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Abstract

A Study of Conflict Detection and Resolution in Free Flight
by

Jianghai Hu

Master of Science in Electrical Engineering and Computer Sciences
University of California at Berkeley

Professor Shankar Sastry, Chair

Some aspects of conflict detection and resolution problem in the free flight situation are studied
in this paper. In the first part approximated probabilities of conflict (PC') for typical encounters
of aircraft pair are proposed by modeling the perturbation in aircraft motion as Brownian motion
(BM), both within finite horizon and within infinite horizon. Theoretical bounds on the errors of
the approximations are also obtained. In the second part, homotopy types of resolution maneuvers
of multiple aircraft are classified according to their images in the space-time coordinates, which
can be shown to bear a one-to-one correspondence with the well-known braid group B,. For
maneuver within each class, we propose the energy as the cost function and solve both analytically
and algorithmically the optimal resolution maneuver for two aircraft case. Various properties of
optimal maneuver for multiple aircraft resolution are studied and its two-legged approximation is
calculated by convex optimization technique. Finally, based on the conflict probability obtained
in the first part, a decentralized multi-aircraft resolution algorithm under the presence of noise is
proposed. Simulations results for some typical encounters are presented and compared with the
optimal maneuvers. This algorithm can either be implemented by itself at the strategic level or
be used as a random “type chooser” for the convex optimization process, leading to a randomized
solution to the combinatorial optimization problem.
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Chapter 1

Overview

The dramatically increasing demand for air travel in recent years has been the source of great
challenges for Air Traffic Management System (ATMS). Despite technological advances such as the
availability of relatively inexpensive on-board computers and global positioning systems (GPS), the
current ATMS remains largely intact as it was developed in the 70’s and 80’s and has increasingly
become the bottleneck for a system with less ground holds and airborne delays. It is believed that
by improving the efficiency of currently semi-automated ATMS, the increased demand in air traffic
can be handled in a more reliable way, without resorting to such costly (and often political) options
as building larger airports or adding more runways. The notion of free flight has been proposed
([3]) to shift the totally centralized decision making in the current ATMS to individual aircraft, in
a hope to alleviate the burden of central (human) controller and decrease travel times, unplanned
delays and fuel consumption. For a detailed account of the current ATMS practice, see [18]. [16]
highlights the hierarchical and hybrid control issues associated with free flight.

The most important goal of the new ATMS is to improve the safety of air travel. Safety is typically
characterized in terms of the number of conflicts (collisions and near misses). For the current
system, a conflict is defined as a situation where two aircraft come within 5 nautical miles (nmi)
of one another horizontally and within 1000 or 2000 feet (ft) vertically, depending on whether
the flight level is below or above 29,000 ft respectively (see [13]). Conflict avoidance is typically
decomposed into two separate procedures: conflict detection and conflict resolution. For a survey of
various conflict detection and resolution modeling methods, see [8]. In this paper, we will focus on
the probabilistic scheme. In the conflict detection stage, the motions of aircraft with the potential
for conflict are predicted based on their positions, headings and flight plans and the probability of
a future conflict is estimated. This information is then used in the resolution stage to re-plan the
trajectories for the aircraft involved in the conflict.

This paper consists of two parts. In the first part, we study the conflict detection by deriving the
probability of conflict (PC') for aircraft pair, both within finite horizon or within infinite horizon,
under some suitable probabilistic setting. One of the difficulty is to model the wind effect, which
is a major contributor to the uncertainty in the aircraft motion, and which does not admit a
consistent physical model so far. However, since the prediction error can be modeled as the sum
of a large number of independent random perturbations in disjoint time intervals, it is expected to
be Gaussian. This hypothesis was indeed verified by empirical data in [13]. It is also suggested
in [13] that the uncertainty can be decomposed into two components, an along track component
whose standard deviation grows with time, and a cross track component whose standard deviation



remains roughly constant. Based on this probabilistic model, a number of methods have been
proposed for predicting the probability of conflict (PC') for pairs of aircraft, over horizons of the
order of 20 minutes. In [13] the notion of an uncertainty ellipse is used to obtain a closed form
over-approximation for PC'. In spite of its simplicity, which makes it very attractive for on-line
computation, the exact interpretation of the results of [13] remains to be clarified. In [15], a
randomized estimation algorithm is proposed for computing PC. Finally, [20] uses Monte Carlo
simulation to determine PC' for typical encounters.

In this paper we give an alternative treatment from a sample path viewpoint by modeling the
perturbation as white noise. The motion of the aircraft is then the sum of a deterministic one
plus a (scaled) Brownian motion (BM) perturbation. We will focus on the two dimensional case,
assuming that both aircraft fly at the same altitude. Intuitively, the probability of conflict is the
proportion of paths leading to a collision among all possible paths. BM gives us a measure of the
probability of each path, where paths of large and steady deviation are less likely than paths of
small and fluctuating deviation. One major advantage of our approach is that it provides closed
form formulae (though approximations), which not only makes its implementation computationally
inexpensive, but also enables us to easily derive a resolution algorithm. Theoretical bounds for the
approximated PC' are given in Chapter 5.

Starting from Chapter 6, we study the various aspect of multiple aircraft conflict resolution. It is
found in Chapter 6 that the commonly used notion of “cross pattern” is insuflicient to characterize
fully the different types of planar resolution maneuvers when the number of aircraft is more than
two. In fact, there is a one to one correspondence between types of multiple aircraft resolutions and
the mathematically well-studied group of braids. In Chapter 7, we let ourself carried further by this
geometric interpretation. The notion of energy of maneuvers is proposed and the optimal maneuver
within each resolution type with minimal energy is studied. The machinery we employed here is
similar to that of the classical variation of calculus technique, except that we have the minimal
separation constraint on the resolution paths. The braid representation of maneuvers comes into
play naturally and will serve as the primal source of inspiration for various transformations of
resolution maneuvers which leave their minimal separation invariant. As the number of aircraft
gets larger, it is difficult if not impossible to get the analytical expression of optimal resolutions.
Instead, convex optimization will be used to get good approximations of it.

In spite of all the research, the problem remains largely unsolved because of its combinatorial
nature. When the number of aircraft involved in the conflict is large, as is the case for airspace
over any major airport, the number of resolution types becomes extremely large, rendering the
exhausting search method completely impractical. By combining the PC' obtained in this paper
and potential field methods, we are able to come up with a decentralized multiple aircraft resolution
algorithm. This autonomous algorithm is found to be successful in tracking the optimal resolution
maneuver despite the presence of noise and performs reasonably well. Moreover, it can be used as
the random “type chooser” for the optimization procedure if such a central optimization scheme
is allowed in the future ATMS. Generally speaking, different resolution schemes can be classified
according to the trust each aircraft put on the other. At one end of the spectrum, we have the
game theoretical method ([17]), which assume the worst case, or in other words, zero trust. On the
other far end, we have the central controller scheme, whether it is based on human operators or
some optimization procedure, in which each aircraft trust wholeheartedly on the central controller
and hence the other aircraft as well. In this respect, our scheme can be viewed as somewhere in
the middle in that each aircraft assumes that other aicraft will try to behave rationally while at
the same time this effort is undermined by the various uncertainties inherent in the environment.
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Chapter 2

Motivation

Consider the following first order stochastic differential equation in R!:

dx

— = f(t t 2.1

" fy+ i) 21)
where f is a piecewise continuous function defined on [0,00) and w(t) is white noise with power
spectral density o2, i.e. Elw(t)w(t+ s)] = a2§(s) for all s,¢ > 0. Integrating equation (2.1), we
have

x(t) = /;f(s) ds+ by

where b; = fg w(s)ds is a Gaussian process with stationary, independent increment. Furthermore

E[b] = [J E[w(s)]ds = 0 and

Var[b;] = AZtE[w(sl)w(SQ)] dsy dsy = ot (2.2)

These properties together with the assumption that b; is continuous in ¢ imply that, after scaling
by 1/0, by is a standard Brownian Motion (BM). Although the continuous path assumption is not
a logical consequence of the previous hypotheses, (2.2) and the Kolmogorov continuity theorem
implies that b; has a continuous version By, i.e. P({w : by(w) = By(w)}) = 1 for all ¢ > 0 and
{Bi(w),t > 0} is continuous in ¢ with probability 1 (see [12]). The continuity assumption is further
justified when equation (2.1) is used to model the motion of physical objects, since in this case (%)
cannot make instantaneous jumps.

Application of equation (2.1) can be, for example, the motion of a cruising aircraft, where fg f(s)ds
is the trajectory prescribed by the central controller, and w(t) is the effect of wind on the velocity
of aircraft. Since aircraft can only control directly its air velocity, its ground velocity is obtained
by combining nominal velocity f(¢) and wind effect w(?).

Another example is the Automated Highway System (AHS [19]) in which a car in the platoon
needs to predict the motions of adjacent cars on the highway to determine a safe distance. Such
a prediction is based upon the assumption (belief) that adjacent cars will try to maintian their
current speeds while these effort are deviated by various factors such as road condition, wind,
mechanical malfunction and so on. For application of equation (2.1) in this respect, the interested
reader is referred to [5].
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Figure 2.1: samples of perturbed motions of constant velocity v = 5

The use of BM as the disturbance in motion can also be justified by the fact that BM can be
thought of as the accumulation of a large number of independent small disturbances. More precisely,
subdividing time into intervals of length Atf, assuming the disturbance in different time intervals
are independent and identically distributed (IID), and integrating, we get a random walk which,
after appropriate scaling, converges in distribution to a standard BM as At — 0 (see [2]). In [13]
it is verified by empirical data that the prediction error for a cruising aircraft is indeed Gaussian
with a growing variance.

Samples of perturbed trajectory are shown in Figure 2.1. It should be noted that BM possesses
many unusual local properties; for example, at any fixed time its sample path is not differentiable
with probability 1. However, here we are mainly concerned with its collective properties, i.e. the
probability that the perturbed trajectory experiences a large deviation from the nominal one, or
more precisely, the state x evolves outside some subset of the state space called the safe set. In case
of such a event, we say a conflict occurs. Safe sets vary from model to model. In the aircraft case,
a state is safe if any aircraft pair has horizontal and vertical seperations above some prescribed
thresolds depending on their flight level as specified in Chapter 1. Intuitively the probability of
conflict is the ’ratio’ of number of sample paths leading to conflicts to the total number of sample
paths, and BM serves to give us a measure of the possibility of each sample path. Here we use the
word ratio in the extended sense since both numbers are infinite.

By subtracting the nominal motion fg f(s)ds and properly scaling, we can adopt the alternative
view point that the perturbed motion consists only of a standard BM and the safe set is time-
varying. In this new coordinate system, the problem reduces to calculating the escaping probability
of the standard BM with respect to a time-varying region. This change of viewpoint will be
employed frequently in the later developments. In general, it is very hard, if not impossible, to get
an analytical expression of this escaping probability, all one can hope for is an approximation of
it, and probably lower and upper bound on the approximation error. There is, however, one case
which is simple enough to allow for such an exact expression. Namely,

Lemma 1 (Bachelier-Levy [2]) Let B; be a standard one dimensional BM starting from the



Figure 2.2: Exit distribution of BM from a region Q! C R?

origin. Then B)' = By+ut is the BM with drift u for some € RY. Define Ty = inf{t > 0: B}’ = a}
to be the first time B hits a. Then T, has probability density function:
a (a — put)?
plt) = exp|—
(t) = = el

This lemma will prove to be of utmost importance for deriving the approximated probability of
conflict in the later development.

J, t>0

Remark 1 In the case of a time-invariant safe set, a deep connection exists between the exit
distribution of a standard BM and the classical potential theory, which can be used to calculate the
exit distribution of the BM with respect to certain regions. For example, let @ C R? be an open
region with boundary 92 smooth enough such that for a two dimensional BM B starting from any
point z € , the first exit position Br, is measurable. Here Ty denotes the first exit time of B,
from Q (see Figure 2.2). Now if g : 02 — R is a measurable function defined on 9, then

f(z) £ Ex[Br,], VazeQ

defines a measurable function f on Q which coincides with g on 9Q. In fact, it can be proved
(see [14]) that f thus defined is harmonic, i.e.
Af=0 Ve € Q
F=0 ve (2.3)
f=gonoQ
where A = 0%/02% + 9*/0y*. In other words, we can run a BM to solve the Dirichlet prob-
lem (2.3) with boundary condition. For some Q, say, the sphere, equation (2.3) can be solved
analytically, hence yielding the expression for the probability density function p of Brf, since
f= fxeaﬁ g(z)p(z)dz. However, this machinery is not applicable here since we are considering the
exit time distribution of BM from a time-varying safe set.



Chapter 3

Model

Consider two aircraft, labeled 1 and 2, flying on the same horizontal plane. Assume without loss
of generality that at time ¢ = 0, aircraft 1 is at the origin of a global coordinate frame, flying from
left to right with a velocity u; € R?, while aircraft 2 is at position zg € R?, flying with a velocity
uz € R? which makes an angle 6 with u; (Figure 3.1). We refer to aircraft 2 as the intruder. A
conflict occurs if the intruder enters the protected zone of aircraft 1 or vice versa. For flight with
altitude below 29,000 ft, the protected zone is simply a disc of radius R = 5 nmi.

y!

protected zone

projected collision

Figure 3.1: Typical encounter situation.

For the positions z1(t) and z2(t) of the two aircraft, we propose a kinematic model of the following
form:

Zl(t) = wt+ EBl(t)

Zg(t) = 20 + UQt + T(O)EBQ(t)

~~
w W
[\

Here ¥ = diag(o,,0.). 04,0, model the variance growth rate in the along track and cross track
component respectively (o, > o, typically). T(8) is the matrix corresponding to a rotation by 6



counterclockwise:

() = (cos0 —sine)

sin 6 cos 6

B1(t) and By(t) are independent standard 2-D BM’s.
Subtracting equation (3.1) from equation (3.2) leads to
Az(t) = 20+ Au -t — w(t), (3.3)

where Az(t) = 22(t)—21(1), Au = ug—uy, and w(t) = ¥ By (1)-T(8)EB2(t). Equation (3.3) suggests
that one can think of the motion of aircraft 1 as consisting only of the perturbation w(t), and the
motion of aircraft 2 as deterministic with constant velocity Aw starting from zy. Furthermore, w(t)
can be transformed to a standard 2-D BM by the following proposition.

Proposition 1 There exists a nonsingular matriz P, such that P~ w(t) is a standard 2-D BM.

Proof:  Using the fact that for standard 2-D BM By(t), i = 1,2, E[B;(¢)B;(t + s)T] = I for all
s,t > 0, we calculate the autocorrelation of process w(t) as:

Elw(t)wl(t+ 5)] = t[2? + T(0)*T(0)T]

where I is the 2 by 2 identity matrix. It can be checked that %% 4+ 7(6)%27(8)" = PPT holds for
P=2T(4)A, and A = diag(\, Az) with:

)
)
Therefore by defining n(t) = P~'w(t), we have E[n(t)n’(t + s)] = I for all s,¢ > 0. Since

{n(t),t > 0} is a Gaussian process, for which uncorrelatedness implies independence, n(t) is a
standard 2-D BM, which proves the conclusion. m

A = \/03 cos?(£) + o2 sin?(

(3.4)
Ay = \/03 sin?(£) + o2 cos?(

SMESIMES

Therefore, by performing the transformation P!, we can assume that the motion of aircraft 1 is
a standard 2-D BM starting from the origin, while the motion of aircraft 2 is of constant velocity
v = (v, v,)7 starting from s = (s,, s,)7, where

s= Pz, v= P tAu. (3.5)

The new coordinate system is plotted in Figure 3.2. Define 24 as the distance from the origin to
the line h along which aircraft 2 is flying, and a as the distance from aircraft 2 at ¢ = 0 to the
projection H of the origin on h. Then, in the new coordinate system:

Tl = —7—7— a = ———. (36)

Ignore the noise temporarily. Then in the new coordinate system, a positive a indicates that the
two aircraft are approaching each other and the minimal separation during the encounter is z4. On
the other hand, a negative a indicates that they are flying away from each other and the minimal



Figure 3.2: Transformed protection zone.

separation occurs at time ¢ = 0. Moreover, the circular protection zone of radius B = 5 nmi around
aircraft 2 is transformed into an ellipse centered initially at s and with boundary described by:

Mz = s:)" + A3(y = s,)° = R*/2, (3.7)

and moves along with aircraft 2. A conflict occurs if and only if the 2-D BM (i.e., the motion of
aircraft 1 in the new coordinate system) ever wanders into this moving ellipse.

The model proposed here assumes that the initial positions of the aircraft are known precisely,
i.e., it ignores errors in the radar and GPS measurements. This can be justified by the fact that
uncertainty in the initial position will become rapidly dominated by the perturbation to the aircraft
motion as time goes on (see [20]). Another assumption we make is that the perturbations to the
motions of different aircraft are independent. This assumption, though inaccurate, is commonly
made in the literature (see [13, 15]). We will address this issure in the future work.

Remark: In the model of [13], the cross track variance saturates once it reaches a fixed value
(typically 0.5-1 nmi?) and the along track variance grows quadratically in time. By comparison, in
our model both the cross and along track variances grow linearly with time. The justification is that
we intend to apply our model to the free flight situation, in which each aircraft will receive advisory
rather than mandatory trajectory specification from the central controller. In this case, saturation,
which in [13] is attributed to pilot feedback to maintain the aircraft on a specific trajectory, may
become less meaningful. Moreover, for free flight, early conflict detection and resolution is done
by individual aircraft which only have partial information about the intentions of their neighbors.
This may include no more than the current positions and heading of surrounding aircraft. In this
situation, there is no reason to assume that the intruder will make an effort to maintain its current
heading precisely. Finally, the quadratically increasing along track variance in [13] might be largely
due to “global” wind effects which, although unknown, remain constant and affect the motion of
both aircraft in a similar way over the relatively short conflict horizon. Therefore, they tend to
cancel out in the relative position. The perturbations in (3.1) and (3.2) model mainly local wind
effects such as air turbulence as well as deviations due to mechanical and human factors for each
aircraft.
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Chapter 4

Approximated Probability of Conflict

Following [16], we distinguish three different kinds of conflict, and derive the probability of conflict
(PC) for each particular case.

1. Qvertake: Two aircraft fly along the same path with the faster one trailing the slower one.
2. Collision: Two aircraft fly along crossing paths and exact collision is predicted.

3. Near miss: Similar to collision, except that “exact collision” is replaced by “approach within
5 nmi”.

4.1 PC for Overtake

Suppose that aircraft 1 and 2 are both flying from left to right along the z axis, with an initial
distance Az and aircraft 1 following aircraft 2 at a higher speed uy > u5. In this setting, equation
(3.3) simplifies to:

Az(t) = Az + Aut+ oy BY
Ay(t) =oy B/

where (Axz(t), Ay(t)) is the relative position of aircraft 2 with respect to aircraft 1 at time ¢,
Au = uy — uy, B?, B} are independent standard 1-D BM’s, and oy = \/ﬁaa, o9 = /20, are the
combined variances of the perturbations of both aircraft (assuming they are independent).

By Proposition 1, a coordinate transformation P = diag(oy,02) allows us to adopt the viewpoint
that the motion of aircraft 1 is a standard 2-D BM B, = (B}, B?) starting from the origin, while
aircraft 2 is moving at constant speed v = |Au|/oy to the left, with an initial distance @ = Az /oy
from aircraft 1. In the new coordinate system, the protected zone of aircraft 2 is transformed into
an ellipse with long axis I = R/oz and short axis S = R/o; moving along with aircraft 2 (See
Figure 4.1).

A conflict occurs if and only if B; ever wanders into the moving ellipse. Denote this event as F.
The probability P(F') does not admit a closed form formula. However we can approximate it by
a “decoupled” event. Let [ be the vertical line which passes through the center of the ellipse and
moves together with it. Denote by 7 the first time B; hits [ and define A £ {w : |B}(w)| < L},
i.e. A is the event that the first time B; hits line [, it is within a distance of L from the center
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Figure 4.1: Transformed protection zone.

of the ellipse. Since A C F, P(A) < P(F'). However since usually |Au| is much larger than the
variance growth rate of the BM, and because of the shape of the ellipse, it can be expected that
P(F) ~ P(A). We will discuss the error of this approximation more formally in the next chapter.

Evidently 7 has the same distribution as T}, the first time the BM B} starting from the origin with
drift » reaches value a. So by Lemma 1, 7 has probability density:

_ (a —vt)?

pe(1) = m%exp(— )

and the approximate probability of conflict for overtake case can be written as:

_ [ ! AP L
ray= [T [ en-a=1-2 [T e (4.1)

where Q(z) £ [ \/%exp(—tQ/Q) dt. Notice that by Formula 5 in Appendix A, E[r] = a/v. In

case v is larger than 1 or equivalently |Au| > oy, p,(t) concentrates near to = a/v = Ax/|Aul.
Since function q(t) = Q(L/+/t) is relatively flat near ¢y, we can expand ¢(t) about ty to get:

q(1) = q(to) + ¢ (to)(t — to) + %Q”(to)(t — )" (4.2)

where ¢'(t9), ¢"(to) are the first and second order derivatives of ¢(t) at tp and can be calculated as

(t0) = —— exp(~ )
¢ (to) = ——exp(——)—~—;
V27 2t0" 2,/13
(4.3)
1 12 I3 3L

]

(]”(to) —

V27 ( 2to)[4\/§ 44/t]
Substituting equation (4.2) into equation (4.1), we have after some calculation:

Assertion 1 PC for overtake can be approzimated by:

L ) K ( 12
Viel  4v22r P 2ty

PLE1-2-Q( ); (4.4)
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Figure 4.2: Comparison of P(A), P% and P2, (Left: Au = 0.2 nmi/min, Right: Au = 1 nmi/min).

where to = Az /|Au| and K = L3 /\/t5 — 3L/\/13. If only the first term in equation ({.2) is used
in the expansion, then we get the simpler 0-th order approzimation:

Po 2 1-2-Q(L/ V). (4.5)
In Figure 4.2, P(A) computed by numerical integration and its 0-th and 3-rd order approximation
are plotted as functions of Az, for the two cases Au = 0.2 nmi/min and Au = 1 nmi/min. Here
o1 = 1, 03 = 0.5 (whose squares are in nmi® /min, which is omitted from now on for simplicity), and
R =5 nmi. From these plots, it can be seen that Assertion 1 gives us a remarkably sharp estimate

of P(A) (and hence P(F)) even in the case when v is much smaller than 1 (the approximation error
when v > 1 is barely visible).

Sometimes it is more reasonable to limit the prediction to a finite horizon, since a situation where
PC is nearly 1 but with a projected collision time ¢ of 30 minutes may not be as dangerous as
a situation with a smaller PC but ¢ = 15 min. Instead of simply weighting PC and ¢, we can
alternatively compute PC for the overtake case within a fixed horizon t; as:

2 ty L
Y
Andr <ts})) / Py t/ —eXp—— dt = / pr(1) |1 —2Q(—=)| dt 4.6
P ; T L AR QIR IE S KA
Following a procedure similar to that used for the infinite horizon case, except that Formula 4 is

used instead of Formula 5, we get the approximation of equation (4.6) as:

Assertion 2 PC within time ty for overtake can be approrimated by:

—wvt a+uvt ay/ty (a —vis)?
Pl Q(t=ha + et G, 4 21 S R
ot Q( \/E ) 1TE€ Q( \/E ) 2 ( 0)?]2\/_ eXp[ Qtf ] ( )
where G'1, Gy are constants defined by
G121 -2q(tg) — ¢"(to)a/v",
G2 £ 1 - 2q(t0) + 4(]’(150)150 — q//(to)(4t3 — Q/US).
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Figure 4.3: Comparison of P and P,/ with ¢; = 30 min, Au = 2 nmi/min. Left: oq = 1, Right:
o1 = 2.

Figure 4.3 shows the comparison between P, and ij (ty = 30 min) as functions of Az for two

different values of 61 (04 = 1 and oy = 2), with 65 = 0.5 and R = 5 nmi. Notice that ij coincides
with P, for small Az, but drops to zero at around Auty. The larger the o1, the slower the drop.

Remark 2 : Although we have pointed out that P(A) is a valid approximation of P(F') if Au > 1,
it is interesting to know what this approximation becomes when Awu is nearly zero, i.e. two aircraft
have almost the same speed and heading. A well known result in probability theory (see [1]) is that
the hitting distribution on a line [ for a 2-D BM B, starting from z ¢ [ is Cauchy, which implies
that the probability a fixed segment of [ is hit by B; first than any other part of [ depends only on
the angle that the segment makes to z. So the contour of P(A) when v = 0 consists of the family
of all arcs passing through points g1 and g5 in Figure 4.1, which is acceptable.

4.2 PC for Collision and Near Miss

We now deal with the case when the paths of the two aircraft cross at an arbitrary angle 6. In
the following discussion we use the concepts introduced in Chapter 3. In particular, the circular
protected zone of radius R is transformed into an ellipse centered around aircraft 2, with initial
boundary determined by equation (3.7) and moves at velocity v = (v,,v,)’ along with aircraft 2.

A conflict occurs if and only if the 2-D BM B; starting from the origin wanders into this moving
ellipse. In the spirit of the previous section, we calculate the projected width 2L of the ellipse along
the direction of v as (see Figure 3.2):

;o R U%A%—FU;A% (4.8)
AIAQ 2(?]% + ?]Z) ' '

where Ay and A, are determined by equation (3.4).

Now we estimate PC' by approximating the event of conflict as the event that the first time B; hits
line k, it is within a distance L from the center of the ellipse. Line k is assumed to pass though the
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center of the ellipse at an angle orthogonal to v and move along with it at velocity ». Although
the ellipse may be far from symmetrical with respect to the line h, the error introduced in our
approximation is partly reduced due to the shape of the ellipse on different sides of h. We will give
more detailed treatment in the next chapter.

By some rotation, we can assume that v is aligned with the positive a axis. An important property
of BM is that it is invariant with respect to rotations, which implies that the motion of aircraft 1 is
still a standard BM. Therefore the time 7 for aircraft 1 to reach the line k& has probability density:

a (a — ut)?
t) = - t>0
pe(t) = e [-G 0>
where i = £||v||, the plus or minus sign chosen according to whether the two aircraft are approach-

ing of flying away from each other. a is given by equation (3.6). Assume a > 0. Following the last
paragraph, we propose the following approximation of PC' for collision and near miss cases:

[ o] sgeetipas [CrolttE et e @)

A procedure similar to the one used in the overtake case provides closed form approximations for
equation (4.9). For example, if the 0-th order term is used, we get:
Assertion 3 PC for collision and near miss can be approzimated by:

g — L g+ L
Vio Vio

where tg = a/p. L is given by equation (4.8), a and x4 are given by equation (3.6).

an é@( )_Q( ) (4'10)

Higher order approximation and finite horizontal version can also be obtained. For example, the
probability of conflict before time ¢; can be approximated by:

/ o) ot - oL

By employing the same expansion technique and using Formula 4 from Appendix A, we have

Assertion 4 The approzimated PC within time t;y for collision and near miss case is:

Panlty) = @(%) i1(t0) = ) + 550 10) = (1)
T QL) (41 (1) — galto) — 2(d)(to) — d(to))Mo

Vis

+2(q (to) — g5 (t0))15 —

(4.11)

a

e (¢ (to) — ¢5(to))]

« b (a~ 'utf)z " "
_ 4 i (e —pty)” N
w2V 2r exp[ 2 ][ql( 0) — ¢3(to)]

where ¢{ (o), ¢ (t0), ¢5(t0), ¢4 (to) are derivatives at to = a/u of the following functions:

g — L
Vi

g+ L
Vit

n (1) = Q( ) (1) = Q( )
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Figure 4.4: P,,,, for path angles 8 = 0° (upper left); 8§ = 45° (upper right); § = 90° (lower left);
§ = 180° (lower right) with ||uq|| = 7 nmi/min, ||ug|| = 8 nmi/min, o, = 2, 6,=1, R = 5 nmi

Figure 4.4 shows some level curves of F,,,,, as a function of the initial position zy of aircraft 2 for the
path angles 8 = 0°, 45°, 90°, 180°. In each plot, aircraft 1 is moving from left to right at velocity
||lu1]| = 7 nmi/min starting from the origin and aircraft 2 is moving at velocity ||us|| = 8 nmi/min.
To see the results more compactly, we used relatively large o, and 0. (6, =2, 0. =1)and R =5
nmi. It can be seen that as the path angle € gets larger and larger, the region delimited by the
same P, equi-probability line gets more and more extended, which means that for a fixed distance
of the two aircraft, the situation of headon conflict is the most dangerous, while overtake is the
least dangerous. This important property of P,,, will be used to construct potential functions to
generate trajectories with less abrupt turn for aircraft in the later chapter.

Figure 4.5 shows the level curves of Pf;{n with 6 = 90°, and ¢; = 10,15 min respectively. It is

observed that P,/, looks like a truncation of the corresponding infinite horizon version P,,,. As o,
and o. increase, the truncation becomes smoother, as can be anticipated.

Remark 3 In [7], 0-th order approximation (4.10) is obtained under a different probabilistic model,
which, the author believe, is naive and the probabilistic analysis therein is flawed. To get results
which make sense mathematically and which can be easily extended to the general case, say, the
finite horizontal case, one has to approach the problem from the process point of view.
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|lus|| = 8 nmi/min, ¢, =2, 6. = 1, R = 5 nmi.

4.3 Alternative View of the Method of Uncertainty Ellipse

There are various other quantities which can be used to characterize the degree of danger of a
particular situation. In this section we analyze the notion of uncertainty ellipse used in [13] to
calculate an index also called PC in [13]. The idea is to model the position of an aircraft at
each time instance as a Gaussian random variable whose mean is determined by the deterministic
motion and whose variance grows with time. The probability of collision at each future instant is
then the probability that this Gaussian random variable lies inside the protection zone of the other
aircraft, and the overall PC is defined as the maximal value of such probability over the period of
potential collision. Despite its simplicity, which makes it very attractive for on-line implementation,
a meaningful interpretation is not so obvious. However, it can be shown to have a close relationship
with the expected occupation time in unsafe set by the following argument.

Let Az(t) be the relative position of two aircraft. S = D(0, R) is the protection zone. Then the
total time two aircraft stay inside the protection zone is:

TI/ Laz(ryes dt
0
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T is a random variable whose expectation can be calculated via Fubini theorem as:
BT = B[ tssgesdd = [ Ellssges)di
0 0
_ / P(Aa(t) € §) dt

/: " o) dr

where PC(t) £ P(Az(t) € ) is defined as in [13]. Therefore from this relation, the average value
of PC(t) during the encounter gives the expected time that the two aircraft stayed in conflict status
if the current travel plans are followed.

Other indices can be easily derived in a similar way. For example, if only collision within a certain
horizon t; is of interest and taking into consideration of the fact that collision at a later time pose
less threat, then

b At
PC(t)e di
0

can be also be used as another index (and possibly a more meaningful one than the maximum or
average of PC(t)). Here A is the discount factor.

It should be noted that although some of these indices lie in the range [0, 1], they don’t admit a
probability interpretation, i.e. they are not the probability of an event in some measure space.
Value thus obtained is only of relative meaning, and therefore is different from the probability of
collision calculated in this paper. The major advantage of working with these quantities is that
they are relatively easier to calculate, even in the case when the deterministic trajectories of both
aircraft are not constant speed motions, for example, they are piecewise linear motions specified by
a set of waypoints. There are various technique to calculate PC(t). For an application of randomize
algorithm to such calculation, refer to [15], which also contains bounds on the estimation error in
the probabilistic sense.
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Chapter 5

Bounds on Approximation Error

In this chapter some preliminary efforts are made to derive theoretical bounds on the error of
approximation obtained in the previous chapter.

Consider the following situation: B; = (B}, B?)T is a standard 2-D BM starting from the origin.
Then (a,b)” + B, is the 2-D BM starting from (a,b)? for some (a,b)’ € R?. Denote with § =
{(z,y)|z > 0,y < 0} the closed quarter plane. Then S; 2 S +t-(v,0)7 is the quarter plane moving
at speed v to the right and with initial position 5. Define

HY(a,b) = {w: (a+ Bf(w),b+ Bf(w)) € 5; for some t >0}

i.e. H is the event that the 2-D BM starting from (a,b) ever hits the moving quarter plane ;.
Write its probability as:

GV(a,b) 2 P(H"(a,b))

We will study the properties of G¥(a,b) as a function of a,b and v. First of all, G¥(a,b) = 1 for
(a,b) € 5 and it is easy to establish the following lemma:

Lemma 2 For each fized a, G(a,b) is a decreasing function of b, and for each fized b, G*(a,b) is
an increasing function of a.

Proof: (Sample path point of view) For each sample path (B} (w), B}(w)) of B; that hits 5,
after a translation of (aq,b1), it will also hits S; after a translation of (ag, bz) with ag > a1, b2 < by.
In other words, H"(ay,b1) C H"(az, by). n

We quote the following important property of BM from [2]:

Lemma 3 (Scaling invariant of BM) If B; is a 2-D BM with By = 0, then for any A > 0,

1
{(§ Bt 2 0} £ {Brt 2 0}

where £ means that the two processes have the same finite dimensional distributions.

In other word, %BX% is also a BM (although not independent with By). It is remarked here that
Lemma 3 is true for BM in R” for arbitrary n. Using Lemma 3, a less obvious result about G¥(a,b)
can be obtained as:
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Proposition 2 GM(%, %) = GY(a,b) for any A > 0.

Proof: By the definition of G"(a,b),

G"(a,b) = P(H"(a,b)) = P(B} > —a+ vt and B} < —b for some t > 0) (5.1)
On the other hand, define Btl 2 lBiQt, Bt2 1B§2t and let t = A2s, we have,
P(B} > —a+ vt and B < —b for some t > 0)
= P(B):, > —a+ \ovs and B3, < —b for some s > 0)
= P(B! > —a/A+ Avs and B> < —b/X\ for some s > 0)
= P(B! > —a/) + Avs and B2 < —=b/A for some s > 0)

where the last equality follows since (Btl, BQ) has the same distribution as (B}, B?) by Lemma 3.
By comparison with equation (5.1), the last expression is exactly GM(i, %) n

Let A = 1/v in Proposition 2, we have

G(a,b) = G*(av,bv) = G(av,bv) (5.2)
So we need only to investigate G/(a,b) instead of G¥(a,b) for every v. Assume v = 1 from now on.
For (a,b) on the left half plane, i.e. a <0, a simple bound on G/(a,b) can be obtained as follows:

Proposition 3 G(a,b) < e** for a < 0.

Proof: Denote with 7 = inf{t > 0:a + B} = ¢} the first time (« + B}, b+ B?) hits the moving
half-plane U, with initial position Uy = {(#,y) : > 0} and velocity v = 1 to the right. Then
{r < o} ={(a+ B},b+ B}) € U; for some t > 0} £ H},(a,b). By Lemma 1, 7 has probability
density function of the form:
|al (la +1)?
(1) = exp(—

Integrating from 0 to oo and using Formula 6 with 2 = |a| and v = 1, we have

)

P(r <o) = / po(t)dt = e72lal = (2
0
Notice that S; C Uy for all ¢ > 0 implies H'(a,b) C H}(a,b). Hence the conclusion. n

The same idea can be applied to get a bound for the case when b > 0. Suppose (a,b) has polar
coordinates (r,8) with 0 < 6 < 7.

Proposition 4 G(a,b) < e~ r(1—cosd)

Proof: Draw a line [ through the origin and at an angle a with the postive z-axis (0 < a < 9).
Suppose uy is the projection of w along the direction orthogonal to [ (see Figure 5.1). Define
l; 214 uy -t. Then event H(a,b) = {w: (a+ B} (w),b+ B?(w)) € S, for some ¢ > 0} is contained
in the event {w : (a + B}(w),b+ B*(w)) € I; for some ¢ > 0} which has a probability e=2%1. Here
d = rsin(f — «) is the distance of (a,b) to [, vy = |uq| = sina. So

G(a,b) < exp[—2rsin(f — o) sin o] = exp[—r(cos(d —2a) —cosf)] YVO< a<¥F (5.3)



20

y
|
(ab) U
d
r 2 U
a9 X
S u

Figure 5.1: Bound for G(a,b) with b > 0

The conclusion follows by noticing that the RHS of equation (5.3) is minimized at o = /2. n

Basically, Proposition 4 tells us that G/(a,b) decreases exponentially fast as (a,b) get farther away
from the origin along a certain direction, and the decay rates depend on that particular direction.
Due to the simplicity of the idea, it is expected that the bound given in Proposition 4 is a loose
one, especially when a > 0,b > 0. Starting from this point, we will focus on the case @ > 0,5 > 0
and try to get sharper bounds by looking deeper into the event H!(a,b).

Proposition 5 Fora > 0,b >0, G(a,b) is bounded by

G(a,b) <2 /(:X) 9a($)Q(—=) ds (5.4)

Sl

where g,(s) is defined as

(a—s)?

2s

gals) = — exp - ], Vs>0 (5.5)

2rs

Proof: Denote with 5 the first time (a + B1(t),b + Bz(?)) hits the x axis. Then 7 has the same
distribution as T, the first time a standard BM starting from the origin hits b, which by Lemma 1,
has probability density function:
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Notice that P(n < oco) = 1 but E[n] = oc. For brevity denote H = H'(a,b). Then

1= Glab) = P = [0y PN = 0t

Oopn(t) /t ! exp[— (2 = a)2] P(H |np=t,a+ Bi(t) = x)da dt

A —oco V27t 2t
= /:) Py(1) /joo ;m exp [~ (= ;t“)z] [1— Gz —,0)] da dt (5.6)
= /:) Palt) /joo ;m exp[- 2 ;ta)z] [1—e2t=)]dzdt (By Proposition 3)
= [ ntole 2 - e e

Notice that by Formula 4,

a—1 a-+t

So the above inequality can be rewriten as:

)e2t = /;ga(s) ds

COUESE Rt Atga<s>dsdt: = [T [ nwdrds=2 [ a5 as
(5.7)

In the last step we use the fact that [ p,(t)dt = 2Q(b/\/s) and [}~ g4(s)ds = 1 which follow from
Formula 4 and Formula 5 in Appendix A respectively. m

The reason why we prefer bound given by equation (5.4) than that given by the last equation of
(5.6) is becasue E[n] = oo, hence p,(t) tends to have a large tail, making numerical integration
more difficult. While in equation (5.4), g.(s) is the probability density function of some random
variable T, with E[T,] = a + 1 and Var[1,] = a + 2 (see Formula 5). Since much of the density of
ga(s) concentrates around E[T,], it is expected that

2 [T aQ( TR ds 2 202

) (5.8)

Level curves for both sides of equation (5.8) are shown in Figure 5.2. It can be seen that the
dicrepency between them is barely observable except when both a and b are very small. We
conjecture that the right hand side of equation (5.8) is still a valid bound for G(a,b).

Using Proposition 2 and the above approximation, we know that GV(a,b) = G(av,bv) is bounded

approximately by Q(bv/+/av + 1) which by the following lemma decreases to 0 at the same speed

as ﬁe‘”ﬂ as v — oo for any fixed @ and b, even faster than exponentially.

Lemma 4 ([2]) Q(z)= [~ \/% exp(—t%/2) dt satisfies:
- % e Ve >0
x

( Jem ™2 < V2 Q(a) <

K| =
K|
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Approximated bound for G(a,b)
T T T T

L L L L L L L L L L L L L
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Figure 5.2: Level curves: Left: 2 [ ga(s)Q(%) ds Right: QQ(ﬁ)

To get bounds which are easier to compute than the one given in equation (5.4), we can use the
observation that g,(s) concentrates near a+ 1 and (b/+/s) is an increasing function of s. We omit
the detail here.

In the case a = 0, Proposition 5 takes an especially simple form.
Corollary 1 G(0,b) < %fog ¢~ P dp for all b > 0.

Proof: Using Proposition 5 and the transform z = tan @, we have

G <2 [T ea(-30 ) ds

:2/:) ! exp(_f)/;o Vs eXp(—Z;—S)dzds
:2/;0 /miexp(—%)dsdz (5.9)

Conclusion follows if we let 3 = 26 and note the symmetry about 7 of the resulting integrand. m

Remark 4 It will be helpful at this point to make a comparison between the new bound we have
just derived in Corollary 1 with that given by Proposition 4, which reduces to e~® in the case a = 0
and b > 0. As is easily verified, the bound given in Corollary 1 is strictly less than e~? for all b and
is actually a higher order infinitesmal than e=® as b — oc. So our extra work is rewarded with a
sharper bound on G(a,b).

Now we can analyze the general situation we encountered in the overtake case of Chapter 4. Con-
sider the following situation: In Figure 5.3, a rectangular box is moving at speed v to the right
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Figure 5.3: moving box

with initial position {(z,y): |z +d/2| < d/2,|y| < h}. Define F¥(a,b) to be the probability that
2-D BM starting from (a,b)” will ever hit the moving box. For example let the BM start from
point A = (0, Z)T on the line [ where z = h 4+ y for some y > 0. Then by Proposition 5,

F(0,2) < G¥(d, y) < 2 A h o (5)QU L s (5.10)

Notice that F¥(0, z) is symmetric in z and F¥(0,2) = 1 for |z| < h, so if we define

2 1% ga By ggif h
Koy = {2057 g @QUERE ds, it > 1)
1, if |z| < h.
Then we have
Lzjcny < F(0,2) < K(z), VzeRL (5.12)

For general (a,b)” € R? satisfying @ > 0, we can condition on the time 7 that the BM starting
from (a,b)” first hits the moving line  to get:

o 1 (x — b)?
F(a,b) = At (0, 2) da dt 5.13
@b = [ 0 [ = eol-E P i (513)
where p-(t) is the probability density function of 7:
a (a —vt)?
(1) = - 9 t >
Combining equation (5.11), (5.12) and (5.13), we have
Proposition 6 F¥(a,b) can be bounded by
> z—h—-5 z+h—-5
FY(a,b 2/ () Q(—————) — Q(—————)| dx dt
@z [Cnmlet - et

(5.14)

FY(a,b) <2 /0‘00 p-(t) / \/%exp[— (2 ;tb)z]lf(x) dx dt
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Figure 5.4: Lower and upper bounds on P,

To get a feeling of its implication, take as an example the aircraft overtake case, where Au = 1
nmi/min, R = 5 nmi, oy = 1, 63 = 0.5. Then d = 2R/oy =10, h =L = R/oy = 10, v = Au/oy =
1. We have encounter this situation before in Chapter 4 (see Figure 4.2). The simulation result of
the above proposition is shown in Figure 5.4. We use numerical integration to evaluate equation
(5.14). Since K (z) can be calculated by equation (5.11) beforehand and once for all, this will leads
to a double integration for which dblquad function in MATLAB is used for evaluation. Solid line
shows the approximated PC calculated by equation (4.5). It can be observed that even when Aw is
small, the upper bound and lower bound are reasonably close to each other. As Awu gets bigger and
bigger, the gap between them will become more and more narrow until closing up completely when
Au = 0o. Furthermore, in this case we are actually dealing with an eclipse encapulated within the
box, so the upper and lower bound should be even closer to each other if we redefine F¥(a,b) as
the hitting probability of BM starting from (a,b)” hitting this moving ellispe.

Remark 5 For the general collision and near miss cases, similar procedures as above can be carried
out to obtain bounds for the approximated PC'. In addition, there are some obvious ways to refine
the bounds obtained in this chapter, which we will not pursue here due to the existence of bounds
on the time and energy that can be spend.
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Conflict Resolution
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Chapter 6

Classification of Resolution
Maneuvers

In this chapter, we will try to classify qualitatively different resolution maneuvers involving multiple
aircraft. Although this notion has been explicitly or inexplicitly taken into consideration by most
researchers on multi-aircraft resolution, often under different names, for example, “cross pattern”
in [4], a formal treatment has never appeared before. The main point of this chapter is that the
structure of this problem is more subtle than merely combinatorial, though not subtle enough
to elude a mathematical description. In fact, is is found that the types of resolution maneuvers
involving n aircraft have a one-to-one correspondence with the elements of the braid group B,,.

In the following, we will start from the simplest two aircraft case and clarify what we mean by
“qualitatively different”. It is found the the angle one aircraft turns with respect to the other
during the maneuver plays a central role in classifying the type of maneuver. Similar technique can
be extended to the multiple aircraft case to get all the “fundamental” types. However, although
this leads to a complete classification of two aircraft case, it is generally not the case for multiple
aircraft case. For this purpose, the notion of braid will be introduced.

6.1 Two Aircraft Case

e
0
Ksh
D
EERNY
K3

Figure 6.1: Head-on conflict resolution. Left: Maneuver 1, Right: Maneuver 2

Consider two aircraft, starting from @ and ay (marked with hollow circles in Figure 6.1) at time g
and trying to arrive at destinations by and by (marked with solid circles) at time ¢5 respectively. If
both of them fly strictly according to their pre-arranged flight plans which are the constant velocity
motions along the lines joining their starting points and destinations respectively, then a conflict,
which is defined as the event that the distance of two aircraft falls below some safe distance, (say,
R), is projected to happen somewhere between ¢y and 5.
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Figure 6.2: Resolution for conflict at an angle 90°. Left: Maneuver 1, Right: Maneuver 2

As shown in Figure 6.1, two resolution maneuvers can be proposed to resolve the head-on conflict
arising in this situation. Intuitively, these two maneuvers are qualitatively distinctive in the sense
that switching from one to the other can not be done smoothly without incurring situations of
higher danger of conflict. Therefore, if one maneuver is chosen, it is preferable to stick to it during
the time interval [to,¢s]. Qualitatively different maneuvers for another conflict configuration are
shown in Figure 6.2 in which the original unresolved motions of two aircraft are at a right angle to
each other. The above ideas will be made precise in this section.

Define Py as the space of all continuous paths joining a; to by:
P, 2 {ac C(Th,R*) : a(ty) = a1, alty) = by}

where T}, = [to, 5], and C'(T), R?) consists of all the continuous maps from T}, to R?. Similarly
Py, 2 {B € C(Th,R*) : B(to) = az, B(ts) = by}

P; and P inherit the uniform convergence metric Dy and Dy from C'(T}, R?) respectively, e.g.

Di(a1,az) = sup ||ar(t) — az(?)|]  for aq,az € Py,
tETh

Denote P = Py x P,. We will call each element of P a (joint) maneuver of two aircraft. Minimum
Separation over Encounter (MSE) for each maneuver (a, 3) € P is defined as:

Ale, f) = inf [la(t) = B(1)]| (6.1)

tETh

It is easily seen that A : P — R is continuous since

[[A(a, B1) = Alag, B2)|| < Di(ar, az) + Da(B1, f2) Vai,az € P1,V51, B2 € Py

We are interested in those maneuvers with a MSE at least R for some prescribed safe distance R
(usually taken to be 5 nautical miles in the current ATMS). Therefore define

P(R)2P\ATY[0,R]) = {(a,3) € P : A, ) > R}

We distinguish different maneuvers according to the following equivalence relation (I = [0,1]):



28

Definition 1 An R-homotopy between two maneuvers (aq, 1) and (ag, B2) in P(R) is a continuous
map H : I x T, — R* (or H = (Hy, Hy) where Hy, Hy are continuous maps from I x Ty to R?)
satisfying:

1. H(0,-)= (H1(0,-), HX0,-)) = (a1, 31);
2. H(1,-)= (Hy(1,-), Hy(1,-)) = (ag, Ba);
3. Forany s €I, Hi(s,-) € Py, Hy(s,:) € Py and A(Hq(s,-), Ho(s,-)) > R.

Alternatively, an R-homotopy can be viewed as a continuous path in P(R) joining (aq, 1) to

(g, B2). Two maneuvers (aq, 1) and (ag, 32)in P(R) are called R-homotopic (denoted as (v, 1) g

(agz,f2)) if and only if there exists an R-homotopy between them, or alternatively, if and only if
they are in the same connected component of P(R).

We will try to determine structure of connected components of P(R). Compared with the classical
fundamental group problem in algebraic topology, the problem discussed here is harder since it
not only deals with trajectories, but also with their parameterizations. For example, it is not
immediately obvious that the two maneuvers shown in Figure 6.1 are not R-homotopic. However,
it turns out that the two problems are intimately related as can be illustrated by the following
simple transformation.

For the sake of brevity, we focus on the case R = 0. The discussion for this case applied without
much modification to the case for any R > 0. Then P(0) consists of all those maneuvers such
that a strict collision does not happen during T} (two aircraft are viewed as points in R?). Fixed
a global coordinate system in R?, and denote with S! the unit circle equipped with the usual
topology. Then each («,3) € P(0) define a path ¥(a,3) in S! in the following way: for each
t € Ty, since a(t) # B(t), together they determine a direction in R? (measured from a(t) to 5(t)),
or equivalently, a point ¥(«, 3)(¢) in S1. More formally, define equivalence relation o on R?\ {0}
as:

z oy if and only if z = Ay for some A >0 Va,y € R*\ {0}

Then the quotient space R?\ {0}/ o< can be identified with S!. Denote with [z] the cc-equivalence
class @ belongs to. Then ¥(a,3): T), — St is defined by:

U(a, B)(1) = [B() — a(t)] Vi€ T (6.2)

which is easily seen to be continuous in t.

Summing up the procedure described above, we have actually defined a map ¥ : P(0) — Pg where
Ps 2 {y|v: T, — S'is continuous, v(to) = [az — a1], ¥(t;) = [ba — b1]}
Let Pg be equipped with the uniformly convergence metric. By the compactness of T}, we have

Lemma 5 V¥ : P(0) — Pg is continuous.

Similar to Definition 1, two elements 1,72 € Pg is homotopic if there exists a homotopy between
them, i.e. a continuous map H': I x T — S! such that

1. H'(0,-)=v("), H'(L,") = v2().
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¢ [a-ay]

Figure 6.3: Induced paths in S*

2. H'(s,t9) = lag — aq], H'(s,t5) = [by — by for all s € I.

Lemma 6 For any two maneuvers (aq, 1), (a2, B2) € P(0), if (e, 1) ~ (az,B2), then ¥(aq, 1)
and Y(ay, B32) are homotopic in Pg.

Proof: Let H : 1 x T; — R* be the 0-homotopy between (a1, 31) and (asg,33). Then H(s,-) =
(Hq(s,-), Hy(s,-)) can be viewed as a continuous map from I to P(0) joining (aq,31) to (ag, B2
and H' = V¥ o (Hy, Hy) gives the desired homotopy in Pg between ¥(ay, 1) and ¥(as, 32). n

Shown in Figure 6.3 are the ¥ transformations for the two maneuvers in Figure 6.1. Since the
fundamental group of S! is 7o(S') = Z, we have actually proved that the two maneuvers are not
0-homotopic. In other word, there is no way of continuously deforming one to the other without
incurring collision somewhere in the middle. However, for a thorough classification of maneuvers,
we need the following more technical lemma:

Lemma 7 For any two maneuvers (a1, 1), (g, B2) € P(0), if Y(ay, 31) and ¥(ag, B3) are homo-
topic in Pg, then (ay, (1) 2 (az, 82).

Proof: Let H':I x T), — S! be the homotopy in S! between ¥(ay, 31) and ¥(az, 32). We need
only to construct a homotopy Hy in Py between ay and oy and a homotopy Hs in Py between 34
and f such that for each s € I, A(Hy(s,-), Ha(s,-)) > 0. To this end, 1 can be chosen to be:

Hi(s,t)=(1—3s)-oq(t)+s-ay(t), Vsel, tely
Define R: I X Tj, — R as:
R(s,t) = (1 = s)l|ar(t) = (0[] + sllaa(t) = Ba(D)I], Vs € I, 1 €Ty,
Since (a1, 1), (a1,01) € P(0) and [ is compact, we have

inf  R(s,t)>0
SEI,tETh

Identifying each element of S! with an angle and denoting with (r,8)p.1a, = (7 cos,7sin @) the
point in R? with radius r and phase angle 8, we can define Hy : I x T), — P3 as

Hy(s,t) = Hq(s,t) + (R(s,t), H'(8,1))polar
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It is easily verified that (H;, H3) is the desired homotopy in P(0) between (ay, 1) and (ag,82). m
Assembling the results obtained so far, we get

Theorem 1 Two maneuvers (a1, 1), (az, B2) € P(0) are 0-homotopic if and only if V(aq, 51) and
VU(ay, B2) are homotopic in St.

Remark 6 Several remarks are evident at this point.

o The conclusion of Theorem 1 remains valid if we change “0-homotopic” and “P(0)” to “R-
homotopic” and “P(R)” respectively for any R > 0.

¢ [t might be more illuminating in the above deduction if instead of the map ¥, we use the map
(a, ) — B — a, and transform the problem into determining the homotopy types of all paths
in R*\ B(0, R) starting from b; — a; and ending at by — ay. However, we adopt ¥ since it
captures the key notion in classifying different maneuvers, i.e. it is the number and direction
of turns one aircraft makes with respect to the other during the maneuver that determine its
qualitative type.

Corollary 2 Fiz the starting points and ending points of the two aircraft, say, as show in Figure
6.1, then each resolution maneuver («, 3) is homotopic to exactly one of the following:

1. Maneuver 1 in Figure 6.1;
2. Maneuver 2 in Figure 6.1;

3. Maneuver 1 followed by the motion that aircraft 2 stays at by, aircraft 1 starts from by, circles
around aircraft 2 n time clockwise for some n > 1 and returns to by.

4. Maneuver 2 followed by the motion that aircraft 2 stays at by, aircraft 1 starts from by, circles
around aircraft 2 n time counterclockwise for some n > 1 and returns to by.

In reality, unless in airspace with high air traffic density such as those near airport, it is usually
implausible that one aircraft turns more than 360° during one maneuver. Define the fundamental
maneuver as those for which one aircraft turns less than 360° in whichever direction with respect to
the other. Then the above corollary says that there is exactly two fundamental types of maneuvers
for two aircraft resolution.

6.2 Multiple Aircraft Case

Now consider the general scenario in which there are n aircraft with starting position aq,---,a,
and destination position by, - - -, b, respectively. Similar to Section 6.1, we define

P; 2 {ac C(Th,RY) :alty) = a;,a(ty) = b}, i=1,---,n

Each element (ay,---,a,) of P =[], P, is called a (joint) maneuver and its minimal separation
over encounter (MSE) is defined as:
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where Aj;(ay, ;) is the MSE between «a; and a; defined in (6.1) of Section 6.1 with P; and P; in
the place of Py and Py respectively. Let P(R) = P\ A~!([0, R]) be the set of all maneuvers with

a MSE greater than R. Two maneuvers (ay,---,a,) and (f1,---,8,) in P(R) are R-homotopic
if there exists an R-homotopy H between them, i.e. a map H = (Hy,---,H,) : [ x T, — R*"
satisfying:

L H(0,) = (H1(0,-), -+, Hp(0,)) = (a(+), -+, ()

2. H(1,-) = (Hy(1,-),-- -, Ho(1,2)) = (B1(-), -+, Bnl1));
3. H(s,-)=(Hi(s,-), -, H,(s,-)) € P(R) for all s € [I.

This equivalence relation partitions P(R) into disjoint components and it is the task of this section
to determine the structure of these components.

Similar to Section 6.1, for each aircraft pair 7 and j, we can define a map ¥;; : (P; x P;) \
A;([O,R]) — P;Sj as in (6.2) with P; and P; in the place of Py and P; respectively. Here
Pfj is the set of all paths in S' starting from [a; — «;] and ending at [b; — b;]. Therefore ¥ =
HlSi<an U,; defines a continuous map from P to P¥ £ HlSi<an Pfj which maps (ag,---,a,)
to (Wy;(ay, aj))i<icj<n. Homotopy in P* is defined in an obvious way. The proof of the following
proposition is similar to that of Lemma 6.

Proposition 7 If two maneuvers (aq,---,a,) and (B1,---,0,) in P(R) are R-homotopic, then
U(ay, -, a,) and ¥(By,-- -, 3,) are homotopic in P,

Since homotopy in product space induces homotopy in each coordinate space naturally, we have

Corollary 3 If two maneuvers (ay,---,a,) and (B1,---,B,) in P(R) are R-homotopic, then for
each pair 1 < i< j <mn, (o, ;) and (B;, 3;) are R-homotopic in (P; x P;)\ Ai_jl([O,R]).

In other word, if the 2-joint maneuver for any pair of aircraft is not R-homotopic, then the n-joint
maneuvers are not R-homotopic. Therefore there are at least 2("=1)/2 different types of maneuver
for n-aircraft resolution. Shown in Figure 6.4 are the plots of 8 qualitatively distinctive maneuvers
for 3 aircraft case. We assume as in reality no backward motion for any aircraft and place the
aircraft symbol in such a way that there is no confusion for each aircraft pair as for which one
passes the cross point first.
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Figure 6.4: Fundamental types of resolution for conflict involving 3 aircraft
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Figure 6.5: two different maneuvers with the same ¥ images

Unfortunately, unlike the 2 aircraft case, the converse of Proposition 7 is not true when n > 2.
Figure 6.5 show two maneuvers with the same ¥ images but are not R-homotopic.

For a thorough classification of resolution maneuvers, we need the following concepts: (For the
same reason as in the previous subsection we assume R = 0, thus P(0) contains all maneuvers
without strict collision). Each maneuver o = (aq,---,a,) € P(0) can be extended to a map
a : Ty, — R? x Ty by attaching the time as the last coordinate, i.e.

a(t) = (on(t), -+ an(t), 1), VteT,

which has a natural representation as a pure n-braid. An n-braid joining a = (ay,---,a,) € R*™®
tob=(by, - ,b,) € R*"is a set of n curves {yy,---,7,} in R* x T}, C R? satisfying

o Lach point (a;,ty) is joined by exactly one curve in {vq,---,7,} to one of the point (b;,ts)
for some 1 < j < n (¢ and j are not necessarily identical);

e The plane z = t intersects each curve at exactly one point if {;g < ¢ <ty and none otherwise;

e v;N7; =0 whenever ¢ # j.

To avoid technicality in the topology of R?, the following assumption is further assumed, which,
considering the nature of the problem we are dealing with, is purely pedagogical.

e Fach curve is (or can be deformed continuously without intersecting other curves into) a finite
polygonal curve which consists of finite number of straight line segments piecing together.

We denote the set of all such braids as B(a,b). If in the first assumption (a;, %) is required to be
joined to (b;,ts) for the same 7, then the braid is called pure. The set of all pure braids is denoted
as PB(a,b). Evidently @ — & is a one-to-one correspondence between maneuver in P(0) and pure
braid in PB(a,b). One example is shown in Figure 6.6. Broken line segments are used to indicate
which curve is in the front.

Two braids @&, in B(a,b) are said to be string isotopic (denoted as & ~ B) if there exists a
continuous deformation of one to the other satisfying all four assumptions above throughout the
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Figure 6.6: Maneuver and its braid representation

deformation. String isotopy is obviously an equivalence relation on B(a,b) and the equivalence
class & belongs to is denoted (&). It is clear from the definition of map o — & that

Proposition 8 Any two maneuvers a, 3 in P(0) are 0-homotopic if and only if & andﬁ are string
1sotopic.

There is a canonical way of defining product operation on braids. Given braid & € B(a,b) and
3 e B(b, ¢), their product 4 = B-ae B(a,c) is defined to be the knot joining a to ¢ obtained by
concatenating the n curves of # with those of & and then re-normalizing the ¢ axis back to T}, i.e.
F(t) = (71(t), - -+ ,ya(t), t) for t € T}, with

to+t
a;(2t —to) to <t < 2L
ilt) = { ?

B2t —tp) T <t <ty T

This product operation respects string isotopy in the sense that
Lemma 8 If & ~ &' € B(a,b) and 3 ~ ' € B(b,¢), then -& ~ 3 - & € B(a,c).

The proof of this lemma is straightforward and hence omitted. Therefore there induces a product

operation on the isotopy classes of braids denoted as (&)-(8) and the associative law ((&)-(B)-(3) =

(&) - ((B) - (%)) holds whenever the products are well defined.

For each & € B(a,b), we define its inverse a~' € B(b,a) as a71(t) = (a] (), -, a; (1), 1) where
aTl(t) = ai(to+tp—t), YteTy,i=1,---,n

In other word, &~! is the mirror image of & upside down. It is easily checked that it is indeed the
inverse of & in the sense that

(@71) - (a) = (éa). (a)-(a7") = (&)

where é, is the identity pure braid in B(a,a) consisting of n vertical strings joining each (a;,to)

to (a;,t¢) respectively. Similarly for é,. For example, the string isotopy H between a~' - & and é,
s Uf p Y y ple, g py
can be chosen to be
(1 (2t —tg),- -+, an(2t — o), 1) 0<t< ol D2l
to+t to—t to+t to—t to+t to—t to+t tr—t
H(s,t) = (041(% gy, 7%(% + 02, 1) % s <t < % + Ul

(al_l(Qt_tf)v'vagl(Qt_tf)vt) to-l;f ‘|‘@8 StStf
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1

Figure 6.7: String isotopy between &~" - & and é,

which is shown visually in Figure 6.7. The inverse operation also respects string isotopy and
therefore (a4)~! £ (4~!) makes sense. Now we can redefine 0-homotopy as

Proposition 9 Two maneuvers a, 3 € P(0) are 0-homotopic if and only if (3)~1 - (&) = (&,).

Proof: By Proposition 8, o and 3 are 0-homotopic if and only if & ~ ﬁ in B(a,b). It follows
easily from Lemma 8 that & ~ § implies plia~a Tt an~eé,, ie (3)71(a) = (é,). Conversely,
if 371 - & ~ é,, then another application of Lemma 8 and associativity of the product yields

G~ (G- a~p (B a)~ B~
which complete the proof of the other direction. m

Therefore if we fix an arbitrary maneuver v € P(0), then for any other maneuver a in P(0),
a +— (&)~ - (§) establishes a one-to-one correspondence between the connected components of
P(0) and the isotopic classes of pure n-braids PB(a,a), and the problem translates itself into the
the classification of isotopic type of (pure) braids. There are excellent account of this problem in
the references. We give the main results below and refer the interested reader to [10].

Actually, the previous analysis suggests that the isotopy classes of B(a,a) form a group under the
product operation. Denoted it by B,,. Then its identity is (é,) and the inverse of an arbitrary
element (&) is (&)t Tsotopy classes of pour braids form a subgroup of B,, and is denoted as PB,,.
Moreover, it is an normal subgroup since 37! -« - 3 is pure for any 3 € B(a,a) provided « is pure.

Without loss of generality we assume that the z coordinates of aq,--- ,a, are strictly increasing.
We pay special attention to a set of elements of B,,. One such element (5;) together with its inverse
is shown in Figure 6.8 in which there is a “twist” between the curves joining a; and a;4; and all the
other curves are vertical. (G1),---,(,-1) generate the group B,,, or equivalently, every element of
B, is a finite product of such elements and possibly their inverses. These generators are not “free”
since they satisfy two sets of relations:

1. (6;) - (6;) = (6;) - () for 1 <i,j <m—1and |i—j|>2;
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2. (6:) - (Gip1) - (60 = (Gig1) - (65) - (6iqn) for 1 < i < m— 2.

The first relation is easy to see. To verify the second relation, one needs to draw explicitly the

composition 5-i_—|—11 . &Z»_l . &i_-|-11 0441 - 0; - 6,41 and conclude that it is string isotopic to the identity

braid, as can be easily seen from Figure 6.9.

A profound result in braid theory states that these two sets of relations are enough to describe B,,.
More precisely

Theorem 2 Group B, is isomorphic to the free product of (61),---,(6,-1) together with the two
sets of relations defined above.

The pure braid group is a normal subgroup of B,, and admits the following presentation
Theorem 3 Pure n-braid group PB,, is generated by
Ajp = 0p_10)_9 - -Uj+10]20]7_|}1 .- 'Uk_—lzgk__ll? for1<j<k<n
together with the relations
1. A, s and A; j commutes if 1 <r<s<i<j<norifl<r<i<j<s<n
2 A A AT = ADTAL A if 1< r<s<j <

3. AT75A57]‘A;§ = A;}A;;A57]‘AT7]‘AS7]‘ ifl<r<s<j<n;
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Figure 6.10: Two homotopic maneuvers

4. A;}ASJAZ'J and A,; commute if 1 <r <s<i<j<n.
For a proof of the above theorems, see [11]. Therefore Theorem 3 together with Proposition 9 and
the comments thereafter implies that we have characterized the structure of 0-homotopy types of
resolution maneuvers in P(0) completely.

Remark 7 We have the following remarks about the new perspective:

e The finite presentation of groups are notorious unsatisfactory in characterizing groups. How-
ever, they offer the only complete descriptions of B,, and PB,,. In some special cases, they can
be simplified, though still finite presentation, with less generators and simpler relations de-
fined on them. For example, Bs = (61,62 ; 616261 = 626162) can be shown to be isomorphic
to (a,b;a® = b?) with a = 6164 and b = 616261 ([11]).

o In the light of the new perspective, the results obtained in the previous section about the
classification of two aircraft resolution maneuvers becomes a special case since Bs is the
free cyclic group generated by (&1), hence the conclusion of Corollary 2. Two fundamental
maneuvers correspond to the generator (1) and its inverse respectively. It will be instructive
to draw the maneuvers and corresponding braids explicitly.

e The braid perspective often provides us with clearer view than that if simply the planar image
of each maneuver is drawn. The two maneuvers in Figure 6.10 give us such an example. In
each of them, one of the aircraft remains at fixed position while the other one circles around
it and returns to the original position. It is much clearer that they are string isotopic in the
braid representations.

e Although many of the examples in this chapter seems unrealistic at the first sight, one can
easily constructed similar situations with more practical settings. This is especially the case
for airspace near airport, where aircraft might need to hover and make multiple turns before
it gets the permission to land.
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Chapter 7

Optimal Resolution

7.1 Cost Function

In Chapter 6, we discuss the qualitative classification of resolution maneuvers. Two resolution
maneuvers are of the same type if and only if there exists a continuous conflict-free deformation
from one to the other. However, they are not the same in practical terms such as travel distance, fuel
consumption, etc. A natural question we will ask ourselves then is: among all the representatives
of a given type of maneuvers, which one is the best?

The answer of this question depends on the optimality criteria we choose. A natural candidate is
the travel distance which, under the same notation of previous chapter, can be written as:

L(a) = / "ol

where v(t) = &(t) is the velocity of the aircraft at time ¢. Here we assume that the maneuver
a is piecewise differentiable. The problem with L is that although favoring resolution path of
shorter length, it is only a function of the image of a, a reparameterization yields the same L, more
precisely, suppose u : Ty — T}, is a diffeomorphism, then a o 4 and a have the same length.

Alternatively, the “energy” defined below will be adopted:

ty
se) = [Tl (7.1)
to
An application of Cauchy-Schwartz inequality yields
(ty = to)J () = [L()]”

where equality holds if and only if ||v(¢)|| is constant, i.e. if and only if the motion is of constant
speed L(a)/(ts —to). This serves perfectly for our purpose since the J-minimal maneuver joining a
to b is the constant motion along the line segment between them. If the maneuvers is required to lie
on some curve other than the line segment, then of all the different parameterizations, the one with
the least energy J is the one with the constant speed. This has practical interpretation in aircraft
context since safety and capability limit and passenger comfort prohibit the aircraft from making
abrupt turns. For application of energy defined in (7.1) to the study of geodesics on Riemmanian
manifolds, the reader can refer to [9].
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Figure 7.1: Braid corresponding to one-legged maneuver

7.2 Two Aircraft Case: Two Legged Solution

Consider the two aircraft resolution scenario first. As before, the two aircraft have starting positions
ay,ay (at time ty) and destinations by, by (at time ¢5) respectively. However, we redefine Py to be
the set of all continuous motions aq : T — R? which starts from aq at time o and ends at
by at time ¢; and which is piecewise differentiable, in other word, there exist a finite partition
to <ty < ---<ty_q <ty =ty of [to,tf] such that oy is differentiable on each subinterval [t;,;41]
fort =0,1,---,n—1 (i.e. ay can be extended to a differentiable map on an open neighborhood
(t;—e,tig1+¢€) of [t;, t;i41] for some € small enough). Py is defined similarly. The minimal separation
over encounter A(ay, ay) for each maneuver (aq,a3) € P = Py x Py is defined as before and P(R)
is the set of all such maneuvers with a MSE of at least R. Notice that this new definition of P(R)
is different from the one given in Chapter 6. We choose “at least” to make P(R) a close set such
that the solution to the following problem exists:

Minimize J(oq) + J(ag) for (aq,a3) € P(R). (7.2)

By assigning different weights to terms J(ay) and J(a3), we can have a priority of the two aircraft.
However, the subsequent analysis remains largely intact.

As a first step, we will focus on a special class of resolution maneuvers in this section and postpone
the discussion of general case to later sections. A two-legged motion aq for aircraft 1 is characterized
by a single waypoint ¢; and an epoch ¢, € (f,ts) and the motion consists of two stages, each of
which is in straight line and of constant speed: First from ay at time ty to ¢y at time ¢,,, then from
c1 at time ¢, to by at time 7y. Denote the set of all such motions as P%. Similarly for aircraft
2 we have P2 each element of which is characterized by the waypoint ¢ and the same epoch
ty. P? = P} x P3 is the set of all (joint) two-legged maneuvers for both aircraft and its subset
consisting of all those with a MSE of at least R is denoted P?(R). Each maneuver a = (ay,as) in
P2(R) corresponds to a braid & € B(a,b) consisting of two line segments piecing together in the
state-time coordinate (see Figure 7.1). We now have a restricted version of problem (7.2) as:

Minimize J(ay) + J(ag) for (ay,az) € PA(R). (7.3)

Solution to problem (7.3) will give a suboptimal solution to problem (7.2).

Before proceeding, we need the following lemma whose proof can be easily checked.
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Lemma 9 For z,aq,ay € R™ and A, Ay > 0, the following identity holds

Arar + Aqag ? A1z
Mz — a1 ]| + Agllz — aoll? = (N + Mo)||lz — —— 22 ay — asl?
1l 1l 2| 2" = (A1 + A2) N ,\1+A2H 1— as|
In particular, if Ay = Ay = 1, then the above identity stmplified to
2 2
a1+ a a1 —a
HQE—QIHQ‘|‘Hx_‘th:QHﬂC— 1 ; 2 H 1 . 2”

Since each a € P?(R) is completely characterized by ¢; and ¢y, the cost function can be rewritten
by Lemma 9 as

2
lei — aill ) 16 = cill |
J J(as) = L | S U2 = Zellya gy, — g,
o)+ (e = 3=~ + (P )
2
E ch—asz Hbz’—Cin]
1o tf —tm
iyl H o (s =t £ (b = )b ]| uai—biu?]
(g — ) (L — to) ! ty —to ty —to
Ignoring the constant terms, we get an equivalent version of problem (7.3) as

Minimize |le; — ¢}||* + ||ea — ¢4]|>  for (ay,as) € P*(R). (7.4)

where ¢, c¢§ is the unconstrained optimal value of ¢; and ¢; minimizing J(aq)+ J(az):

Y = (tf — tm)ai + (tm - tO)bi

=1,2 7.5
e L=, (7.5)

In the case when ¢, is chosen to be the midpoint between ¢y and t¢, (7.5) simplified to

itb
c;‘:a—l_ , 1=1,2
2

The constraint can be simplified as well. Let us calculate the MSE of a maneuver a = (ay, ay) € P?
with way points ¢; and cg first. In the first stage, the motions of two aircraft are:

t—to t —to

al(t):al—l—(cl—al) Oég(t)za2+(02—ag)

o <t<t 7.6
tm_t07 tm—t()’ 0="="m ( )
Simple calculation show that

Lemma 10 The minimal distance of two aircraft during time interval [to,t,,] is

lar — az|, if A > 0;
d" = ller — ezl if A< —HCl—Cz—fh-l-azHZ%
Vilar = agl|? = 22 /[les — e —ar + azl?, i —llex —e2a—ar +agf> <A <0

where A = (a1 — QQ)T(Cl — ¢y — a1+ az).
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Figure 7.2: Plot of {¢1 : d*(a1 — az,c1 — ¢3) > R}

A careful inspection of the above formulae shows that d* is a function of relative positions a; — a3
and ¢q — ¢z only and is independent of the time ¢,,. Hence we shall use d*(aq — az, ¢c1 — ¢2) to denote
it explicitly whenever necessary. For the latter half of the maneuver, the motions can be written
in a similar way as

, ot <t <ty (7.7)

The minimal distance between two aircraft during time interval [t,,,%s] is d*(¢q — ¢2,b1 — by) and
the overall MSE is min{d*(a1 — az,¢1 — ¢3),d*(c1 — ¢2,b1 — b2)}.

To make sure that the maneuver defined by (7.6) and (7.7) belongs to P?(R), both d*(a; —az, c1—cz)
and d*(c; — c2,b1 — b2) have to be greater than or equal to R. Fix ¢z, and suppose we have the
freedom of choosing ¢; arbitrarily. Figure 7.2 shows the set {¢; : d*(a; — az,¢1 — ¢2) > R} by
shaded region, which is obtained by drawing a circle of radius R around ¢y and two lines starting
from point ay — ag + ¢ tangent to that circle. This is always possible since by the assumption
|lax —az]| > R, a1 —ag + cq is outside of the circle. Set {c¢y @ d*(¢1 —¢2,b1 —b2) > R} can be obtained
in a similar way. The final feasible set of ¢; is the intersection of two such sets and, depending on
the relative position of ¢y — as and by — by, has four possible configurations shown in Figure 7.3.
We will denote this set as A(cz), highlighting its dependence on cs.

The problem can be considerably simplified if we observe that in all but the first configuration, the
unconstrained optimal ¢}, ¢ is feasible. To see this, notice that by equation (7.5),
tm - tO

J— u S
tf—to(al a2+c2)+tf—t0

ty — 1ty
=

(bl — bg + C%) (78)

So if we choose ¢; = ¢ in Figure 7.3, then ¢} lies on the line segment between a; — ag + ¢ and
by — by + ¢2, and is feasible in the last three configurations.

Therefore we will assume the first configuration from now on. Then for any given ¢z, A(cg) is
the union of two disjoint convex sets corresponding to the two fundamental types of maneuver.
Moreover, for different ¢3, A(cg) can be obtained simply by a translation (i.e. A(cy) = 2 + A(0)).
Fixed ¢5. Let

oty t,. —to

tf_to(m—az-l-cz)-l-tf_to

(b1 — b2+ ¢2) (7.9)
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Figure 7.3: Feasible set of ¢; for fixed c5.

and let p be the point in A(cz) nearest to ¢ (See Figure 7.4). If p is not unique, we can choose
any of them. This is the case if and only if there is an exact collision in the unresoluted maneuver.
Notice that p — ¢ is independent of the choice of ¢y. Let

_ptg P—q

0y =C3+ —(—

o= Ty 2

Then problem (7.4) is minimized if we choose ¢3 = ¢} such that oy and oy coincide with ¢} and ¢}
respectively. And in this case the optimal €] is p. More precisely,

Proposition 10 For the first configuration, the optimal solution to problem (7.4) has waypoints

qd=c+1

pP—q
w214

2

where p, q are defined in the above paragraph. Moreover, if in addition one of the two fundamental
types of resolution is required, then the optimal ¢ and ¢’ are unique.

Proof: By equation (7.8) and (7.9),

ty —1 tm — 1o
/ m(a1—az)+ -
ty — g ty — g

(b1 — b2) (7.10)

U U __ —

is independent of the choice of ¢3. Since we have used ¢y so far for an arbitrary but fized point, in
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Figure 7.4: Optimal ¢; and ¢y for the first configuration.

the following we will use é; and é; to denote the optimization variable. Hence

min{||é; — ¢}'||* + ||é2 — ¢4||* : for all way points (&, é;) such that (ay,as) € P3(R)}
= min min ¢ — %+ ||éy — cY|?
in_min [Jéx = ot + e - 3]
=min  min_ [|é1 — ¢f|)* + [|é2 — 5] (translation invariant of A(éz))
éo 61—62614(0)

= i 3 o AA_uQ A w2 defi Aé— 61 ¢
Ag&l}g)ngnwm—l- é— )P+ |léz —csl!]  (define Aé = ¢y — é3)
= mi — 3 — A¢?/2 by L 9
A?elixn(o)uq €2 ell®/ (by Lemma 9)
= min |[|¢— cH2 (define ¢ = 3 + A¢)
6€A(C2)
=llg—pl

The last step follows from the definition of p. For the equality to hold, we must have ¢ = p, i.e.
Aé=p—cyand é; = (cff + ¢4 — Aé)/2 by Lemma 9, which, together with (7.10), leads to

pP—4q
2

U u _
62201—%622 p+C2IC%_Z% and &) = ¢y + Aé =+

The uniqueness of ¢} and ¢} follows from the above deduction and the fact that p is unique since
the one connected component chosen from A(cz) is convex. n

Denote the solution in Proposition 10 as ¢(a, b, g, ¢,,,t5) and ¢5(a, b, g, t,,, 1) where a = (a1, a3)
and b = (by, b2). For any configuration other than the first one, ¢}, ¢; can be simply defined as the
unconstrained optimal ¢} and ¢}. Therefore the previous analysis shows that ¢J, ¢35 thus defined is
the waypoints for the optimal solution of problem (7.3). Furthermore, they satisfy the following
property which is evident from the above deduction and will be used later.

Proposition 11 For any a1, as,b1,by € R? and any tg < t,, < ts, we have

CT(avb7t07tm7tf) + C;(avbvt&tmvtf) . Cif + C% _ (tf - tm)(al + a2) + (tm - tO)(bl + b2)
2 2 2(t5 — to)
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Figure 7.5: Two-legged optimal resolution maneuvers

Figure 7.5 shows the optimal two-legged resolution maneuvers for two typical situations of conflict.
In each plot, the starting points are marked with stars and the ending points with diamonds. The
circles are the way points computed by Proposition 10. If it is required that a specific type of
resolution is adopted, then a similar procedure can be used to locate the optimal waypoints. One
need only to restrict p in one particular connect component of A(cg).

7.3 Two Aircraft Case: Multi-legged Solution

The result in the last section can be generalized to multi-legged case, in which we have a set of
waypoints instead of only one. More specificly, fixed a set of epochs g < t; < -+ < 1,1 <
t, = ty, an n-legged motion for aircraft 1 is the piecewise linear motion with waypoints (¢10 =
ar,to),(c11,t1),- -+, (c1,n, = b1,t,). P7 is the set of all such motions. Similarly for P} with
waypoints ¢ = ag,¢21," - ,C2,, = by and the same epochs. P" = P} X P} and its subset
consisting of all joint n-legged maneuvers with a MSE of at least R is denoted P"(R). The problem
in this section is:

Minimize J(oq) + J(ag) for (aq,a3) € P"(R). (7.11)

Or in term of waypoints

Minimize ZZ HCZt C;’] ik for (ay,az) € P"(R). (7.12)
=1 j=1 — -l

Evidently a necessary condition for the optimal solution to problem (7.12) is:

crj = (i1 ea-1) (g €2541)s imns s i) (7.13)
ez, = ¢3((er -1, ¢a5-1), (e i1y Ca i)y o1 U L)
for j=1,---,n— 1. ¢] and ¢ are functions defined in the last subsection. Define
_ Gty

0; = 2 9 j:O,l,---,n
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Figure 7.6: Multi-legged resolution maneuvers

Then by Proposition 11, condition (7.13) implies

(t]‘l'l )0] 1 ‘|'( 1j— 1)0]+1
Liyr —tj—1

0; =

This is possible if and only if in the space-time coordinate, (o0g,%), (01,t1), -+ ,(0n,15) are on a
straight line, in other word

(ty —tj)oo+ (tj —to)on _ (ty —tj)(a1 + az) + (¢ — to)(b1 + b2)

0 — -
I ty —to 2(t5 —to)

(7.14)

Instead of deriving the analytic expression for the optimal solution a* of problem (7.11), we contend
ourselves by providing the following algorithm.

Algorithm 1 1. Pick any feasible waypoints 5]), i=1,2,7 =0,1,---,n such that ng _
0170(23 az,cﬁl = bl,c(z% = by and d*(cg?]) - (2]) 5]) 1 (©) Y>R,j=0,1,---,n—

2. for k=0,1,---, define
{cgkﬂ) (e

k+1

e

3. Repeat procedure 2 until some condition, say, the decrease in energy is below some threshold
€, is met.

gk) k)
") )
1,5— g1

k k
s
2,7— 1)7(C 2]

C C

+1)7tj—17tjvtj+1)
-I-l)?tj—lvtjvtj-l—l) j:1727"'7n_1

—x

(
1 IRESE
(
1

C

o
[\ 5
—~
—~
o]

? 17 ?

It is easily seen that the energy is a nonincreasing function in the number of iterations and is strictly
decreasing whenever the maneuver does not satisfy condition (7.13). Therefore the iteration will
converge to a maneuver satisfying condition (7.13). It is conjectured that for a fixed fundamental
resolution type, the optimal o is the only maneuver satisfying condition (7.13). We will postpone
its discussion to the next section. Figure 7.6 gives the simulation results for two typical conflict
situations. We choose a large R = 30 nmi to make the 32-legged solution more obvious. Also the
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Figure 7.7: Operation 7,
epochs t;, 7 =0,1,---,32 evenly divides [tg,?s] and the corresponding waypoints are marked with

small circles. Therefore the denser the circle, the slower the motion is. Notice in addition that the
solution in neither case is of constant speed and the speed variation in the second case is larger
than in the first one. These phenomena will be explained in a more general setting in the next
section.

7.4 Two Aircraft Case: Infinite-legged Solution

In this section we will deal with the general case. The most important difference from the previous
two sections in methodology is that from now on, instead of attacking the problem directly as
we did before, an indirect method will be adopted. We propose various transformations on the
resolution maneuvers and study those properties which are invariant under such transformations.
This strategy is a common practice in various branches of mathematics. Although it is debatable
whether this new perspective is the single most important feature which distinguishes modern
mathematics from it classical counterpart as some mathematicians have claimed, there is no doubt
that, applied in an appropriate way, it can give us profound and sometime surprising insight about
the object under inspection.

So much for the philosophy lesson and let us get back on track. Recall that in problem (7.2),
P(R,a1,az,b1,bs) denotes the set of all maneuvers in P with a MSE at least R when the starting
positions are a;,a, and destination positions by, by respectively. Let w € R? be any vector. For
any maneuver o = (aq,a3) € P(R,a1,a3,b1,b2), construct a new maneuver 3 = (31, f3) with the
same starting positions but different destinations by + w, by + w as:

t—to

tw, VteTy, i=1,2

i) = ailt) + —

From the braid point of view, /3 is the linearly tilted version of &. Since ||31(t) — Bo(1)|| = |Jar(t) —
ay(t)|| for all ¢, we have 8 € P(R,a1,a2,b1 + w,by + w). So if we denote 3 = 7, (a), then 7, is a
map from P(R,ay,a3,b1,02) to P(R,a1,a2,b1 + w, by + w) for each R, and moreover, because of
the easily checked fact that 7,, 0 7_,, = id, is also a bijection between them. Less obviously

Proposition 12 Suppose a* is the optimal solution for problem (7.2) in P(R, a1, a3,b1,b2). Then
B8 = T,(a*) is the optimal solution for problem (7.2) in P(R, a1, a2,b1 + w, by + w).
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Proof: Take any a = (aq,az) € P(R,a1,a2,b1,b2) and let 5 = (51, f2) = Z,(«), then
t . .
I+ 352 = [ AN + a0 de
totf 2 2
-] ' |
2 2 Yo2wt .
= [l s 72+ aaoar+
to Yf 0

w (b1+b2—a1—a2+w)
ty — g

aq(t) + ;

Vo (t
1 — 1o az()thf—to

2wl

ty — 1o
2
=J(ay)+ J(az) +

Notice that the last term is a constant independent of a. Denote it by C, then
nfLI(51) + J(52) : € P(Roar,as, by w,by £ w))
=inf{J(a1)+ J(az)+ C: a € P(R,a1,a2,b1,b02)} (let o = 7_,(8))
= J(a1) + J(a3) + C
where the equality holds if and only if 7_,,(8) = o, i.e. if and only if 3 = 7,(a*). n

The reason we introduce this new operation is illustrated by the following proposition.

Proposition 13 Suppose o* is the optimal solution for problem (7.2) in P(R,ay1,az2,b1,b2), and
suppose in addition a1 + ay = by + ba. Then

aT(t) + Oé;(t) = a1 + a9 = bl + bg, Vt € Th

Proof: To simplify notation, let a = a* = (ay,az). Denote e = (a; +a3)/2 = (b1 +b2)/2. Define
a new maneuver 3 = ([, 32) by

Bi(t) = al(t);afz(f) te
By(t) = c2l=enll 4 o i e,

Then it can be checked that 3 has the same starting and destination position as a and moreover,
181(t) = B2(t)]| = [Jar(t) — aa(t)]| for all ¢ € Ty. Therefore 3 € P(R,a1,a2,b1,b2). Notice that
Brlt) = (é1(t) — éa(t))/2, Ba(t) = (salt) — g (£))/2, we have

J(B) + J(By) = /,:f[ dn () — ds(1) * dz(t)—dl(t)HQ] &t

2 2

- [l —dr,

2

< [ e (D12 + llaa(e))?) di
= J(Oél) + J(Oéz)

By hypothesis, J(a1) + J(az) < J(B1) + J(F2), so the equality holds. But this is possible if and
only if [|a1(t) — aa(t)|]? = 2||ca(t)]]* + 2||a2(1)]|?, i.e. if and only d1(t) = —dq(t) for almost all
t € Ty,. Integrating from iy to ¢, we get

ar(t) + az(t) = as(to) + aa(to) + / [@1(2) + @2(1)] dt = ax(to) + aa(to)

to

for all ¢ € T}, which is the desired conclusion. n

Now we can extend condition (7.14) to the infinite-legged case.
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Figure 7.8: Braid for the optimal maneuver

Corollary 4 Suppose a* is the optimal solution for problem (7.2) in P(R, a1, az,b1,b3). Then

o () +a3(t) _ (¢ — (a1 + az) + (T — to)(b1 + b2)
2 = 25 — to) » Ve

Proof: Let w = (a1 + az — by — b2)/2. Then 7,, maps a* to 3* = 7,,(a*) which, by Proposition
12, is the optimal solution to problem (7.2) in P(R, a1, az,b],b}) with 0] = by + w, by, = by + w
satisfying b) 4+ b5, = a1 + ay. Therefore by Proposition 13, 85(t) + §5(t) = a1 + ag for all ¢t € Tj,.
The desired conclusion follows by noting a* = 7_,,(5*) and the definition of 7_,,. n

Remark 8 It is easily seen that 7, maps n-legged maneuvers to n-legged maneuvers with the
same epochs. Therefore the conclusions of Proposition 12, Proposition 13 and Corollary 4 remains
true if we replace each occurrence of P by P™ for arbitrary n.

The trick in the above proof can always be carried out, so we will restrict our discussion to the
case when ay + ay = by + by at the moment and derive the optimal resolution maneuver. In
this case, if a* is the optimal solution to problem (7.2) in P(R,aq,az,b1,b2), then Proposition
13 says [af(t) + a5(¢)]/2 is the constant ¢ = (a1 + a3)/2 = (b1 + b2)/2 throughout T}, in other
word, af(?) and a3(t) are always symmetric with respect to ¢, specifying one of them, say, af,
is enough to describe the maneuver. The MSE constraint becomes infier, ||aj(t) — ¢|| > R/2, or
equivalently, o3 (t) € B(c, R/2) where B(c, R/2)is the open disk of radius R/2 around ¢. Moreover,
J(a7) = J(a}) since &5(t) = —as(¢) for all t € T},

Therefore, to find a*, we need only to focus on those elements of P(R, ay, az, b1, bs) satisfying the
above properties and problem (7.2) translates into

Minimize J(aq) for all ay : T} — B(e, R/2)° satisfying aq(to) = a1, az(ty) = by. (7.15)

Instead of working on ayq, we work on its corresponding braid ay defined as a41(t) = (aq(t),t). This
point of view has several advantages. First, the energy of a; and &; has a simple relation

tf d’\
J(dl)é[ “a
0

2 ty
St e = [ laol + a0 = 3@ + 1~ 1)

to
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Hence the optimal ay corresponds to &; with the least J energy. Second and more important,
each @; is completely characterized by its image in R? x 7}, therefore by the discussion at the
beginning of this section, we do not need to consider the problem of different reparameterization
and minimizing J energy is equivalent to minimizing the arc length of é&;. This observation will
make the geometric interpretation of the optimal solution possible.

The constraint for &; inherited from @y becomes that &; can not intersect the cylinder of radius
R/2 around the line (c,t), to < ¢ < ty. So the problem is to find the shortest curve in R? x T}
joining (aq,to) to (by,ty) without intersecting the cylinder. Obviously choosing one side of the
cylinder is equivalent to choosing a particular fundamental type of resolution. Figure 7.8 shows the
shortest curve for one such choice. From points (ay, %) and (b1,15), draw vertical planes tangent to
the cylinder. The optimal &7 should lie on a portion of these two planes and the surface of cylinder
(otherwise we can always project it back to these surfaces and reduce its length). We can unwrap
these surfaces to a flat one without changing the length of curves lying on it (see the first step in
Figure 7.8). Now it is very clear that &} must correspond to the line segment joining a1 and by in
the unwrapped flat surface. Since this line segment has constant slope, the corresponding o is of
constant speed. Moreover, optimal waypoint ¢; corresponds to p; in R? such that line joining aq
and pp is tangent to the circle dB(c, R/2). Similarly ¢y corresponds to ¢; such that line from by to
¢ is tangent to 0B(c, R/2). p1 and ¢ are properly chosen such that they are on the correct side
(see the rightmost part of Figure 7.8).

Proposition 14 The optimal solution oF to problem (7.15) of a certain fundamental type is a
constant speed motion consisting of three stages: first from aq to py along the straight line, then
from py to q1 along the circle B(c, R/2), and last from ¢ to by along the straight line.

Denote the optimal solution given in Proposition 14 as y*(aq, az, b1, bz) highlighting its dependence
on aq,as,by,by. Now we can state the theorem about the general case.

Theorem 4 The optimal solution o to problem (7.2) in P(R,a1,a2,b1,b3) of a certain funda-
mental type is:

ai(t) = y*(ar, a2, b1 + w, by + w)(t) — ti—_tgo w,
as(t) = ay +ag — v (a1, a2,b1 + w, by + w)(t) — ti_—t?ow7 Vi e T,

where w £ (ay + ag — by — by)/2.

In the above theorem, v*(ay, as, by +w, by +w) has to be properly chosen such that its type matches
that of a*. Figure 7.9 shows the plot of two such optimal resolution maneuvers. Compared with
Figure 7.6, it can be seen that as the number of legs becomes large enough, the optimal resolution
maneuver a* can be approximated arbitrarily closely. Although y*(a1,az2,b1 + w,by + w) is a
constant speed motion, in general aj and aj are not since they have an additional drift term and
the larger the difference w is between a; + ay and by 4 by, the larger the variation in speed. This
will explain why the first case has a optimal resolution maneuver closer to a constant speed motion.

One can say more about the relation between n-legged and infinite-legged solution. Denote with
J"™* the cost corresponding to the optimal solution a’™* to problem (7.11). Denote with J* the
optimal cost of problem (7.2). We will write J*(R) to indicate its dependence on R whenever
necessary. It can be expected that J** — J* as n — oo. To show this we need the following
lemma.
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Figure 7.9: Infinite-legged optimal resolution maneuvers

Lemma 11 J*(R) is continuous in R provided 0 < R < min{||la; — ag||, [|b1 — b2]| }.

Proof: First notice that J*(R) is nondecreasing for 0 < R < min{||a; — az||,||b1 — b2]|}. Suppose
the optimal maneuver for problem (7.2) corresponding to some R is a = (ay,a) € P(R). Then
J*(R) = J(a1)+ J(az) by hypothesis. Define a local deformation a* = (a3, ay) of a parameterized
by A as:

{a%(t) = (1)
a3(1) = (1) + (max{[|as(t) — ar (0)[], B+ A}, [a(t) — a1(t)])potar V1 € T,

for A > 0 sufficiently small. Here (-, :)poiqr is defined in Chapter 6. It is easily checked that
a* € P(R+ )\) and o = a. Furthermore, J(\) £ J(a})+ J(a3) is continuous for A small enough.
Therefore, for any ¢ > 0, we can always find a A > 0 small enough such that J(A) < J(0) 4+ ¢ =
J*(R) + ¢. This implies

J(R)< J*(R+\) < J(\) < J*(R) +¢

Therefore J* is right continuous at R. A similar argument can establish the left continuity of J*
at R. Hence J*(R) is continuous at R for 0 < R < min{||ay; — agl|, ||b1 — b2]| }. n

By using exactly the same argument, we can also show that J*(R) is continuous in R. Therefore
Proposition 15 For any 0 < R < min{||a; — ag||, [|b1 — b2}, JE(R) — J*(R) as n —

Proof: Fixed R. It is obvious that J(R) is nonincreasing in n. Suppose o = (ay,a3) € P(R) is
the optimal solution for problem (7.2). Then since aq, @y are piecewise smooth and 7}, is compact,
we can find piecewise linear approximation o™ = (af,al) € P" for them respectively such that

sup [Jo(1) —af (D] <& sup flai(t) =& (D <n  i=1,2
tETh tETh
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for any ¢ > 0,7 > 0 provided n is large enough. The first inequality implies that o™ € P"(R — 24),
while the second inequality implies that J(af) 4+ J(a}) can be made arbitrarily close to J(ay) +
J(az) = J*(R), say, within e. Therefore

J*(R - 26) < JA(R —26) < J(al) + J(al) < J*(R) + ¢

The desired conclusion follows by using Lemma 11 and the arbitrariness of § and ¢. m

7.5 Multiple Aircraft Case: Global Analysis

In this section, the n aircraft case will be considered. Suppose we have n aircraft with starting
positions a = (aq, ag, - -, a,) and destination positions b = (by,- - - ,b,,) respectively. For simplicity
we will use P(R,a,b) to denote the set of all n-joint maneuvers which have MSE of at least R
between any pair of the n aircraft. The problem is to

Minimize E J(a;) for all @ € P(R,a,b) (7.16)

=1

Many results in the previous section have their counterparts here. For example, for any w € R?,
define b+ w = (by + w,b2 + 2,---,b, + w). The operation 7, is defined as before, i.e. for any

a€P(R,a,b),f="T,(a)is
ﬁi(t):ai(t)-l-t_tow, VieT,, i=1,---,n
ty — g

Proposition 16 7, is a bijection from P(R,a,b) to P(R,a,b+ w) and it maps optimal solution
of problem (7.16) in P(R,a,b) to its optimal solution in P(R,a,b 4+ w).

Proposition 17 Suppose a* is the optimal solution of problem (7.16) in P(R,a,b). Then

- =) ai+ (t—to) S0 b
%Eaz(t) — ( f )Zz:l a —I_( 0) Ez:l Vt € Th
i=1

n(ty —to)
In particular, if Y. ja;=>." 1 b;=c, then Y. jo(t)=¢, VteT.
The proofs of these two propositions resemble those of the two aircraft case and we will not repeat
them again. There is, however, an alternative way of proving Proposition 17, which is the preferred

one since it opens up the possibility of proving various other characteristics of the optimal solution
of problem (7.16). This will constitute the main theme of the rest of this section.

Proof:  Let v : T) — R? be a differentiable mapping such that y(to) = y(¢;) = 0. For each
maneuver a € P(R,a,b) and each A € R!, define a new maneuver 8 = D), (a) by

ﬂl(t):al(t)+A7(t)7 VtGThv 1= 1,"',71
Then 3 € P(R,a,b). The energy of 3 is

1) =Y 000 =Y [Tla@ira= Y [ ao + xR

= J(a) + nA? /tf I5()])* dt 42X /:f F(T da(t) di

to =1
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Figure 7.10: Twist operation Ry on braids.

So the energy difference AJ £ J(3) — J(a) is a quadratic function of \. Now suppose a = a* is
the optimal solution of problem (7.16), then AJ > 0 for all A. Hence ftif ()T SO0 dy(t) dt = 0.
But this should hold for any choice of v, say, Y7 | &;(t), therefore > 7 | é;(¢) = 0 for almost all
t € T}, which is the desired conclusion. n

To further study the property of the optimal solution to problem (7.16), we introduce the following

operator. Because of Proposition 16, we can assume Y.  a; = >, b; = 0 at the moment.

Suppose 8 : T, — R is a differentiable mapping satisfying 6(to) = 0, 6(¢;) = 2kw for some integer
k. For each maneuver a € P(R,a,b), define a new maneuver 3 by twisting a by an angle 6(¢) at
time ¢t. More precisely, 5 = (81, -+, 3,) with

Bi(t) = Topyai(t), YVte€Th,i=1,2,---,n
where Ty, is the matrix corresponding to a rotation of angle 6(t) counterclockwise
To = cos[f(t)] —sin[6(t)]
o) = sin[0(t)]  cos[6(t)]

Denote = Rg(a). Then since To(t,) and Ty(s,y are both identity and Ty leaves the distance of
any two points unchanged, 8 € P(R,a,b) hence Ry defines a map from P(R,a,b) to itself. It is
actually a bijection since RgoR_g = R_g 0 Rg = id as can be easily verified. Figure 7.10 shows
the effect of operation Ry on some maneuver.

It is interesting to see what is the energy of the new maneuver 3. First notice that for each ¢,

Bi(t) = Tg(t)ai(t) + %Tg(t)ai(t) = Tg(t)ai(t) + 0(15)T§+9(t)042'(t)

Therefore
18O = NTo0y ()12 + 10(1) Tz 4oy ci(1)]|* + 29(004?(t)TgTJre(t)Te(t)di(t)
= llai()I1” + Nlai(IP100)]* + 20(t)af ()T_z (1)

where we used the fact that Tg_w(t) = T_%_@(t). Integrating and summing up
2

J(8) = Z/ a1 dt + llaa (2180 + 20(t)a] (1)T_z (1)) dt
i=1 710 (7.17)

:ﬂw+/ﬁﬂMWW+wwamw

to
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where f and ¢ are defined by
23 les(I?, gt Ea _zdi(t) (7.18)
=1
The difference of energy between a and f is defined as AJ(#) which is

A0 = 93) - T = [ HOROP + 2000 (7.19)

to
AJ(#) is a function of § and we wish to know what is the optimal twist angle § such that AJ() is
minimized. 6 is subject to the constraint that (o) = 0, 6(¢;) = 2kx for some fized integer k. For
f this translates into ftif f(t) dt = 2kw. Write out the Lagrangian function for this problem:

AJ(0,0) 2 AJ() + A [/tf f(t) dt — Qkﬂ]

to

= [ UOBOP + 2600+ 0]t~ 287

B i : g+ 3.2 [g(t)+3]?
_[0 {f(t)[@(t)—|- o 12 - o }dt—QAlmr

Therefore the optimal 6% satisfies 0%(t) = —[g(t) + A/2]/f(t) which together with the constraint
ftif 6(t) dt = 2kn yields the optimal \*:

A= —2[/1:]‘ %dt—l—Qkﬂ]//;f %dt

In other word, the optimal 8™ is

o g [ S o) )

Substituting this into equation (7.19), we get the minimal AJ(#)

AJ(67) = [ t:f %dt—l—%ﬂ] //; %dt— t:f ic((tt)) dt

If « is the optimal maneuver, then AJ(6*) > 0, i.e. we can not gain by choosing different §. Hence

ts g(t) 2 o ‘ tfgz(t)
[/};0 mdt—l—?kﬂ'] 2/};0 mdt T dt (7.20)

The situation becomes more interesting when & = 0. In this case equality holds in equation (7.20)
since the lower bound AJ(#*) > 0 can be strictly achieved by choosing *(¢) = 0. Therefore

ty t 2 ty 1 ty 2 1
[ @dt] :/ Loy [Ty,
2 f(t) 2 f(t) 2 f(t)
But an application of Cauchy-Schwartz inequality to the function 1/4/f(t) and g(t)/+/f(t) implies

that the equality is possible if and only if ¢(¢)/+\/f(t) = C'/+/f(t) for some constant C, i.e. if and
only if g(¢) = C'. Then equation (7.20) can be surnphﬁed to

(Cz+2km)? > C%2* VkeZ

where 2z = ftif 1/ f(t) dt, or equivalently, kwC'z+ k?r? > 0 for all k € Z. This is possible if and only
if —m <z < 7. Hence
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Proposition 18 Suppose a = (a1,---,a,), b = (b1,---,by) satisfy D7 a; =" 1 b; =0 and «
is the optimal solution to problem (7.16) in P(R,a,b). Then

Ea _ i )ECE[—%,%], Vte T,

where z = tz;f [Z?:l Hai(t)Hz] B

In fact, what we have proved is stronger: the above equality holds for those and only those «
whose energy can not be decreased under any twist Rg. The optimal « is one of them. In the two
aircraft case, since the optimal a satisfies aq(t) = —ag(?) for all ¢, the above condition is actually
that air(t)T_gdl(t) is constant for all ¢ € T. As a verification, the reader can check that the a
plotted in Figure 7.8 indeed satisfies this condition. Similar result for general a, b can be obtained
by performing a T, operation for some suitable w and then a translation of both a and b.

Proposition 19 Fora = (a1, -+ ,a,), b = (b1, -+ ,by), define e, = 7 a;/n, ey = > b;/n.
Then the optimal solution to problem (7.16) in P(R,a,b) satisfies

Zn:[ai(t)— bhot, 1-h eb]TT_g[o}i(t)+e“_eb] —C

P ty — 1o ty — g ty — 1o

for some constant C' such that |C| < 7 /z with z defined by

A

=1

tr—1 t—1
Ozi(t)— / €y — Oeb
ty — g ty — 1o

27-1
|

Since by Proposition 16, >"7 ; &;(¢) is a constant, we can discard the constant terms in the above
condition, hence obtaining

Corollary 5 For a = (a1, --,a,), b = (b1,---,b,), let e,, e, be defined as above. Then the
optimal solution to problem (7.16) in P(R,a,b) satisfies

n

3 [ai(t) Gezo ,t] TT_g [ai(t) + jf - Zj]

=1 I to

is a constant for all t € T},

The next operation on maneuvers we will introduce is the reparameterization operator. For any
general a and b, suppose a € P(R,a,b). Let h : T, — T}, be a C'! diffeomorphism such that
h(to) = to and h(ty) = ty. Then necessarily h(t) > 0 for all ¢ € T,. Define a new maneuver 3 = G,

by: ﬁ = (ﬁlv' o 7ﬁn) with
Gi(t) = ai[h(t)], VteT,, t=1,---,n

Then 5 € P(R,a,b) and G}, defines a maps from P(R,a,b) to itself which can be further shown
to be a bijection since G, 0 G,-1 = Gp-1 0 G = td. In the braid point of view, 3 is the vertically
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deformed version of &. The energy of 3 is

/ Zuaz N2 dr

th—to[/ Vb0l b di ]2 (7.21)
tf—touo desr. (s = h(t))

An application of Cauchy-Schwartz inequality to function /3, [[é;[A(8)][2A(t) and 1 leads to
the inequality and equality holds if and only if />, [[@[h(t)][|2 A(t) is some constant Cq for all
t € Ty, or equivalently, if and only if

ht
/\/E?IHQZ NI it dt = / JEE Jéa(s)Pds = Co(f — 1), ¥ €Ty

Define ¢(¢ fto Voo lla(s)]|?ds. Then if a satisfies that Y7, [|&(s)||* > 0 for almost all s on

any submterval of T}y, then g is strictly increasing hence invertible. The above condition becomes
h(t") = g7 [Co(¥' —to)] for all ¢’ € T,. Use this as the definition of &, then the lower bound on J(3)
in equation (7.21) can be strictly achieved.

J ()

Now assume that a is the optimal solution of problem (7.16) in P(R,a,b), and a; # b; for at
least one 7 in {1,---,n}, then « clearly satisfies the condition Y ", [|c&(s)]|> > 0 for almost all s in
any subinterval of T}, hence equality in (7.21) is achieved. However since § € P(R,a,b) and by
hypothesis, a is optimal in P(R,a,b), this lower bound have to be the same as J(«). Therefore

s i fo [/ mdt] =Jl@) = / Z ()2 dt

Another application of Cauchy-Schwartz inequality to functions /> 7 ; ||&;(%)]|? and 1 reveals that
this is possible if and only if Y™ [|&;(¢)[|* = D for some constant D. This certainly holds for the
trivial case when a; = b;, 1 = 1,--- ,n. Hence

Proposition 20 Foranya = (a1, - ,a,), b= (b1,---,b,), if a is the optimal solution to problem

(7.16) in P(R,a,b), then a satisfies

EHO@ NP=D, VteT,

7.6 Multiple Aircraft Case: Local Analysis

To get further characteristics of the optimal solution, we have to work harder and look deeper
into its structure. Suppose « is the optimal solution of problem (7.16) in P(R,a,b), then we can
subdivide [tg, %] into {9 < 1 < -+ < ty,—1 < t, = ty such that on each subinterval (¢, tr4+1),
k=0,1,---,m— 1, either of the following occurs:

1. The distance of any pair of aircraft is strictly greater than R;
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2. The distances of some pairs of aircraft are equal to R for some ¢ € (tx,tx41). For each time
t € (tg,tky1), we can construct a graph whose vertices are numbered from 1 to n, and an edge
between vertices ¢ and j exists if and only if aircraft ¢ and aircraft j have a distance equal to
R at time ¢ (we will say aircraft ¢ and j contact at time ¢ in this case and call the resulting
graph contact graph at time ¢). We assume (tj,t541) are chosen such that this graph remains
constant during this subinterval, and successive subintervals correspond to different contact
graphs.

Although for the sake of rigor, one has to justify if such a partition exists for optimal a, we will
not concern ourself with the technicality arising from wild a. We assume « is well behaved, say,
piecewise C'! and does not oscillate too much, as is the case for two aircraft. Therefore the above
partition is possible.

It is clear that in subinterval of the first type, each a; should be constant speed motion along
straight line, for otherwise one can always decrease the energy by pulling the string it corresponds
to in & closer to the straight line connecting a; to b;. Actually the argument can lead to stronger
assertion, i.e. for aircraft ¢, its optimal motion «; is of constant speed along straight line in any
interval such that a;(¢) has a distance strictly greater than R to any of the other aircraft.

The situation is more complicated for subinterval of the second type. Obvious we can break the n
aircraft into several subgroups, each of which corresponds to a maximal connected subgraph of the
contact graph in this subinterval, and study them separately using the fact that « is optimal in
Ty, if and only if its restriction to any subinterval [tg,tz11] is also the optimal solution to problem
(7.16) with starting positions {a;(¢x)}/~; and destination positions {o;(tg=1)};.

We will study at this moment the necessary condition the motion of aircraft corresponding to the
leafs in the contact graph must satisfy for optimality. To this end, let us start with a very special
case. Assume that for some a = (ay,---,a,), b = (b1,---,b,), @ is a maneuver in P(R,a,b)
such that during T} = [to,ts], the distance of aircraft 1 with any of the other aircraft is strictly
greater than R except possibly with aircraft 2. Therefore, the only aircraft that aircraft 1 can
contact during 7T is aircraft 2. We will focus on these two aircraft and introduce an operator which
will leave a; unchanged for i = 2,3,--- ,n and perturb «; slightly, while the perturbed a; has a
distance of at least R with as at any time in T}j. If such perturbation is small enough then there is
no possibility that the perturbed oy will cause conflict with any of the rest aircraft ¢ > 3. Therefore
a necessary condition for a to be optimal is that that the energy of ay will not decrease under such
small perturbation.

One such perturbation is described by the following: Let h : T, — T} be a diffeomorphism such
that h(tp) = to and h(ts) = ty. Define a new maneuver 3 by

8i(t) = {al[h(t)] ~onlh(D)] + as(t) i=1

B a;(t) 1=2,---,n, VteTy

Then  has the same starting and destination positions as a. Furthermore, inf{||51() — F2(?)|| :
t €Ty} = inf{||las(t) — ag(t)|| : t € T},}, and for h sufficiently close to identity map, the minimal
distance between 1 and [3; is greater than R for i > 3, i.e. § € P(R,a,b). To get the geometric
intuition of how 3 is constructed, see Figure 7.11. 3 is obtained in several steps:

1. First perform the operator D,,_5, on a to “straighten” the string a, corresponding to, here
@9 denotes the constant speed motion along straight line between ay and by. Then operator



57

,,,,,,,,,,,,,,,,,,

Figure 7.11: Slip operation

T4y, is performed on the resulting maneuver to get 7. In the braid representation 4, 4
corresponds to a vertical line. Explicitly, 1 = a1 — as + a2 and 5 = ag;

2. G, is perform on v to obtain i with n; = a; o h —as 0 h 4+ ay and 1y = ag;

3. Finally 3 is obtain by applying the reversed procedure of step 1 on v, i.e. 3 = Dg,—q, ©
Tpr—a>(7)-

It is remarked here that all the operations mentioned above are actually local in the sense that they
operate only on the first two strings of the maneuver while leaving the rest of them unchanged. It
is clear from the above construction that 3 is obtained by “sliding” «; along ay. Therefore we will
denote it by 3 = £}?(«), where the superscript indicates which two strings we are working on and
h indicates the scaling diffeomorphism. Instead of working on general h, we consider L of a very
special form. Suppose t; € (to,ty), define h by:

Lo = hl(t):%(t1+e—to)+to iftg<t<ty
(t) = hQ(t):ti‘_tgf(tlJrg—tf)thf ittty <t <ty

Parameter € control the deviation of h from the identity map. Under our hypotheses, 3 € P(R,a,b)
for € small enough. The energy of 3 is a function of € and can be calculated as:

9 = [ (b)) = Galh)igr) + o) d

to

- [ | %Wl(hl(”) — da(h (D)) + d(1)| dt
" Af %[dl(’”(”) — diy(ha(1))] + ()| dt

The differentiate of J(¢) at € = 0 is:
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Notice that (g (1) — éa(1))(t — to) + (6 (t) — éa(t)) = d[(é1(t) — é2(t))(t — to)], we have

/: 2dl(t)T[ t—to 0 — a4

t1 — 1o

1924, (1)T . )
:[ 261007 41an(t) = do())(t — to)]

, l1—to

o lon(t) = da()| dt

= 261 (1) (dn(11) = do(tr)) - 2

t;;izmufmmw—®ﬁﬂﬁ

by integration by part. Similarly

[fmhuf[“%fwﬂw—dxww— (én(t) — é(1))] dt

th — 1y th — 1y

= 2 (0 )~ ot 2 [

Q
11 tl - tf

() (éa(t) = da(t)) dt

Hence

JWDI—Q/Mt_m"ﬂﬂ”mu%—®uﬂﬁ—2/wt_w"ﬂﬂ”mﬁy—®ﬁﬂﬁ

(8% (8%
.t —to A

If v is optimal, then J(¢) assumes minimum at ¢ = 0 hence J/(0) = 0. An important observation at
this point is that since « is optimal at any subinterval of T}, say, any subinterval [¢, t’f] containing
11, we can carry out the above analysis for the piece of  in this subinterval and the resulting .J'(0)
should also be zero. Therefore

th_%nufmuw—wu»ﬁ+/ () (@ (1) = ag(t) dt = 0

(8%
ty — 1) n =1

ot —t

forall to <t <ty < t’f < ty. Notice that for fixed ¢;, the first term is independent of t’f and the
second term is independent of t{, so there exists a constant C' such that the first term is equal to
C for all ¢}, and second term is equal to —C' for all t’f when t; is fixed. However for any fixed ¢4,

11 t _ t/
lim 9 G

7 Q
t6—>t1 té) tl - to

d [ = @i 07 @) = date

!
0

() (én(t) = da(t)) dt

dt,

té:tl
=0

Therefore C' = 0, i.e. tél(t — th)éa1 ()T (a1 (t) — ao(t))dt = 0 for all ) and t; such that ) < ¢;.
0

Differentiate w.r.t. t;, we have (1 — t)d1(t1)7 (a1(t1) — do(t1)) = 0 for all ) < ¢;. Hence

Proposition 21 Foranya = (a1, - ,a,), b= (b1,---,b,), if a is the optimal solution to problem

(7.16) in P(R,a,b), and suppose that ||ay(t) — a;(t)]| > R, i = 3,---,n holds for t belonging to
some subinterval € [t1,t2] C [to,ts], Then a satisfies

a1t (G (1) — aa(1)) =0, Vit € [t1, 1] (7.22)
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Instead of slipping the trajectory of one aircraft with respect to another, we can use rotation
alternatively. Let a € P(R,a,b) satisfy the condition in Proposition 21, define maneuver 3 by:

a;(t) 1=2,---,n, VteTy

@u%:{ﬂﬁﬂmﬁ%—muﬂ+aﬂﬂ i=1

where 6 : T}, — R is piecewise differentiable satisfying 6(to) = 6(¢y) = 0. One can employ similar
steps as we did for the previous case in Figure 7.11 to convince himself that this is indeed the local
rotation of the trajectory of aircraft 1 with respect to that of aircraft 2. Suppose € is of the form:

t—1g .
ﬂﬂ:{“45 ifto<t<t

it/ .
=i, € ity <t <ty

for some ¢, then 3 € P(R,a,b) for € small enough by hypotheses on a. The energy of 3 is a
function of € and the optimality of o implies that its derivative at 0 should vanish. Therefore we
can carry out exactly the same analysis as before. We will not repeat it here and instead list the
conclusion as follow:

Proposition 22 Under the same hypotheses of Proposition 21, a satisfies

dl(t)TTg(Oél(t) - Oég(t)) = 0, Vit € [tl,tz] (723)

In the two aircraft case, the assumptions in Proposition 21 and Proposition 22 are always satisfied
and it is checked that the optimal solution obtained there does satisfy condition (7.22) and (7.23).

Conditions in Proposition 21 and Proposition 22 are the strongest ones we have obtained so far. It is
worth pointing out that under the additional assumption that the distance of aircraft 1 and aircraft
2 is indeed R for ¢ € Ty, then the two conditions are equivalent. For in this case, ||a; — az||* = R
implies that (&; — é2)T (e — ag) = 0, i.e. &y — Gy and Tg(al — ag) are of the same direction
(including the case when one or both of them are zero vectors). Therefore, &1 — é is orthogonal to
dy if and only if Tz (a1 — a3) is, establishing the equivalence between condition (7.22) and (7.23).
The intuitive understanding of this equivalence is that the slip and rotation operation of a curve
on the surface of a cylinder lead to the same perturbation.

As an immediate extension, the above analysis can be applied to a group of aircraft instead of a
single one. In this case the corresponding operator will slip (rotate) the trajectories of a group of
aircraft with respect to the trajectory of another one and we have the new necessary condition on
optimality as:

Proposition 23 Foranya = (a1, - ,a,), b= (b1,---,b,), if a is the optimal solution to problem
(7.16) in P(R,a,b), and suppose that the contact graph remains constant on some subinterval
[t1,t2] C [to,tf]. Then pick any aircraft, say, aircraft 1, let T C {2,3,---,n} be a group of aircraft
which corresponds to a maximal connected component of the graph obtained by removing node 1
and all the edges connecting to it from the contact graph. Then

D a0 (@) — au(t) = 0,
JET

E &@; (1) Tz (a;(t) — an(t)) = 0, Vi € [t1, t2]
Jjer

(7.24)
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Figure 7.12: Special case of 3 aircraft resolution

In some simple cases, the optimal 2-legged resolution involving n aircraft can be obtained by using
the results from two aircraft case and Proposition 17. For example, one such situation is shown in
Figure 7.12. Suppose (1, F3) is the optimal 2-legged resolution maneuver between aircraft 1 and 3
if we ignore aircraft 2, and suppose (71,72) is the optimal 2-legged resolution maneuver for aircraft
1 and 2 ignoring aircraft 3. Then since there is no need to worry about the collision between aircraft
2 and 3, the optimal 2-legged resolution maneuver a* is the normalized version of both (31, 83) and

(71,72) satisfying

= B3(t) — (1),
Y2(t) = 71(1),

tf—t 3 . i—tg 3 .
ty—to Ei:l a; + ts—to =1 bl Vi € Th

%103
—
e
.y
~~
o~
~—
ll

Then a* can be obtained by solving the above equations. From the braid point of view, this is
nothing but a twist-and-fit operation on two shortest braids. Obvious this decoupled condition
has its generalization when n > 3 in which we can isolate the aircraft into several subgroup, the
intersection of them are the pivotal aircrafts. In this way, the problem can be solved by a divide-
and-conquer way. We will not pursue any further in this direction here since this technique fails
notable in the infinite-legged case. Iiven for the simplest 3 aircraft case and we know the contact
graph, say, there are edges between aircraft 1 and 2, between aircraft 2 and 3 but no edge between
aircraft 1 and 3, the optimal infinite-legged motion still resists analytical expression. We are still
working on this respect.

7.7 Convex Optimization in Finding Optimal 2-legged Resolution
Maneuver

General speaking, the nature of n aircraft resolution problem is mainly combinatorial in that
the major task is to choose a particular type of resolution maneuver and then find the optimal
representative from it. There are various heuristic ways of choosing resolution type. In the next
subsection, we will give one based on the probability of collision calculated before. The focus of
this section, however, will be the less difficult task of finding the optimal maneuver with a given
type. Furthermore, we will only discuss the two-legged maneuvers since optimal multi-legged or
infinite-legged maneuver can be obtained subsequently by using Algorithm 1.
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Figure 7.13: Convex approximation of feasible set of ¢; given ¢y

Suppose we choose epoch t,,, € Tj,. Then the problem is to find the waypoints ¢1,---, ¢, to

Minimze J = E lle: — ¢¥||*  subject to ¢; € A?;(C]‘), 1<i<j<n (7.25)
=1

where A;;(¢;) is the feasible set of ¢; for fixed ¢; calculated in section 7.2 with a;,b;,a;,b; in the
place of aq,bq,as,by there respectively. Symbol £ means the properly chosen connected compo-
nent of A;;(c;) which matches our desired resolution type. Figure 7.13 redraws the four possible
configurations of A;;(¢;) depending on the relative position of a;,b;,a;,b;. Notice that in all but
the first configuration, one of the connected component of A;;(¢;) is nonconvex. In general, solving
nonconvex problem is a great challenge, even if the objective function is quadratic. Therefore if this
is the case, we “linearize” the constraint by using a half plane inner approximation A;»j(Cj) shown
in Figure 7.13. Although it leaves out some originally feasible ¢, it contains the unconstrained
optimal ¢} if ¢; is chosen to be ¢}. Therefore it is expected that the approximation will not be
too loose. In the special case when any pair of aircraft is of the first configuration, i.e. there is a
conflict for the unresolved maneuver of any aircraft pair, the approximation is tight. Symmetric
encounter is such a case. And such encounters are among the most dangerous ones of all possible
encounters.

So then we have a linearly constrained quadratic optimization which can be solved by all kinds of
software package, say, MATLAB. As an example, let us consider the three aircraft cases. Since the
number of aircraft is small, we have the luxury of running the optimization for each fundamental
type of resolution and pick the one with the optimal cost. Simulation results for two encounters
are shown in Figure 7.14. In the first case, we have a nearly symmetric encounter, and in the
second one there is a headon conflict between two aircraft and a third aircraft has path angle 90°
with both of them. In either case, each pair of the three aircraft is of configuration 1, hence our
linearization remain tight and the maneuvers we found are actually the optimal maneuvers for the
original problems.

However, as n get larger, the number of resolution type gets inhibitively large and such an exhaust
search becomes impossible. If we only consider the fundamental type of resolution, then there are
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Figure 7.14: Globally optimal resolution maneuver for three aircraft encounters

27(n=1)/2 of them and this number grows even faster than exponentially! Therefore, some scheme

must be propose to choose a relatively “good” type of resolution in the first hand. This will be the

theme of next section.
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Chapter 8

Probabilistic Resolution Algorithm

In this chapter, we introduce a decentralized conflict resolution algorithm which exploits the prob-
ability of conflict calculated in chapter 4 to guide each aircraft to their desired destinations, while
avoiding possible situations of conflict with other aircraft flying in the same region of the airspace.
Although we are specifically dealing with ATMS, the following discussion regards the general issue
of path planning for multiple agents moving in a dynamic environment. In [6], an algorithm for
aircraft conflict resolution is proposed based on the potential and vortex field method, which has
its origin in the robotics field. However, since the potential field defined there depends only on the
distance between aircraft, the two cases when two aircraft are flying one towards each other and
away from each other lead to the same repulsive force whenever the distances between them are
the same. As a consequence, the resolution algorithm may generate abrupt avoidance maneuvers
and hence non-flyable paths. The idea of the algorithm proposed here is to use the information
not only on the current positions but also on the current headings and speeds of the surrounding
aircraft in order to generate less abrupt resolution maneuvers and flyable resolution paths.

Consider first the case when two aircraft (labeled 1 and 2) start from positions a; and ay and have
destinations by and by respectively. Assume their initial headings are toward their own destinations
and they fly at a constant speed, say v and vy respectively. At each time instant ¢, the probability
of conflict P.(¢) can be calculated by equation (4.10) or equation (4.11) for some fixed horizon ¢
using the positions z1(t), z2(¢) and velocities u1 (%), ug(t) of the two aircraft at this moment.

We define for each aircraft three particular headings of interest:

o Current heading 0.: Direction along which the aircraft is currently flying. Due to physical
limits on aircraft capability, the new heading proposed by the resolution algorithm should
not deviate too much from 6..

e Destination heading 65: Direction defined by the current aircraft position and its desired
destination.

o Gradient heading 6,: Direction corresponding to the highest decrease of PC. Since both
aircraft maintain their velocities within a short time, 8, can be chosen as the direction of the
negative gradient of P. as a function only of the current position of the aircraft.

Our resolution strategy aims at making each aircraft reach the desired destination while avoid-
ing situations of conflict by appropriately changing the heading, while taking into account the
constraints due to the nonholonomic nature in aircraft motion.
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Algorithm 2 1. Set the initial positions z1[0] = ay, 22[0] = a and initial velocities u;[0] and
u2[0] at time 0.

2. At time n, compute the PC of two aircraft as P.[n] using z[n], z2[n], u1[n], ug[n]. For each
aircraft ¢ = 1,2, compute its current heading . ;[n], destination heading 6, ;[n] and gradient
heading 6, ;[n] at this time respectively.

3. Choose the new heading for aircraft ¢ = 1,2 at step n by

02[71 + 1] if |§Z[n + 1] — 0c7i[n]| < g

_ i (8.1)
.:[n] + 3 -sgn(b;[n+ 1] — 0.4[n]) otherwise,

OZ[n—I—l] = {

where 3 is the maximal turn angle allowed per time step At and

0;[n + 1] = P.[n]b,:[n] + (1 — P.[n])84,[n].

is the weighted sum of destination direction and gradient direction. Intuitively, if P.[n] is
high, then decreasing PC' becomes a priority and therefore the aircraft should pursue the
gradient direction more. If instead, P.[n] is negligible, then the aircraft should pursue the
destination direction. In any case, due to the nonholonomic nature in aircraft, the deviation
from current heading is restricted by 3 and this is the reason why the new heading is chosen
to be the one nearest to #;[n] within the allowed range.

4. Set the aircraft velocities u;[n + 1] = (v; cos(8;[n + 1]), v;sin(8;[n + 1]))T, i = 1,2 and update
the positions of two aircraft at step n + 1 by

zi[n + 1] = z1[n] + wi[n + 1AL + Tp, (417 - diag(o1, 02) - ma[n + 1],
za[n + 1] = 2za[n] + ua[n + 1AL + Ty, (147 - diag(o1, 02) - na[n + 1]

where T, (44 and Ty, [,,4q)) are the rotation matrices of angles 61[n + 1] and 63[n + 1] respec-
tively. nq[1],n1[2],--- and ng[l],n2[2], - are independent two dimensional white Gaussian
noises with unit covariance matrices.

5. If both of the aircraft have reach their destinations, then stop, otherwise n = n 4+ 1 and go
back to procedure 2.

Simulation results for the above algorithm are shown in Figure 8.1 for two typical encounters of
two aircraft: Headon encounter and orthogonal encounter. The speeds of the two aircraft are
chosen such that it takes 30 minutes for them to fly from their starting positions (marked with
stars) to their destination positions (marked with diamonds) along the unresoluted straight line
motion. The left column plot the analytic optimal resolution maneuvers calculated in Chapter 7
with R = 20 nmi. The middle column shows the simulation result for Algorithm 2 with R = 10
nmi. o, = 0.25,0. = 0.2, § = 7/25. 0, and o, are used both in the calculation of PC and in
the generation of noises for the simulated trajectories. In general we could use different values
for the two purposes, leading to different variations of the original algorithm. Circles marks the
point where the minimal separation occurs. The rightmost column shows the histogram of MSE
when we run Algorithm 2 for each encounter 100 times respectively. It can be seen that most
MSE’s center around 2R. The factor 2 arises since each aircraft tries to maintain a distance of
R from the other and there is no coordination between them. In addition, most of the simulated
resolution maneuvers resemble the optimal maneuvers in each case, indicating a good efficiency of
the algorithm.
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Figure 8.1: Optimal and simulated resolution maneuver for two aircraft encounter situations

In the simulations, the two aircraft update their heading every 1 minute, so a zoom in of the
resolution trajectory will reveal lots of chattering between positions corresponding to higher P. and
lower P.. This behaviors is expected, since the function P. is very sensitive to the heading of the
two aircraft. In order to get flyable paths, we can either update the heading at a larger time step
or predict a certain period of time further into the future and take the average of the resolution
headings during that period (which acts as a low pass filter).

Following a procedure similar to the one explained above, it is possible to extend our algorithm to
the case of more than two aircraft, say n aircraft. The algorithm remains intact for all the steps
except that in step 3, extra care must be taken to determine the new heading of each aircraft.
For aircraft 7+ € {1,2,---,n}, we can calculate the probability of conflict between it and any of
the other aircraft, say aircraft j # i, at time n as P.’[n], and therefore have a gradient heading
84 [n] corresponding to this aircraft pair. Denote the current heading and the destination heading

of aircraft 7 at this time as 6.;[n] and 6;,[n] respectively. The the ideal new heading for aircraft ¢
in the next time interval can be chosen as:

_ iz PE )05 [n]
O;ln+ 1] = P.uln -
[+ 1] [n] ST

where P.,[n] = max;z; P[n] is the maximal PC of all aircraft pairs involving aircraft i and is
used as an indicator of the degree of danger for aircraft ¢ in multiple aircraft setting. There are
certainly other alternative ways of choosing #;[n + 1] and it is not clear which one is the best. All
of them are based on the intuitive understanding that new heading should be a weighted sum of
all the gradient directions and the current heading, and increasing PC' of one particular aircraft

+ (1 — Pem [n])@dﬂ'[n]
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Figure 8.2: Resolution for three aircraft encounter situations

pair should leads to larger weight of the gradient direction associated with this pair. We choose
the current one because of simplicity and the fact that unless the PC' between aircraft ¢+ and one
of the other aircraft is higher than a threshold, the resolution endeavor will barely interfere with
each aircraft’s motion. To accommodate the nohomolonomic limit, the final new heading is chosen
by equation (8.1) as before.

Simulation results for several three aircraft encounter situations are shown in Figure 8.2. All
parameters remain the same as in the two aircraft cases. The left column show the optimal two-
legged resolutions calculated by the exhaust search mentioned in Chapter 7 with R = 20 nmi. The
middle column is one realization of the simulated resolution maneuvers using the above algorithm
with R = 10 nmi. The right column is the histogram of MSE’s over 100 runs. Since the air space is

not considerably more congested than the more aircraft case, nearly all the MSE centered around
2R as before.

The situation becomes more complicated when the number of aircraft increases to, say, 8. In this
case it is no longer plausible to perform the exhaust search to find the global optimal two-legged
resolution. However, Algorithm 2 can be used as a random “type chooser” for the optimization
process. We show this by two 8-aircraft encounter in Figure 8.3. The first one is the symmetric
encounter in which eight aircraft pass through a common point at angles evenly distributed in
[0,27]. In the second example, eight aircraft are divided into two groups. Aircraft in each group
follow each other in a streamline and the trajectories of two group are orthogonal to each other.
As before, the middle column shows the simulation results of Algorithm 2. The left column shows
the results of the convex optimization process for the particular type of maneuvers specified by the
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Figure 8.3: Resolution for eight aircraft encounter situations

middel column and the right column shows the historgram of MSE over 100 run of Algorithm 2.
Note that in this case, Algorithm 2 can not guarantee absolutely safety. The minimal seperation of
R = 10 nmi is satisfied for 92% of the 100 runs for the first example and 94% for the second one.

See Figure 8.4 for a wilder example in which two realizations of Algorithm 2 for symmetric 16-
aircraft encounter are shown to give the readers some idea on how complicated the resolution
maneuvers can be and how different they are under different runs.

Remark 9 (Centralized vs. Decentralized Resolution) It should be noted that in some cases,
Algorithm 2 fails to achieve the ultimate goal — bring every aircraft to its destination. As a sim-
ple example let us consider two aircraft which are flying at the same speed with orthogonal (90°)
unresoluted paths. If the starting and destination positions of them are placed symmetrically with
respect to a certain line and assume there is no noise in their motions, then under Algorithm 2,
they will fail to reach their destinations since both of them are equipped with the same resolution
algorithm and hence they make symmetric resolution decisions. Therefore, coordination among
aircraft turns out to be crucial to ensure that the ultimate goal of reaching the destination will
not fail due to an excessive ‘mutual politeness’ of the aircraft involved. Furthermore, there is little
doubt that the existence of inter-aircraft coordination will improve the overall system efficiency.

On the other hand, although centralized resolution algorithms such as the one based on convex
optimization generate provable safe resolution maneuvers, Algorithm 2 has some distinctive features
due to its decentralized philosophy. For example, in this paper we assume that we can isolate a
group of aircraft from the rest in a certain region of the airspace as the ones with “high potential”
of conflict. In practice, this is no easy job. Adding aircraft to or deleting aircraft from this group
will generally be more computationally expensive for centralized than for decentralized algorithms
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Figure 8.4: Resolution for 16 aircraft encounter situations

such as Algorithm 2. Furthermore and maybe the most important, using decentralizing algorithm,
(at least in the strategic level), there is no risk of a major disastor due to the collapse of the
central decision making agency, which has been becoming more than ever a distinctive possiblility
considering the increasingly complex equipments and the explosively increasing air traffic. It is not
the aim of this paper to discuss the general issue of which philosophy suits better in the free flight
situation, though the authors do believe that the one finally adopted should be one combining both
of them, 7.e. at least part of the conflicted detection and resolution responsibilities are distributed
to individual aircraft and there is some information hierarchy imposing on it.
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Chapter 9

Conclusion and Future Directions

It might be worthwhile to sum up what we have accomplished so far. On the one hand, approxi-
mated probabilities of conflict for aircraft pair are obtained together with bounds on the error of
the approximations. Along this line, a decentralized multi-aircraft resolution algorithm is proposed
by using PC' as the potential function. On the other hand, to fully understand the nature of the
problem, we need to classify different types of resolution maneuvers and find the optimal represen-
tative within each class. These are made precise at the beginning of the second part and for two
aircraft case, analytical solution is possible, both for two-legged and infinite-legged motion. For
the general multiple aircraft case, some properties of the optimal maneuver are known and convex
optimization can be used to get the two-legged approximation to it. These two lines merged in the
end by noting that the stochastic algorithm can serve as the random “type chooser” for the convex
optimization process, leading to an overall randomized combinatorial optimization algorithm.

We focus on planar case in this paper. One immediate extension is to consider the practical
situation of three dimensional conflict detection and resolution. In a way similar to the 2-D case,
the approximated PC' for 3-D case can be calculated, and this extended PC' can be used to derived
a decentralized 3-D resolution algorithm. However, it is considerably harder to get meaningful
bounds for the error of such approximations. It should also be pointed out here that due to the
shape of 3-D protection zone, it is expected that most resolution will be vertical maneuvers under
this algorithm. Currently there is still debate on the extent that vertical maneuvers should be
employed in conflict resolution.

In some sense (or as it is always the case when one try to solve problems beyond his reach), the
problems answered in this paper are far less than the problems it comes up with. We will not
pretend that these directions are mere trivial extensions of the current one. Instead, radically
different treatment might be needed. We choose to stop here because of the bounds on time,
energy and capability.
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Appendix A

Formulae

Formula 1 F(a)Z [J° e (t=a/t) gy — @, Va >0

Proof: On the one hand, let s = 1/¢, we have F(a fo % (@s=1/5)* ds. On the other hand,
let s = t/a, we have F(a) = [ ae(s1/s V¥ ds. Combmmg.
2F(a):/ (o + 1/s%)e (5= 1/s)° ds:/ e_(a5_1/5)2d(a5—1/5):/ e~V dv = /7
0 0 —00
Notice that « > 0 is used in determining the integral bound after the change of variable. =

Formula 2 g(z)= [[7 Ae‘”ﬁ expl— (e “t) ldt = \/MATMGXP(,WU —lz|V2A 4+ p?), VYA>0,Vu

Proof: Let ¢t = s? and then v = s4/A + p?/2, we have

020 (z — pus?)?
= S W Sl b A
o) = [ S eeat - U

:j;\_expux—|x|\/2/\—|—,u / expl— \//\—I—MQ/Q—M)Q]dS
s

2
= ———=—exp(puz — |z|V2X + 1?) / expl— —m\/%\—l—;ﬂ)z]dv
v

TA )

A
=2 expur — VDT )
V2 + p?

where the last step follows from Formula 1 by letting a = |a[/2A + 2. n

]ds

Formula 2 simplifies to g(z) = \/2AATM€XP[(’M — V/2X 4 p?)z] in the case @ > 0. Differentiate it

with respect to z, we can easily get (The technicality of exchanging the order of differentiation and
integration can be overcome by using dominated convergence theorem for a proper bound.)

Formula 3 [ e _M\/;TT expl— (2= “t) Jdt = expl(pp — \/2A + p?)z], V& >0,A>0
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Formula 4 Denote Q(z) = [~ \/%exp(—tQ/Q) dt. Then fora > 0,0 #0,5s >0

*oa (a + bt)? a+ bs —oah @ — bs
> |dt = + a -
| el = QU e
a _(a+bt) _a atbs. o, a—bs
[ el 0= -8 ot - et
S av/t (a + bt)? a a a+ bs al a5, a—Dbs
[ el = = (5 - 0t + (G e
2a [s [_(a—l—bs)2]
b2V or P T
Proof: Define I} £ [ \/;TTeXp[—(a-;it)Z)] dt, I, = [ %exp[—%] dt. Then
_ [fa+bt (a—l—bt)2
Il—IQ_A \/ﬁexp[— 57 (]dtb) b
! a— bt a—bt
— 2 2ab/ _ 22d
o [ e (Ut
<1 v? a—bt
2—2(1[)/ __d —
€ a&gs\/ﬂeXp( 2) v (v 7 )
- 9 2abQ(a_b8)

Similarly Iy + Iy = 2Q[(a + bs)/+/s]. Hence the first and second equations. The third one follows

by differentiation of Iy w.r.t. b. m

Let s — oo in Formula 4 and assume a = z > 0,0 = —v < 0, we have

Formula 5 Foraz > 0,v>0

x (z — vt)?

exp[—
A V23 | 2t
g

exp[———2
A 21t ol 2t

o 2t v2 3
o x\/t_?’e a (z — vt)z] df — x®  32® 3w

v3 vl v

X
0o V27

Note the last equation follows by differentiating the third one with respect to v.

Alternatively assume @« = 2 > 0,b = v > 0 in Formula 4 and let s — oo, we have

Formula 6 Forz >0,v>0

S (2 + vt)? _2
exp[— dt i
A V23 Pl 2t , ]
S (z 4+ vt) r _,
exp[——————|dt = —e™*""
A N2t p[ 2t ] v
2/t (z + vt)? 2 x
_ di = (—— - v
| el = (4 )
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