need to

solve the Jacobi equation (24). First we compute the coeffici B 2 i
matricesLy, L1, and Ls. Under the formation patteré,, we [L(/\)]ij - Z AL
havexo = n+1, andx; = --- = x,, = 1. ThusA;; defined k=0 ij
in (9) becomes X+ =5, i=7,
{L if 6 = 5 N g sin((i = §)on)A + 5 cos((i = J)dn), 0 # j-
A=t 7 1<i,j<n, (31) (34)
arr HiFT, 2) Latent Roots and Latent Vectors of the Matrix Polyno-
and the matrixG(#) defined in (10) evaluated alorgy can Mial L(A): By Theorem 1, solutions to equation (24) can be
be simplified to expressed in terms of.the latent roots and the Jordan chains
of the matrix polynomialL(\). We now compute them for
G(0*) = [Ayj cos(6) — 9?)]19-,]-91 the L()) in (34). We will show thatZ()\) has a zero latent
= [y cos((i = 1) b))y < j<n - (32) root with multiplicity 2(n — 1), associated with which there
-0 aren — 1 Jordan chains of length 2, as well as four distinct
Similarly, the matrixG(6*) defined in (22) becomes nonzero latent roots of multiplicity one.
« 00 0 First observe that each row @f(0) = Ly = ni cos((i —
Gs(07) =[Aij sin(0; — 05)l1<i.j<n 7)bnli<ij<n SUMS up to zero. EI'Pzis indica’Eeschat(i 0
=[Aij sin((i — j)én)]1<ij<n is a latent root ofL(\) with a corresponding latent vector
1 = (1,...,1)T. However, this is only part of the latent

L
= |~y sin(i =)o)

vectors associated with the latent root 0. To find the ottienta
_ _ ) ) vectors, observe that the rows bf0) are cyclic permutations
To find analytical expressions of the matric@9*) ™" and  of the same vector that can be thought of as the real part of a
A in (23), a standard result from discrete Fourier transforgysis of the Discrete Fourier Transform (DFT). In light oé th
is introduced in the following lemma (a simple proof can bgthogonality of the DFT bases, it is possible to find the pthe

found in [31]). _ . . latent vectors corresponding to the latent ract 0 from the
Lemma 3:Let m be an integer that is not an integeket of DET bases defined as follows.

multiple of n, i.e.,m #1-n, Vi € Z. Let 8 € R be arbitrary. Lemma 4:Define a set of vectors¢, vi € R", k =
Then the following relations hold: 0,...,n, as

1<i,j<n

n—1 n—1

kmé, —0, in(kméb, —0 v§ = [cos(kon), cos(2kdy), . . ., cos(nkp,)|T,
kzzo costhrmon =+ ) kzzo sin(fmdn +6) vy = [sin(ky),sin(2kep,), . .., sin(nkp,)]".
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LetVE£VeUVs 2 {vf:0<k<[2]}U{v;:1<k<Z}, asolutionto equation (24). However, we are only interested
where[-] denotes the integer part of a real number. Then V is those real solutions. For this purposemust be chosen

an orthogonal basis dk™. so thatze = z; and z4 = Zz3. Plugging intox(t) = U;(t)z,
The proof of Lemma 4 is a simple application of Lemma 3ye conclude that the four dimensional real solution space of
hence it is omitted here. equation (24) corresponding to the nonzero latent roots of

Remark 6:v§ and v% (whenn is even) are zero vectors;L()\) is spanned by the columns of two real matrice®ih%:
thus they are not included ifv*. It is easily seen that’ Re/ ot ot
defined above contains exactlylinearly independent vectors UT(t) = [Re(e™ "on), Im(e?™*Tw1)]

of R", for anyn > 2. =[5 o] [ CO?(wlf) sin(w1t) ] (39)
Using Lemma 4, we are able to characterize all the Jordan P —sin(wit)  cos(wit) |’
chgins of L(}) fsiociated with :l 0. o . URe(t) = [Re(e?2'0y), Im(e72t0,)]
roposition 1: Ay = 0 is a latent root of the matrix (ot - "
polynomialZ()) defined in (34), and for eache V\ {v¢, v§}, = [vf i [ _CZ;ELEZQ?&) zg:((uu));% } (40)
the pair of vectors{v, v} constitute a Jordan chain df()\)
corresponding to\, of length 2. To sum up the results in this section, we can now charac-

Proposition 1 can be proved by showing thai)v = 0 terize all the real solutions to equation (24).
and thatL(0)v + LM (0)v = 0 for eachv € V \ {v¢,v5}, Proposition 3: Every real solution to the MDE (24) is of
which is again a simple application of Lemma 3. the form

SinceV \ {v§, v{} hasn—2 vectors, Proposition 1 describes _ Re Re
n—2 Jord\a;[n 1chelli}ns, each of which is of length 2. Together, 2() = Uo(t)eo + U (t)er + Uy ()es, (41)
by Theorem 1, these Jordan chains charactepize— 4 for some constants, € R*"~%), ¢; € R? andc, € R
independent solutions of the Jacobi equation (24). Indieed, Here the matriced/y(t), Uf*“(¢t) and Us*(t) are defined
u;, i = 1,...,n — 2, be an enumeration of the vectors irin (35), (39), and (40), respectively.
VA {v§,v5}, and define 3) Conjugate Points Along*: To find the conjugate points
N along 6*, we need to look for those nontrivial real solutions

Uo(t) = [ur, tus, . .., tn—2, tun—s]. (35) z(t) to the Jacobi equation (24) that start frdmand return

Then any linear combination of the columns Bf(t) is a to 0 at some positive time, i.e., z(0) = 0, andx(7) = 0.
solution to equation (24). On the other hand, equation (2%t =(t) be one such solution. By Proposition Bit) is of
should have2n independent solutions in total. It turns outhe forma(t) = Uy(t)co + Uft(t)er + Us™(t)co for some
that the four missing independent solutions are provided Bgnstants:, c; andc,. Observe that the first teriiio (¢)co is
the latent vectors associated with the nonzero latent rofotsan affine function of time, and always lies in the subspace

L(N). spanned by the — 2 basis vectors iV \ {v§,v5}, whereV
Proposition 2: Define the complex vector; = v$ + jos, is the set of bases given in Lemma 4. On the other hand, the
wherej = /—1. Its conjugate is; = v¢ — ju§. Define second and the third ternig?¢(t)c; andUZ£*(t)c, always lie

in the 2-dimensional subspace spanned by the other two basis
_ —nty2n(ntl) wy= NV EMT ) v2n(n+1) (36) Vectorsof andv;. Hence, in order for:(0) = z(r) = 0 to

w1 ) -
n+2 n+2 hold for somer > 0, we must havery = 0. Thusx(t) =
Then the nonzero latent roots HfA) and their corresponding Uf¢(t)c; + UFe(t)c,.
latent vectors can be characterized as follows: By (39) and (40), at timé), U{*(0) = UL¢(0) = [v§, v{].

1) A\ = jw; and X\, = —jw; are two latent roots of.(\) Hence to satisfy:(0) = 0, we must have
with latent vectors; and v, respectively;  11Re Re e s .
2) A3 = jws and Ay = —jw, are two latent roots of.(\) 2(0) = U*(0)er + U*(0)c2 = [vf  vf] (c1 +¢2) =0,
with latent vectora; andw,, respectively. which implies thatc, = —c¢; by the linear independence of
The proof of Proposition 2 can be found in the appendix @ndv$. Thus, if we writec; = [a, ], then

this paper. _ 77Re Re __ [J7Re Re
By Theorem 1, there are four independent solutions to the®(®) = U1 (Ber + Uz () (=er) = [U*() - Uz™ (B)]er

MDE (24) corresponding to the four distinct nonzero latent sin(w_t) [vc ,Us] —asin(wt +b095(w+t) (42)
roots \;, i = 1,...,4. We arrange these solutions into the b [—acos(wit) —bsin(wit) |
columns of a matrix defined by wherew, andw_ are constants defined by
Us(t) = [ejuntvl, e*junt'[)l, ejwztvl, efjwztfjl] Cwitwy n wi—wy 2n(n + 1)
:Vl.[eQ]t eta]’ (37) Wy = B ——n+2,w—— B = nt2
(43)

whereV1, 1, and), are complex matrices defined by
Note thata and b can not be zero at the same time

Vi=[v1 »1], 0= [jwl ,0 ] Qo= {Jw? ,0 } . (38) (otherwisex(t) = 0 is trivial). Under this constraint, it can be
0 —jun 0 —jer easily checked that the two entries of the last factor in,(42)
Any complex linear combination of the columns &§(t) of —asin(wyt)+bcos(wit) and—a cos(wyt) — bsin(w4t), can
the forma(t) = Uy (t)z for somez = [21, 22, 23, 24]7 in C*is  not be zero at the same time. Thus, in order to sati§fy = 0
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TABLE |
! e ' e NUMERICAL VERIFICATION FOR 7,
e e n 4 6 9 11 | 15 | 19
¢ 1= 2.980 | 1= 2.7428 T.(analytical)| 2.9804] 2.7422 2.5758 2.5136| 2.4377| 2.3931]
% 1 2 3 4 % 1 2 3 4 T.(numerical) 2.9809| 2.7428| 2.5763| 2.5141] 2.4382| 2.3937|
1 n=9 1 n=11
o o Ol_Jr approach is as foIIov_vs_. Given the agent number_l,
e i we flr_st compute the coefficient m.atr|cé5), Ly z_;md Lo in
0 0 equation (24), and assemble them into the matriaccording
ey 22 ° t 2 * % o (28). Then we compute the exponential mateiX’ for
. nets) . ool t starting from0 and increasing at a certain step size. For
eacht, we partitione?? into blocks as defined in (29) and
05 05 compute the singular values 8f,,(t). If the smallest singular
| 1= 2.4382 | 1=2.3087 value of M15(t) is sufficiently close td), then we declare that
% 1 2 3 4 % 1 2 3 «  Mis(t) is singular, and that the first conjugate point is found.
See Section IV-B for the detailed explanation of the above
Fig. 4. The smallest singular value of mati{i2(¢) as a function of for procedures.

different n. i ]
To illustrate our results, the above procedures are caori¢d

for six integers selected randomly betweland20. In Fig. 4,
for somer > 0, we must havesin(w_7) = 0, i.e, 7 = 2= for eachn, we plot the smallest singular value aff15(t)
for somek = 1,2, .. .. This gives us the times when conjugat@s a function of the time and annotate the smallestsuch
points alongd* are encountered. that M2 (¢t) is singular. In Table |, the numerical results are
Theorem 2:For the particular OFC problem studied in thisompared with the analytical results obtained accordir(g49
section, the set of conjugate points along the candidattisnl and rounded td decimal digits. As can be seen from the table,
6* is given by considering the numerical errors, the numerical resulteeag
very well with the analytical ones.
k(n+2)m

V2n(n + 1)’

As a result, the first conjugate point alofigoccurs at time

0" (r): 7= k=1,2,...,.

C. Better Solutions Beyond the Conjugate Points

Tn = = = M (44) Once extended beyond its first conjugate poffit, will
w-  4/2n(n+1) '

no longer be an optimal solution to the OFC problem. The
From the expression (44), we can see thatlecreases as reason is that, although it still satisfies the first ordeiroality

increases, and, — % asn — oo. condition, namely, the geodesic equation (13), it fails tein
Since a geodesic is no longer distance-minimizing beyotige second order optimality condition, and better soligican

its first conjugate point, we have be obtained by infinitesimal perturbations arourid We will
Theorem 3:0* is not an optimal solution to the OFCillustrate these for the example studied in this section.

problem ift; > 7,. We first derive the second-order variation of the cost func-

As mentioned in Remark 5, the above derivations atRn J(6) at #*. Recall thatJ(6) as defined in (11) can be
valid only under the conditiom > 3. Whenn = 2, the wyritten as

coefficient matriced.y, L1, and Lo in equation (24) are all

2 x 2. Hence, analytical solution can be obtained much more 1 [ .
easily compared with the generalcase. After some careful J(0) = 5/0 L(9,9) dt,
computation, the first conjugate point alofiy occurs at the

t_im_e ™= for n = 2, which, interestingly, is exactly the whereL(@,é) _ 9'TG(9)9'_ Let = = 06 be a proper variation

limit of 7, asn — oo. _of 0* over[0,t;]. Thenz(0) = z(t;) = 0. The first variation

Remark 7:In then = 2 case, there are three agents, WIth J aroundd*. 4 ‘ J(0* + ex), is zero since* satisfies
e=0 !

the root agent at the middle of the other two. Thus the exampjg, geodesic e,qfation (13). The second variatiod afound

tree formation degenerates into the snake formation sludig: -5 pe computed as
in [12]. The time » that the first conjugate point occurs

computed above is consistent with the result obtained i [12 2
using a different approach. 82J(0%;2) = pE] J(0" + ex)
e=0
. g . 1 b T T . -T .
B. Numerical Verification =3/, (2" Loox + 23" Lygi + &' Lypd) dt,

We now use the indirect method discussed in Section IV-B
to numerically verify our results in Theorem 2. where Lgg, L,;, and L;; are n x n matrices with entries
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Fig. 5.  Snapshots of the coordinated motions correspontiing™ Fig. 6. Relative phase angles betweh and 6* for n = 10. For each
(anhed) fa”“’f (shaded), fom = 3. (Diamond: Agent 1; Circle: Agent agenti, the phase deviationd; — 6*];) i$ plotted as a smooth curve with
2; Square: Agdent 3) a unique marker shape.
defined by wherez = [z zl]T € C? for somez; € C; V;, and(Q, are
defined in (38); andl; is defined by
92L(0,0) .
[LGG]ij =——" 0 Jwy 0 i 2
90 ) = _ with wy = wg + —. 49
003005 |, . iy 0 —ju fEwt (49)
Ly = 02L(0,0) It is easy to check that; defined above is a real function
001i; 86,00, ] satisfyingz s (0) = xf(tf) = 0. Thusz is a proper variation
, | p=oe=e over [0, ty]. It can be verified ([31]) that the second variation
1 97L(0,0) for this particularz ; is
[Lgs.. = ———= : (45)
0L 96,00, »
005 oo o= 822ty = )12

tr
527(0%; )= / sin?(rt/t;) dt. (50)
0

. . (n+ 1)Tnt?W+

Recall thaté* = 6y + t1; thus9* = 1. From L(0,0) =

éTG(e)o', we can compute By (43), ws < 0. Since the integral in (50) is positive and
ty > 7o, We haves?J(0*;z¢) < 0.

Lgg = 2G(0")—2A, Loy = —2G5(0%), Ly; = 2G(6%). (46) As a result, ifty > 7,, a solutiond} better thand* can

be obtained by an infinitesimal perturbation @&f along the

Note that condition (18) has been used in deriving the diagy direction:0} = 6* + ¢ -z for ¢ small enough. In Fig. 5,

onal entries ofL,;. Other computations are straightforwardwe illustrate the coordinated motions corresponding*tand

Using (46) and applying integration by part, the secondeordd} by plotting the snapshots of these two motions at six

variation of J can be simplified to evenly spaced time epochs betwegrand¢t; = 27 > 73
forn=3:¢=0,2F, 42 5% 57 o For illustration purpose,

a relatively largee is chosen in the plots to better render the
difference between the two motions. In Fig. 6, we compare
b ) ' the perturbed motiong/{) with 63 for more agentsr( = 10):
= —/ z” G(07) (@ + Lid + Loz) dt. (47) their differences|0 — 6*]; = - [z/];, are plotted ovef0, /]
0 for each agent = 1,.. ., 10.
Note that the last factor of the integrand is exactly the left
hand side of the Jacobi equation (24). V1. CONCLUSION

With equation (47), we now show that, if > 2 and | hig paper, the problem of optimal multi-agent coor-
ty >27"’ a proper variationz; can be constructed suChyinaiion under tree formation constraint is formulatedeTh
that 5°7(6%; ) < 0. As a result, fore small enough, the ge,qesic equation characterizing the optimal coordinated
perturbation off along s, 67(t) + ¢ - x(t) for t € [0,¢7], ions is derived in a suitably chosen coordinate system. For
will cprrespond to a smaller cost functioh leading to a better a special instance of the problem when the group of agents
solution tharg*. ] rotate around a common centroid, optimality conditions of

Assumety > 7,. Considerzy of the form a natural candidate solution are studied. In particular, we

0t oot conclude that, under certain condition on the initial gosit
vy =Vi (e =) 2, (48)  the candidate solution is optimal when short enough, and is

821 (0% :C)z/tf[:vT (G(0")—N)z—22"G,(0%)i+iT G(0%)i]dt
0
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no longer optimal after surpassing its first conjugate pdiat
compute the conjugate points, two methods, one analytichl a
one numerical, are proposed to solve the correspondindpidaco

(2]
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A. Bicchi and L. Pallottino. Optimal planning for coordited vehicles
with bounded curvature. IAlgorithmic and Computational Robotics:
New Directions (Hanover, NH, 2000pages 181-189. A K Peters,
Natick, MA, 2001.

equation. These methods are illustrated through an exampg# A. E. Bryson and Y. C. Ho. Applied Optimal Control Taylor and

where the first method is applied to obtain the analytical
expressions of all the conjugate points, and the secondadetht®
is used to verify the results. Furthermore, better soltiafter

the candidate solution is extended beyond its first congugats]
point are also derived for this example.

The approaches adopted in this paper are general enoug
to make the results meaningful in a variety of applications
involving optimal multi-agent coordination. As extensipour ~ [7]
future research will focus on the OFC problem with gener
formation constraints that are not necessarily described b
trees. El

APPENDIX [10]
PROOF OFPROPOSITION2 1
Proof: Note thatv, = vf + jui = [cos(ign) +
gsin(ion)]1<i<n = [€7%"]1<i<n. Thus, foreachi = 1,...,n, 2]
; = P — Fkén
[Lovi]i = ; —— cos((i — k)pn)e .
:Z 1 [e/i=R)bn 4 o=i(i=R)én]eikin — g
—n + 2 nto "
-4 .
[Ll’l}l]z = ; D sm((z — k)¢n)e,7k¢>n s
~ j 16
:Z J2 [/ bn 4 o=i(i=R)bn]gikbn j2n gitn. [26]
n+2 n+2
k=1
[17]
or equivalently,
12
Lovy = v1, Loy = 2y, (51) 08
n+2 n+2 9]

In other words,v; is an eigenvector o, and L; corre-

sponding to the eigenvalugi; andan—J:g, respectively. Since

Ly = I, we have (20]
L(\)vy = (Lo 4+ ALy + A2 La)v, [21]
- < n_ 7 /\+/\2)v1
n+2 n+2 [22]
 (n+2)X + 20\ + n.
- n+2 : (23]

Itis easy to verify thak; and\s are two roots of the quadratic
equation(n + 2)A\* + j2n\ 4+ n = 0. Hence, from the above [o4]
equation,L(\1)v; = 0 and L(A3)v; = 0, which implies that

vy is a (common) latent vector associated with the two IateEt5 |
roots \; and As of L(A). By taking the complex conjugate,
we conclude thad, = \; and A, = )3 are two latent roots

of L(\) with a common latent vectar, . m [26]
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List of Figure Captions

Fig. 1. An example of an(n + 1)-tuple satisfying a tree
formation constraint (n = 6).

Fig. 2. Examples of different initial positions: (a) and
(c) satisfy condition (19) while (b) does not. However, (c)
does not satisfy Assumption 1.

Fig. 3. Initial position for an example formation of agents
with n = 5.
Fig. 4. The smallest singular value of the matrix\ ()

as a function of ¢ for different n.

Fig.5. Snapshots of the coordinated motions correspond-
ing to 6~ (dashed) andf¢} (shaded), forn = 3. (Diamond:
Agent 1; Circle: Agent 2; Square: Agent 3)

Fig. 6. Relative phase angles betweefi and 6* for
n = 10. For each agenti, the phase deviation ©F — 1)
is plotted as a smooth curve with a unique marker shape.



