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1AbstractA Study of Con
ict Detection and Resolution in Free FlightbyJianghai HuMaster of Science in Electrical Engineering and Computer SciencesUniversity of California at BerkeleyProfessor Shankar Sastry, ChairSome aspects of con
ict detection and resolution problem in the free 
ight situation are studiedin this paper. In the �rst part approximated probabilities of con
ict (PC) for typical encountersof aircraft pair are proposed by modeling the perturbation in aircraft motion as Brownian motion(BM), both within �nite horizon and within in�nite horizon. Theoretical bounds on the errors ofthe approximations are also obtained. In the second part, homotopy types of resolution maneuversof multiple aircraft are classi�ed according to their images in the space-time coordinates, whichcan be shown to bear a one-to-one correspondence with the well-known braid group Bn. Formaneuver within each class, we propose the energy as the cost function and solve both analyticallyand algorithmically the optimal resolution maneuver for two aircraft case. Various properties ofoptimal maneuver for multiple aircraft resolution are studied and its two-legged approximation iscalculated by convex optimization technique. Finally, based on the con
ict probability obtainedin the �rst part, a decentralized multi-aircraft resolution algorithm under the presence of noise isproposed. Simulations results for some typical encounters are presented and compared with theoptimal maneuvers. This algorithm can either be implemented by itself at the strategic level orbe used as a random \type chooser" for the convex optimization process, leading to a randomizedsolution to the combinatorial optimization problem.
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1Chapter 1OverviewThe dramatically increasing demand for air travel in recent years has been the source of greatchallenges for Air Tra�c Management System (ATMS). Despite technological advances such as theavailability of relatively inexpensive on-board computers and global positioning systems (GPS), thecurrent ATMS remains largely intact as it was developed in the 70's and 80's and has increasinglybecome the bottleneck for a system with less ground holds and airborne delays. It is believed thatby improving the e�ciency of currently semi-automated ATMS, the increased demand in air tra�ccan be handled in a more reliable way, without resorting to such costly (and often political) optionsas building larger airports or adding more runways. The notion of free 
ight has been proposed([3]) to shift the totally centralized decision making in the current ATMS to individual aircraft, ina hope to alleviate the burden of central (human) controller and decrease travel times, unplanneddelays and fuel consumption. For a detailed account of the current ATMS practice, see [18]. [16]highlights the hierarchical and hybrid control issues associated with free 
ight.The most important goal of the new ATMS is to improve the safety of air travel. Safety is typicallycharacterized in terms of the number of con
icts (collisions and near misses). For the currentsystem, a con
ict is de�ned as a situation where two aircraft come within 5 nautical miles (nmi)of one another horizontally and within 1000 or 2000 feet (ft) vertically, depending on whetherthe 
ight level is below or above 29,000 ft respectively (see [13]). Con
ict avoidance is typicallydecomposed into two separate procedures: con
ict detection and con
ict resolution. For a survey ofvarious con
ict detection and resolution modeling methods, see [8]. In this paper, we will focus onthe probabilistic scheme. In the con
ict detection stage, the motions of aircraft with the potentialfor con
ict are predicted based on their positions, headings and 
ight plans and the probability ofa future con
ict is estimated. This information is then used in the resolution stage to re-plan thetrajectories for the aircraft involved in the con
ict.This paper consists of two parts. In the �rst part, we study the con
ict detection by deriving theprobability of con
ict (PC) for aircraft pair, both within �nite horizon or within in�nite horizon,under some suitable probabilistic setting. One of the di�culty is to model the wind e�ect, whichis a major contributor to the uncertainty in the aircraft motion, and which does not admit aconsistent physical model so far. However, since the prediction error can be modeled as the sumof a large number of independent random perturbations in disjoint time intervals, it is expected tobe Gaussian. This hypothesis was indeed veri�ed by empirical data in [13]. It is also suggestedin [13] that the uncertainty can be decomposed into two components, an along track componentwhose standard deviation grows with time, and a cross track component whose standard deviation



2remains roughly constant. Based on this probabilistic model, a number of methods have beenproposed for predicting the probability of con
ict (PC) for pairs of aircraft, over horizons of theorder of 20 minutes. In [13] the notion of an uncertainty ellipse is used to obtain a closed formover-approximation for PC. In spite of its simplicity, which makes it very attractive for on-linecomputation, the exact interpretation of the results of [13] remains to be clari�ed. In [15], arandomized estimation algorithm is proposed for computing PC. Finally, [20] uses Monte Carlosimulation to determine PC for typical encounters.In this paper we give an alternative treatment from a sample path viewpoint by modeling theperturbation as white noise. The motion of the aircraft is then the sum of a deterministic oneplus a (scaled) Brownian motion (BM) perturbation. We will focus on the two dimensional case,assuming that both aircraft 
y at the same altitude. Intuitively, the probability of con
ict is theproportion of paths leading to a collision among all possible paths. BM gives us a measure of theprobability of each path, where paths of large and steady deviation are less likely than paths ofsmall and 
uctuating deviation. One major advantage of our approach is that it provides closedform formulae (though approximations), which not only makes its implementation computationallyinexpensive, but also enables us to easily derive a resolution algorithm. Theoretical bounds for theapproximated PC are given in Chapter 5.Starting from Chapter 6, we study the various aspect of multiple aircraft con
ict resolution. It isfound in Chapter 6 that the commonly used notion of \cross pattern" is insu�cient to characterizefully the di�erent types of planar resolution maneuvers when the number of aircraft is more thantwo. In fact, there is a one to one correspondence between types of multiple aircraft resolutions andthe mathematically well-studied group of braids. In Chapter 7, we let ourself carried further by thisgeometric interpretation. The notion of energy of maneuvers is proposed and the optimal maneuverwithin each resolution type with minimal energy is studied. The machinery we employed here issimilar to that of the classical variation of calculus technique, except that we have the minimalseparation constraint on the resolution paths. The braid representation of maneuvers comes intoplay naturally and will serve as the primal source of inspiration for various transformations ofresolution maneuvers which leave their minimal separation invariant. As the number of aircraftgets larger, it is di�cult if not impossible to get the analytical expression of optimal resolutions.Instead, convex optimization will be used to get good approximations of it.In spite of all the research, the problem remains largely unsolved because of its combinatorialnature. When the number of aircraft involved in the con
ict is large, as is the case for airspaceover any major airport, the number of resolution types becomes extremely large, rendering theexhausting search method completely impractical. By combining the PC obtained in this paperand potential �eld methods, we are able to come up with a decentralizedmultiple aircraft resolutionalgorithm. This autonomous algorithm is found to be successful in tracking the optimal resolutionmaneuver despite the presence of noise and performs reasonably well. Moreover, it can be used asthe random \type chooser" for the optimization procedure if such a central optimization schemeis allowed in the future ATMS. Generally speaking, di�erent resolution schemes can be classi�edaccording to the trust each aircraft put on the other. At one end of the spectrum, we have thegame theoretical method ([17]), which assume the worst case, or in other words, zero trust. On theother far end, we have the central controller scheme, whether it is based on human operators orsome optimization procedure, in which each aircraft trust wholeheartedly on the central controllerand hence the other aircraft as well. In this respect, our scheme can be viewed as somewhere inthe middle in that each aircraft assumes that other aicraft will try to behave rationally while atthe same time this e�ort is undermined by the various uncertainties inherent in the environment.
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ict Detection



4Chapter 2MotivationConsider the following �rst order stochastic di�erential equation in R1:dxdt = f(t) + w(t) (2.1)where f is a piecewise continuous function de�ned on [0;1) and w(t) is white noise with powerspectral density �2, i.e. E[w(t)w(t+ s)] = �2 �(s) for all s; t � 0. Integrating equation (2.1), wehave x(t) = Z t0 f(s) ds+ btwhere bt = R t0 w(s) ds is a Gaussian process with stationary, independent increment. FurthermoreE[bt] = R t0 E[w(s)] ds= 0 andVar[bt] = Z t0Z t0 E[w(s1)w(s2)] ds1 ds2 = �2t (2.2)These properties together with the assumption that bt is continuous in t imply that, after scalingby 1=�, bt is a standard Brownian Motion (BM). Although the continuous path assumption is nota logical consequence of the previous hypotheses, (2.2) and the Kolmogorov continuity theoremimplies that bt has a continuous version Bt, i.e. P (f! : bt(!) = Bt(!)g) = 1 for all t � 0 andfBt(!); t � 0g is continuous in t with probability 1 (see [12]). The continuity assumption is furtherjusti�ed when equation (2.1) is used to model the motion of physical objects, since in this case x(t)cannot make instantaneous jumps.Application of equation (2.1) can be, for example, the motion of a cruising aircraft, where R t0 f(s) dsis the trajectory prescribed by the central controller, and w(t) is the e�ect of wind on the velocityof aircraft. Since aircraft can only control directly its air velocity, its ground velocity is obtainedby combining nominal velocity f(t) and wind e�ect w(t).Another example is the Automated Highway System (AHS [19]) in which a car in the platoonneeds to predict the motions of adjacent cars on the highway to determine a safe distance. Sucha prediction is based upon the assumption (belief) that adjacent cars will try to maintian theircurrent speeds while these e�ort are deviated by various factors such as road condition, wind,mechanical malfunction and so on. For application of equation (2.1) in this respect, the interestedreader is referred to [5].
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Figure 2.1: samples of perturbed motions of constant velocity v = 5The use of BM as the disturbance in motion can also be justi�ed by the fact that BM can bethought of as the accumulation of a large number of independent small disturbances. More precisely,subdividing time into intervals of length �t, assuming the disturbance in di�erent time intervalsare independent and identically distributed (IID), and integrating, we get a random walk which,after appropriate scaling, converges in distribution to a standard BM as �t ! 0 (see [2]). In [13]it is veri�ed by empirical data that the prediction error for a cruising aircraft is indeed Gaussianwith a growing variance.Samples of perturbed trajectory are shown in Figure 2.1. It should be noted that BM possessesmany unusual local properties; for example, at any �xed time its sample path is not di�erentiablewith probability 1. However, here we are mainly concerned with its collective properties, i.e. theprobability that the perturbed trajectory experiences a large deviation from the nominal one, ormore precisely, the state x evolves outside some subset of the state space called the safe set. In caseof such a event, we say a con
ict occurs. Safe sets vary from model to model. In the aircraft case,a state is safe if any aircraft pair has horizontal and vertical seperations above some prescribedthresolds depending on their 
ight level as speci�ed in Chapter 1. Intuitively the probability ofcon
ict is the 'ratio' of number of sample paths leading to con
icts to the total number of samplepaths, and BM serves to give us a measure of the possibility of each sample path. Here we use theword ratio in the extended sense since both numbers are in�nite.By subtracting the nominal motion R t0 f(s) ds and properly scaling, we can adopt the alternativeview point that the perturbed motion consists only of a standard BM and the safe set is time-varying. In this new coordinate system, the problem reduces to calculating the escaping probabilityof the standard BM with respect to a time-varying region. This change of viewpoint will beemployed frequently in the later developments. In general, it is very hard, if not impossible, to getan analytical expression of this escaping probability, all one can hope for is an approximation ofit, and probably lower and upper bound on the approximation error. There is, however, one casewhich is simple enough to allow for such an exact expression. Namely,Lemma 1 (Bachelier-Levy [2]) Let Bt be a standard one dimensional BM starting from the
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 � R2origin. Then B�t = Bt+�t is the BM with drift � for some � 2 R1. De�ne T�a = infft � 0 : B�t = agto be the �rst time B�t hits a. Then T�a has probability density function:p(t) = ap2�t3 exp[�(a� �t)22t ]; t � 0This lemma will prove to be of utmost importance for deriving the approximated probability ofcon
ict in the later development.Remark 1 In the case of a time-invariant safe set, a deep connection exists between the exitdistribution of a standard BM and the classical potential theory, which can be used to calculate theexit distribution of the BM with respect to certain regions. For example, let 
 � R2 be an openregion with boundary @
 smooth enough such that for a two dimensional BM Bt starting from anypoint x 2 
, the �rst exit position BT
 is measurable. Here T
 denotes the �rst exit time of Btfrom 
 (see Figure 2.2). Now if g : @
! R is a measurable function de�ned on @
, thenf(x) , Ex[BT
]; 8x 2 
de�nes a measurable function f on �
 which coincides with g on @
. In fact, it can be proved(see [14]) that f thus de�ned is harmonic, i.e.(�f � 0; 8x 2 
f = g on @
 (2.3)where � = @2=@x2 + @2=@y2. In other words, we can run a BM to solve the Dirichlet prob-lem (2.3) with boundary condition. For some 
, say, the sphere, equation (2.3) can be solvedanalytically, hence yielding the expression for the probability density function p of BT
 sincef = Rx2@
 g(x)p(x) dx. However, this machinery is not applicable here since we are considering theexit time distribution of BM from a time-varying safe set.



7Chapter 3ModelConsider two aircraft, labeled 1 and 2, 
ying on the same horizontal plane. Assume without lossof generality that at time t = 0, aircraft 1 is at the origin of a global coordinate frame, 
ying fromleft to right with a velocity u1 2 R2, while aircraft 2 is at position z0 2 R2, 
ying with a velocityu2 2 R2 which makes an angle � with u1 (Figure 3.1). We refer to aircraft 2 as the intruder. Acon
ict occurs if the intruder enters the protected zone of aircraft 1 or vice versa. For 
ight withaltitude below 29,000 ft, the protected zone is simply a disc of radius R = 5 nmi.
v

protected zone

θ

x

y

projected collision

s0

u

u1

2Figure 3.1: Typical encounter situation.For the positions z1(t) and z2(t) of the two aircraft, we propose a kinematic model of the followingform: z1(t) = u1t +�B1(t) (3.1)z2(t) = z0 + u2t+ T (�)�B2(t) (3.2)Here � = diag(�a; �c). �a; �c model the variance growth rate in the along track and cross trackcomponent respectively (�a > �c typically). T (�) is the matrix corresponding to a rotation by �



8counterclockwise: T (�) = �cos � � sin �sin � cos ��B1(t) and B2(t) are independent standard 2-D BM's.Subtracting equation (3.1) from equation (3.2) leads to�z(t) = z0 + �u � t � w(t); (3.3)where �z(t) = z2(t)�z1(t), �u = u2�u1, and w(t) = �B1(t)�T (�)�B2(t). Equation (3.3) suggeststhat one can think of the motion of aircraft 1 as consisting only of the perturbation w(t), and themotion of aircraft 2 as deterministic with constant velocity �u starting from z0. Furthermore, w(t)can be transformed to a standard 2-D BM by the following proposition.Proposition 1 There exists a nonsingular matrix P , such that P�1w(t) is a standard 2-D BM.Proof: Using the fact that for standard 2-D BM Bi(t), i = 1; 2, E[Bi(t)Bi(t + s)T ] = tI for alls; t � 0, we calculate the autocorrelation of process w(t) as:E[w(t)wT(t+ s)] = t[�2 + T (�)�2T (�)T ]where I is the 2 by 2 identity matrix. It can be checked that �2 + T (�)�2T (�)T = PPT holds forP = p2T ( �2)�, and � = diag(�1; �2) with:8<:�1 =q�2a cos2( �2) + �2c sin2( �2)�2 =q�2a sin2( �2) + �2c cos2( �2) (3.4)Therefore by de�ning n(t) = P�1w(t), we have E[n(t)nT (t + s)] = tI for all s; t � 0. Sincefn(t); t � 0g is a Gaussian process, for which uncorrelatedness implies independence, n(t) is astandard 2-D BM, which proves the conclusion.Therefore, by performing the transformation P�1, we can assume that the motion of aircraft 1 isa standard 2-D BM starting from the origin, while the motion of aircraft 2 is of constant velocityv = (vx; vy)T starting from s = (sx; sy)T , wheres = P�1z0; v = P�1�u: (3.5)The new coordinate system is plotted in Figure 3.2. De�ne xd as the distance from the origin tothe line h along which aircraft 2 is 
ying, and a as the distance from aircraft 2 at t = 0 to theprojection H of the origin on h. Then, in the new coordinate system:xd = jsTT�2 vjkvk a = �sT vkvk : (3.6)Ignore the noise temporarily. Then in the new coordinate system, a positive a indicates that thetwo aircraft are approaching each other and the minimal separation during the encounter is xd. Onthe other hand, a negative a indicates that they are 
ying away from each other and the minimal
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ict occurs if and only if the 2-D BM (i.e., the motion ofaircraft 1 in the new coordinate system) ever wanders into this moving ellipse.The model proposed here assumes that the initial positions of the aircraft are known precisely,i.e., it ignores errors in the radar and GPS measurements. This can be justi�ed by the fact thatuncertainty in the initial position will become rapidly dominated by the perturbation to the aircraftmotion as time goes on (see [20]). Another assumption we make is that the perturbations to themotions of di�erent aircraft are independent. This assumption, though inaccurate, is commonlymade in the literature (see [13, 15]). We will address this issure in the future work.Remark: In the model of [13], the cross track variance saturates once it reaches a �xed value(typically 0.5-1 nmi2) and the along track variance grows quadratically in time. By comparison, inour model both the cross and along track variances grow linearly with time. The justi�cation is thatwe intend to apply our model to the free 
ight situation, in which each aircraft will receive advisoryrather than mandatory trajectory speci�cation from the central controller. In this case, saturation,which in [13] is attributed to pilot feedback to maintain the aircraft on a speci�c trajectory, maybecome less meaningful. Moreover, for free 
ight, early con
ict detection and resolution is doneby individual aircraft which only have partial information about the intentions of their neighbors.This may include no more than the current positions and heading of surrounding aircraft. In thissituation, there is no reason to assume that the intruder will make an e�ort to maintain its currentheading precisely. Finally, the quadratically increasing along track variance in [13] might be largelydue to \global" wind e�ects which, although unknown, remain constant and a�ect the motion ofboth aircraft in a similar way over the relatively short con
ict horizon. Therefore, they tend tocancel out in the relative position. The perturbations in (3.1) and (3.2) model mainly local winde�ects such as air turbulence as well as deviations due to mechanical and human factors for eachaircraft.



10Chapter 4Approximated Probability of Con
ictFollowing [16], we distinguish three di�erent kinds of con
ict, and derive the probability of con
ict(PC) for each particular case.1. Overtake: Two aircraft 
y along the same path with the faster one trailing the slower one.2. Collision: Two aircraft 
y along crossing paths and exact collision is predicted.3. Near miss : Similar to collision, except that \exact collision" is replaced by \approach within5 nmi".4.1 PC for OvertakeSuppose that aircraft 1 and 2 are both 
ying from left to right along the x axis, with an initialdistance �x and aircraft 1 following aircraft 2 at a higher speed u1 > u2. In this setting, equation(3.3) simpli�es to: (�x(t) = �x+ �u t+ �1Bxt�y(t) = �2Bytwhere (�x(t);�y(t)) is the relative position of aircraft 2 with respect to aircraft 1 at time t,�u , u2 � u1, Bxt , Byt are independent standard 1-D BM's, and �1 = p2�a, �2 = p2�c are thecombined variances of the perturbations of both aircraft (assuming they are independent).By Proposition 1, a coordinate transformation P = diag(�1; �2) allows us to adopt the viewpointthat the motion of aircraft 1 is a standard 2-D BM Bt = (B1t ; B2t ) starting from the origin, whileaircraft 2 is moving at constant speed v = j�uj=�1 to the left, with an initial distance a = �x=�1from aircraft 1. In the new coordinate system, the protected zone of aircraft 2 is transformed intoan ellipse with long axis L = R=�2 and short axis S = R=�1 moving along with aircraft 2 (SeeFigure 4.1).A con
ict occurs if and only if Bt ever wanders into the moving ellipse. Denote this event as F .The probability P (F ) does not admit a closed form formula. However we can approximate it bya \decoupled" event. Let l be the vertical line which passes through the center of the ellipse andmoves together with it. Denote by � the �rst time Bt hits l and de�ne A , f! : jB2� (!)j � Lg,i.e. A is the event that the �rst time Bt hits line l, it is within a distance of L from the center
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SFigure 4.1: Transformed protection zone.of the ellipse. Since A � F , P (A) � P (F ). However since usually j�uj is much larger than thevariance growth rate of the BM, and because of the shape of the ellipse, it can be expected thatP (F ) ' P (A). We will discuss the error of this approximation more formally in the next chapter.Evidently � has the same distribution as T va , the �rst time the BM Bvt starting from the origin withdrift v reaches value a. So by Lemma 1, � has probability density:p� (t) = ap2�t3 exp(�(a� v t)22t ):and the approximate probability of con
ict for overtake case can be written as:P (A) = Z 10 p� (t) Zjyj<L 1p2�t exp(�y22t ) dt = 1� 2 Z 10 p�(t)Q( Lpt) dt; (4.1)where Q(x) , R1x 1p2� exp(�t2=2) dt. Notice that by Formula 5 in Appendix A, E[� ] = a=v. Incase v is larger than 1 or equivalently j�uj > �1, p� (t) concentrates near t0 , a=v = �x=j�uj.Since function q(t) , Q(L=pt) is relatively 
at near t0, we can expand q(t) about t0 to get:q(t) ' q(t0) + q0(t0)(t� t0) + 12q00(t0)(t� t0)2: (4.2)where q0(t0); q00(t0) are the �rst and second order derivatives of q(t) at t0 and can be calculated asq0(t0) = 1p2� exp(�L22t0 ) L2pt30 ;q00(t0) = 1p2� exp(�L22t0 )[ L34pt70 � 3L4pt50 ] (4.3)Substituting equation (4.2) into equation (4.1), we have after some calculation:Assertion 1 PC for overtake can be approximated by:P 3ot , 1� 2 �Q( Lpt0 )� K4v2p2� exp(�L22t0 ); (4.4)
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Figure 4.2: Comparison of P (A), P 0ot and P 3ot (Left: �u = 0:2 nmi/min, Right: �u = 1 nmi/min).where t0 = �x=j�uj and K = L3=pt50 � 3L=pt30. If only the �rst term in equation (4.2) is usedin the expansion, then we get the simpler 0-th order approximation:P 0ot , 1� 2 �Q(L=pt0): (4.5)In Figure 4.2, P (A) computed by numerical integration and its 0-th and 3-rd order approximationare plotted as functions of �x, for the two cases �u = 0:2 nmi/min and �u = 1 nmi/min. Here�1 = 1, �2 = 0:5 (whose squares are in nmi2/min, which is omitted from now on for simplicity), andR = 5 nmi. From these plots, it can be seen that Assertion 1 gives us a remarkably sharp estimateof P (A) (and hence P (F )) even in the case when v is much smaller than 1 (the approximation errorwhen v > 1 is barely visible).Sometimes it is more reasonable to limit the prediction to a �nite horizon, since a situation wherePC is nearly 1 but with a projected collision time �t of 30 minutes may not be as dangerous asa situation with a smaller PC but �t = 15 min. Instead of simply weighting PC and �t, we canalternatively compute PC for the overtake case within a �xed horizon tf as:P (A \ f� � tfg)) = Z tf0 p� (t) Zjyj<L 12�t exp(�y22t ) dt = Z tf0 p�(t)�1� 2Q( Lpt )�dt: (4.6)Following a procedure similar to that used for the in�nite horizon case, except that Formula 4 isused instead of Formula 5, we get the approximation of equation (4.6) as:Assertion 2 PC within time tf for overtake can be approximated by:P tfot , Q(a� v tfptf )G1 + e2avQ(a+ v tfptf )G2 + 2q00(t0) aptfv2p2� exp��(a� v tf )22tf �; (4.7)where G1; G2 are constants de�ned byG1 , 1� 2q(t0)� q00(t0)a=v3;G2 , 1� 2q(t0) + 4q0(t0)t0 � q00(t0)(4t20 � a=v3):
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  infinite horizon      Figure 4.3: Comparison of P 3ot and P tfot with tf = 30 min, �u = 2 nmi/min. Left: �1 = 1, Right:�1 = 2.Figure 4.3 shows the comparison between P 3ot and P tfot (tf = 30 min) as functions of �x for twodi�erent values of �1 (�1 = 1 and �1 = 2), with �2 = 0:5 and R = 5 nmi. Notice that P tfot coincideswith Pot for small �x, but drops to zero at around �u tf . The larger the �1, the slower the drop.Remark 2 : Although we have pointed out that P (A) is a valid approximation of P (F ) if �u > 1,it is interesting to know what this approximation becomes when �u is nearly zero, i.e. two aircrafthave almost the same speed and heading. A well known result in probability theory (see [1]) is thatthe hitting distribution on a line l for a 2-D BM Bt starting from z 62 l is Cauchy, which impliesthat the probability a �xed segment of l is hit by Bt �rst than any other part of l depends only onthe angle that the segment makes to z. So the contour of P (A) when v = 0 consists of the familyof all arcs passing through points g1 and g2 in Figure 4.1, which is acceptable.4.2 PC for Collision and Near MissWe now deal with the case when the paths of the two aircraft cross at an arbitrary angle �. Inthe following discussion we use the concepts introduced in Chapter 3. In particular, the circularprotected zone of radius R is transformed into an ellipse centered around aircraft 2, with initialboundary determined by equation (3.7) and moves at velocity v = (vx; vy)T along with aircraft 2.A con
ict occurs if and only if the 2-D BM Bt starting from the origin wanders into this movingellipse. In the spirit of the previous section, we calculate the projected width 2L of the ellipse alongthe direction of v as (see Figure 3.2):L = R�1�2sv2x�21 + v2y�222(v2x + v2y) : (4.8)where �1 and �2 are determined by equation (3.4).Now we estimate PC by approximating the event of con
ict as the event that the �rst time Bt hitsline k, it is within a distance L from the center of the ellipse. Line k is assumed to pass though the



14center of the ellipse at an angle orthogonal to v and move along with it at velocity v. Althoughthe ellipse may be far from symmetrical with respect to the line h, the error introduced in ourapproximation is partly reduced due to the shape of the ellipse on di�erent sides of h. We will givemore detailed treatment in the next chapter.By some rotation, we can assume that v is aligned with the positive x axis. An important propertyof BM is that it is invariant with respect to rotations, which implies that the motion of aircraft 1 isstill a standard BM. Therefore the time � for aircraft 1 to reach the line k has probability density:p� (t) = ap2�t3 exp��(a � �t)22t �; t � 0where � = �kvk, the plus or minus sign chosen according to whether the two aircraft are approach-ing of 
ying away from each other. a is given by equation (3.6). Assume a > 0. Following the lastparagraph, we propose the following approximation of PC for collision and near miss cases:Z 10 p� (t) Zjy�xdj<L 12�t exp(�y22t ) dt = Z 10 p� (t)�Q(xd � Lpt )�Q(xd + Lpt )� dt: (4.9)A procedure similar to the one used in the overtake case provides closed form approximations forequation (4.9). For example, if the 0-th order term is used, we get:Assertion 3 PC for collision and near miss can be approximated by:Pnm , Q(xd � Lpt0 )� Q(xd + Lpt0 ): (4.10)where t0 = a=�. L is given by equation (4.8), a and xd are given by equation (3.6).Higher order approximation and �nite horizontal version can also be obtained. For example, theprobability of con
ict before time tf can be approximated by:Z tf0 p�(t)�Q(xd � Lpt )� Q(xd + Lpt )�dt:By employing the same expansion technique and using Formula 4 from Appendix A, we haveAssertion 4 The approximated PC within time tf for collision and near miss case is:Pnm(tf ) = Q(a� �t; tfptf )�q1(t0)� q2(t0) + a2�3 (q001(t0)� q002(t0))�+ e2a�Q(a+ � tfptf )�q1(t0)� q2(t0)� 2(q01(t0)� q02(t0))t0+ 2(q001(t0)� q002(t0))t20 � a2�3 (q001(t0)� q002(t0))�� a�2r tf2� exp��(a� � tf )22tf �[q001(t0)� q002(t0)] (4.11)where q01(t0); q001(t0); q02(t0); q002(t0) are derivatives at t0 = a=� of the following functions:q1(t) , Q(xd � Lpt ) q2(t) , Q(xd + Lpt )
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Figure 4.5: P tfnm for tf = 10 min (top); tf = 15 min (bottom) with � = 90�, ku1k = 7 nmi/min,ku2k = 8 nmi/min, �a = 2, �c = 1, R = 5 nmi.4.3 Alternative View of the Method of Uncertainty EllipseThere are various other quantities which can be used to characterize the degree of danger of aparticular situation. In this section we analyze the notion of uncertainty ellipse used in [13] tocalculate an index also called PC in [13]. The idea is to model the position of an aircraft ateach time instance as a Gaussian random variable whose mean is determined by the deterministicmotion and whose variance grows with time. The probability of collision at each future instant isthen the probability that this Gaussian random variable lies inside the protection zone of the otheraircraft, and the overall PC is de�ned as the maximal value of such probability over the period ofpotential collision. Despite its simplicity, which makes it very attractive for on-line implementation,a meaningful interpretation is not so obvious. However, it can be shown to have a close relationshipwith the expected occupation time in unsafe set by the following argument.Let �x(t) be the relative position of two aircraft. S = D(0; R) is the protection zone. Then thetotal time two aircraft stay inside the protection zone is:T = Z 10 1�x(t)2S dt



17T is a random variable whose expectation can be calculated via Fubini theorem as:E[T ] = E[Z 10 1�x(t)2S dt] = Z 10 E[1�x(t)2S] dt= Z 10 P (�x(t) 2 S) dt= Z 10 PC(t) dtwhere PC(t) , P (�x(t) 2 S) is de�ned as in [13]. Therefore from this relation, the average valueof PC(t) during the encounter gives the expected time that the two aircraft stayed in con
ict statusif the current travel plans are followed.Other indices can be easily derived in a similar way. For example, if only collision within a certainhorizon tf is of interest and taking into consideration of the fact that collision at a later time poseless threat, then Z tf0 PC(t)e��t dtcan be also be used as another index (and possibly a more meaningful one than the maximum oraverage of PC(t)). Here � is the discount factor.It should be noted that although some of these indices lie in the range [0; 1], they don't admit aprobability interpretation, i.e. they are not the probability of an event in some measure space.Value thus obtained is only of relative meaning, and therefore is di�erent from the probability ofcollision calculated in this paper. The major advantage of working with these quantities is thatthey are relatively easier to calculate, even in the case when the deterministic trajectories of bothaircraft are not constant speed motions, for example, they are piecewise linear motions speci�ed bya set of waypoints. There are various technique to calculate PC(t). For an application of randomizealgorithm to such calculation, refer to [15], which also contains bounds on the estimation error inthe probabilistic sense.



18Chapter 5Bounds on Approximation ErrorIn this chapter some preliminary e�orts are made to derive theoretical bounds on the error ofapproximation obtained in the previous chapter.Consider the following situation: Bt = (B1t ; B2t )T is a standard 2-D BM starting from the origin.Then (a; b)T + Bt is the 2-D BM starting from (a; b)T for some (a; b)T 2 R2. Denote with S =f(x; y)jx� 0; y � 0g the closed quarter plane. Then St , S+ t � (v; 0)T is the quarter plane movingat speed v to the right and with initial position S. De�neHv(a; b) = f! : (a+ B1t (!); b+ B2t (!)) 2 St for some t � 0gi.e. H is the event that the 2-D BM starting from (a; b) ever hits the moving quarter plane St.Write its probability as: Gv(a; b) , P (Hv(a; b))We will study the properties of Gv(a; b) as a function of a,b and v. First of all, Gv(a; b) = 1 for(a; b) 2 S and it is easy to establish the following lemma:Lemma 2 For each �xed a, Gv(a; b) is a decreasing function of b, and for each �xed b, Gv(a; b) isan increasing function of a.Proof: (Sample path point of view) For each sample path (B1t (!); B2t (!)) of Bt that hits Stafter a translation of (a1; b1), it will also hits St after a translation of (a2; b2) with a2 � a1; b2 � b1.In other words, Hv(a1; b1) � Hv(a2; b2).We quote the following important property of BM from [2]:Lemma 3 (Scaling invariant of BM) If Bt is a 2-D BM with B0 = 0, then for any � > 0,f 1�B�2t; t � 0g d= fBt; t � 0gwhere d= means that the two processes have the same �nite dimensional distributions.In other word, 1�B�2t is also a BM (although not independent with Bt). It is remarked here thatLemma 3 is true for BM in Rn for arbitrary n. Using Lemma 3, a less obvious result about Gv(a; b)can be obtained as:



19Proposition 2 G�v( a� ; b�) = Gv(a; b) for any � > 0.Proof: By the de�nition of Gv(a; b),Gv(a; b) = P (Hv(a; b)) = P (B1t � �a+ vt and B2t � �b for some t � 0) (5.1)On the other hand, de�ne B̂1t , 1�B1�2t, B̂2t , 1�B2�2t and let t = �2s, we have,P (B1t � �a+ vt and B2t � �b for some t � 0)= P (B1�2s � �a+ �2vs and B2�2s � �b for some s � 0)= P (B̂1s � �a=�+ �vs and B̂2s � �b=� for some s � 0)= P (B1s � �a=�+ �vs and B2s � �b=� for some s � 0)where the last equality follows since (B̂1t ; B̂2t ) has the same distribution as (B1t ; B2t ) by Lemma 3.By comparison with equation (5.1), the last expression is exactly G�v( a� ; b�).Let � = 1=v in Proposition 2, we haveGv(a; b) = G1(av; bv), G(av; bv) (5.2)So we need only to investigate G(a; b) instead of Gv(a; b) for every v. Assume v = 1 from now on.For (a; b) on the left half plane, i.e. a � 0, a simple bound on G(a; b) can be obtained as follows:Proposition 3 G(a; b) < e2a for a � 0.Proof: Denote with � = infft � 0 : a +B1t = tg the �rst time (a+ B1t ; b+ B2t ) hits the movinghalf-plane Ut with initial position U0 = f(x; y) : x � 0g and velocity v = 1 to the right. Thenf� < 1g = f(a + B1t ; b+ B2t ) 2 Ut for some t � 0g , H1U(a; b). By Lemma 1, � has probabilitydensity function of the form: p� (t) = jajp2�t3 exp(�(jaj+ t)22t )Integrating from 0 to 1 and using Formula 6 with x = jaj and v = 1, we haveP (� <1) = Z 10 p�(t) dt = e�2jaj = e2aNotice that St � Ut for all t � 0 implies H1(a; b)� H1U (a; b). Hence the conclusion.The same idea can be applied to get a bound for the case when b � 0. Suppose (a; b) has polarcoordinates (r; �) with 0 � � � �.Proposition 4 G(a; b) � e�r(1�cos �).Proof: Draw a line l through the origin and at an angle � with the postive x-axis (0 � � � �).Suppose u1 is the projection of u along the direction orthogonal to l (see Figure 5.1). De�nelt , l+ u1 � t. Then event H1(a; b) = f! : (a+B1t (!); b+B2t (!)) 2 St for some t � 0g is containedin the event f! : (a+B1t (!); b+ B2t (!)) 2 lt for some t � 0g which has a probability e�2dv1 . Hered = r sin(� � �) is the distance of (a; b) to l, v1 = ju1j = sin�. SoG(a; b)� exp[�2r sin(� � �) sin�] = exp[�r(cos(� � 2�)� cos �)] 8 0 � � � � (5.3)



20
u

x

y

S

(a,b)

α

l

r

θ

d

u

u1

Figure 5.1: Bound for G(a; b) with b � 0The conclusion follows by noticing that the RHS of equation (5.3) is minimized at � = �=2.Basically, Proposition 4 tells us that G(a; b) decreases exponentially fast as (a; b) get farther awayfrom the origin along a certain direction, and the decay rates depend on that particular direction.Due to the simplicity of the idea, it is expected that the bound given in Proposition 4 is a looseone, especially when a � 0; b � 0. Starting from this point, we will focus on the case a � 0; b � 0and try to get sharper bounds by looking deeper into the event H1(a; b).Proposition 5 For a � 0; b � 0, G(a; b) is bounded byG(a; b)� 2 Z 10 ga(s)Q( bps) ds (5.4)where ga(s) is de�ned as ga(s) = 1p2�s exp��(a� s)22s �; 8s � 0 (5.5)Proof: Denote with � the �rst time (a+ B1(t); b+B2(t)) hits the x axis. Then � has the samedistribution as T 0b , the �rst time a standard BM starting from the origin hits b, which by Lemma 1,has probability density function:p�(t) = bp2�t3 exp(�b22t ) t � 0



21Notice that P (� <1) = 1 but E[�] =1. For brevity denote H = H1(a; b). Then1� G(a; b) = P (Hc) = Z 10 p�(t)P (Hcj� = t) dt= Z 10 p�(t) Z t�1 1p2�t exp��(x� a)22t �P (Hcj� = t; a+ B1(t) = x) dx dt= Z 10 p�(t) Z t�1 1p2�t exp��(x� a)22t � [1�G(x� t; 0)] dx dt� Z 10 p�(t) Z t�1 1p2�t exp��(x� a)22t �[1� e�2(t�x)] dx dt (By Proposition 3)= Z 10 p�(t)�Q(a� tpt )� Q(a+ tpt )e2a�dt (5.6)Notice that by Formula 4, Q(a� tpt )� Q(a+ tpt )e2a = Z t0 ga(s) dsSo the above inequality can be rewriten as:G(a; b)� 1� Z 10 p�(t) Z t0 ga(s) ds dt = 1� Z 10 ga(s) Z 1s p�(t) dt ds = 2 Z 10 ga(s)Q( bps) ds(5.7)In the last step we use the fact that R s0 p�(t) dt = 2Q(b=ps) and R10 ga(s) ds = 1 which follow fromFormula 4 and Formula 5 in Appendix A respectively.The reason why we prefer bound given by equation (5.4) than that given by the last equation of(5.6) is becasue E[�] = 1, hence p�(t) tends to have a large tail, making numerical integrationmore di�cult. While in equation (5.4), ga(s) is the probability density function of some randomvariable Ta with E[Ta] = a+ 1 and Var[Ta] = a+ 2 (see Formula 5). Since much of the density ofga(s) concentrates around E[Ta], it is expected that2 Z 10 ga(s)Q( bps) ds ' 2Q( bpa+ 1) (5.8)Level curves for both sides of equation (5.8) are shown in Figure 5.2. It can be seen that thedicrepency between them is barely observable except when both a and b are very small. Weconjecture that the right hand side of equation (5.8) is still a valid bound for G(a; b).Using Proposition 2 and the above approximation, we know that Gv(a; b) = G(av; bv) is boundedapproximately by Q(bv=pav + 1) which by the following lemma decreases to 0 at the same speedas 1pv e�v=2 as v !1 for any �xed a and b, even faster than exponentially.Lemma 4 ([2]) Q(x) = R1x 1p2� exp(�t2=2) dt satis�es:( 1x � 1x3 )e�x2=2 � p2�Q(x) � 1xe�x2=2 8x > 0
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a

bFigure 5.2: Level curves: Left: 2 R10 ga(s)Q( bps) ds Right: 2Q( bpa+1)To get bounds which are easier to compute than the one given in equation (5.4), we can use theobservation that ga(s) concentrates near a+1 and Q(b=ps) is an increasing function of s. We omitthe detail here.In the case a = 0, Proposition 5 takes an especially simple form.Corollary 1 G(0; b) � 2� R �20 e� bsin � d� for all b � 0.Proof: Using Proposition 5 and the transform z = tan �, we haveG(0; b)� 2 Z 10 1p2�s exp(�s2)Q( bps ) ds= 2 Z 10 1p2�s exp(�s2) Z 1b=s psp2� exp(�z2s2 ) dz ds= 2 Z 10 Z 1b=z 12� exp(�(1 + z2)s2 ) ds dz= 2 Z 10 1�(1 + z2) exp(�(1 + z2)b2z ) dz= 2 Z �20 1� exp(� bsin(2�)) d� (5.9)Conclusion follows if we let � = 2� and note the symmetry about �2 of the resulting integrand.Remark 4 It will be helpful at this point to make a comparison between the new bound we havejust derived in Corollary 1 with that given by Proposition 4, which reduces to e�b in the case a = 0and b � 0. As is easily veri�ed, the bound given in Corollary 1 is strictly less than e�b for all b andis actually a higher order in�nitesmal than e�b as b ! 1. So our extra work is rewarded with asharper bound on G(a; b).Now we can analyze the general situation we encountered in the overtake case of Chapter 4. Con-sider the following situation: In Figure 5.3, a rectangular box is moving at speed v to the right



23
y

l

d

v

A

h

(a,b)

Figure 5.3: moving boxwith initial position f(x; y) : jx + d=2j � d=2; jyj � hg. De�ne F v(a; b) to be the probability that2-D BM starting from (a; b)T will ever hit the moving box. For example let the BM start frompoint A = (0; z)T on the line l where z = h+ y for some y > 0. Then by Proposition 5,F v(0; z) � Gv(d; y) � 2 Z 10 gdv(s)Q( yvps) ds (5.10)Notice that F v(0; z) is symmetric in z and F v(0; z) = 1 for jzj � h, so if we de�neK(z) = (2 R10 gdv(s)Q( (jzj�h)vps ) ds; if jzj > h1; if jzj � h: (5.11)Then we have 1(jzj�h) � F v(0; z) � K(z); 8z 2 R1: (5.12)For general (a; b)T 2 R2 satisfying a � 0, we can condition on the time � that the BM startingfrom (a; b)T �rst hits the moving line l to get:F v(a; b) = Z 10 p�(t) Z 1p2�t exp��(x� b)22t �F v(0; x) dx dt (5.13)where p� (t) is the probability density function of � :p�(t) = ap2�t exp��(a� vt)22t �; 8t � 0Combining equation (5.11), (5.12) and (5.13), we haveProposition 6 F v(a; b) can be bounded byF v(a; b) � Z 10 p�(t)�Q(x� h � bpt )� Q(x+ h� bpt )�dx dtF v(a; b) � 2 Z 10 p� (t) Z 1p2�t exp��(x� b)22t �K(x) dx dt (5.14)
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Figure 5.4: Lower and upper bounds on PotTo get a feeling of its implication, take as an example the aircraft overtake case, where �u = 1nmi/min, R = 5 nmi, �1 = 1, �2 = 0:5. Then d = 2R=�1 = 10, h = L = R=�2 = 10, v = �u=�1 =1. We have encounter this situation before in Chapter 4 (see Figure 4.2). The simulation result ofthe above proposition is shown in Figure 5.4. We use numerical integration to evaluate equation(5.14). Since K(x) can be calculated by equation (5.11) beforehand and once for all, this will leadsto a double integration for which dblquad function in MATLAB is used for evaluation. Solid lineshows the approximated PC calculated by equation (4.5). It can be observed that even when �u issmall, the upper bound and lower bound are reasonably close to each other. As �u gets bigger andbigger, the gap between them will become more and more narrow until closing up completely when�u =1. Furthermore, in this case we are actually dealing with an eclipse encapulated within thebox, so the upper and lower bound should be even closer to each other if we rede�ne F v(a; b) asthe hitting probability of BM starting from (a; b)T hitting this moving ellispe.Remark 5 For the general collision and near miss cases, similar procedures as above can be carriedout to obtain bounds for the approximated PC. In addition, there are some obvious ways to re�nethe bounds obtained in this chapter, which we will not pursue here due to the existence of boundson the time and energy that can be spend.
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Part IICon
ict Resolution



26Chapter 6Classi�cation of ResolutionManeuversIn this chapter, we will try to classify qualitatively di�erent resolution maneuvers involving multipleaircraft. Although this notion has been explicitly or inexplicitly taken into consideration by mostresearchers on multi-aircraft resolution, often under di�erent names, for example, \cross pattern"in [4], a formal treatment has never appeared before. The main point of this chapter is that thestructure of this problem is more subtle than merely combinatorial, though not subtle enoughto elude a mathematical description. In fact, is is found that the types of resolution maneuversinvolving n aircraft have a one-to-one correspondence with the elements of the braid group Bn.In the following, we will start from the simplest two aircraft case and clarify what we mean by\qualitatively di�erent". It is found the the angle one aircraft turns with respect to the otherduring the maneuver plays a central role in classifying the type of maneuver. Similar technique canbe extended to the multiple aircraft case to get all the \fundamental" types. However, althoughthis leads to a complete classi�cation of two aircraft case, it is generally not the case for multipleaircraft case. For this purpose, the notion of braid will be introduced.6.1 Two Aircraft Case
✈ ✈
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2 2
b1b

✈

✈
1a

1

a2b
b1

2 2Figure 6.1: Head-on con
ict resolution. Left: Maneuver 1, Right: Maneuver 2Consider two aircraft, starting from a1 and a2 (marked with hollow circles in Figure 6.1) at time t0and trying to arrive at destinations b1 and b2 (marked with solid circles) at time tf respectively. Ifboth of them 
y strictly according to their pre-arranged 
ight plans which are the constant velocitymotions along the lines joining their starting points and destinations respectively, then a con
ict,which is de�ned as the event that the distance of two aircraft falls below some safe distance, (say,R), is projected to happen somewhere between t0 and tf .
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✈
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1 1
b1

a2

✈

✈ 2Figure 6.2: Resolution for con
ict at an angle 90�. Left: Maneuver 1, Right: Maneuver 2As shown in Figure 6.1, two resolution maneuvers can be proposed to resolve the head-on con
ictarising in this situation. Intuitively, these two maneuvers are qualitatively distinctive in the sensethat switching from one to the other can not be done smoothly without incurring situations ofhigher danger of con
ict. Therefore, if one maneuver is chosen, it is preferable to stick to it duringthe time interval [t0; tf ]. Qualitatively di�erent maneuvers for another con
ict con�guration areshown in Figure 6.2 in which the original unresolved motions of two aircraft are at a right angle toeach other. The above ideas will be made precise in this section.De�ne P1 as the space of all continuous paths joining a1 to b1:P1 , f� 2 C(Th;R2) : �(t0) = a1; �(tf) = b1gwhere Th = [t0; tf ], and C(Th;R2) consists of all the continuous maps from Th to R2. SimilarlyP2 , f� 2 C(Th;R2) : �(t0) = a2; �(tf) = b2gP1 and P2 inherit the uniform convergence metric D1 and D2 from C(Th;R2) respectively, e.g.D1(�1; �2) = supt2Th jj�1(t)� �2(t)jj for �1; �2 2 P1;Denote P = P1�P2. We will call each element of P a (joint) maneuver of two aircraft. MinimumSeparation over Encounter (MSE) for each maneuver (�; �) 2 P is de�ned as:�(�; �) = inft2Th jj�(t)� �(t)jj (6.1)It is easily seen that � : P! R is continuous sincejj�(�1; �1)��(�2; �2)jj � D1(�1; �2) +D2(�1; �2) 8�1; �2 2 P1; 8�1; �2 2 P2We are interested in those maneuvers with a MSE at least R for some prescribed safe distance R(usually taken to be 5 nautical miles in the current ATMS). Therefore de�neP(R) , P n��1([0; R]) = f(�; �) 2 P : �(�; �) > RgWe distinguish di�erent maneuvers according to the following equivalence relation (I = [0; 1]):



28De�nition 1 An R-homotopy between two maneuvers (�1; �1) and (�2; �2) in P(R) is a continuousmap H : I � Th ! R4 (or H = (H1; H2) where H1; H2 are continuous maps from I � Th to R2)satisfying:1. H(0; �) = (H1(0; �); H2(0; �)) = (�1; �1);2. H(1; �) = (H1(1; �); H2(1; �)) = (�2; �2);3. For any s 2 I, H1(s; �) 2 P1, H2(s; �) 2 P2 and �(H1(s; �); H2(s; �)) > R.Alternatively, an R-homotopy can be viewed as a continuous path in P(R) joining (�1; �1) to(�2; �2). Twomaneuvers (�1; �1) and (�2; �2) in P(R) are called R-homotopic (denoted as (�1; �1) R�(�2; �2)) if and only if there exists an R-homotopy between them, or alternatively, if and only ifthey are in the same connected component of P(R).We will try to determine structure of connected components of P(R). Compared with the classicalfundamental group problem in algebraic topology, the problem discussed here is harder since itnot only deals with trajectories, but also with their parameterizations. For example, it is notimmediately obvious that the two maneuvers shown in Figure 6.1 are not R-homotopic. However,it turns out that the two problems are intimately related as can be illustrated by the followingsimple transformation.For the sake of brevity, we focus on the case R = 0. The discussion for this case applied withoutmuch modi�cation to the case for any R > 0. Then P(0) consists of all those maneuvers suchthat a strict collision does not happen during Th (two aircraft are viewed as points in R2). Fixeda global coordinate system in R2, and denote with S1 the unit circle equipped with the usualtopology. Then each (�; �) 2 P(0) de�ne a path 	(�; �) in S1 in the following way: for eacht 2 Th, since �(t) 6= �(t), together they determine a direction in R2 (measured from �(t) to �(t)),or equivalently, a point 	(�; �)(t) in S1. More formally, de�ne equivalence relation / on R2 n f0gas: x / y if and only if x = �y for some � > 0 8x; y 2 R2 n f0gThen the quotient space R2 n f0g= / can be identi�ed with S1. Denote with [x] the /-equivalenceclass x belongs to. Then 	(�; �) : Th ! S1 is de�ned by:	(�; �)(t) = [�(t)� �(t)] 8t 2 Th (6.2)which is easily seen to be continuous in t.Summing up the procedure described above, we have actually de�ned a map 	 : P(0)! PS wherePS , f
 j 
 : Th ! S1 is continuous; 
(t0) = [a2 � a1]; 
(tf) = [b2� b1]gLet PS be equipped with the uniformly convergence metric. By the compactness of Th we haveLemma 5 	 : P(0)! PS is continuous.Similar to De�nition 1, two elements 
1; 
2 2 PS is homotopic if there exists a homotopy betweenthem, i.e. a continuous map H 0 : I � Th ! S1 such that1. H 0(0; �) = 
1(�), H 0(1; �) = 
2(�).
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2-a 1]b2
a2�
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2a1
b12-b 1][b

γ2

✈
1

✈

✈Figure 6.3: Induced paths in S12. H 0(s; t0) = [a2 � a1], H 0(s; tf) = [b2 � b1] for all s 2 I .Lemma 6 For any two maneuvers (�1; �1); (�2; �2) 2 P(0), if (�1; �1) 0� (�2; �2), then 	(�1; �1)and 	(�2; �2) are homotopic in PS.Proof: Let H : I � Th ! R4 be the 0-homotopy between (�1; �1) and (�2; �2). Then H(s; �) =(H1(s; �); H2(s; �)) can be viewed as a continuous map from I to P(0) joining (�1; �1) to (�2; �2)and H 0 = 	 � (H1; H2) gives the desired homotopy in PS between 	(�1; �1) and 	(�2; �2).Shown in Figure 6.3 are the 	 transformations for the two maneuvers in Figure 6.1. Since thefundamental group of S1 is �0(S1) = Z, we have actually proved that the two maneuvers are not0-homotopic. In other word, there is no way of continuously deforming one to the other withoutincurring collision somewhere in the middle. However, for a thorough classi�cation of maneuvers,we need the following more technical lemma:Lemma 7 For any two maneuvers (�1; �1); (�2; �2) 2 P(0), if 	(�1; �1) and 	(�2; �2) are homo-topic in PS , then (�1; �1) 0� (�2; �2).Proof: Let H 0 : I � Th ! S1 be the homotopy in S1 between 	(�1; �1) and 	(�2; �2). We needonly to construct a homotopy H1 in P1 between �1 and �2 and a homotopy H2 in P2 between �1and �2 such that for each s 2 I , �(H1(s; �); H2(s; �)) > 0. To this end, H1 can be chosen to be:H1(s; t) = (1� s) � �1(t) + s � �2(t); 8s 2 I; t 2 ThDe�ne R : I � Th ! R as:R(s; t) = (1� s)jj�1(t)� �1(t)jj+ sjj�2(t)� �2(t)jj; 8s 2 I; t 2 ThSince (�1; �1); (�1; �1) 2 P(0) and I is compact, we haveinfs2I;t2ThR(s; t) > 0Identifying each element of S1 with an angle and denoting with (r; �)polar = (r cos �; r sin �) thepoint in R2 with radius r and phase angle �, we can de�ne H2 : I � Th ! P2 asH2(s; t) = H1(s; t) + (R(s; t); H 0(s; t))polar



30It is easily veri�ed that (H1; H2) is the desired homotopy in P(0) between (�1; �1) and (�2; �2).Assembling the results obtained so far, we getTheorem 1 Two maneuvers (�1; �1); (�2; �2) 2 P(0) are 0-homotopic if and only if 	(�1; �1) and	(�2; �2) are homotopic in S1.Remark 6 Several remarks are evident at this point.� The conclusion of Theorem 1 remains valid if we change \0-homotopic" and \P(0)" to \R-homotopic" and \P(R)" respectively for any R > 0.� It might be more illuminating in the above deduction if instead of the map 	, we use the map(�; �) 7! ���, and transform the problem into determining the homotopy types of all pathsin R2 n B(0; R) starting from b1 � a1 and ending at b2 � a2. However, we adopt 	 since itcaptures the key notion in classifying di�erent maneuvers, i.e. it is the number and directionof turns one aircraft makes with respect to the other during the maneuver that determine itsqualitative type.Corollary 2 Fix the starting points and ending points of the two aircraft, say, as show in Figure6.1, then each resolution maneuver (�; �) is homotopic to exactly one of the following:1. Maneuver 1 in Figure 6.1;2. Maneuver 2 in Figure 6.1;3. Maneuver 1 followed by the motion that aircraft 2 stays at b2, aircraft 1 starts from b1, circlesaround aircraft 2 n time clockwise for some n � 1 and returns to b1.4. Maneuver 2 followed by the motion that aircraft 2 stays at b2, aircraft 1 starts from b1, circlesaround aircraft 2 n time counterclockwise for some n � 1 and returns to b1.In reality, unless in airspace with high air tra�c density such as those near airport, it is usuallyimplausible that one aircraft turns more than 360� during one maneuver. De�ne the fundamentalmaneuver as those for which one aircraft turns less than 360� in whichever direction with respect tothe other. Then the above corollary says that there is exactly two fundamental types of maneuversfor two aircraft resolution.6.2 Multiple Aircraft CaseNow consider the general scenario in which there are n aircraft with starting position a1; � � � ; anand destination position b1; � � � ; bn respectively. Similar to Section 6.1, we de�nePi , f� 2 C(Th;R2) : �(t0) = ai; �(tf) = big; i = 1; � � � ; nEach element (�1; � � � ; �n) of P ,Qni=1Pi is called a (joint) maneuver and its minimal separationover encounter (MSE) is de�ned as:�(�1; � � � ; �n) = min1�i<j�n�ij(�i; �j) 8�k 2 Pk; k = 1; � � � ; n



31where �ij(�i; �j) is the MSE between �i and �j de�ned in (6.1) of Section 6.1 with Pi and Pj inthe place of P1 and P2 respectively. Let P(R) , P n��1([0; R]) be the set of all maneuvers witha MSE greater than R. Two maneuvers (�1; � � � ; �n) and (�1; � � � ; �n) in P (R) are R-homotopicif there exists an R-homotopy H between them, i.e. a map H = (H1; � � � ; Hn) : I � Th ! R2nsatisfying:1. H(0; �) = (H1(0; �); � � � ; Hn(0; �)) = (�1(�); � � � ; �n(�));2. H(1; �) = (H1(1; �); � � � ; Hn(1; �)) = (�1(�); � � � ; �n(�));3. H(s; �) = (H1(s; �); � � � ; Hn(s; �)) 2 P(R) for all s 2 I .This equivalence relation partitions P(R) into disjoint components and it is the task of this sectionto determine the structure of these components.Similar to Section 6.1, for each aircraft pair i and j, we can de�ne a map 	ij : (Pi � Pj) n��1ij ([0; R]) ! PSij as in (6.2) with Pi and Pj in the place of P1 and P2 respectively. HerePSij is the set of all paths in S1 starting from [aj � ai] and ending at [bj � bi]. Therefore 	 =Q1�i<j�n 	ij de�nes a continuous map from P to PS , Q1�i<j�n PSij which maps (�1; � � � ; �n)to (	ij(�i; �j))1�i<j�n. Homotopy in PS is de�ned in an obvious way. The proof of the followingproposition is similar to that of Lemma 6.Proposition 7 If two maneuvers (�1; � � � ; �n) and (�1; � � � ; �n) in P(R) are R-homotopic, then	(�1; � � � ; �n) and 	(�1; � � � ; �n) are homotopic in PS.Since homotopy in product space induces homotopy in each coordinate space naturally, we haveCorollary 3 If two maneuvers (�1; � � � ; �n) and (�1; � � � ; �n) in P(R) are R-homotopic, then foreach pair 1 � i < j � n, (�i; �j) and (�i; �j) are R-homotopic in (Pi � Pj) n��1ij ([0; R]).In other word, if the 2-joint maneuver for any pair of aircraft is not R-homotopic, then the n-jointmaneuvers are not R-homotopic. Therefore there are at least 2n(n�1)=2 di�erent types of maneuverfor n-aircraft resolution. Shown in Figure 6.4 are the plots of 8 qualitatively distinctive maneuversfor 3 aircraft case. We assume as in reality no backward motion for any aircraft and place theaircraft symbol in such a way that there is no confusion for each aircraft pair as for which onepasses the cross point �rst.
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Figure 6.4: Fundamental types of resolution for con
ict involving 3 aircraft



33

✈ ✈✈

A B

C C

B

✈ ✈✈

A

Figure 6.5: two di�erent maneuvers with the same 	 imagesUnfortunately, unlike the 2 aircraft case, the converse of Proposition 7 is not true when n > 2.Figure 6.5 show two maneuvers with the same 	 images but are not R-homotopic.For a thorough classi�cation of resolution maneuvers, we need the following concepts: (For thesame reason as in the previous subsection we assume R = 0, thus P(0) contains all maneuverswithout strict collision). Each maneuver � = (�1; � � � ; �n) 2 P(0) can be extended to a map�̂ : Th ! R2 � Th by attaching the time as the last coordinate, i.e.�̂(t) = (�1(t); � � � ; �n(t); t); 8t 2 Thwhich has a natural representation as a pure n-braid. An n-braid joining a = (a1; � � � ; an) 2 R2nto b = (b1; � � � ; bn) 2 R2n is a set of n curves f
1; � � � ; 
ng in R2 � Th � R3 satisfying� Each point (ai; t0) is joined by exactly one curve in f
1; � � � ; 
ng to one of the point (bj; tf)for some 1 � j � n (i and j are not necessarily identical);� The plane z = t intersects each curve at exactly one point if t0 � t � tf and none otherwise;� 
i \ 
j = ; whenever i 6= j.To avoid technicality in the topology of R3, the following assumption is further assumed, which,considering the nature of the problem we are dealing with, is purely pedagogical.� Each curve is (or can be deformed continuously without intersecting other curves into) a �nitepolygonal curve which consists of �nite number of straight line segments piecing together.We denote the set of all such braids as B(a;b). If in the �rst assumption (ai; t0) is required to bejoined to (bi; tf ) for the same i, then the braid is called pure. The set of all pure braids is denotedas PB(a;b). Evidently � 7! �̂ is a one-to-one correspondence between maneuver in P(0) and purebraid in PB(a;b). One example is shown in Figure 6.6. Broken line segments are used to indicatewhich curve is in the front.Two braids �̂; �̂ in B(a;b) are said to be string isotopic (denoted as �̂ � �̂) if there exists acontinuous deformation of one to the other satisfying all four assumptions above throughout the
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✈Figure 6.6: Maneuver and its braid representationdeformation. String isotopy is obviously an equivalence relation on B(a;b) and the equivalenceclass �̂ belongs to is denoted h�̂i. It is clear from the de�nition of map � 7! �̂ thatProposition 8 Any two maneuvers �; � in P(0) are 0-homotopic if and only if �̂ and �̂ are stringisotopic.There is a canonical way of de�ning product operation on braids. Given braid �̂ 2 B(a;b) and�̂ 2 B(b; c), their product 
̂ = �̂ � �̂ 2 B(a; c) is de�ned to be the knot joining a to c obtained byconcatenating the n curves of �̂ with those of �̂ and then re-normalizing the t axis back to Th, i.e.
̂(t) = (
1(t); � � � ; 
n(t); t) for t 2 Th with
i(t) = (�i(2t� t0) t0 � t � t0+tf2 ;�i(2t� tf ) t0+tf2 � t � tf i = 1; � � � ; nThis product operation respects string isotopy in the sense thatLemma 8 If �̂ � �̂0 2 B(a;b) and �̂ � �̂0 2 B(b; c), then �̂ � �̂ � �̂0 � �̂0 2 B(a; c).The proof of this lemma is straightforward and hence omitted. Therefore there induces a productoperation on the isotopy classes of braids denoted as h�̂i�h�̂i and the associative law (h�̂i�h�̂i)�h
̂i =h�̂i � (h�̂i � h
̂i) holds whenever the products are well de�ned.For each �̂ 2 B(a;b), we de�ne its inverse �̂�1 2 B(b; a) as �̂�1(t) = (��11 (t); � � � ; ��1n (t); t) where��1i (t) = �i(t0 + tf � t); 8t 2 Th; i = 1; � � � ; nIn other word, �̂�1 is the mirror image of �̂ upside down. It is easily checked that it is indeed theinverse of �̂ in the sense that h�̂�1i � h�̂i = hêai; h�̂i � h�̂�1i = hêbiwhere êa is the identity pure braid in B(a; a) consisting of n vertical strings joining each (ai; t0)to (ai; tf ) respectively. Similarly for êb. For example, the string isotopy H between �̂�1 � �̂ and êacan be chosen to beH(s; t) = 8><>:(�1(2t� t0); � � � ; �n(2t� t0); t) 0 � t � t0+tf2 + t0�tf2 s(�1( t0+tf2 + t0�tf2 s); � � � ; �n( t0+tf2 + t0�tf2 s); t) t0+tf2 + t0�tf2 s � t � t0+tf2 + tf�t02 s(��11 (2t� tf ); �; ��1n (2t� tf ); t) t0+tf2 + tf�t02 s � t � tf
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s=0.3Figure 6.7: String isotopy between �̂�1 � �̂ and êawhich is shown visually in Figure 6.7. The inverse operation also respects string isotopy andtherefore h�̂i�1 , h�̂�1i makes sense. Now we can rede�ne 0-homotopy asProposition 9 Two maneuvers �; � 2 P(0) are 0-homotopic if and only if h�̂i�1 � h�̂i = hêai.Proof: By Proposition 8, � and � are 0-homotopic if and only if �̂ � �̂ in B(a;b). It followseasily from Lemma 8 that �̂ � �̂ implies �̂�1 � �̂ � �̂�1 � �̂ � êa, i.e. h�̂i�1 � h�̂i = hêai. Conversely,if �̂�1 � �̂ � êa, then another application of Lemma 8 and associativity of the product yields�̂ � (�̂ � �̂�1) � �̂ � �̂ � (�̂�1 � �̂) � �̂ � êa � �̂which complete the proof of the other direction.Therefore if we �x an arbitrary maneuver 
 2 P(0), then for any other maneuver � in P(0),� 7! h�̂i�1 � h
̂i establishes a one-to-one correspondence between the connected components ofP(0) and the isotopic classes of pure n-braids PB(a; a), and the problem translates itself into thethe classi�cation of isotopic type of (pure) braids. There are excellent account of this problem inthe references. We give the main results below and refer the interested reader to [10].Actually, the previous analysis suggests that the isotopy classes of B(a; a) form a group under theproduct operation. Denoted it by Bn. Then its identity is hêai and the inverse of an arbitraryelement h�̂i is h�̂i�1. Isotopy classes of pour braids form a subgroup of Bn and is denoted as PBn.Moreover, it is an normal subgroup since ��1 �� � � is pure for any � 2 B(a; a) provided � is pure.Without loss of generality we assume that the x coordinates of a1; � � � ; an are strictly increasing.We pay special attention to a set of elements of Bn. One such element h�̂ii together with its inverseis shown in Figure 6.8 in which there is a \twist" between the curves joining ai and ai+1 and all theother curves are vertical. h�̂1i; � � � ; h�̂n�1i generate the group Bn, or equivalently, every element ofBn is a �nite product of such elements and possibly their inverses. These generators are not \free"since they satisfy two sets of relations:1. h�̂ii � h�̂ji = h�̂ji � h�̂ii for 1 � i; j � n� 1 and ji� jj � 2;



36
a1

ai

a i

a1

a1

ai

a i

a1

σi σi

a a

a a

i+1 n

ni+1 ......

.......

......

.......a a

a a

i+1 n

ni+1 ......

.......

......

.......

-1

Figure 6.8: Braid �̂i and its inverse
a1

ai

ai+1

a i

a1 an

σi
σi+1σi

σ -1

σi+1
-1

σi+1
-1

i

......
......ai+2

ai+1
....... ......

ai+2

an

Figure 6.9: Relation h�̂ii � h�̂i+1i � h�̂ii = h�̂i+1i � h�̂ii � h�̂i+1i2. h�̂ii � h�̂i+1i � h�̂ii = h�̂i+1i � h�̂ii � h�̂i+1i for 1 � i � n� 2.The �rst relation is easy to see. To verify the second relation, one needs to draw explicitly thecomposition �̂�1i+1 � �̂�1i � �̂�1i+1 � �̂i+1 � �̂i � �̂i+1� and conclude that it is string isotopic to the identitybraid, as can be easily seen from Figure 6.9.A profound result in braid theory states that these two sets of relations are enough to describe Bn.More preciselyTheorem 2 Group Bn is isomorphic to the free product of h�̂1i; � � � ; h�̂n�1i together with the twosets of relations de�ned above.The pure braid group is a normal subgroup of Bn and admits the following presentationTheorem 3 Pure n-braid group PBn is generated byAj;k = �k�1�k�2 � � ��j+1�2j��1j+1 � � ���1k�2��1k�1; for 1 � j < k � ntogether with the relations1. Ar;s and Ai;j commutes if 1 � r < s < i < j � n or if 1 � r < i < j < s � n;2. Ar;sAr;jA�1r;s = A�1s;jAr;jAs;j if 1 � r < s < j � n;3. Ar;sAs;jA�1r;s = A�1s;jA�1r;jAs;jAr;jAs;j if 1 � r < s < j � n;
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2bFigure 6.10: Two homotopic maneuvers4. A�1i;j As;jAi;j and Ar;i commute if 1 � r < s < i < j � n.For a proof of the above theorems, see [11]. Therefore Theorem 3 together with Proposition 9 andthe comments thereafter implies that we have characterized the structure of 0-homotopy types ofresolution maneuvers in P(0) completely.Remark 7 We have the following remarks about the new perspective:� The �nite presentation of groups are notorious unsatisfactory in characterizing groups. How-ever, they o�er the only complete descriptions ofBn and PBn. In some special cases, they canbe simpli�ed, though still �nite presentation, with less generators and simpler relations de-�ned on them. For example, B3 = h�̂1; �̂2 ; �̂1�̂2�̂1 = �̂2�̂1�̂2i can be shown to be isomorphicto ha; b ; a3 = b2i with a = �̂1�̂2 and b = �̂1�̂2�̂1 ([11]).� In the light of the new perspective, the results obtained in the previous section about theclassi�cation of two aircraft resolution maneuvers becomes a special case since B2 is thefree cyclic group generated by h�̂1i, hence the conclusion of Corollary 2. Two fundamentalmaneuvers correspond to the generator h�̂1i and its inverse respectively. It will be instructiveto draw the maneuvers and corresponding braids explicitly.� The braid perspective often provides us with clearer view than that if simply the planar imageof each maneuver is drawn. The two maneuvers in Figure 6.10 give us such an example. Ineach of them, one of the aircraft remains at �xed position while the other one circles aroundit and returns to the original position. It is much clearer that they are string isotopic in thebraid representations.� Although many of the examples in this chapter seems unrealistic at the �rst sight, one caneasily constructed similar situations with more practical settings. This is especially the casefor airspace near airport, where aircraft might need to hover and make multiple turns beforeit gets the permission to land.



38Chapter 7Optimal Resolution7.1 Cost FunctionIn Chapter 6, we discuss the qualitative classi�cation of resolution maneuvers. Two resolutionmaneuvers are of the same type if and only if there exists a continuous con
ict-free deformationfrom one to the other. However, they are not the same in practical terms such as travel distance, fuelconsumption, etc. A natural question we will ask ourselves then is: among all the representativesof a given type of maneuvers, which one is the best?The answer of this question depends on the optimality criteria we choose. A natural candidate isthe travel distance which, under the same notation of previous chapter, can be written as:L(�) = Z tft0 jjv(t)jj dtwhere v(t) = _�(t) is the velocity of the aircraft at time t. Here we assume that the maneuver� is piecewise di�erentiable. The problem with L is that although favoring resolution path ofshorter length, it is only a function of the image of �, a reparameterization yields the same L, moreprecisely, suppose u : Th ! Th is a di�eomorphism, then � � u and � have the same length.Alternatively, the \energy" de�ned below will be adopted:J(�) = Z tft0 jjv(t)jj2dt (7.1)An application of Cauchy-Schwartz inequality yields(tf � t0)J(�) � [L(�)]2where equality holds if and only if jjv(t)jj is constant, i.e. if and only if the motion is of constantspeed L(�)=(tf � t0). This serves perfectly for our purpose since the J-minimal maneuver joining ato b is the constant motion along the line segment between them. If the maneuvers is required to lieon some curve other than the line segment, then of all the di�erent parameterizations, the one withthe least energy J is the one with the constant speed. This has practical interpretation in aircraftcontext since safety and capability limit and passenger comfort prohibit the aircraft from makingabrupt turns. For application of energy de�ned in (7.1) to the study of geodesics on Riemmanianmanifolds, the reader can refer to [9].
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c1c2Figure 7.1: Braid corresponding to one-legged maneuver7.2 Two Aircraft Case: Two Legged SolutionConsider the two aircraft resolution scenario �rst. As before, the two aircraft have starting positionsa1; a2 (at time t0) and destinations b1; b2 (at time tf ) respectively. However, we rede�ne P1 to bethe set of all continuous motions �1 : Th ! R2 which starts from a1 at time t0 and ends atb1 at time tf and which is piecewise di�erentiable, in other word, there exist a �nite partitiont0 < t1 < � � � < tn�1 < tn = tf of [t0; tf ] such that �1 is di�erentiable on each subinterval [ti; ti+1]for i = 0; 1; � � � ; n� 1 (i.e. �1 can be extended to a di�erentiable map on an open neighborhood(ti�"; ti+1+") of [ti; ti+1] for some " small enough). P2 is de�ned similarly. The minimal separationover encounter �(�1; �2) for each maneuver (�1; �2) 2 P = P1�P2 is de�ned as before and P(R)is the set of all such maneuvers with a MSE of at least R. Notice that this new de�nition of P(R)is di�erent from the one given in Chapter 6. We choose \at least" to make P(R) a close set suchthat the solution to the following problem exists:Minimize J(�1) + J(�2) for (�1; �2) 2 P(R): (7.2)By assigning di�erent weights to terms J(�1) and J(�2), we can have a priority of the two aircraft.However, the subsequent analysis remains largely intact.As a �rst step, we will focus on a special class of resolution maneuvers in this section and postponethe discussion of general case to later sections. A two-legged motion �1 for aircraft 1 is characterizedby a single waypoint c1 and an epoch tm 2 (t0; tf) and the motion consists of two stages, each ofwhich is in straight line and of constant speed: First from a1 at time t0 to c1 at time tm, then fromc1 at time tm to b1 at time tf . Denote the set of all such motions as P21. Similarly for aircraft2 we have P22, each element of which is characterized by the waypoint c2 and the same epochtm. P2 , P21 � P22 is the set of all (joint) two-legged maneuvers for both aircraft and its subsetconsisting of all those with a MSE of at least R is denoted P2(R). Each maneuver � = (�1; �2) inP2(R) corresponds to a braid �̂ 2 B(a; b) consisting of two line segments piecing together in thestate-time coordinate (see Figure 7.1). We now have a restricted version of problem (7.2) as:Minimize J(�1) + J(�2) for (�1; �2) 2 P2(R): (7.3)Solution to problem (7.3) will give a suboptimal solution to problem (7.2).Before proceeding, we need the following lemma whose proof can be easily checked.



40Lemma 9 For x; a1; a2 2 Rn and �1; �2 > 0, the following identity holds�1kx� a1k2 + �2kx� a2k2 = (�1 + �2)



x� �1a1 + �2a2�1 + �2 



2 + �1�2�1 + �2ka1 � a2k2In particular, if �1 = �2 = 1, then the above identity simpli�ed tokx� a1k2 + kx� a2k2 = 2



x� a1 + a22 



2 + ka1 � a2k22Since each � 2 P2(R) is completely characterized by c1 and c2, the cost function can be rewrittenby Lemma 9 asJ(�1) + J(�2) = 2Xi=1�(kci � aiktm � t0 )2(tm � t0) + (kbi � ciktf � tm )2(tf � tm)�= 2Xi=1�kci � aik2tm � t0 + kbi � cik2tf � tm �= 2Xi=1 tf � t0(tf � tm)(tm � t0)�



ci � (tf � tm)ai + (tm � t0)bitf � t0 



2 + kai � bik2tf � t0 �Ignoring the constant terms, we get an equivalent version of problem (7.3) asMinimize kc1 � cu1k2 + kc2 � cu2k2 for (�1; �2) 2 P2(R): (7.4)where cu1 ; cu2 is the unconstrained optimal value of c1 and c2 minimizing J(�1) + J(�2):cui = (tf � tm)ai + (tm � t0)bitf � t0 ; i = 1; 2 (7.5)In the case when tm is chosen to be the midpoint between t0 and tf , (7.5) simpli�ed tocui = ai + bi2 ; i = 1; 2The constraint can be simpli�ed as well. Let us calculate the MSE of a maneuver � = (�1; �2) 2 P2with way points c1 and c2 �rst. In the �rst stage, the motions of two aircraft are:�1(t) = a1 + (c1 � a1) t� t0tm � t0 ; �2(t) = a2 + (c2 � a2) t � t0tm � t0 ; t0 � t � tm (7.6)Simple calculation show thatLemma 10 The minimal distance of two aircraft during time interval [t0; tm] isd� = 8><>:ka1 � a2k; if � > 0;kc1 � c2k; if � < �kc1 � c2 � a1 + a2k2;pka1 � a2k2 � �2=kc1 � c2 � a1 + a2k2; if � kc1 � c2 � a1 + a2k2 � � � 0where � = (a1 � a2)T (c1 � c2 � a1 + a2).
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Figure 7.2: Plot of fc1 : d�(a1 � a2; c1 � c2) � RgA careful inspection of the above formulae shows that d� is a function of relative positions a1 � a2and c1�c2 only and is independent of the time tm. Hence we shall use d�(a1�a2; c1�c2) to denoteit explicitly whenever necessary. For the latter half of the maneuver, the motions can be writtenin a similar way as�1(t) = c1 + (b1 � c1) t � tmtf � tm ; �2(t) = c2 + (b2 � c2) t� tmtf � tm ; tm � t � tf (7.7)The minimal distance between two aircraft during time interval [tm; tf ] is d�(c1 � c2; b1 � b2) andthe overall MSE is minfd�(a1 � a2; c1 � c2); d�(c1 � c2; b1� b2)g.To make sure that the maneuver de�ned by (7.6) and (7.7) belongs to P2(R), both d�(a1�a2; c1�c2)and d�(c1 � c2; b1 � b2) have to be greater than or equal to R. Fix c2, and suppose we have thefreedom of choosing c1 arbitrarily. Figure 7.2 shows the set fc1 : d�(a1 � a2; c1 � c2) � Rg byshaded region, which is obtained by drawing a circle of radius R around c2 and two lines startingfrom point a1 � a2 + c2 tangent to that circle. This is always possible since by the assumptionka1�a2k > R, a1�a2+c2 is outside of the circle. Set fc1 : d�(c1�c2; b1�b2) � Rg can be obtainedin a similar way. The �nal feasible set of c1 is the intersection of two such sets and, depending onthe relative position of a1 � a2 and b1 � b2, has four possible con�gurations shown in Figure 7.3.We will denote this set as A(c2), highlighting its dependence on c2.The problem can be considerably simpli�ed if we observe that in all but the �rst con�guration, theunconstrained optimal cu1 ; cu2 is feasible. To see this, notice that by equation (7.5),cu1 = tf � tmtf � t0 (a1 � a2 + cu2) + tm � t0tf � t0 (b1 � b2 + cu2) (7.8)So if we choose c2 = cu2 in Figure 7.3, then cu1 lies on the line segment between a1 � a2 + c2 andb1 � b2 + c2, and is feasible in the last three con�gurations.Therefore we will assume the �rst con�guration from now on. Then for any given c2, A(c2) isthe union of two disjoint convex sets corresponding to the two fundamental types of maneuver.Moreover, for di�erent c2, A(c2) can be obtained simply by a translation (i.e. A(c2) = c2 + A(0)).Fixed c2. Let q = tf � tmtf � t0 (a1 � a2 + c2) + tm � t0tf � t0 (b1 � b2 + c2) (7.9)
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2Figure 7.3: Feasible set of c1 for �xed c2.and let p be the point in A(c2) nearest to q (See Figure 7.4). If p is not unique, we can chooseany of them. This is the case if and only if there is an exact collision in the unresoluted maneuver.Notice that p� q is independent of the choice of c2. Leto1 = p+ q2 ; o2 = c2 + p� q2Then problem (7.4) is minimized if we choose c2 = c�2 such that o1 and o2 coincide with cu1 and cu2respectively. And in this case the optimal c�1 is p. More precisely,Proposition 10 For the �rst con�guration, the optimal solution to problem (7.4) has waypointsc�1 = cu1 + p� q2 ; c�2 = cu2 � p� q2where p; q are de�ned in the above paragraph. Moreover, if in addition one of the two fundamentaltypes of resolution is required, then the optimal c�1 and c�2 are unique.Proof: By equation (7.8) and (7.9),cu1 � cu2 = q � c2 = tf � tmtf � t0 (a1 � a2) + tm � t0tf � t0 (b1 � b2) (7.10)is independent of the choice of c2. Since we have used c2 so far for an arbitrary but �xed point, in
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Figure 7.4: Optimal c1 and c2 for the �rst con�guration.the following we will use ĉ1 and ĉ2 to denote the optimization variable. Henceminfkĉ1 � cu1k2 + kĉ2 � cu2k2 : for all way points (ĉ1; ĉ2) such that (�1; �2) 2 P2(R)g= minĉ2 minĉ12A(ĉ2)�kĉ1 � cu1k2 + kĉ2 � cu2k2�= minĉ2 minĉ1�ĉ22A(0)�kĉ1 � cu1k2 + kĉ2 � cu2k2� (translation invariant of A(ĉ2))= min�ĉ2A(0)minĉ2 [kĉ2 +�ĉ� cu1k2 + kĉ2 � cu2k2] (de�ne �ĉ = ĉ1 � ĉ2)= min�ĉ2A(0) kq � c2 ��ĉk2=2 (by Lemma 9)= minĉ2A(c2) kq � ĉk2 (de�ne ĉ = c2 + �ĉ)= kq � pk2The last step follows from the de�nition of p. For the equality to hold, we must have ĉ = p, i.e.�ĉ = p� c2 and ĉ2 = (cu1 + cu2 ��ĉ)=2 by Lemma 9, which, together with (7.10), leads toĉ2 = cu1 + cu2 � p+ c22 = cu2 � p� q2 and ĉ1 = ĉ2 +�ĉ = cu1 + p� q2The uniqueness of c�1 and c�2 follows from the above deduction and the fact that p is unique sincethe one connected component chosen from A(c2) is convex.Denote the solution in Proposition 10 as c�1(a;b; t0; tm; tf) and c�2(a;b; t0; tm; tf) where a = (a1; a2)and b = (b1; b2). For any con�guration other than the �rst one, c�1; c�2 can be simply de�ned as theunconstrained optimal cu1 and cu2 . Therefore the previous analysis shows that c�1; c�2 thus de�ned isthe waypoints for the optimal solution of problem (7.3). Furthermore, they satisfy the followingproperty which is evident from the above deduction and will be used later.Proposition 11 For any a1; a2; b1; b2 2 R2 and any t0 < tm < tf , we havec�1(a;b; t0; tm; tf) + c�2(a;b; t0; tm; tf )2 = cu1 + cu22 = (tf � tm)(a1 + a2) + (tm � t0)(b1 + b2)2(tf � t0)
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Figure 7.5: Two-legged optimal resolution maneuversFigure 7.5 shows the optimal two-legged resolution maneuvers for two typical situations of con
ict.In each plot, the starting points are marked with stars and the ending points with diamonds. Thecircles are the way points computed by Proposition 10. If it is required that a speci�c type ofresolution is adopted, then a similar procedure can be used to locate the optimal waypoints. Oneneed only to restrict p in one particular connect component of A(c2).7.3 Two Aircraft Case: Multi-legged SolutionThe result in the last section can be generalized to multi-legged case, in which we have a set ofwaypoints instead of only one. More speci�cly, �xed a set of epochs t0 < t1 < � � � < tn�1 <tn = tf , an n-legged motion for aircraft 1 is the piecewise linear motion with waypoints (c1;0 =a1; t0); (c1;1; t1); � � � ; (c1;n = b1; tn). Pn1 is the set of all such motions. Similarly for Pn2 withwaypoints c2;0 = a2; c2;1; � � � ; c2;n = b2 and the same epochs. Pn = Pn1 � Pn2 and its subsetconsisting of all joint n-legged maneuvers with a MSE of at least R is denoted Pn(R). The problemin this section is: Minimize J(�1) + J(�2) for (�1; �2) 2 Pn(R): (7.11)Or in term of waypointsMinimize 2Xi=1 nXj=1 kci;j � ci;j�1k2tj � tj�1 for (�1; �2) 2 Pn(R): (7.12)Evidently a necessary condition for the optimal solution to problem (7.12) is:(c1;j = c�1((c1;j�1; c2;j�1); (c1;j+1; c2;j+1); tj�1; tj ; tj+1)c2;j = c�2((c1;j�1; c2;j�1); (c1;j+1; c2;j+1); tj�1; tj ; tj+1) (7.13)for j = 1; � � � ; n� 1. c�1 and c�2 are functions de�ned in the last subsection. De�neoj = c1;j + c2;j2 ; j = 0; 1; � � � ; n
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Figure 7.6: Multi-legged resolution maneuversThen by Proposition 11, condition (7.13) impliesoj = (tj+1 � tj)oj�1 + (tj � tj�1)oj+1tj+1 � tj�1 j = 1; 2; � � � ; n� 1This is possible if and only if in the space-time coordinate, (o0; t0); (o1; t1); � � � ; (on; tf) are on astraight line, in other wordoj = (tf � tj)o0 + (tj � t0)ontf � t0 = (tf � tj)(a1 + a2) + (tj � t0)(b1 + b2)2(tf � t0) (7.14)Instead of deriving the analytic expression for the optimal solution �� of problem (7.11), we contendourselves by providing the following algorithm.Algorithm 1 1. Pick any feasible waypoints c(0)i;j , i = 1; 2, j = 0; 1; � � � ; n such that c(0)1;0 =a1; c(0)2;0 = a2; c(0)1;n = b1; c(0)2;n = b2 and d�(c(0)1;j � c(0)2;j ; c(0)1;j+1 � c(0)2;j+1) � R, j = 0; 1; � � � ; n� 1.2. for k = 0; 1; � � � , de�ne(c(k+1)1;j = c�1((c(k)1;j�1; c(k)2;j�1); (c(k)1;j+1; c(k)2;j+1); tj�1; tj ; tj+1)c(k+1)2;j = c�2((c(k)1;j�1; c(k)2;j�1); (c(k)1;j+1; c(k)2;j+1); tj�1; tj ; tj+1) j = 1; 2; � � � ; n� 13. Repeat procedure 2 until some condition, say, the decrease in energy is below some threshold", is met.It is easily seen that the energy is a nonincreasing function in the number of iterations and is strictlydecreasing whenever the maneuver does not satisfy condition (7.13). Therefore the iteration willconverge to a maneuver satisfying condition (7.13). It is conjectured that for a �xed fundamentalresolution type, the optimal �� is the only maneuver satisfying condition (7.13). We will postponeits discussion to the next section. Figure 7.6 gives the simulation results for two typical con
ictsituations. We choose a large R = 30 nmi to make the 32-legged solution more obvious. Also the
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Figure 7.7: Operation Twepochs tj , j = 0; 1; � � � ; 32 evenly divides [t0; tf ] and the corresponding waypoints are marked withsmall circles. Therefore the denser the circle, the slower the motion is. Notice in addition that thesolution in neither case is of constant speed and the speed variation in the second case is largerthan in the �rst one. These phenomena will be explained in a more general setting in the nextsection.7.4 Two Aircraft Case: In�nite-legged SolutionIn this section we will deal with the general case. The most important di�erence from the previoustwo sections in methodology is that from now on, instead of attacking the problem directly aswe did before, an indirect method will be adopted. We propose various transformations on theresolution maneuvers and study those properties which are invariant under such transformations.This strategy is a common practice in various branches of mathematics. Although it is debatablewhether this new perspective is the single most important feature which distinguishes modernmathematics from it classical counterpart as some mathematicians have claimed, there is no doubtthat, applied in an appropriate way, it can give us profound and sometime surprising insight aboutthe object under inspection.So much for the philosophy lesson and let us get back on track. Recall that in problem (7.2),P(R; a1; a2; b1; b2) denotes the set of all maneuvers in P with a MSE at least R when the startingpositions are a1; a2 and destination positions b1; b2 respectively. Let w 2 R2 be any vector. Forany maneuver � = (�1; �2) 2 P(R; a1; a2; b1; b2), construct a new maneuver � = (�1; �2) with thesame starting positions but di�erent destinations b1 + w; b2+ w as:�i(t) = �i(t) + t� t0tf � t0w; 8t 2 Th; i = 1; 2From the braid point of view, �̂ is the linearly tilted version of �̂. Since k�1(t)� �2(t)k = k�1(t)��2(t)k for all t, we have � 2 P(R; a1; a2; b1 + w; b2 + w). So if we denote � = Tw(�), then Tw is amap from P(R; a1; a2; b1; b2) to P(R; a1; a2; b1 + w; b2 + w) for each R, and moreover, because ofthe easily checked fact that Tw � T�w = id, is also a bijection between them. Less obviouslyProposition 12 Suppose �� is the optimal solution for problem (7.2) in P(R; a1; a2; b1; b2). Then� = Tw(��) is the optimal solution for problem (7.2) in P(R; a1; a2; b1+ w; b2+ w).



47Proof: Take any � = (�1; �2) 2 P(R; a1; a2; b1; b2) and let � = (�1; �2) = Tw(�), thenJ(�1) + J(�2) = Z tft0 [k _�1(t)k2 + k _�2(t)k2] dt= Z tft0 �



 _�1(t) + wtf � t0



2 + 



 _�2(t) + wtf � t0



2� dt= Z tft0 [k _�1(t)k2 + k _�2(t)k2] dt+ Z tft0 2wTtf � t0 [ _�1(t) + _�2(t)] dt+ 2kwk2tf � t0= J(�1) + J(�2) + 2wT (b1 + b2 � a1 � a2 + w)tf � t0Notice that the last term is a constant independent of �. Denote it by C, theninffJ(�1) + J(�2) : � 2 P(R; a1; a2; b1 + w; b2 + w)g= inffJ(�1) + J(�2) + C : � 2 P(R; a1; a2; b1; b2)g (let � = T�w(�))= J(��1) + J(��2) + Cwhere the equality holds if and only if T�w(�) = ��, i.e. if and only if � = Tw(��).The reason we introduce this new operation is illustrated by the following proposition.Proposition 13 Suppose �� is the optimal solution for problem (7.2) in P(R; a1; a2; b1; b2), andsuppose in addition a1 + a2 = b1 + b2. Then��1(t) + ��2(t) = a1 + a2 = b1 + b2; 8t 2 ThProof: To simplify notation, let � = �� = (�1; �2). Denote e = (a1+a2)=2 = (b1+b2)=2. De�nea new maneuver � = (�1; �2) by(�1(t) = �1(t)��2(t)2 + e�2(t) = �2(t)��1(t)2 + e 8t 2 ThThen it can be checked that � has the same starting and destination position as � and moreover,k�1(t) � �2(t)k = k�1(t) � �2(t)k for all t 2 Th. Therefore � 2 P(R; a1; a2; b1; b2). Notice that_�1(t) = ( _�1(t)� _�2(t))=2, _�2(t) = ( _�2(t)� _�1(t))=2, we haveJ(�1) + J(�2) = Z tft0 �



 _�1(t)� _�2(t)2 



2 + 



 _�2(t)� _�1(t)2 



2� dt= Z tft0 k _�1(t)� _�2(t)k22 dt� Z tft0 [k _�1(t)k2 + k _�2(t)k2] dt= J(�1) + J(�2)By hypothesis, J(�1) + J(�2) � J(�1) + J(�2), so the equality holds. But this is possible if andonly if k _�1(t) � _�2(t)k2 = 2k _�1(t)k2 + 2k _�2(t)k2, i.e. if and only _�1(t) = � _�2(t) for almost allt 2 Th. Integrating from t0 to t, we get�1(t) + �2(t) = �1(t0) + �2(t0) + Z tt0 [ _�1(t) + _�2(t)] dt = �1(t0) + �2(t0)for all t 2 Th which is the desired conclusion.Now we can extend condition (7.14) to the in�nite-legged case.
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Figure 7.8: Braid for the optimal maneuverCorollary 4 Suppose �� is the optimal solution for problem (7.2) in P(R; a1; a2; b1; b2). Then��1(t) + ��2(t)2 = (tf � t)(a1 + a2) + (t� t0)(b1 + b2)2(tf � t0) ; 8t 2 ThProof: Let w = (a1 + a2 � b1 � b2)=2. Then Tw maps �� to �� = Tw(��) which, by Proposition12, is the optimal solution to problem (7.2) in P(R; a1; a2; b01; b02) with b01 = b1 + w, b02 = b2 + wsatisfying b01 + b02 = a1 + a2. Therefore by Proposition 13, ��1(t) + ��2(t) = a1 + a2 for all t 2 Th.The desired conclusion follows by noting �� = T�w(��) and the de�nition of T�w .Remark 8 It is easily seen that Tw maps n-legged maneuvers to n-legged maneuvers with thesame epochs. Therefore the conclusions of Proposition 12, Proposition 13 and Corollary 4 remainstrue if we replace each occurrence of P by Pn for arbitrary n.The trick in the above proof can always be carried out, so we will restrict our discussion to thecase when a1 + a2 = b1 + b2 at the moment and derive the optimal resolution maneuver. Inthis case, if �� is the optimal solution to problem (7.2) in P(R; a1; a2; b1; b2), then Proposition13 says [��1(t) + ��2(t)]=2 is the constant c = (a1 + a2)=2 = (b1 + b2)=2 throughout Th, in otherword, ��1(t) and ��2(t) are always symmetric with respect to c, specifying one of them, say, ��1,is enough to describe the maneuver. The MSE constraint becomes inf t2Th k��1(t) � ck � R=2, orequivalently, ��1(t) 62 B(c; R=2) where B(c; R=2) is the open disk of radius R=2 around c. Moreover,J(��1) = J(��2) since _��1(t) = � _��2(t) for all t 2 Th.Therefore, to �nd ��, we need only to focus on those elements of P(R; a1; a2; b1; b2) satisfying theabove properties and problem (7.2) translates intoMinimize J(�1) for all �1 : Th ! B(c; R=2)c satisfying �1(t0) = a1; �2(tf ) = b1: (7.15)Instead of working on �1, we work on its corresponding braid �̂1 de�ned as �̂1(t) = (�1(t); t). Thispoint of view has several advantages. First, the energy of �1 and �̂1 has a simple relationJ(�̂1) , Z tft0 



d�̂1dt 



2 dt = Z tft0 [k _�1(t)k2 + 1] dt = J(�1) + (tf � t0)



49Hence the optimal �1 corresponds to �̂1 with the least J energy. Second and more important,each �̂1 is completely characterized by its image in R2 � Th, therefore by the discussion at thebeginning of this section, we do not need to consider the problem of di�erent reparameterizationand minimizing J energy is equivalent to minimizing the arc length of �̂1. This observation willmake the geometric interpretation of the optimal solution possible.The constraint for �̂1 inherited from �1 becomes that �̂1 can not intersect the cylinder of radiusR=2 around the line (c; t), t0 � t � tf . So the problem is to �nd the shortest curve in R2 � Thjoining (a1; t0) to (b1; tf ) without intersecting the cylinder. Obviously choosing one side of thecylinder is equivalent to choosing a particular fundamental type of resolution. Figure 7.8 shows theshortest curve for one such choice. From points (a1; t0) and (b1; tf ), draw vertical planes tangent tothe cylinder. The optimal �̂�1 should lie on a portion of these two planes and the surface of cylinder(otherwise we can always project it back to these surfaces and reduce its length). We can unwrapthese surfaces to a 
at one without changing the length of curves lying on it (see the �rst step inFigure 7.8). Now it is very clear that �̂�1 must correspond to the line segment joining a1 and b1 inthe unwrapped 
at surface. Since this line segment has constant slope, the corresponding ��1 is ofconstant speed. Moreover, optimal waypoint c1 corresponds to p1 in R2 such that line joining a1and p1 is tangent to the circle @B(c; R=2). Similarly c2 corresponds to q1 such that line from b1 toq1 is tangent to @B(c; R=2). p1 and q1 are properly chosen such that they are on the correct side(see the rightmost part of Figure 7.8).Proposition 14 The optimal solution ��1 to problem (7.15) of a certain fundamental type is aconstant speed motion consisting of three stages: �rst from a1 to p1 along the straight line, thenfrom p1 to q1 along the circle @B(c; R=2), and last from q1 to b1 along the straight line.Denote the optimal solution given in Proposition 14 as 
�(a1; a2; b1; b2) highlighting its dependenceon a1; a2; b1; b2. Now we can state the theorem about the general case.Theorem 4 The optimal solution �� to problem (7.2) in P(R; a1; a2; b1; b2) of a certain funda-mental type is: (��1(t) = 
�(a1; a2; b1+ w; b2+ w)(t)� t�t0tf�t0w;��2(t) = a1 + a2 � 
�(a1; a2; b1+ w; b2+ w)(t)� t�t0tf�t0w; 8t 2 Thwhere w , (a1 + a2 � b1 � b2)=2.In the above theorem, 
�(a1; a2; b1+w; b2+w) has to be properly chosen such that its type matchesthat of ��. Figure 7.9 shows the plot of two such optimal resolution maneuvers. Compared withFigure 7.6, it can be seen that as the number of legs becomes large enough, the optimal resolutionmaneuver �� can be approximated arbitrarily closely. Although 
�(a1; a2; b1 + w; b2 + w) is aconstant speed motion, in general ��1 and ��2 are not since they have an additional drift term andthe larger the di�erence w is between a1 + a2 and b1 + b2, the larger the variation in speed. Thiswill explain why the �rst case has a optimal resolution maneuver closer to a constant speed motion.One can say more about the relation between n-legged and in�nite-legged solution. Denote withJn;� the cost corresponding to the optimal solution �n;� to problem (7.11). Denote with J� theoptimal cost of problem (7.2). We will write J�(R) to indicate its dependence on R whenevernecessary. It can be expected that Jn;� ! J� as n ! 1. To show this we need the followinglemma.
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Figure 7.9: In�nite-legged optimal resolution maneuversLemma 11 J�(R) is continuous in R provided 0 < R < minfka1 � a2k; kb1� b2kg.Proof: First notice that J�(R) is nondecreasing for 0 < R < minfka1�a2k; kb1� b2kg. Supposethe optimal maneuver for problem (7.2) corresponding to some R is � = (�1; �2) 2 P(R). ThenJ�(R) = J(�1)+J(�2) by hypothesis. De�ne a local deformation �� = (��1 ; ��2) of � parameterizedby � as: (��1(t) = �1(t)��2(t) = �1(t) + (maxfk�2(t)� �1(t)k; R+ �g; [�2(t)� �1(t)])polar 8t 2 Thfor � � 0 su�ciently small. Here (�; �)polar is de�ned in Chapter 6. It is easily checked that�� 2 P(R+ �) and �0 = �. Furthermore, J(�) , J(��1 ) + J(��2 ) is continuous for � small enough.Therefore, for any " > 0, we can always �nd a � > 0 small enough such that J(�) < J(0) + " =J�(R) + ". This implies J�(R) � J�(R+ �) � J(�) < J�(R) + "Therefore J� is right continuous at R. A similar argument can establish the left continuity of J�at R. Hence J�(R) is continuous at R for 0 < R < minfka1 � a2k; kb1� b2kg.By using exactly the same argument, we can also show that J�n(R) is continuous in R. ThereforeProposition 15 For any 0 < R < minfka1 � a2k; kb1� b2kg, J�n(R)! J�(R) as n!1Proof: Fixed R. It is obvious that J�n(R) is nonincreasing in n. Suppose � = (�1; �2) 2 P(R) isthe optimal solution for problem (7.2). Then since �1; �2 are piecewise smooth and Th is compact,we can �nd piecewise linear approximation �n = (�n1 ; �n2) 2 Pn for them respectively such thatsupt2Th k�i(t)� �ni (t)k < � supt2Th k _�i(t)� _�ni (t)k < � i = 1; 2



51for any � > 0; � > 0 provided n is large enough. The �rst inequality implies that �n 2 Pn(R� 2�),while the second inequality implies that J(�n1 ) + J(�n2 ) can be made arbitrarily close to J(�1) +J(�2) = J�(R), say, within ". ThereforeJ�(R� 2�) � J�n(R� 2�) � J(�n1 ) + J(�n2 ) � J�(R) + "The desired conclusion follows by using Lemma 11 and the arbitrariness of � and ".7.5 Multiple Aircraft Case: Global AnalysisIn this section, the n aircraft case will be considered. Suppose we have n aircraft with startingpositions a = (a1; a2; � � � ; an) and destination positions b = (b1; � � � ; bn) respectively. For simplicitywe will use P(R; a;b) to denote the set of all n-joint maneuvers which have MSE of at least Rbetween any pair of the n aircraft. The problem is toMinimize nXi=1 J(�i) for all � 2 P(R; a;b) (7.16)Many results in the previous section have their counterparts here. For example, for any w 2 R2,de�ne b + w = (b1 + w; b2 + 2; � � � ; bn + w). The operation Tw is de�ned as before, i.e. for any� 2 P(R; a;b), � = Tw(�) is�i(t) = �i(t) + t � t0tf � t0w; 8t 2 Th; i = 1; � � � ; nProposition 16 Tw is a bijection from P(R; a;b) to P(R; a;b+ w) and it maps optimal solutionof problem (7.16) in P(R; a;b) to its optimal solution in P(R; a;b+ w).Proposition 17 Suppose �� is the optimal solution of problem (7.16) in P(R; a;b). Then1n nXi=1 �i(t) = (tf � t)Pni=1 ai + (t� t0)Pni=1 bin(tf � t0) 8t 2 ThIn particular, if Pni=1 ai =Pni=1 bi = c, then Pni=1 �i(t) = c; 8t 2 Th.The proofs of these two propositions resemble those of the two aircraft case and we will not repeatthem again. There is, however, an alternative way of proving Proposition 17, which is the preferredone since it opens up the possibility of proving various other characteristics of the optimal solutionof problem (7.16). This will constitute the main theme of the rest of this section.Proof: Let 
 : Th ! R2 be a di�erentiable mapping such that 
(t0) = 
(tf) = 0. For eachmaneuver � 2 P(R; a;b) and each � 2 R1, de�ne a new maneuver � = D�
(�) by�i(t) = �i(t) + �
(t); 8t 2 Th; i = 1; � � � ; nThen � 2 P(R; a;b). The energy of � isJ(�) = nXi=1 J(�i) = nXi=1 Z tft0 k _�i(t)k2 dt = nXi=1 Z tft0 k _�i(t) + � _
(t)k2 dt= J(�) + n�2 Z tft0 k _
(t)k2 dt + 2� Z tft0 _
(t)T nXi=1 _�i(t) dt
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R θFigure 7.10: Twist operation R� on braids.So the energy di�erence �J , J(�) � J(�) is a quadratic function of �. Now suppose � = �� isthe optimal solution of problem (7.16), then �J � 0 for all �. Hence R tft0 _
(t)T Pni=1 _�i(t) dt = 0.But this should hold for any choice of 
, say, Pni=1 _�i(t), therefore Pni=1 _�i(t) = 0 for almost allt 2 Th which is the desired conclusion.To further study the property of the optimal solution to problem (7.16), we introduce the followingoperator. Because of Proposition 16, we can assume Pni=1 ai = Pni=1 bi = 0 at the moment.Suppose � : Th ! R is a di�erentiable mapping satisfying �(t0) = 0, �(tf ) = 2k� for some integerk. For each maneuver � 2 P(R; a;b), de�ne a new maneuver � by twisting � by an angle �(t) attime t. More precisely, � = (�1; � � � ; �n) with�i(t) = T�(t)�i(t); 8t 2 Th; i = 1; 2; � � � ; nwhere T�(t) is the matrix corresponding to a rotation of angle �(t) counterclockwiseT�(t) = �cos[�(t)] � sin[�(t)]sin[�(t)] cos[�(t)] �Denote � = R�(�). Then since T�(t0) and T�(tf) are both identity and T�(t) leaves the distance ofany two points unchanged, � 2 P(R; a;b) hence R� de�nes a map from P(R; a; b) to itself. It isactually a bijection since R� � R�� = R�� � R� = id as can be easily veri�ed. Figure 7.10 showsthe e�ect of operation R� on some maneuver.It is interesting to see what is the energy of the new maneuver �. First notice that for each i,_�i(t) = T�(t) _�i(t) + ddtT�(t)�i(t) = T�(t) _�i(t) + _�(t)T�2+�(t)�i(t)Therefore k _�i(t)k2 = kT�(t) _�i(t)k2 + k _�(t)T�2+�(t)�i(t)k2 + 2 _�(t)�Ti (t)TT�2+�(t)T�(t) _�i(t)= k _�i(t)k2 + k�i(t)k2j _�(t)j2 + 2 _�(t)�Ti (t)T��2 _�i(t)where we used the fact that TT�2+�(t) = T��2��(t). Integrating and summing upJ(�) = nXi=1 Z tft0 �k _�i(t)k2 dt + k�i(t)k2j _�(t)j2 + 2 _�(t)�Ti (t)T��2 _�i(t)�dt= J(�) + Z tft0 [f(t)j _�(t)j2 + 2g(t) _�(t)] dt (7.17)



53where f and g are de�ned byf(t) , nXi=1 k�i(t)k2; g(t) , nXi=1 �Ti (t)T��2 _�i(t) (7.18)The di�erence of energy between � and � is de�ned as �J(�) which is�J(�) = J(�)� J(�) = Z tft0 [f(t)j _�(t)j2 + 2g(t) _�(t)] dt (7.19)�J(�) is a function of � and we wish to know what is the optimal twist angle � such that �J(�) isminimized. � is subject to the constraint that �(t0) = 0, �(tf ) = 2k� for some �xed integer k. For_� this translates into R tft0 _�(t) dt = 2k�. Write out the Lagrangian function for this problem:�J(�; �) , �J(�) + ��Z tft0 _�(t) dt� 2k��= Z tft0 [f(t)j _�(t)j2 + 2(g(t) + �2) _�(t)] dt� 2�k�= Z tft0 �f(t)� _�(t) + g(t) + �2f(t) �2 � [g(t) + �2 ]2f(t) �dt� 2�k�Therefore the optimal �� satis�es _��(t) = �[g(t) + �=2]=f(t) which together with the constraintR tft0 _�(t) dt = 2k� yields the optimal ��:�� = �2�Z tft0 g(t)f(t) dt+ 2k���Z tft0 1f(t) dtIn other word, the optimal �� is_��(t) = � g(t)f(t) + �Z tft0 g(t)f(t) dt+ 2k����f(t)Z tft0 1f(t) dt�Substituting this into equation (7.19), we get the minimal �J(�) as�J(��) = �Z tft0 g(t)f(t) dt+ 2k��2�Z tft0 1f(t) dt� Z tft0 g2(t)f(t) dtIf � is the optimal maneuver, then �J(��) � 0, i.e. we can not gain by choosing di�erent �. Hence�Z tft0 g(t)f(t) dt+ 2k��2 � Z tft0 1f(t) dt � Z tft0 g2(t)f(t) dt (7.20)The situation becomes more interesting when k = 0. In this case equality holds in equation (7.20)since the lower bound �J(��) � 0 can be strictly achieved by choosing ��(t) � 0. Therefore�Z tft0 g(t)f(t) dt�2 = Z tft0 1f(t) dt � Z tft0 g2(t)f(t) dtBut an application of Cauchy-Schwartz inequality to the function 1=pf(t) and g(t)=pf(t) impliesthat the equality is possible if and only if g(t)=pf(t) = C=pf(t) for some constant C, i.e. if andonly if g(t) � C. Then equation (7.20) can be simpli�ed to(Cz + 2k�)2 � C2z2; 8k 2 Zwhere z = R tft0 1=f(t) dt, or equivalently, k�Cz+k2�2 � 0 for all k 2 Z. This is possible if and onlyif �� � Cz � �. Hence



54Proposition 18 Suppose a = (a1; � � � ; an), b = (b1; � � � ; bn) satisfy Pni=1 ai =Pni=1 bi = 0 and �is the optimal solution to problem (7.16) in P(R; a;b). ThennXi=1 �Ti (t)T��2 _�i(t) � C 2 [��z ; �z ]; 8t 2 Thwhere z = R tft0 �Pni=1 k�i(t)k2��1dt.In fact, what we have proved is stronger: the above equality holds for those and only those �whose energy can not be decreased under any twist R�. The optimal � is one of them. In the twoaircraft case, since the optimal � satis�es �1(t) = ��2(t) for all t, the above condition is actuallythat �T1 (t)T��2 _�1(t) is constant for all t 2 Th. As a veri�cation, the reader can check that the �plotted in Figure 7.8 indeed satis�es this condition. Similar result for general a;b can be obtainedby performing a Tw operation for some suitable w and then a translation of both a and b.Proposition 19 For a = (a1; � � � ; an), b = (b1; � � � ; bn), de�ne ea = Pni=1 ai=n, eb = Pni=1 bi=n.Then the optimal solution to problem (7.16) in P(R; a;b) satis�esnXi=1��i(t)� tf � ttf � t0 ea � t � t0tf � t0 eb�TT��2 � _�i(t) + ea � ebtf � t0 � � Cfor some constant C such that jCj � �=z with z de�ned byz = Z tft0 � nXi=1



�i(t)� tf � ttf � t0 ea � t� t0tf � t0 eb



2��1 dtSince by Proposition 16,Pni=1 _�i(t) is a constant, we can discard the constant terms in the abovecondition, hence obtainingCorollary 5 For a = (a1; � � � ; an), b = (b1; � � � ; bn), let ea; eb be de�ned as above. Then theoptimal solution to problem (7.16) in P(R; a;b) satis�esnXi=1��i(t)� ea � ebtf � t0 � t�TT��2 � _�i(t) + ea � ebtf � t0 �is a constant for all t 2 Th.The next operation on maneuvers we will introduce is the reparameterization operator. For anygeneral a and b, suppose � 2 P(R; a;b). Let h : Th ! Th be a C1 di�eomorphism such thath(t0) = t0 and h(tf ) = tf . Then necessarily _h(t) > 0 for all t 2 Th. De�ne a new maneuver � = Ghby: � = (�1; � � � ; �n) with �i(t) = �i[h(t)]; 8t 2 Th; i = 1; � � � ; nThen � 2 P(R; a;b) and Gh de�nes a maps from P(R; a;b) to itself which can be further shownto be a bijection since Gh � Gh�1 = Gh�1 � Gh = id. In the braid point of view, �̂ is the vertically



55deformed version of �̂. The energy of � isJ(�) = Z tft0 nXi=1 k _�i[h(t)]k2j _h(t)j2 dt� 1tf � t0 �Z tft0 q�ni=1k _�i[h(t)]k2 _h(t) dt�2= 1tf � t0 �Z tft0 q�ni=1k _�i(s)k2 ds�2: (s = h(t)) (7.21)An application of Cauchy-Schwartz inequality to function pPni=1 k _�i[h(t)]k2 _h(t) and 1 leads tothe inequality and equality holds if and only if pPni=1 k _�i[h(t)]k2 _h(t) is some constant C0 for allt 2 Th, or equivalently, if and only ifZ t0t0 q�ni=1k _�i[h(t)]k2 _h(t) dt = Z h(t0)t0 q�ni=1k _�i(s)k2 ds = C0(t0 � t0); 8t0 2 ThDe�ne g(t) , R tt0pPni=1 k _�(s)k2 ds. Then if � satis�es that Pni=1 k _�(s)k2 > 0 for almost all s onany subinterval of Th, then g is strictly increasing hence invertible. The above condition becomesh(t0) = g�1[C0(t0� t0)] for all t0 2 Th. Use this as the de�nition of h, then the lower bound on J(�)in equation (7.21) can be strictly achieved.Now assume that � is the optimal solution of problem (7.16) in P(R; a;b), and ai 6= bi for atleast one i in f1; � � � ; ng, then � clearly satis�es the condition Pni=1 k _�(s)k2 > 0 for almost all s inany subinterval of Th, hence equality in (7.21) is achieved. However since � 2 P(R; a;b) and byhypothesis, � is optimal in P(R; a;b), this lower bound have to be the same as J(�). Therefore1tf � t0�Z tft0 q�ni=1k _�i(t)k2 dt�2 = J(�) = Z tft0 nXi=1 k _�i(t)k2 dtAnother application of Cauchy-Schwartz inequality to functions pPni=1 k _�i(t)k2 and 1 reveals thatthis is possible if and only if Pni=1 k _�i(t)k2 � D for some constant D. This certainly holds for thetrivial case when ai = bi, i = 1; � � � ; n. HenceProposition 20 For any a = (a1; � � � ; an), b = (b1; � � � ; bn), if � is the optimal solution to problem(7.16) in P(R; a; b), then � satis�es nXi=1 k _�i(t)k2 � D; 8t 2 Th7.6 Multiple Aircraft Case: Local AnalysisTo get further characteristics of the optimal solution, we have to work harder and look deeperinto its structure. Suppose � is the optimal solution of problem (7.16) in P(R; a;b), then we cansubdivide [t0; tf ] into t0 < t1 < � � � < tm�1 < tm = tf such that on each subinterval (tk ; tk+1),k = 0; 1; � � � ; m� 1, either of the following occurs:1. The distance of any pair of aircraft is strictly greater than R;



562. The distances of some pairs of aircraft are equal to R for some t 2 (tk; tk+1). For each timet 2 (tk; tk+1), we can construct a graph whose vertices are numbered from 1 to n, and an edgebetween vertices i and j exists if and only if aircraft i and aircraft j have a distance equal toR at time t (we will say aircraft i and j contact at time t in this case and call the resultinggraph contact graph at time t). We assume (tk ; tk+1) are chosen such that this graph remainsconstant during this subinterval, and successive subintervals correspond to di�erent contactgraphs.Although for the sake of rigor, one has to justify if such a partition exists for optimal �, we willnot concern ourself with the technicality arising from wild �. We assume � is well behaved, say,piecewise C1 and does not oscillate too much, as is the case for two aircraft. Therefore the abovepartition is possible.It is clear that in subinterval of the �rst type, each �i should be constant speed motion alongstraight line, for otherwise one can always decrease the energy by pulling the string it correspondsto in �̂ closer to the straight line connecting ai to bi. Actually the argument can lead to strongerassertion, i.e. for aircraft i, its optimal motion �i is of constant speed along straight line in anyinterval such that �i(t) has a distance strictly greater than R to any of the other aircraft.The situation is more complicated for subinterval of the second type. Obvious we can break the naircraft into several subgroups, each of which corresponds to a maximal connected subgraph of thecontact graph in this subinterval, and study them separately using the fact that � is optimal inTh if and only if its restriction to any subinterval [tk; tk+1] is also the optimal solution to problem(7.16) with starting positions f�i(tk)gni=1 and destination positions f�i(tk=1)gni=1.We will study at this moment the necessary condition the motion of aircraft corresponding to theleafs in the contact graph must satisfy for optimality. To this end, let us start with a very specialcase. Assume that for some a = (a1; � � � ; an), b = (b1; � � � ; bn), � is a maneuver in P(R; a;b)such that during Th = [t0; tf ], the distance of aircraft 1 with any of the other aircraft is strictlygreater than R except possibly with aircraft 2. Therefore, the only aircraft that aircraft 1 cancontact during Th is aircraft 2. We will focus on these two aircraft and introduce an operator whichwill leave �i unchanged for i = 2; 3; � � � ; n and perturb �1 slightly, while the perturbed �1 has adistance of at least R with �2 at any time in Th. If such perturbation is small enough then there isno possibility that the perturbed �1 will cause con
ict with any of the rest aircraft i � 3. Thereforea necessary condition for � to be optimal is that that the energy of �1 will not decrease under suchsmall perturbation.One such perturbation is described by the following: Let h : Th ! Th be a di�eomorphism suchthat h(t0) = t0 and h(tf ) = tf . De�ne a new maneuver � by�i(t) = (�1[h(t)]� �2[h(t)] + �2(t) i = 1�i(t) i = 2; � � � ; n; 8t 2 ThThen � has the same starting and destination positions as �. Furthermore, inffk�1(t) � �2(t)k :t 2 Thg = inffk�1(t) � �2(t)k : t 2 Thg, and for h su�ciently close to identity map, the minimaldistance between �1 and �i is greater than R for i � 3, i.e. � 2 P(R; a;b). To get the geometricintuition of how � is constructed, see Figure 7.11. � is obtained in several steps:1. First perform the operator D�2���2 on � to \straighten" the string �2 corresponding to, here��2 denotes the constant speed motion along straight line between a2 and b2. Then operator
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b +a -b1 2 2 b +a -b1 2 2Figure 7.11: Slip operationTa2�b2 is performed on the resulting maneuver to get 
. In the braid representation 
̂, 
̂2corresponds to a vertical line. Explicitly, 
1 = �1 � �2 + a2 and 
2 = a2;2. Gh is perform on 
 to obtain � with �1 = �1 � h� �2 � h+ a2 and �2 = a2;3. Finally � is obtain by applying the reversed procedure of step 1 on 
, i.e. � = D��2��2 �Tb2�a2(
).It is remarked here that all the operations mentioned above are actually local in the sense that theyoperate only on the �rst two strings of the maneuver while leaving the rest of them unchanged. Itis clear from the above construction that � is obtained by \sliding" �1 along �2. Therefore we willdenote it by � = L12h (�), where the superscript indicates which two strings we are working on andh indicates the scaling di�eomorphism. Instead of working on general h, we consider h of a veryspecial form. Suppose t1 2 (t0; tf), de�ne h by:h(t) = (h1(t) = t�t0t1�t0 (t1 + �� t0) + t0 if t0 � t � t1h2(t) = t�tft1�tf (t1 + � � tf ) + tf if t1 � t � tfParameter � control the deviation of h from the identity map. Under our hypotheses, � 2 P(R; a;b)for � small enough. The energy of �1 is a function of � and can be calculated as:J(�) = Z tft0 k[ _�1(h(t))� _�2(h(t))] _h(t) + _�2(t)k2 dt= Z t1t0 



 t1 + � � t0t1 � t0 [ _�1(h1(t))� _�2(h1(t))] + _�2(t)



2 dt+ Z tft1 



 t1 + �� tft1 � tf [ _�1(h2(t))� _�2(h2(t))] + _�2(t)



2 dtThe di�erentiate of J(�) at � = 0 is:J 0(0) = Z t1t0 2 _�1(t)T� t� t0t1 � t0 (��1(t)� ��2(t)) + 1t1 � t0 ( _�1(t)� _�2(t))�dt+ Z tft1 2 _�1(t)T� t � tft1 � tf (��1(t)� ��2(t)) + 1t1 � tf ( _�1(t)� _�2(t))�dt



58Notice that (��1(t)� ��2(t))(t� t0) + ( _�1(t)� _�2(t)) = d[( _�1(t)� _�2(t))(t� t0)], we haveZ t1t0 2 _�1(t)T� t � t0t1 � t0 (��1(t)� ��2(t)) + 1t1 � t0 ( _�1(t)� _�2(t))�dt= Z t1t0 2 _�1(t)Tt1 � t0 d[( _�1(t)� _�2(t))(t� t0)]= 2 _�1(t)T ( _�1(t1)� _�2(t1))� 2 Z t1t0 t� t0t1 � t0 ��1(t)T ( _�1(t)� _�2(t)) dtby integration by part. SimilarlyZ tft1 2 _�1(t)T� t � tft1 � tf (��1(t)� ��2(t)) + 1t1 � tf ( _�1(t)� _�2(t))�dt= � 2 _�1(t)T ( _�1(t1)� _�2(t1))� 2 Z tft1 t � tft1 � tf ��1(t)T ( _�1(t)� _�2(t)) dtHenceJ 0(0) = �2 Z t1t0 t � t0t1 � t0 ��1(t)T ( _�1(t)� _�2(t)) dt� 2 Z tft1 t� tft1 � tf ��1(t)T ( _�1(t)� _�2(t)) dtIf � is optimal, then J(�) assumes minimum at � = 0 hence J 0(0) = 0. An important observation atthis point is that since � is optimal at any subinterval of Th, say, any subinterval [t00; t0f ] containingt1, we can carry out the above analysis for the piece of � in this subinterval and the resulting J 0(0)should also be zero. ThereforeZ t1t00 t � t00t1 � t00 ��1(t)T ( _�1(t)� _�2(t)) dt+ Z t0ft1 t� t0ft1 � t0f ��1(t)T ( _�1(t)� _�2(t)) dt � 0for all t0 � t00 < t1 < t0f � tf . Notice that for �xed t1, the �rst term is independent of t0f and thesecond term is independent of t00, so there exists a constant C such that the �rst term is equal toC for all t00 and second term is equal to �C for all t0f when t1 is �xed. However for any �xed t1,limt00!t1 Z t1t00 t� t00t1 � t00 ��1(t)T ( _�1(t)� _�2(t)) dt= � ddt00 ����t00=t1 Z t1t00 (t� t00)��1(t)T ( _�1(t)� _�2(t)) dt= 0Therefore C = 0, i.e. R t1t00 (t � t00)��1(t)T ( _�1(t) � _�2(t)) dt � 0 for all t00 and t1 such that t00 � t1.Di�erentiate w.r.t. t1, we have (t1 � t00)��1(t1)T ( _�1(t1)� _�2(t1)) � 0 for all t00 � t1. HenceProposition 21 For any a = (a1; � � � ; an), b = (b1; � � � ; bn), if � is the optimal solution to problem(7.16) in P(R; a;b), and suppose that k�1(t) � �i(t)k > R, i = 3; � � � ; n holds for t belonging tosome subinterval 2 [t1; t2] � [t0; tf ], Then � satis�es��1(t)T ( _�1(t)� _�2(t)) � 0; 8t 2 [t1; t2] (7.22)



59Instead of slipping the trajectory of one aircraft with respect to another, we can use rotationalternatively. Let � 2 P(R; a;b) satisfy the condition in Proposition 21, de�ne maneuver � by:�i(t) = (T�(t)[�1(t)� �2(t)] + �2(t) i = 1�i(t) i = 2; � � � ; n; 8t 2 Thwhere � : Th ! R is piecewise di�erentiable satisfying �(t0) = �(tf ) = 0. One can employ similarsteps as we did for the previous case in Figure 7.11 to convince himself that this is indeed the localrotation of the trajectory of aircraft 1 with respect to that of aircraft 2. Suppose � is of the form:�(t) = ( t�t0t1�t0 � if t0 � t � t1t�tft1�tf � if t1 � t � tffor some �, then � 2 P(R; a;b) for � small enough by hypotheses on �. The energy of �1 is afunction of � and the optimality of � implies that its derivative at 0 should vanish. Therefore wecan carry out exactly the same analysis as before. We will not repeat it here and instead list theconclusion as follow:Proposition 22 Under the same hypotheses of Proposition 21, � satis�es��1(t)TT�2 (�1(t)� �2(t)) � 0; 8t 2 [t1; t2] (7.23)In the two aircraft case, the assumptions in Proposition 21 and Proposition 22 are always satis�edand it is checked that the optimal solution obtained there does satisfy condition (7.22) and (7.23).Conditions in Proposition 21 and Proposition 22 are the strongest ones we have obtained so far. It isworth pointing out that under the additional assumption that the distance of aircraft 1 and aircraft2 is indeed R for t 2 Th, then the two conditions are equivalent. For in this case, k�1 � �2k2 � Rimplies that ( _�1 � _�2)T (�1 � �2) � 0, i.e. _�1 � _�2 and T�2 (�1 � �2) are of the same direction(including the case when one or both of them are zero vectors). Therefore, _�1� _�2 is orthogonal to��1 if and only if T�2 (�1 � �2) is, establishing the equivalence between condition (7.22) and (7.23).The intuitive understanding of this equivalence is that the slip and rotation operation of a curveon the surface of a cylinder lead to the same perturbation.As an immediate extension, the above analysis can be applied to a group of aircraft instead of asingle one. In this case the corresponding operator will slip (rotate) the trajectories of a group ofaircraft with respect to the trajectory of another one and we have the new necessary condition onoptimality as:Proposition 23 For any a = (a1; � � � ; an), b = (b1; � � � ; bn), if � is the optimal solution to problem(7.16) in P(R; a;b), and suppose that the contact graph remains constant on some subinterval[t1; t2] � [t0; tf ]. Then pick any aircraft, say, aircraft 1, let I � f2; 3; � � � ; ng be a group of aircraftwhich corresponds to a maximal connected component of the graph obtained by removing node 1and all the edges connecting to it from the contact graph. ThenXj2I ��j(t)T ( _�j(t)� _�1(t)) � 0;Xj2I ��j(t)TT�2 (�j(t)� �1(t)) � 0; 8t 2 [t1; t2] (7.24)
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✈Figure 7.12: Special case of 3 aircraft resolutionIn some simple cases, the optimal 2-legged resolution involving n aircraft can be obtained by usingthe results from two aircraft case and Proposition 17. For example, one such situation is shown inFigure 7.12. Suppose (�1; �3) is the optimal 2-legged resolution maneuver between aircraft 1 and 3if we ignore aircraft 2, and suppose (
1; 
2) is the optimal 2-legged resolution maneuver for aircraft1 and 2 ignoring aircraft 3. Then since there is no need to worry about the collision between aircraft2 and 3, the optimal 2-legged resolution maneuver �� is the normalized version of both (�1; �3) and(
1; 
2) satisfying 8><>:��3(t)� ��1(t) = �3(t)� �1(t);��2(t)� ��1(t) = 
2(t)� 
1(t);P3i=1 ��i (t) = tf�ttf�t0 P3i=1 ai + t�t0tf�t0 P3i=1 bi 8t 2 ThThen �� can be obtained by solving the above equations. From the braid point of view, this isnothing but a twist-and-�t operation on two shortest braids. Obvious this decoupled conditionhas its generalization when n > 3 in which we can isolate the aircraft into several subgroup, theintersection of them are the pivotal aircrafts. In this way, the problem can be solved by a divide-and-conquer way. We will not pursue any further in this direction here since this technique failsnotable in the in�nite-legged case. Even for the simplest 3 aircraft case and we know the contactgraph, say, there are edges between aircraft 1 and 2, between aircraft 2 and 3 but no edge betweenaircraft 1 and 3, the optimal in�nite-legged motion still resists analytical expression. We are stillworking on this respect.7.7 Convex Optimization in Finding Optimal 2-legged ResolutionManeuverGeneral speaking, the nature of n aircraft resolution problem is mainly combinatorial in thatthe major task is to choose a particular type of resolution maneuver and then �nd the optimalrepresentative from it. There are various heuristic ways of choosing resolution type. In the nextsubsection, we will give one based on the probability of collision calculated before. The focus ofthis section, however, will be the less di�cult task of �nding the optimal maneuver with a giventype. Furthermore, we will only discuss the two-legged maneuvers since optimal multi-legged orin�nite-legged maneuver can be obtained subsequently by using Algorithm 1.



61
a - a +c1 2 2

b - b +c1 22

b - b +c1 22

b - b +c1 22 b - b +c1 22

c2
c

a - a +c1 2 2

2

c

a - a +c1 2 2

2c

a - a +c1 2 2

2Figure 7.13: Convex approximation of feasible set of c1 given c2Suppose we choose epoch tm 2 Th. Then the problem is to �nd the waypoints c1; � � � ; cn toMinimze J = nXi=1 kci � cui k2 subject to ci 2 A�ij(cj); 1 � i < j � n. (7.25)where Aij(cj) is the feasible set of ci for �xed cj calculated in section 7.2 with ai; bi; aj ; bj in theplace of a1; b1; a2; b2 there respectively. Symbol � means the properly chosen connected compo-nent of Aij(cj) which matches our desired resolution type. Figure 7.13 redraws the four possiblecon�gurations of Aij(cj) depending on the relative position of ai; bi; aj; bj. Notice that in all butthe �rst con�guration, one of the connected component of Aij(cj) is nonconvex. In general, solvingnonconvex problem is a great challenge, even if the objective function is quadratic. Therefore if thisis the case, we \linearize" the constraint by using a half plane inner approximation A0ij(cj) shownin Figure 7.13. Although it leaves out some originally feasible c1, it contains the unconstrainedoptimal cui if cj is chosen to be cuj . Therefore it is expected that the approximation will not betoo loose. In the special case when any pair of aircraft is of the �rst con�guration, i.e. there is acon
ict for the unresolved maneuver of any aircraft pair, the approximation is tight. Symmetricencounter is such a case. And such encounters are among the most dangerous ones of all possibleencounters.So then we have a linearly constrained quadratic optimization which can be solved by all kinds ofsoftware package, say, MATLAB. As an example, let us consider the three aircraft cases. Since thenumber of aircraft is small, we have the luxury of running the optimization for each fundamentaltype of resolution and pick the one with the optimal cost. Simulation results for two encountersare shown in Figure 7.14. In the �rst case, we have a nearly symmetric encounter, and in thesecond one there is a headon con
ict between two aircraft and a third aircraft has path angle 90�with both of them. In either case, each pair of the three aircraft is of con�guration 1, hence ourlinearization remain tight and the maneuvers we found are actually the optimal maneuvers for theoriginal problems.However, as n get larger, the number of resolution type gets inhibitively large and such an exhaustsearch becomes impossible. If we only consider the fundamental type of resolution, then there are
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Figure 7.14: Globally optimal resolution maneuver for three aircraft encounters2n(n�1)=2 of them and this number grows even faster than exponentially! Therefore, some schememust be propose to choose a relatively \good" type of resolution in the �rst hand. This will be thetheme of next section.



63Chapter 8Probabilistic Resolution AlgorithmIn this chapter, we introduce a decentralized con
ict resolution algorithm which exploits the prob-ability of con
ict calculated in chapter 4 to guide each aircraft to their desired destinations, whileavoiding possible situations of con
ict with other aircraft 
ying in the same region of the airspace.Although we are speci�cally dealing with ATMS, the following discussion regards the general issueof path planning for multiple agents moving in a dynamic environment. In [6], an algorithm foraircraft con
ict resolution is proposed based on the potential and vortex �eld method, which hasits origin in the robotics �eld. However, since the potential �eld de�ned there depends only on thedistance between aircraft, the two cases when two aircraft are 
ying one towards each other andaway from each other lead to the same repulsive force whenever the distances between them arethe same. As a consequence, the resolution algorithm may generate abrupt avoidance maneuversand hence non-
yable paths. The idea of the algorithm proposed here is to use the informationnot only on the current positions but also on the current headings and speeds of the surroundingaircraft in order to generate less abrupt resolution maneuvers and 
yable resolution paths.Consider �rst the case when two aircraft (labeled 1 and 2) start from positions a1 and a2 and havedestinations b1 and b2 respectively. Assume their initial headings are toward their own destinationsand they 
y at a constant speed, say v1 and v2 respectively. At each time instant t, the probabilityof con
ict Pc(t) can be calculated by equation (4.10) or equation (4.11) for some �xed horizon tfusing the positions z1(t); z2(t) and velocities u1(t); u2(t) of the two aircraft at this moment.We de�ne for each aircraft three particular headings of interest:� Current heading �c: Direction along which the aircraft is currently 
ying. Due to physicallimits on aircraft capability, the new heading proposed by the resolution algorithm shouldnot deviate too much from �c.� Destination heading �d: Direction de�ned by the current aircraft position and its desireddestination.� Gradient heading �g: Direction corresponding to the highest decrease of PC. Since bothaircraft maintain their velocities within a short time, �g can be chosen as the direction of thenegative gradient of Pc as a function only of the current position of the aircraft.Our resolution strategy aims at making each aircraft reach the desired destination while avoid-ing situations of con
ict by appropriately changing the heading, while taking into account theconstraints due to the nonholonomic nature in aircraft motion.



64Algorithm 2 1. Set the initial positions z1[0] = a1, z2[0] = a2 and initial velocities u1[0] andu2[0] at time 0.2. At time n, compute the PC of two aircraft as Pc[n] using z1[n]; z2[n]; u1[n]; u2[n]. For eachaircraft i = 1; 2, compute its current heading �c;i[n], destination heading �d;i[n] and gradientheading �g;i[n] at this time respectively.3. Choose the new heading for aircraft i = 1; 2 at step n by�i[n+ 1] = (��i[n+ 1] if j��i[n+ 1]� �c;i[n]j < ��c;i[n] + � � sgn(��i[n+ 1]� �c;i[n]) otherwise, (8.1)where � is the maximal turn angle allowed per time step �t and��i[n+ 1] = Pc[n]�g;i[n] + (1� Pc[n])�d;i[n]:is the weighted sum of destination direction and gradient direction. Intuitively, if Pc[n] ishigh, then decreasing PC becomes a priority and therefore the aircraft should pursue thegradient direction more. If instead, Pc[n] is negligible, then the aircraft should pursue thedestination direction. In any case, due to the nonholonomic nature in aircraft, the deviationfrom current heading is restricted by � and this is the reason why the new heading is chosento be the one nearest to ��i[n] within the allowed range.4. Set the aircraft velocities ui[n+ 1] = (vi cos(�i[n+ 1]); vi sin(�i[n+ 1]))T , i = 1; 2 and updatethe positions of two aircraft at step n+ 1 by(z1[n+ 1] = z1[n] + u1[n+ 1]�t+ T�1[n+1] � diag(�1; �2) � n1[n+ 1];z2[n+ 1] = z2[n] + u2[n+ 1]�t+ T�2[n+1] � diag(�1; �2) � n2[n+ 1]where T�1[n+1] and T�2[n+1]) are the rotation matrices of angles �1[n+1] and �2[n+ 1] respec-tively. n1[1]; n1[2]; � � � and n2[1]; n2[2]; � � � are independent two dimensional white Gaussiannoises with unit covariance matrices.5. If both of the aircraft have reach their destinations, then stop, otherwise n = n + 1 and goback to procedure 2.Simulation results for the above algorithm are shown in Figure 8.1 for two typical encounters oftwo aircraft: Headon encounter and orthogonal encounter. The speeds of the two aircraft arechosen such that it takes 30 minutes for them to 
y from their starting positions (marked withstars) to their destination positions (marked with diamonds) along the unresoluted straight linemotion. The left column plot the analytic optimal resolution maneuvers calculated in Chapter 7with R = 20 nmi. The middle column shows the simulation result for Algorithm 2 with R = 10nmi. �a = 0:25; �c = 0:2, � = �=25. �a and �c are used both in the calculation of PC and inthe generation of noises for the simulated trajectories. In general we could use di�erent valuesfor the two purposes, leading to di�erent variations of the original algorithm. Circles marks thepoint where the minimal separation occurs. The rightmost column shows the histogram of MSEwhen we run Algorithm 2 for each encounter 100 times respectively. It can be seen that mostMSE's center around 2R. The factor 2 arises since each aircraft tries to maintain a distance ofR from the other and there is no coordination between them. In addition, most of the simulatedresolution maneuvers resemble the optimal maneuvers in each case, indicating a good e�ciency ofthe algorithm.



65
0 20 40 60 80 100 120 140 160 180 200

0

20

40

60

80

100

120

140

160

180

200
Optimal resolution maneuver (R=20 nmi)

0 20 40 60 80 100 120 140 160 180 200
0

20

40

60

80

100

120

140

160

180

200

Simulated resolution maneuver (σ
1
=0.25,σ

2
=0.2,R=10,β=π/25)

18 18.5 19 19.5 20 20.5 21 21.5 22 22.5 23
0

5

10

15

20

25

30

35
histgram: 2 headon

0 20 40 60 80 100 120 140 160 180 200
0

20

40

60

80

100

120

140

160

180

200
Optimal resolution maneuver (R=20 nmi)

0 20 40 60 80 100 120 140 160 180 200
0

20

40

60

80

100

120

140

160

180

200

simulated resolution maneuver (σ
1
=0.25,σ

2
=0.2,R=10, β=π/25

18.5 19 19.5 20 20.5 21 21.5 22 22.5 23
0

5

10

15

20

25
histogram: 2 orth

Figure 8.1: Optimal and simulated resolution maneuver for two aircraft encounter situationsIn the simulations, the two aircraft update their heading every 1 minute, so a zoom in of theresolution trajectory will reveal lots of chattering between positions corresponding to higher Pc andlower Pc. This behaviors is expected, since the function Pc is very sensitive to the heading of thetwo aircraft. In order to get 
yable paths, we can either update the heading at a larger time stepor predict a certain period of time further into the future and take the average of the resolutionheadings during that period (which acts as a low pass �lter).Following a procedure similar to the one explained above, it is possible to extend our algorithm tothe case of more than two aircraft, say n aircraft. The algorithm remains intact for all the stepsexcept that in step 3, extra care must be taken to determine the new heading of each aircraft.For aircraft i 2 f1; 2; � � � ; ng, we can calculate the probability of con
ict between it and any ofthe other aircraft, say aircraft j 6= i, at time n as P ijc [n], and therefore have a gradient heading�ijg [n] corresponding to this aircraft pair. Denote the current heading and the destination headingof aircraft i at this time as �c;i[n] and �d;i[n] respectively. The the ideal new heading for aircraft iin the next time interval can be chosen as:��i[n+ 1] = Pcm[n]Pj 6=i P ijc [n]�ijg [n]Pj 6=i P ijc [n] + (1� Pcm[n])�d;i[n]where Pcm[n] = maxj 6=i P ijc [n] is the maximal PC of all aircraft pairs involving aircraft i and isused as an indicator of the degree of danger for aircraft i in multiple aircraft setting. There arecertainly other alternative ways of choosing ��i[n + 1] and it is not clear which one is the best. Allof them are based on the intuitive understanding that new heading should be a weighted sum ofall the gradient directions and the current heading, and increasing PC of one particular aircraft
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Figure 8.2: Resolution for three aircraft encounter situationspair should leads to larger weight of the gradient direction associated with this pair. We choosethe current one because of simplicity and the fact that unless the PC between aircraft i and oneof the other aircraft is higher than a threshold, the resolution endeavor will barely interfere witheach aircraft's motion. To accommodate the nohomolonomic limit, the �nal new heading is chosenby equation (8.1) as before.Simulation results for several three aircraft encounter situations are shown in Figure 8.2. Allparameters remain the same as in the two aircraft cases. The left column show the optimal two-legged resolutions calculated by the exhaust search mentioned in Chapter 7 with R = 20 nmi. Themiddle column is one realization of the simulated resolution maneuvers using the above algorithmwith R = 10 nmi. The right column is the histogram of MSE's over 100 runs. Since the air space isnot considerably more congested than the more aircraft case, nearly all the MSE centered around2R as before.The situation becomes more complicated when the number of aircraft increases to, say, 8. In thiscase it is no longer plausible to perform the exhaust search to �nd the global optimal two-leggedresolution. However, Algorithm 2 can be used as a random \type chooser" for the optimizationprocess. We show this by two 8-aircraft encounter in Figure 8.3. The �rst one is the symmetricencounter in which eight aircraft pass through a common point at angles evenly distributed in[0; 2�]. In the second example, eight aircraft are divided into two groups. Aircraft in each groupfollow each other in a streamline and the trajectories of two group are orthogonal to each other.As before, the middle column shows the simulation results of Algorithm 2. The left column showsthe results of the convex optimization process for the particular type of maneuvers speci�ed by the
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Figure 8.3: Resolution for eight aircraft encounter situationsmiddel column and the right column shows the historgram of MSE over 100 run of Algorithm 2.Note that in this case, Algorithm 2 can not guarantee absolutely safety. The minimal seperation ofR = 10 nmi is satis�ed for 92% of the 100 runs for the �rst example and 94% for the second one.See Figure 8.4 for a wilder example in which two realizations of Algorithm 2 for symmetric 16-aircraft encounter are shown to give the readers some idea on how complicated the resolutionmaneuvers can be and how di�erent they are under di�erent runs.Remark 9 (Centralized vs. Decentralized Resolution) It should be noted that in some cases,Algorithm 2 fails to achieve the ultimate goal { bring every aircraft to its destination. As a sim-ple example let us consider two aircraft which are 
ying at the same speed with orthogonal (90�)unresoluted paths. If the starting and destination positions of them are placed symmetrically withrespect to a certain line and assume there is no noise in their motions, then under Algorithm 2,they will fail to reach their destinations since both of them are equipped with the same resolutionalgorithm and hence they make symmetric resolution decisions. Therefore, coordination amongaircraft turns out to be crucial to ensure that the ultimate goal of reaching the destination willnot fail due to an excessive `mutual politeness' of the aircraft involved. Furthermore, there is littledoubt that the existence of inter-aircraft coordination will improve the overall system e�ciency.On the other hand, although centralized resolution algorithms such as the one based on convexoptimization generate provable safe resolution maneuvers, Algorithm 2 has some distinctive featuresdue to its decentralized philosophy. For example, in this paper we assume that we can isolate agroup of aircraft from the rest in a certain region of the airspace as the ones with \high potential"of con
ict. In practice, this is no easy job. Adding aircraft to or deleting aircraft from this groupwill generally be more computationally expensive for centralized than for decentralized algorithms
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Figure 8.4: Resolution for 16 aircraft encounter situationssuch as Algorithm 2. Furthermore and maybe the most important, using decentralizing algorithm,(at least in the strategic level), there is no risk of a major disastor due to the collapse of thecentral decision making agency, which has been becoming more than ever a distinctive possiblilityconsidering the increasingly complex equipments and the explosively increasing air tra�c. It is notthe aim of this paper to discuss the general issue of which philosophy suits better in the free 
ightsituation, though the authors do believe that the one �nally adopted should be one combining bothof them, i.e. at least part of the con
icted detection and resolution responsibilities are distributedto individual aircraft and there is some information hierarchy imposing on it.



69Chapter 9Conclusion and Future DirectionsIt might be worthwhile to sum up what we have accomplished so far. On the one hand, approxi-mated probabilities of con
ict for aircraft pair are obtained together with bounds on the error ofthe approximations. Along this line, a decentralized multi-aircraft resolution algorithm is proposedby using PC as the potential function. On the other hand, to fully understand the nature of theproblem, we need to classify di�erent types of resolution maneuvers and �nd the optimal represen-tative within each class. These are made precise at the beginning of the second part and for twoaircraft case, analytical solution is possible, both for two-legged and in�nite-legged motion. Forthe general multiple aircraft case, some properties of the optimal maneuver are known and convexoptimization can be used to get the two-legged approximation to it. These two lines merged in theend by noting that the stochastic algorithm can serve as the random \type chooser" for the convexoptimization process, leading to an overall randomized combinatorial optimization algorithm.We focus on planar case in this paper. One immediate extension is to consider the practicalsituation of three dimensional con
ict detection and resolution. In a way similar to the 2-D case,the approximated PC for 3-D case can be calculated, and this extended PC can be used to deriveda decentralized 3-D resolution algorithm. However, it is considerably harder to get meaningfulbounds for the error of such approximations. It should also be pointed out here that due to theshape of 3-D protection zone, it is expected that most resolution will be vertical maneuvers underthis algorithm. Currently there is still debate on the extent that vertical maneuvers should beemployed in con
ict resolution.In some sense (or as it is always the case when one try to solve problems beyond his reach), theproblems answered in this paper are far less than the problems it comes up with. We will notpretend that these directions are mere trivial extensions of the current one. Instead, radicallydi�erent treatment might be needed. We choose to stop here because of the bounds on time,energy and capability.



70Appendix AFormulaeFormula 1 F (�) , R10 e�(t��=t)2dt = p�2 ; 8� > 0Proof: On the one hand, let s = 1=t, we have F (�) = R10 1s2 e�(�s�1=s)2 ds. On the other hand,let s = t=�, we have F (�) = R10 � e�(�s�1=s)2 ds. Combining:2F (�) = Z 10 (� + 1=s2)e�(�s�1=s)2ds = Z 10 e�(�s�1=s)2d(�s� 1=s) = Z 1�1 e�v2dv = p�Notice that � > 0 is used in determining the integral bound after the change of variable.Formula 2 g(x) , R10 � e��t 1p2�t exp[� (x��t)22t ]dt = �p2�+�2 exp(�x� jxjp2�+ �2); 8� > 0; 8�Proof: Let t = s2 and then v = sp�+ �2=2, we haveg(x) = Z 10 2�p2� exp[��s2 � (x� �s2)22s2 ] ds= 2�p2� exp(�x� jxjp2�+ �2) Z 10 exp[�(sp�+ �2=2� jxjsp2)2] ds= 2�p�(2�+ �2) exp(�x� jxjp2�+ �2) Z 10 exp[�(v � jxj2vp2�+ �2)2] dv= �p2�+ �2 exp(�x� jxjp2�+ �2)where the last step follows from Formula 1 by letting � = 12 jxjp2�+ �2.Formula 2 simpli�es to g(x) = �p2�+�2 exp[(� �p2�+ �2)x] in the case x > 0. Di�erentiate itwith respect to x, we can easily get (The technicality of exchanging the order of di�erentiation andintegration can be overcome by using dominated convergence theorem for a proper bound.)Formula 3 R10 e��t xp2�t3 exp[� (x��t)22t ]dt = exp[(��p2�+ �2)x]; 8x > 0; � > 0



71Formula 4 Denote Q(x) = R1x 1p2� exp(�t2=2) dt. Then for a > 0; b 6= 0; s > 0Z s0 ap2�t3 exp[�(a+ bt)22t ] dt = Q(a+ bsps ) + e�2abQ(a� bsps )Z s0 ap2�t exp[�(a+ bt)22t ] dt = �ab �Q(a+ bsps )� e�2abQ(a� bsps )�Z s0 aptp2� exp[�(a+ bt)22t ] dt = (a2b2 � ab3 )Q(a+ bsps ) + (a2b2 + ab3 )e�2abQ(a� bsps )� 2ab2r s2� exp[�(a+ bs)22s ]Proof: De�ne I1 , R s0 ap2�t3 exp[� (a+bt)22t ] dt, I2 , R s0 �bp2�t exp[� (a+bt)22t ] dt. ThenI1 � I2 = Z s0 a+ btp2�t3 exp[�(a+ bt)22t ] dt= �2e�2ab Z s0 1p2� exp[�((a� bt)pt )2=2] d(a� btpt )= 2e�2ab Z 1a�bsps 1p2� exp(�v22 ) dv (v = a� btpt )= 2e�2abQ(a� bsps )Similarly I1 + I2 = 2Q[(a+ bs)=ps]. Hence the �rst and second equations. The third one followsby di�erentiation of I2 w.r.t. b.Let s!1 in Formula 4 and assume a = x > 0; b = �v < 0, we haveFormula 5 For x > 0; v > 0Z 10 xp2�t3 exp[�(x� vt)22t ] dt = 1Z 10 xp2�t exp[�(x� vt)22t ] dt = xvZ 10 xptp2� exp[�(x� vt)22t ] dt = x2v2 + xv3Z 10 xpt3p2� exp[�(x� vt)22t ] dt = x3v3 + 3x2v4 + 3xv5Note the last equation follows by di�erentiating the third one with respect to v.Alternatively assume a = x > 0; b = v > 0 in Formula 4 and let s!1, we haveFormula 6 For x > 0; v > 0Z 10 xp2�t3 exp[�(x+ vt)22t ] dt = e�2xvZ 10 xp2�t exp[�(x+ vt)22t ] dt = xv e�2xvZ 10 xptp2� exp[�(x+ vt)22t ] dt = (x2v2 + xv3 )e�2xv
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