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a b s t r a c t

Fault detection and estimation is a critical part of modern control system design and
ensures safety and reliability of expensive machinery. In this paper, a dual-mode state and
fault estimation scheme is proposed for switched linear systemswith a class of state jumps
in the presence of simultaneous actuator and sensor faults. In the absence of sensor faults, a
switched slidingmode observer is developed to estimate the state and actuator fault signal.
A residual signal is computed to detect the inception of a sensor fault. Upon detecting the
sensor fault, a robust state observer is triggeredwhich guarantees ultimate boundedness of
the state estimation error. The performance of the proposed dual-mode switched observer
is illustrated using a numerical example.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

An increasing demand for safety and reliability hasmotivated research in the area of fault detection and isolation (FDI) [1].
Excellent surveys of the field are [2–4]. One method for fault detection is to employ a state observer to construct a residual
signal and determine whether a fault has occurred based on the magnitude of the residual signal relative to a predefined
threshold. In an industrial application, exogenous signals such as unknown disturbances or sensor errors could produce false
alarms. Hence, there is a need to construct robust fault detection methods which function satisfactorily in the presence of
exogenous inputs.

Recentmethods involvemodeling a system’s fault dynamics to enable the analysis of fault detection. This type ofmodeling
often uses switched system models (see [5] for an overview of switched systems). Results are available in the FDI literature
for linear, stochastic, and uncertain systems, for example [6–15]; however, FDI for switched linear systems (SLS) is an open
problem. In [16,17], methods are proposed to estimate discrete-time SLS with state delays in an H∞ framework. For time
varying delays, methods are proposed for fault detection in [18,19]. A recent paper [20] addresses the case of fault detection
with intermittent measurements. A design method for fault-tolerant controllers for switched linear systems is discussed
in [21]. A common limitation of thesemethods is that sensor faults are not considered explicitly. Generally, the fault detection
problem is posed therein as a safe-to-failure mode transition detection problem. Some results in this field are discussed
in [22,23].

* Corresponding author.
E-mail addresses: JohnsonScottC@JohnDeere.com (S.C. Johnson), achakrabarty@seas.harvard.edu (A. Chakrabarty), jianghai@purdue.edu (J. Hu),

zak@purdue.edu (S.H. Żak), decarlo@ecn.purdue.edu (R.A. DeCarlo).

http://dx.doi.org/10.1016/j.nahs.2017.08.009
1751-570X/© 2017 Elsevier Ltd. All rights reserved.

http://dx.doi.org/10.1016/j.nahs.2017.08.009
http://www.elsevier.com/locate/nahs
http://www.elsevier.com/locate/nahs
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nahs.2017.08.009&domain=pdf
mailto:JohnsonScottC@JohnDeere.com
mailto:achakrabarty@seas.harvard.edu
mailto:jianghai@purdue.edu
mailto:zak@purdue.edu
mailto:decarlo@ecn.purdue.edu
http://dx.doi.org/10.1016/j.nahs.2017.08.009


126 S.C. Johnson et al. / Nonlinear Analysis: Hybrid Systems 27 (2018) 125–140

Design of observers for switched systems has proven to be a rich problem. In [24], slidingmode observers constructed for
eachmode are used to estimate the unknown switching signal and the state. Observer construction in [24] is extended in [25]
to the case of partially unknown inputs. Estimating the switching signal and the discrete state for discrete-time switched
systems is analyzed in [26] for the case of bounded uncertainties. Uniform convergence of the continuous and discrete state
is investigated in [27], where a bank of observers is used to reconstruct the switching signal and continuous state based on
a residual signal for determining the active mode. In contrast, this work uses the residual signal to detect the presence of
abrupt sensor faults. When the switching signal is known, asymptotic observers can be constructed to guarantee estimator
convergence in the presence of bounded disturbances via a common quadratic Lyapunov function as described in [28]. In
this paper, a similar problem is addressed. A key difference is that the actuator faults are simultaneously reconstructed in
addition to the state estimates.

An open problem in observer design of switched linear systems is constructing observers to handle state jumps. Observer
design using a common Lyapunov framework for switched systems with state jumps is found in [29–31]. Some results using
multiple Lyapunov functions are described in [32] to reduce conservativeness of the observer design. In this paper, we use
a common Lyapunov approach which guarantees exponential stability of the observer error under known but arbitrary
switching and a class of state jumps. We also incorporate state jumps within our dual-mode observer to provide ultimate
bounds on the estimation error and reconstruct the actuator fault signal.

In this paper, we propose a systematic method to design dual-mode observers for state estimation of switched linear
systemswith state jumps. These systems are additionally disturbed by bounded sensor and actuator faults. In the presence of
actuator faults only, we propose a sliding mode observer for state and fault signal estimation. We compute a residual signal
which is utilized to detect a sensor fault. If a sensor fault is detected, a robust observer is triggered. This robust observer
operates at a specified performance level, which is intrinsic to the design. Our contributions include: (i) formulating new
linear matrix inequality conditions for sliding mode observer for switched systems; (ii) proposing linear matrix inequalities
forL∞ -gain attenuating observer design for switched linear systemswith guaranteed performance, and (iii) extending these
observer designs to incorporate state and actuator fault estimation for switched systems with state jumps.

The rest of the paper is organized as follows. The overall fault detection and isolation problem is discussed in Section 2.
The actuator fault detecting observer is analyzed in Section 3. In the event of a sensor fault a disturbance rejecting observer
is developed in Section 4. Finally, simulation results are shown in Section 5 and conclusions are presented in Section 6.

2. Problem statement

2.1. System description

We consider a class of dynamical systemsmodeled as a switched linear system (SLS) with state jumps at switching times
tk modeled by

ẋ(t) = Aσ (t)x(t) + Bσ (t)u(t) + Gσ (t)fa(t)1+(t − ∆a),
y(t) = Cσ (t)x(t) + Dσ (t)fs(t)1+(t − ∆s), (1)

x(t+k ) = Θσ (t−k ),σ (t+k )x(t
−

k ) + Γσ (t−k ),σ (t+k ),

where x(t) ∈ Rn denotes the state vector of the SLS, u(t) ∈ Rm1 is the vector of known control inputs and y(t) ∈ Rp represents
the measured outputs at time t . The switching signal σ (t) ∈ {1, . . . ,N} indicates the active mode amongst N subsystems at
time t . The vectors fa(t) ∈ Rm2 and fs(t) ∈ Rq represent the actuator and sensor fault, respectively. The unit step function
1+(t − τ ) is a step signal which comes into effect after delay τ . In this paper, we consider that the actuator fault occurs after
∆a seconds and that the sensor fault occurs after ∆s seconds. Note that the times of fault occurrence ∆a, ∆s are unknown.

Remark 1. Suppose that ∆a < ∆s. This implies that the sensor fault occurs after the actuator fault. Note that this is not a
restrictive assumption. If a sensor fault occurs before the actuator fault, that is, if ∆s < ∆a, then the residual will trigger the
O+ observer after∆s second until the faulty sensor is replaced. If∆s = ∆a = 0, then the robust observerO+ will run shortly
after the initial time, as soon as the residual threshold condition r ≥ r̄ is triggered.

For i = 1, . . . ,N , the matrices Ai ∈ Rn×n are state matrices, Bi ∈ Rn×m1 are input matrices, Ci ∈ Rp×n are output matrices
and Gi ∈ Rn×m2 and Di ∈ Rp×q represent how the unknown actuator and sensor faults enter the system in the ith mode,
respectively.

Finally, the known matrices Θr,s ∈ Rn×n and Γr,s ∈ Rn for all r, s ∈ {1, 2, . . . ,N} represent the linear state jumps
considered in this paper. Note that such a linear form of state jumps has been explored previously in [33] and [34]. Finally,
in our notation, we drop the argument t for brevity; for example Aσ (t) is written as Aσ . We make the following technical
assumptions to enable the development of our main results.

Assumption 1. The switching signal σ is known and has finite number of switches per unit time interval, that is, it does not
exhibit Zeno behavior.

Assumption 2. For i = 1, . . . ,N , rank(CiGi) = rank(Gi) = m2.
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Assumption 3. There exist scalars ρa > 0 and ρs > 0 such that,

∥fa(t)∥ ≤ ρa and ∥fs(t)∥ ≤ ρs,

for all t . That is, the functions that model the actuator and sensor faults are bounded.

Assumption 4. The sensor fault is abrupt and non-return-to-zero (NRZ), that is, fs(t) ̸= 0 for all t ≥ ∆s.

Assumptions 1 and 3 are standard assumptions for practical systems. Assumption 2 is fairly standard in the unknown
input estimation literature, see for example [35–37]. Assumption 4 is not restrictive either. For example, in electrical circuits
or machines, we suspect that a fault occurring in the sensor will result in the degradation of that sensor until replaced. This
can be modeled as an NRZ sensor fault.

2.2. Proposed dual-mode observer

We propose the following dual-mode observer structure for pre- and post-sensor fault scenarios.

2.2.1. Pre sensor-fault observer
The observer labeled O− is proposed for the time prior to a sensor fault, that is, for all t ∈ [t0, ∆s), we have

˙̂x = Aσ x̂ + L−

σ (y − ŷ) + Bσu + Gσ f̂a,
ŷ = Cσ x̂,

x̂(t+k ) = Θσ (t−k ),σ (t+k )x̂(t
−

k ) + Γσ (t−k ),σ (t+k )

f̂a =

{
ρ

Fσ (y−ŷ)
∥Fσ (y−ŷ)∥ if Fσ (y − ŷ) ̸= 0

0 if Fσ (y − ŷ) = 0

x(0) = x0

r =

∫ t

t−δ

∥y(τ ) − ŷ(τ )∥2 dτ (2)

Here, the hatted variables indicate estimated quantities. The matrices L−

i ∈ Rn×p and Fi ∈ Rm×p for i = 1, . . . ,N are
switched Luenberger and sliding mode observer gain matrices, respectively. The scalar ρ > 0 represents the sliding mode
observer gain. The observer design involves the design of gains Li, Fi and ρ.

The residual signal is denoted by r , and δ > 0 is the length of the horizon over which the residual is computed.
The observer O− will be designed to reconstruct the state and actuator fault signal asymptotically. Due to the finite time
convergence to the sliding surface, the residual signal computed prior to a sensor fault converges to zero in finite time. The
selection of the residual computation time δ is chosen to be larger than the time of convergence to the sliding surface. Thus, if
the computed residual signal consistently exceeds a small user-defined threshold r̄ , we deem a sensor fault to have occurred
and switch to the post-fault observer, which we will describe next.

2.2.2. Post sensor-fault observer
In the event of a sensor fault, the presence of uncertainties in the measurements warrants a less stringent performance

criterion from the robust observer. Unlike the observerO−, we are not concernedwith reconstructing the sensor fault signal.
Instead, we design a robust observer that attenuates the effect of the sensor fault and drives the state estimation error to a
disturbance invariant set about the origin. Herein, we present our notion of a disturbance invariant set.

Definition 1 (Disturbance Invariant Set). A set Ω ⊂ Rn is a disturbance invariant set for the SLS ẋ = Aσ x + Bσ w if for every
initial state x(t0) ∈ Ω and disturbance w ∈ W, where W is a compact set, the trajectories x(t) ∈ Ω for all t ≥ t0 and any
arbitrary switching sequence σ .

The post-fault observer O+ is modeled as

˙̂x = Aσ x̂ + L+

σ (y − ŷ) + Bσu,
ŷ = Cσ x̂,

x̂(t+k ) = Θσ (t−k ),σ (t+k )x̂(t
−

k ) + Γσ (t−k ),σ (t+k ),

x̂(0) = x̂0.

(3)

where L̄+

i for i = 1, . . . ,N are linear observer gain matrices.
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Fig. 1. Proposed dual-mode fault observer, where ey = y − ŷ is the output error.

The objective of theO+ observer is to restrict the state estimation error e = x − x̂ to a disturbance invariant set Ω in the
presence of both actuator and sensor faults in conjunction with state jumps. Since the sensor fault is NRZ by Assumption 4,
we assume that this observer continues to run until the faulty sensor is replaced.

The overall dual-mode fault observer scheme is shown in Fig. 1.

3. Design of pre sensor-fault observer O−

Let the observer error be defined as e = x − x̂. In the absence of sensor fault, the state estimation error dynamics of the
observer O− are given by,

ė = (Aσ − L−

σ Cσ )e + Gσ (fa − f̂a), (4a)
e(t+k ) = Θσ (t−k ),σ (t+k )e(t

−

k ). (4b)

Next we discuss the stability of the observer O− and describe the actuator fault reconstruction method under ideal
sliding mode. We also describe an implementable reconstruction technique for non-ideal (or boundary layer) sliding mode
employing a low-pass filtering architecture.

3.1. Stability of observer O−

We present sufficient conditions guaranteeing that the state estimation error converges exponentially to the origin. The
sufficient conditions are in the form of linearmatrix inequalities (LMIs)which leverage efficient convex optimization solvers.

In order to provide exponential stability for the proposed O− observer, we construct a Lyapunov-like function which is
guaranteed to be decreasing over any interval of time (tk, tk+1) and non-increasing at the switching time tk, for k ∈ N. To this
end, we require the following technical lemma.

Lemma1. Suppose Assumption 1 holds. Let Ds ⊂ R be the set of switching times. Let V : R → [0, ∞) be a piecewise differentiable
function where the derivative V̇ exists on [0, ∞) \ Ds.

Define V̄ : R → [0, ∞) to be

V̄ (t) = exp(−α(t − t0))V̄ (t0)
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for some fixed α > 0, and V̄ (t0) = V (t0). If

(i) ∀ t ∈ Ds, V (t−) ≥ V (t+), and
(ii) ∀ t ̸∈ Ds, V̇ (t) ≤ −αV (t),

then V (t) ≤ V̄ (t) for all t ≥ t0.

Proof. By construction, V (t0) = V̄ (t0). Without loss of generality, we suppose t1 > t0 is the smallest time such that t1 ∈ Ds.
For any t ∈ (t0, t1), we know that V is differentiable. Using the comparison lemma [38], we obtain

V (t) ≤ exp(−α(t − t0))V (t0)

= exp(−α(t − t0))V̄ (t0)

= V̄ (t).

At t1, condition (i) guarantees V (t+1 ) ≤ V (t−1 ) ≤ V̄ (t−1 ) as t−1 ∈ (t0, t1). Since V̄ (t+1 ) = V̄ (t−1 ), this implies V (t+1 ) ≤ V̄ (t+1 ).
The result follows by induction on tk for k ∈ N. □

Now, we provide sufficiency conditions for the exponentially stability of the O− observer error dynamics.

Theorem 1. Suppose Assumptions 1–4 hold and fs = 0. If there exist matrices P1 = P⊤

1 , Y1, . . . , YN , F1, . . . , FN and positive
scalars α > 0, ρ ≥ ρa such that the following conditions are satisfied,

A⊤

i P1 + P1Ai − C⊤

i Y⊤

i − YiCi + 2αP1 ⪯ 0, (5a)

G⊤

i P1 = FiCi, (5b)

P1 ≻ 0, (5c)

Θ⊤

i,jP1Θi,j − P1 ⪯ 0 (5d)

for i, j ∈ {1, . . . ,N}, then the observer O− described in (2) with gains L−

i = P−1
1 Yi, Fi and ρ has state estimation error (4)

converging asymptotically to the origin, that is, e → 0 as t → ∞. Furthermore, the error convergence is exponential with decay
rate α, that is

∥e(t)∥ ≤ c0 exp(−α(t − t0))∥e(t0)∥, (6)

for any t ≥ t0, and c20 = λmax(P1)/λmin(P1).

Proof. We consider a quadratic function of the form,

V = e(t)⊤P1e(t),

which is positive definite due to (5c), for the error system (4). For any switching time t1 frommode i to mode j, (5d) implies

V (t+1 ) = e(t+1 )⊤P1e(t+1 )

= e(t−1 )⊤Θ⊤

i,jP1Θi,je(t−1 )

≤ e(t−1 )⊤P1e(t−1 )
= V (t−1 ).

Since V (t) is differentiable at any time t excluding switching times, V (·) satisfies condition (i) of Lemma 1.
The derivative of V evaluated on the trajectories of the observer error dynamics (4) between switching times for a fixed

mode i ∈ {1, . . . ,N} is given by,

V̇ = 2e⊤P1(Ai − L−

i Ci)e + 2e⊤P1Gi(fa − f̂a)

= e⊤
(
(Ai − L−

i C)
⊤P1 + P1(Ai − L−

i Ci)
)
e + 2e⊤P1Gi(fa − f̂a)

= e⊤
(
A⊤

i P1 + P1Ai − YiCi − C⊤

i Y⊤

i

)
e + 2e⊤P1Gi(fa − f̂a).

From (5a), we get

V̇ ≤ −2α(e⊤P1e) + 2e⊤P1Gi(fa − f̂a). (7)
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Fig. 2. Switched DC–DC converter.

For FiCie ̸= 0, this yields

V̇ = −2αV + 2e⊤P1Gifa − 2e⊤P1Gi f̂a

≤ −2αV + 2∥e⊤P1Gi∥∥fa∥ − 2ρ
(
e⊤P1Gi

FiCie
∥FiCie∥

)
≤ −2αV + 2ρa∥FiCie∥ − 2ρ

∥FiCie∥2

∥FiCie∥
≤ −2αV ,

because ρ ≥ ρa, where ρa is defined in Assumption 3.
During sliding motion, that is, when FiCie = 0, since G⊤

i P1e = FiCie from (5b), we get V̇ ≤ −2αV by replacing G⊤

i P1e = 0
in (7).

Thus, V̇ (t) ≤ −2αV (t) for all t ≥ t0 excluding switching times. Thus V satisfies condition (ii) of Lemma 1. Hence, by
Lemma 1 we can construct V̄ (t) = exp(−2α(t − t0))V (t0) to be an upper bound of V (t). Thus, V is a global Lyapunov-like
function for the system (4), since V (0) = 0, V > 0, V ≤ V̄ for all t and ˙̄V ≤ −2αV̄ . Since V̇ ≤ −2αV within all open intervals
between switching, and V decreases at switching times, this implies that the observer error is exponentially convergentwith
a decay rate α. This concludes the proof. □

Remark 2. The LMI condition (5d) guarantees that the Lyapunov-like energy function V (·) is non-increasing at state jumps.
This dissipation of energy during state jumpsmodels the behavior of some switched physical systems inwhich the continuity
of the state trajectory would require a hidden input, for example, in circuits where parallel capacitors are switched in and
out.

To demonstrate a physical systemwhere the phenomenon of dissipative state jumps is common,we provide the following
example.

Example 1. Consider the DC–DC converter in Fig. 2 presented in [39]. The only two admissible switch positions are (1, 1)
and (2, 2), which will be denoted as mode 1 and mode 2, respectively. The DC–DC converter can be modeled by

d
dt

[ i(t)
v1(t)
v2(t)

]
= Aσ

[ i(t)
v1(t)
v2(t)

]
+ B E(t) (8)

where

A1 =

⎡⎢⎢⎢⎢⎢⎢⎣
0

1
L

0

−1
C1 + C2

−1
R(C1 + C2)

0

−1
C1 + C2

−1
R(C1 + C2)

0

⎤⎥⎥⎥⎥⎥⎥⎦ , A2 =

⎡⎢⎢⎢⎢⎢⎣
0

−1
L

0

1
C1

0 0

0 0
−1
RC2

⎤⎥⎥⎥⎥⎥⎦ , B =

⎡⎢⎣1
L
0
0

⎤⎥⎦ .

When the system switches from mode 1 to mode 2, there are no state jumps, hence: Θ1,2 = I and Γ1,2 = 0. However,
when switching from mode 2 to mode 1 at time t1, conservation of charge requires that

v1(t+1 ) = v2(t+1 ) =
C1v1(t−1 ) + C2v2(t−1 )

C1 + C2
.
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This implies

Θ2,1 =

⎡⎢⎢⎢⎣
1 0 0

0
C1

C1 + C2

C2

C1 + C2

0
C1

C1 + C2

C2

C1 + C2

⎤⎥⎥⎥⎦ , (9)

and Γ2,1 = 0.
We consider the candidate energy function V (x) = x⊤Px, where x⊤

= [i, v1, v2] and

P =

[L 0 0
0 C1 0
0 0 C2

]
≻ 0.

Clearly,

Θ⊤

1,2PΘ1,2 − P = 0,

as Θ1,2 = I . We also observe that

Θ⊤

2,1PΘ2,1 − P =
C1C2

C1 + C2

[0 0 0
0 −1 1
0 1 −1

]
⪯ 0

for any C1, C2 > 0. Hence, the energy function V (x) is non-increasing at state jumps for any mode switch. Summarily, the
example satisfies the condition (5d).

3.2. Actuator fault reconstruction with ideal sliding

We begin with the following technical lemma.

Lemma 2. Let Si = FiCi. Suppose the conditions in Theorem 1 are satisfied. Then for each i = 1, . . . ,N, SiGi ∈ Rm2×m2 is positive
definite.

Proof. Recall that FiCi = G⊤

i P1 by (5b) and G1 is full column rank by Assumption 2. Since

rank(SiGi) = rank(FiCiGi) = rank(G⊤

i P1Gi),

it is sufficient to show that G⊤

i P1Gi is full column rank.
To this end, suppose we choose x ∈ Rn such that G⊤

1 P1G1x = 0. This implies x⊤G⊤

1 PG1x = 0. Choose y = G1x. As P1 ≻ 0,
y⊤P1y = 0 if and only if y = 0, that is, if G1x = 0. But G1 has full column rank, so G1x = 0 indicates x = 0. Hence,
G⊤

1 P1G1x = 0 only if x = 0, which implies that SiGi is full column rank. For x ̸= 0, x⊤G⊤

1 P1G1x > 0 as P1 ≻ 0. Hence, SiGi ≻ 0.
This concludes the proof. □

We need the following assumption for the following technical result.

Assumption 5. The initial state of the plant belongs to a bounded set, and there exists a known positive scalar ρx such that
∥x(t0)∥ ≤ ρx, where t0 denotes the initial time.

Note that this assumption is not required for the results obtained prior to this point. We now state a result which
guarantees finite time convergence to the ith sliding manifold at each active mode i ∈ {1, . . . ,N}.

Theorem 2. Suppose Assumption 5 holds. Let the sequence of switching times be denoted by Ds, the minimum time between
switches be Tmin. For each τs ∈ (0, Tmin), there exists a ρ ≥ ρa such that the observer O− error trajectory converges to the sliding
manifold Σi within [tk, tk + τs] ⊂ [tk, tk+1] for any mode i = 1, . . . ,N.

Proof. Fix the mode i and consider the quadratic function

Vsi (e) =
1
2
e⊤S⊤

i Sie.

Here Si = FiCi for each i = 1, . . . ,N , and Vsi is positive definite for every i = 1, . . . ,N , since S⊤

i Si are positive definite
matrices.
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Our objective is to show that V̇si ≤ −η∥Sie∥, for some η > 0. To this end, we compute the time-derivative of Vsi prior to
reaching the sliding manifold. This yields

V̇si = e⊤S⊤

i Siė

= (Sie)⊤(Siė)

= (Sie)⊤
(
Si(Ai − L−

i Ci)e + SiGi(fa − f̂a)
)

≤ (Sie)⊤
(
∥Si(Ai − L−

i Ci)∥∥e∥ + ∥SiGi∥∥fa∥ − SiGi f̂a
)

≤ (Sie)⊤
(
k0∥e(ti)∥ + ∥SiGi∥ρa − SiGi f̂a

)
(10)

where k0 = ∥Si(Ai − L−

i Ci)∥c0, with c0 defined in (6). Note that for Sie ̸= 0,

(Sie)⊤SiGi f̂a = ρe⊤S⊤

i SiGi
Sie

∥Sie∥
.

From Lemma 2, we know that SiGi ≻ 0, hence,

− ρe⊤S⊤

i SiGi
Sie

∥Sie∥
≤ −ρλmin(SiGi)e⊤S⊤

i
Sie

∥Sie∥

= −ρλmin(SiGi)
∥Sie∥2

∥Sie∥
= −ρλmin(SiGi)∥Sie∥.

Replacing in (10), we get,

V̇si =
1
2

d
dt

(
e⊤S⊤

i Sie
)

≤ [k0∥e(ti)∥ + ∥SiGi∥ρa − ρλmin(SiGi)] ∥Sie∥.

Since the initial condition of the plant x0 is bounded by Assumption 5, the initial state estimation error ∥e(t0)∥ ≤ ρx+∥x̂(t0)∥
is bounded and this bound is known because ∥x̂(t0)∥ is known. Then from (6), we obtain that each ∥e(ti)∥ is bounded above by
∥e0∥. Thus, we can choose ρ large enough to guarantee V̇si < −η∥Sie∥ for any η > 0. Using arguments in [40], we conclude
that the initial error converges in finite time to the sliding manifold Σi in the ith mode.

An estimate of the time required to converge to the sliding manifold Σi in the ith mode is given by τsi ≤
∥Sie0∥

η
, as

discussed in [41]. Choosing ρ such that η ≤
∥Sie∥

τs
for all modes i = 1, . . . ,N , we ensure that for every subsystem, the error

dynamics converge to the sliding surface within the finite time τs. This concludes the proof. □

Theorem 2 implies that by selecting the observer gain ρ adequately large, following a switch into mode i at time tk, the
observer error trajectories reach the sliding manifold Σi within tk + τs. Let the switched sliding surface in the ith mode be
given by

Σi(e) ≜ {e ∈ Rn
: Sie = 0}

for each mode i = 1, . . . ,N , where Si = FiCi. Under ideal sliding motion, that is for t ∈ Ts(t0), we know from [42] that

Siė = 0. (11)

Recall that f̂a can take finite values only: namely, {−ρ, 0, ρ}. Since fa is an arbitrary fault signal, a meaningful estimate
of the actuator fault estimation error during sliding motion using f̂a is estimated using an equivalent output injection f̂ eqa ,
in the sense of [43]. The following result demonstrates that, on the sliding manifold Σi, the L2 error between the actuator
fault and the equivalent output injection term is bounded by a decaying exponential function. This implies that arbitrarily
accurate reconstructions of fa are possible given sufficiently large times between switching.

Theorem 3. Suppose Assumption 5 holds. Let the sequence of switching times be denoted by {tk} and let

Ts = {t ≥ t0 | e(t) ∈ Σσ (t)}

denote the time intervals for which the O− observer error trajectories are on the sliding manifold for the active mode. If the
conditions in Theorem 1 are satisfied, then

∥fa(t) − f̂ eqa (t)∥ ≤ βe−α(t−t0) (12)

for some β > 0 and all t ∈ Ts.
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Proof. In sliding,

0 = Siė = Si(Ai − L−

i Ci)e + SiGi(fa − f̂ eqa ).

From Lemma 2, we know that SiGi is invertible. Thus,

∥fa(t) − f̂ eqa (t)∥ = ∥(SiGi)−1Si(Ai − L−

i Ci)e(t)∥

≤ ∥(SiGi)−1Si(Ai − L−

i Ci)∥∥e(t)∥

≤ ∥(SiGi)−1Si(Ai − L−

i Ci)∥c0 exp(−α(t − t0))∥e(t0)∥

from (6). By choosing x̂0 from a bounded set of initial conditions, and from Assumption 5, we have deduced in the proof of
Theorem 1 that ∥e(t0)∥ is bounded. Thus, we have

∥fa(t) − f̂ eqa (t)∥ ≤ β exp(−α(t − t0)),

where

β = max
i=1,...,N

c0∥(SiGi)−1Si(Ai − L−

i Ci)∥∥e(t0)∥ < ∞.

This concludes the proof. □

Combining the results of Theorems 2 and 3, we conclude that by choosing ρ sufficiently large, we can increase the
measure of Ts. On Ts the actuator fault error satisfies (12) which guarantees that the actuator fault error will continue to
decrease for all t ∈ Ts. Specifically, as t → ∞ this error converges to zero while in sliding.

Remark 3. As discussed in [43,44], if the conditions in Theorem3 are satisfied, an arbitrarily accurate estimate of the actuator
fault fa can be obtained asymptotically, via low-pass filtering of the discontinuous term f̂a.

Remark 4. An issue that remains to be addressed is: if a sensor fault fs occurs at ∆s, is it possible for the observerO− to have
a residual r =

∫ t
t−δ

|ey(τ ′)| dτ ′ that is identically zero? The problem associated with this scenario is that the transition from
observerO− toO+ would not occur. To analyze this possibility, consider the output error ey with observerO− when fs ̸= 0:

ey = y − ŷ = Cσ e + Dσ fs. (13)

For the residual r to be zero after fs ̸= 0, the error e(t) must satisfy Cσ e = −Dσ fs almost everywhere. From (4), before the
first switching time the error e(t) has the form

e(t) = e(Aσ −L−σ Cσ )(t−∆s)e(∆s) +

∫ t

t−∆s

e(Aσ −L−σ Cσ )(t−τ )(Gσ (fa(τ ) − f̂a(τ )))dτ . (14)

Note that the sensor fault fs does appear in the output y(t) and consequently the sliding term f̂a(τ ) from (2). From (14), we
see that e(t) is continuous between switching times, which implies ey(∆+

s ) = Cσ e(∆−
s ) + Dσ fs(∆s+). Hence, for almost all

errors e(∆−
s ), an abrupt sensor fault fs causes the output error ey of the observerO− to diverge from the sliding surface for a

non-zero amount of time. This implies the existence of a sufficiently small positive scalar r̄ such that r(∆s + δ) ≥ r̄ , which
in turn forces the integral in (2) to be non-zero.

Next we discuss the O+ observer design.

4. Design of post sensor-fault observer O+

The error dynamics of the observer O+ are given by,

ė = (Aσ − L+

σ Cσ )e + L+

σ Dσ fs + Gσ fa, (15a)
e(t+k ) = Θσ (t−k ),σ (t+k )e(t

−

k ). (15b)

Lumping the uncertain terms together as w =
[
f ⊤

s f ⊤

a

]⊤, we rewrite (15a) as,

ė = (Aσ − L+

σ Cσ )e + Γσ w, (16)

where Γσ =
[
L+

σ Dσ Gσ

]
. Note that

∥w(t)∥ ≤ ρw (17)

for all t , where ρw = max{ρa, ρs} and ρa, ρs are presented in Assumption 3.
The O+ observer is designed to be L∞ -stable with a specified performance level (p.l.), according to the following

definition.
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Definition 2 (L∞ stability with p.l. γ ). The switched linear system (15) with performance output

z = He

is globally uniformlyL∞ stable with a specified performance level γ if the following conditions are satisfied for any arbitrary
switching signal σ (t).

(P1) Global uniformasymptotic stability. The nominal error system ė = (Aσ −L+
σ Cσ )e, is globally uniformly asymptotically

stable with respect to the origin.
(P2) Global uniform boundedness of the error state. For every initial error e0 and every disturbance input w, there is a

bound β(e0, ∥w(·)∥∞) so that for every initial condition, e(t0) = e0, we have

∥e(t)∥ ≤ β(e0, ∥w(·)∥∞), for all t ≥ t0

for all t ≥ t0.
(P3) Output response for zero initial error. For zero initial error, e(t0) = 0, and every disturbance input w, we have

∥z(t)∥ ≤ γ ∥w(·)∥∞,

for all t ≥ t0.
(P4) Ultimate output response. For every initial error e(t0) = e0, and every disturbance input w, we have

lim sup
t→∞

∥z(t)∥ ≤ γ ∥w(·)∥∞. (18)

Moreover, convergence is uniform with respect to t0.

For additional background, we refer the reader to [38,45].

Remark 5. The matrix H is used to prioritize the performance level γ of the observer O+ on linear combinations of the
error states. For example, let x ≜

[
x1 x2 x3

]⊤
∈ R3 and x1 is the only state of interest after a sensor fault occurs.

Then H =
[
1 0 0

]
can be selected to reflect this prioritization of x1. As per Definition 2, if γ can be made small,

lim supt→∞∥He(t)∥ = lim supt→∞∥x̂1(t) − x1(t)∥ will be made small. If all the states are equally important, H = I , the
identity matrix.

We now present sufficient conditions for the design of the O+ observer gains.

Theorem 4. Let z = Hie be the desired performance output. Suppose that Assumptions 1–4 hold and there exist matrices
P2 = P⊤

2 ≻ 0, Y1, . . . , YN and positive scalars µ0, µ1, α such that the following conditions hold,⎡⎣ Zi YiDi P2Gi
D⊤

i Y
⊤

i −2µ0αI 0
G⊤

i P2 0 −2µ0αI

⎤⎦ ⪯ 0 (19a)

Θ⊤

i,jP2Θi,j − P2 ⪯ 0 (19b)

P2 − µ1H⊤

i Hi ⪰ 0 (19c)

for i, j ∈ {1, . . . ,N}where

Zi = A⊤

i P2 + P2Ai − C⊤

i Y⊤

i − YiCi + 2αP2.

Then the observer with gains L+

i = YiP−1
2 has error dynamics which are L∞ stable with performance level γ =

√
µ0/µ1.

Proof. Consider a quadratic function

V (t) ≜ V (e(t)) = e⊤P2e.

Consider any open time-interval (tk, tk+1) between switches. Within any such open interval, the function V is differen-
tiable with respect to t . Then, the time-derivative of V evaluated on the dynamics (15) for any such interval is given by

V̇ = 2e⊤P2ė, (20)

= 2e⊤P2(Ai − L+

i Ci)e + 2e⊤P2L+

i Difs + 2e⊤P2Gifa.
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Replacing Yi = P2L+

i in (19a) and using the equality (20), we get,

0 ≥

[e
fs
fa

]⊤
⎡⎣ Zi YiDi P2Gi
D⊤

i Y
⊤

i −2µ0αI 0
G⊤

i P2 0 −2µ0αI

⎤⎦[e
fs
fa

]
= 2e⊤P2(Ai − L+

i Ci)e + 2e⊤P2L+

i Difs + 2e⊤P2Gifa − 2µ0α(f 2s + f 2a ) + 2αe⊤P2e

= 2e⊤P2(Ai − L+

i Ci)e + 2e⊤P2L+

i Difs + 2e⊤P2Gifa − 2µ0αw⊤w + 2αe⊤P2e

= V̇ − 2µ0αw⊤w + 2αe⊤P2e,

= V̇ + 2αV − 2µ0α∥w∥
2.

This implies

V̇ ≤ −2αV + 2αµ0 ∥w∥
2
∞

(21)

for any open interval (tk, tk+1).
We want to show that the Lyapunov-like function V is non-increasing for all t ≥ t0, where t0 is the initial time.
Clearly V (t0) ≤ V (t0). Now, consider the first switching time t1 and the interval (t0, t1) without switching. Pre-multiplying

both sides by e−2αt , we get

e−2αt V̇ ≤ −2αe−2αtV + 2αµ0e−2αt
∥w∥

2
∞

,

which yields,
d
dt

(e−2αtV ) ≤ 2αµ0e−2αt
∥w∥

2
∞

.

By the Grönwall inequality, we get

V (t) ≤ V (t0)e−2α(t−t0) + 2αµ0

∫ t

t0

e−2α(t−τ )
∥w(·)∥2

∞
dτ

for any t ∈ (t0, t1).
At time t1, a switch occurs from mode i to mode j, where i, j ∈ {1, . . . ,N}. By the inequality (19b), we have

V (t+1 ) = e(t+1 )⊤P2e(t+1 )
= e(t−1 )⊤Θ⊤

i,jP2Θi,je(t−1 ),

≤ e(t−1 )⊤P2e(t−1 )
= V (t−1 ).

Hence,

V (t) ≤ V (t0)e−2α(t−t0) + 2αµ0

∫ t

t0

e−2α(t−τ )
∥w(·)∥2

∞
dτ (22)

for any t ∈ [t0, t1].
Now, we consider the time interval (t1, t2), where t2 is the next switching time. Then, from (21), we get

V (t) ≤ V (t+1 )e−2α(t−t1) + 2αµ0

∫ t

t1

e−2α(t−τ )
∥w(·)∥2

∞
dτ

≤ V (t−1 )e−2α(t−t1) + 2αµ0

∫ t

t1

e−2α(t−τ )
∥w(·)∥2

∞
dτ

≤ V (t0)e−2α(t−t0) + 2αµ0

(∫ t

t1

e−2α(t−τ )
∥w(·)∥2

∞
dτ +

∫ t1

t0

e−2α(t1−τ )
∥w(·)∥2

∞
dτ

)
= V (t0)e−2α(t−t0) + 2αµ0

∫ t

t0

e−2α(t−τ )
∥w(·)∥2

∞
dτ ,

for all t ∈ [t0, t2). By similar arguments as before, we deduce that this inequality holds for all t ∈ [t0, t2].
Using inductive arguments, we get that (22) holds for any t ≥ t0. This yields

V (t) ≤ V (t0)e−2α(t−t0) + 2αµ0

∫ t

t0

e−2α(t−τ )
∥w(·)∥2

∞
dτ

≤ V (t0)e−2α(t−t0) + µ0 ∥w∥
2
∞

(23)

for all t ≥ t0.
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Hence,

lim sup
t→∞

V (t) ≤ µ0 ∥w(·)∥2
∞

. (24)

Wewill now demonstrate that this is sufficient for the error system (15) to beL∞ stable with performance level
√

µ0/µ1.
Supposew = 0. Then, from (21), we get V̇ ≤ −2αV , which guarantees that theO+ error dynamics are globally uniformly

exponentially stable. This demonstrates property (P1) in Definition 2.
Next, we consider

Ω = {e : e⊤P2e ≤ µ0 ∥w(·)∥2
∞

} (25)

which is a sub-level set of the Lyapunov-like function V . Then we know that Ω is attractive from the inequality (24).
From (19c), we get

e⊤P2e − µ1e⊤H⊤

i Hie ≥ 0

which implies

µ1∥z∥2
≤ V .

Using (24) yields

lim sup
t→∞

µ1∥z(t)∥2
≤ µ0 ∥w(·)∥2

∞
,

hence

lim sup
t→∞

∥z(t)∥ ≤ γ ∥w(·)∥∞,

with γ =
√

µ0/µ1, which demonstrates property (P4) of Definition 2.
Furthermore, we note that if e(t0) ̸∈ Ω , then inequality (23) yields

λmin(P2)∥e(t)∥2
≤ V (t)
≤ V (t0)e−2α(t−t0) + µ0 ∥w∥

2
∞

≤ V (t0) + µ0 ∥w∥
2
∞

.

Thus,

∥e(t)∥ ≤ β(e(t0), ∥w∥∞),

where

β(e(t0), ∥w∥∞) =

√
V (t0) + µ0∥w∥

2
∞

λmin(P2)
.

Now consider the case when e(t0) ∈ Ω . We want to show that Ω is disturbance invariant, as discussed in Definition 1.
Assume the contrary, that is, suppose there exists a time t3 > t0 such that V (e(t3)) ̸∈ Ω . Since (19b) guarantees that V is

non-increasing at switching times, V must cross the boundary of Ω in an interval [t1, t3] ⊂ [t0, ∞) where V is continuous,
that is, no switching occurs in [t1, t3].

Since V is continuous and crosses the boundary of Ω , there must exist a time t2 ∈ [t1, t3] where V (t2) = µ0 ∥w∥
2
∞

and
V̇ (t2) > 0, which, by (21), is a contradiction. Hence, Ω is disturbance invariant and satisfies

e(t)⊤P2e(t) ≤ µ0 ∥w(·)∥2
∞

for all t ≥ t0.
Thus, for any e(t0) ∈ Ω , we obtain

∥e(t)∥ ≤ β(e(t0), ∥w(·)∥∞),

where

β(e(t0), ∥w(·)∥∞) = ∥w(·)∥∞

√
µ0

λmin(P2)
.

This proves the property (P2) of Definition 2.
Furthermore, from (19b), we get

∥z(t)∥2
≤ e(t)⊤P2e(t)
≤ µ0 ∥w(·)∥2

∞
,
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for all t ≥ t0. It follows that

lim sup
t→∞

∥z(t)∥ ≤ γ ∥w(·)∥,

where γ =
√

µ0/µ1. This demonstrates property (P3) of Definition 2 and concludes the proof. □

Remark 6. Recall that we considered ∆a < ∆s, that is, the lifetime of the sensors is larger than the actuators. Although this
is generally true in practice, it may be possible for ∆s < ∆a, in which case, the observer O+ is triggered, which provides
ultimate boundedness of the estimation error until the sensor is fixed.

Remark 7. If α is considered to be a variable, then the observer design inequalities (5), (19) are not linearmatrix inequalities.
To convert this to LMIs, a line search with respect to α may be performed to optimize for the decay rate.

Remark 8. In practice, we minimize µ0 − µ1 subject to the conditions (19) to ensure that γ is minimized. A small value
of γ implies that the ultimate bound on the performance output z is less conservative, that is, the estimation error Hie is
smaller.

5. Example

In this section, we present a simulated example to illustrate the performance of the dual-mode observer with a numerical
example. We consider a SLS of the form (1), based on proposed in [28] with the N = 3 subsystems. The SLS considered is the
one described by (1) parametrized by

A1 =

⎡⎢⎢⎢⎣
1 0 1 0 1
0 −1 0 1 0
1 −1 −2 −1 −1
1 1 0 −1 1
0 0 0 −1 0

⎤⎥⎥⎥⎦ , A2 =

⎡⎢⎢⎢⎣
−1 0 0 1 1
1 −1 0 1 1
1 1 −1 1 1
1 1 1 −2 1
1 −1 0 −1 −1

⎤⎥⎥⎥⎦ ,

A3 =

⎡⎢⎢⎢⎣
−1 1 0 1 1
0 −1 0 0 −1

−1 −2 −1 0 −1
0 −1 1 −1 1
1 −1 0 −1 0

⎤⎥⎥⎥⎦ , G1 =

⎡⎢⎢⎢⎣
1 0
0 1
1 1
0 0
0 1

⎤⎥⎥⎥⎦ , G2 =

⎡⎢⎢⎢⎣
−1 0
0 1

−1 1
0 0
0 1

⎤⎥⎥⎥⎦ , G3 =

⎡⎢⎢⎢⎣
1 0
0 −1
1 −1
0 0
0 −1

⎤⎥⎥⎥⎦ ,

D =

[1 0 0
0 1 0
0 0 1

]
, C1 =

⎡⎢⎢⎢⎣
1 0 0
0 1 0
0 0 −1
0 0 0
0 0 1

⎤⎥⎥⎥⎦
⊤

, C2 =

⎡⎢⎢⎢⎣
1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

⎤⎥⎥⎥⎦
⊤

, C3 =

⎡⎢⎢⎢⎣
−1 0 0
0 1 1
0 0 −1
0 0 0
0 0 2

⎤⎥⎥⎥⎦
⊤

,

Θ2,3 =

⎡⎢⎢⎢⎣
0.11 0 0 0 0
0 0.83 0 0 0
0 0 0.34 0 0
0 0 0 0.29 0
0 0 0 0 0.75

⎤⎥⎥⎥⎦ , Θ3,1 =

⎡⎢⎢⎢⎣
0.01 0 0 0 0
0 0.04 0 0 0
0 0 0.67 0 0
0 0 0 0.60 0
0 0 0 0 0.53

⎤⎥⎥⎥⎦ ,

Γ2,3 =
[
1 0 0 0 0

]⊤
, Γ3,1 =

[
0 1 1 0 1

]⊤
.

In this simulation, we consider an arbitrarily generated switching sequence σ (t) where switching between subsystems
occurs after every 1 s. The system in (1) is subject to actuator fault at time∆a = 50 s which is to be detected by the proposed
observer O−. Following the actuator fault, at time ∆s = 120 s, a sensor fault fs ≡ 0.5 occurs. In Figs. 3 and 4, the green
window is the time window at which only the actuator fault occurs. In the purple window, both actuator and sensor faults
occur simultaneously. We consider ρa = 0.5 and ρs = 0.5 as the bounds on our actuator and sensor fault, respectively.

For time t ∈ [0, ∆s), the observer O− is designed using Theorem 1 which reconstructs the actuator fault in addition to
the states. Solving the LMIs (5) using CVX [46] with α = 1, we obtain the matrix

P1 =

⎡⎢⎢⎢⎣
33.12 11.71 −12.96 −0.98 3.63
11.71 32.46 −9.33 −2.30 −3.59

−12.96 −9.33 12.96 0.98 −3.63
−0.98 −2.30 0.98 9.76 1.32
3.63 −3.59 −3.63 1.32 7.23

⎤⎥⎥⎥⎦
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Fig. 3. Performance of observer O+ in the presence of both actuator and sensor faults and state jumps. (Top) Norm of the output error. The sensor fault
occurs at t = 120 s and continues to t = 200 s (shown in light purple window). The sensor fault is detected by computing a residual r exceeding the
predefined threshold r̄ = 0.1. (Middle) The performance output z satisfies the ultimate bounding condition (18). The black lines denote ±γ ρw = 2.635.
(Bottom) The state estimation error of all five states. Note that after the sensor fault occurs, the states are ultimately bounded. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. Estimation of the actuator faults. The actuator fault occurs at t = 50 s and continues till t = 120 s, as shown by the green patch. The red line denotes
the actual actuator fault and the black line denotes the estimated actuator fault signal after low-pass filtering the nonlinear injection term of O− . (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

and observer O− gains given by

L−

1 =

⎡⎢⎢⎢⎣
9.47 3.63 5.05
4.47 3.13 3.20
20.24 9.15 13.72
−0.13 4.63 −0.94
23.85 12.36 18.17

⎤⎥⎥⎥⎦ , L−

2 =

⎡⎢⎢⎢⎣
2.33 3.10 −0.71
1.40 1.87 −0.56
5.21 7.62 −1.77
3.35 3.77 −1.57
7.54 8.26 −1.84

⎤⎥⎥⎥⎦ , L−

3 =

⎡⎢⎢⎢⎣
2.75 −1.69 1.83
2.42 −0.22 1.02
5.99 −6.68 5.11
2.06 1.57 −1.94
10.61 −7.02 8.28

⎤⎥⎥⎥⎦
F1 =

[
12.96 −1.34 −9.66
−1.01 18.21 0.32

]
, F2 =

[
−12.96 1.34 9.66
−1.01 18.21 0.32

]
, F3 =

[
12.98 −1.34 −9.66
1.01 −18.21 −0.32

]
.

We also compute the finite convergence time to the sliding surface τs = 0.06 s.
The sliding mode gain is chosen to be ρ = 400. In Fig. 3, we show the performance of the observer O− for t ∈ [0, 120).

Note that the state and output estimation errors are driven to zero by the observer. Furthermore, in Fig. 4, we see that the



S.C. Johnson et al. / Nonlinear Analysis: Hybrid Systems 27 (2018) 125–140 139

actuator fault signal is reconstructed from t = ∆a = 50 s, as expected. The actuator faults are of the form,

fa = 0.5
[
sq(0.2t) cos

(
2π t
7

)]⊤

,

where sq(t) is a periodic square wave. We use a low-pass filter of the form, H(s) =
1

sτ+1 , where τ = 1. The low-pass filter
extracts the actuator fault from the nonlinear injection term as demonstrated in [47], and show that the fault estimate f̂a is
highly accurate. Additionally, we note that at time ∆s = 120 s, the norm of output error signal ∥y − ŷ∥ becomes non-zero
consistently. This in turn makes the residual r , defined in (2), exceed the user-defined threshold of r̄ = 1 calculated over a
window of δ = 1 s, where δ is described in (2). This triggers the switch to the post sensor-fault observer O+.

For time t > ∆s, the observer O+ is designed as described in Theorem 4 which guarantees that the state estimates
converge to a disturbance invariant set about the origin. Note that

ρw ≜ ∥w(·)∥∞ = max{ρa, ρs} = 0.5.

The gains of the observer O+ are computed to be

L+

1 =

⎡⎢⎢⎢⎣
2.58 0.53 −0.72

−0.07 0.99 −0.13
1.13 0.15 −0.35
2.13 1.22 −0.51
0.68 −0.06 0.14

⎤⎥⎥⎥⎦ , L+

2 =

⎡⎢⎢⎢⎣
2.89 0.82 −1.03

−0.14 1.08 −0.80
1.91 0.99 −2.05
2.83 1.27 −1.76
1.22 0.13 −0.46

⎤⎥⎥⎥⎦ , L+

3 =

⎡⎢⎢⎢⎣
1.78 −0.27 0.73
0.21 0.52 −0.62
0.98 −1.10 −0.38
1.73 −0.73 0.24
0.57 −0.54 0.41

⎤⎥⎥⎥⎦
using CVX by solving (19) with α = 1. The performance level is computed to be γ = 5.27, and the disturbance invariant set
is described by (25) is parametrized by µ0ρ

2
w = 1.41 and

P2 =

⎡⎢⎢⎢⎣
1.68 −0.45 −0.96 −0.41 −0.23

−0.45 0.88 0.40 −0.03 0.40
−0.96 0.40 1.38 0.20 −0.38
−0.41 −0.03 0.20 0.71 −0.04
−0.23 0.40 −0.38 −0.04 0.90

⎤⎥⎥⎥⎦ .

The output error is guaranteed to satisfy the condition (18), as illustrated in Fig. 3. After O− detects a NRZ sensor fault
(Assumption 4), we switch the observer toO+ permanently. Fault tolerant controller strategies can then be implemented to
ensure safety of operation.

6. Conclusions

In this paper, we propose amethodology of designing dual-mode observers for fault detection and estimation of switched
linear systems. LMI-based sufficient conditions are provided for the design of the observer gain matrices. The performance
of the observer strategy is illustrated through simulation. An open problem is to extend these results for the construction of
fault-tolerant controllers.

Acknowledgments

The authors would like to thank Martin J. Corless of the School of Aeronautics and Astronautics, Purdue University, for
his valuable comments during the preparation of this manuscript.

This work is partially supported by the Department of Energy, Graduate Automotive Technology Education Program,
Award DE-EE0005568.

References

[1] J. Chen, R.J. Patton, Robust Model-based Fault Diagnosis for Dynamic Systems, Kluwer Academic Publishers, Norwell, MA, 1999.
[2] M. Basseville, I.V. Nikiforov, Detection of Abrupt Changes: Theory and Application, Prentice Hall Englewood Cliffs, 1993.
[3] R. Isermann, Model-based fault-detection and diagnosis - status and applications, Annu. Rev. Control 29 (2005) 71–85.
[4] I. Hwang, S. Kim, Y. Kim, C.E. Seah, A survey of fault detection, isolation, and reconfiguration methods, IEEE Trans. Control Syst. Technol. 18 (3) (2010)

636–653.
[5] D. Liberzon, Switching in Systems and Control, Springer, 2003.
[6] B. Jiang, M. Staroswiecki, V. Cocquempot, Robust observer based fault diagnosis for a class of nonlinear systems with uncertainty, in: Proceedings of

the 40th IEEE Conference on Decision and Control, vol. 1, 2001, pp. 161–166.
[7] M. Zhong, S.X. Ding, J. Lam, H. Wang, An LMI approach to design robust fault detection filter for uncertain LTI systems, Automatica 39 (3) (2003)

543–550.
[8] S.Wei, K. Uthaichana,M. Žefran, R.A. DeCarlo, S. Bengea, Applications of numerical optimal control to nonlinear hybrid systems, Nonlinear Anal. Hybrid

Syst. 1 (2) (2007) 264–279.
[9] R. Wang, M. Liu, J. Zhao, ReliableH∞ control for a class of switched nonlinear systems with actuator failures, Nonlinear Anal. Hybrid Syst. 1 (3) (2007)

317–325.

http://refhub.elsevier.com/S1751-570X(17)30069-9/sb1
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb2
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb3
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb4
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb4
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb4
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb5
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb7
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb7
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb7
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb8
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb8
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb8
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb9
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb9
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb9


140 S.C. Johnson et al. / Nonlinear Analysis: Hybrid Systems 27 (2018) 125–140

[10] W. Wang, L. Li, D. Zhou, K. Liu, Robust state estimation and fault diagnosis for uncertain hybrid nonlinear systems, Nonlinear Anal. Hybrid Syst. 1 (1)
(2007) 2–15.

[11] H. Yang, V. Cocquempot, B. Jiang, Fault tolerance analysis for switched systems via global passivity, IEEE Trans. Circuits Syst. II 55 (12) (2008)
1279–1283.

[12] V.N. Phat, T. Botmart, P. Niamsup, Switching design for exponential stability of a class of nonlinear hybrid time-delay systems, Nonlinear Anal. Hybrid
Syst. 3 (1) (2009) 1–10.

[13] K. Kalsi, S. Hui, S.H. Żak, Unknown input and sensor fault estimation using sliding-mode observers, in: Proc. of the American Control Conference, ACC,
2011, pp. 1364–1369.

[14] S. Ahmadizadeh, J. Zarei, H.R. Karimi, Robust unknown input observer design for linear uncertain time delay systemswith application to fault detection,
Asian J. Control 16 (4) (2014) 1006–1019.

[15] S. Yin, G. Wang, H.R. Karimi, Data-driven design of robust fault detection system for wind turbines, Mechatronics 24 (4) (2014) 298–306.
[16] D. Du, B. Jiang, P. Shi, S. Zhou, H∞ filtering of discrete-time switched systems with state delays via switched Lyapunov function approach, IEEE Trans.

Automat. Control 52 (8) (2007) 1520–1525.
[17] D. Wang, W.Wang, P. Shi, Robust fault detection for switched linear systems with state delays, IEEE Trans. Syst. Man Cybern. B 39 (3) (2009) 800–805.
[18] D.Wang,W.Wang, P. Shi, ExponentialH∞ filtering for switched linear systems with interval time-varying delay, Internat. J. Robust Nonlinear Control

19 (5) (2009) 532–551.
[19] B. Jiang, D. Du, V. Cocquempot, Fault detection for discrete-time switched systems with interval time-varying delays, Int. J. Control Autom. Syst. 9 (2)

(2011) 396–401.
[20] D. Du, B. Jiang, P. Shi, Fault detection for discrete-time switched systems with intermittent measurements, Internat. J. Control 85 (1) (2012) 78–87.
[21] D. Du, B. Jiang, P. Shi, H.R. Karimi, Fault detection for continuous-time switched systems under asynchronous switching, Internat. J. Robust Nonlinear

Control (2014).
[22] A. Tanwani, A. Domínguez-García, D. Liberzon, An inversion-based approach to fault detection and isolation in switching electrical networks, IEEE

Trans. Control Syst. Technol. 19 (5) (2011) 1059–1074.
[23] S.C. Johnson, R.A. DeCarlo, M. Zefran, Set-transition observability of switched linear systems, in: Proc. of the American Control Conference, ACC, 2014,

pp. 3267–3272.
[24] D. Gomez-Gutierrez, S. Celikovsky, A. Ramirez-Trevino, J. Ruiz-Leon, S. Di Gennaro, Sliding mode observer for switched linear systems, in: Proc. of the

IEEE Conf. on Automation Science and Engineering, CASE, 2011, pp. 725–730.
[25] D. Gomez-Gutierrez, A. Ramirez-Trevino, J. Ruiz-Leon, S. Di Gennaro, On the observability of continuous-time switched linear systems under partially

unknown inputs, IEEE Trans. Automat. Control 57 (3) (2012) 732–738.
[26] A. Alessandri, M. Baglietto, G. Battistelli, Receding-horizon estimation for switching discrete-time linear systems, IEEE Trans. Automat. Control 50 (11)

(2005) 1736–1748.
[27] D. Mincarelli, A. Pisano, T. Floquet, E. Usai, Uniformly convergent sliding mode-based observation for switched linear systems, Internat. J. Robust

Nonlinear Control 26 (7) (2016) 1549–1564.
[28] F.J. Bejarano, A. Pisano, Switched observers for switched linear systems with unknown inputs, IEEE Trans. Automat. Control 56 (3) (2011) 681–686.
[29] A. Juloski, W.P.M.H. Heemels, S. Weiland, Observer design for a class of piece-wise affine systems, in: Proc. of the 41st IEEE Conference on Decision

and Control, vol. 3, 2002, pp. 2606–2611.
[30] J.P. Hespanha, D. Liberzon, A.R. Teel, Lyapunov conditions for input-to-state stability of impulsive systems, Automatica 44 (11) (2008) 2735–2744.
[31] W.P.M.H. Heemels, S.Weiland, Observer design for a class of piecewise linear systems, Internat. J. Robust Nonlinear Control 17 (15) (2007) 1387–1404.
[32] S. Petterson, Switched state jump observers for switched systems, in: Proceedings of the 16th IFAC World Congress, 2005, Prague, Czech Republic.
[33] X. Xu, P.J. Antsaklis, Optimal control of hybrid autonomous systems with state jumps, in: Proc. of the American Control Conference, ACC, vol. 6, 2003,

pp. 5191–5196.
[34] J.P. Barbot, H. Saadaoui, M. Djemai, N. Manamanni, Nonlinear observer for autonomous switching systems with jumps, Nonlinear Anal. Hybrid Syst.

1 (4) (2007) 537–547.
[35] A. Chakrabarty, R. Ayoub, S.H. Żak, S. Sundaram, Delayed unknown input observers for discrete-time linear systems with guaranteed performance,

Systems Control Lett. 103 (2017) 9–15.
[36] D.Wang, P. Shi,W.Wang, Robust fault detection for continuous-time switched delay systems: An linearmatrix inequality approach, IET Control Theory

Appl. 4 (1) (2010) 100–108.
[37] M.J. Corless, J. Tu, State and input estimation for a class of uncertain systems, Automatica 34 (6) (1998) 757–764.
[38] S.H. Żak, Systems and Control, Oxford University Press, New York, 2003.
[39] J.C. Mayo-Maldonado, P. Rapisarda, Modelling of switching dynamics in electrical systems, in: 21st International Symposium onMathematical Theory

of Networks and Systems, Groningen, NL, 07-11, Jul 2014.
[40] R.A. DeCarlo, S.V. Drakunov, X. Li, A unifying characterization of robust sliding mode control: A Lyapunov Approach, J. Dyn. Syst. Meas. Control 122 (4)

(2000) 708.
[41] J.-J.E. Slotine, W. Li, Applied Nonlinear Control, Prentice-Hall, 1991.
[42] R.A. DeCarlo, S.H. Żak, G.P. Matthews, Variable structure control of nonlinear multivariable systems: A tutorial, Proc. IEEE 76 (3) (1988) 212–232.
[43] C. Edwards, S.K. Spurgeon, R.J. Patton, Sliding mode observers for fault detection and isolation, Automatica 36 (4) (2000) 541–553.
[44] V. Utkin, Sliding Modes in Optimization and Control Problems, Springer Verlag, New York, 1992.
[45] A. Chakrabarty, M. Corless, G.T. Buzzard, S.H. Zak, A.E. Rundell, State and unknown input observers for nonlinear systems with bounded exogenous

inputs, IEEE Trans. Automat. Control (2017) in press.
[46] M. Grant, S. Boyd, Y. Ye, CVX: MATLAB software for disciplined convex programming, Recent Adv. Learning Control (2012) 95–110.
[47] S. Hui, S.H. Żak, Stress estimation using unknown input observer, in: Proc. of the American Control Conference, ACC, 2013, pp. 259–264.

http://refhub.elsevier.com/S1751-570X(17)30069-9/sb10
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb10
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb10
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb11
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb11
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb11
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb12
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb12
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb12
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb14
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb14
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb14
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb15
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb16
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb16
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb16
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb17
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb18
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb18
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb18
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb19
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb19
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb19
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb20
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb21
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb21
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb21
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb22
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb22
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb22
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb25
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb25
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb25
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb26
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb26
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb26
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb27
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb27
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb27
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb28
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb30
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb31
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb34
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb34
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb34
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb35
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb35
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb35
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb36
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb36
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb36
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb37
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb38
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb40
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb40
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb40
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb41
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb42
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb43
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb44
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb45
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb45
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb45
http://refhub.elsevier.com/S1751-570X(17)30069-9/sb46

	Dual-mode robust fault estimation for switched linear systems with state jumps
	Introduction
	Problem statement
	System description
	Proposed dual-mode observer
	Pre sensor-fault observer
	Post sensor-fault observer


	Design of pre sensor-fault observer O-
	Stability of observer O-
	Actuator fault reconstruction with ideal sliding

	Design of post sensor-fault observer O+
	Example
	Conclusions
	Acknowledgments
	References




