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Abstract— The goal of this paper is to develop an algorithm categorized into the inner approximation algorithm [18F t

for solving optimization problems subject to bilinear matrix  sequential parametric convex approximation method [14],

inequalities (BMIs). We propose a sequential semidefinite pro- and the sequential semidefinite programming (SDP) algo-

gramming (SDP) algorithm mainly motivated from the recently . . . .

developed convex-concave programming approach, the path- r|thm: Through numerical experiments, it is demonstrated

following approach, and the general non-convex programming that, in some cases, the proposed method outperforms the DC

approaches. New convex over approximations of the BMI con- programming approach in [10] at the expense of increased

straints are used. Finally, numerical experiments are provided computational efforts. The proposed method preserves sev-

for comparative analysis. eral useful properties of the DC programming approach in
. INTRODUCTION [10]. One of them is that the proposed sequential SDP

This paper is devoted to a class of bilinear matrix in_algorithm is relatively easy to implement by using standard

equality (BMI) optimization problems, minimizing a convexStDP sol\_/ters tgnd IS mltutl_tlve!{y tehasy tg unglerstgnd. B;;'?es'
objective function subject to BMI constraints. This prahle at every iteration, a solution fo the subproblem 1S guaehte

arises in many engineering applications, for instance, t 8 b? fe_asible, and no step size rule is required to ensure the
design of a reduced-order controller [1], the switched @nt easibility.

design [2] in control theories, and the linear consensus [l. PRELIMINARIES
protocol design [3]. Nowadays, there is an immense liter- | this paper, we follow the notation used in [12]. L%t
ature addressing the BMI optimization problems and relat i i ; P P
applications, such as the cone complementarity Iineanizatege the set of symmetric matrices of sep, 8y andS.

' ) be the set of symmetric positive semidefinite and positive
method [4] for the reduce-order control design, the pattyefinite matrices, respectively. For given matricésand Y
following method for general BMI problems [5], a concavey, SP, the relationX = Y (respectively,X < Y) means
programming approach [6], a Newton-like method for solv-y - s (respe&iverY ~X e8) and X = V
ing rank constrained linear matrix inequalities (LMISs) ,[7] (respectively,X < Y)is X —Y € St (respectively,y —

general nonlinear programming methods [8], and [9]. X € §7,). The quantityX oY := trace(XTY) is an inner

Recently, the idea of DC (difference of two convex func'product of two matricesY and Y defined onS?, where

tions) programming [10] has been extended to the opti;,..(7) is the trace of matrixZ. In addition, the following
mizations with convex-concave matrix inequality CoNSttai grangard notation will be usede{A} := AT + A; ,, and

in [11], [12]. The DC programming method is known as;. ., ., identity matrix and identity matrix of appropriate

an effective technique for solving a class of NON-CoNVeKimensions: ||| Euclidean norm of a vector or spectral
optimizations, where the non-convex inequality const&ain orm of a matrix;s.t.: abbreviation of “subject to.”
are expressed as a difference of two convex functions (OrAfunctionf: R™ — R is said to be strongly convex [15,
convex-concave dgcom_position) constraints. Then, the COBhapter 9.1.2] with parameter> 0 if f(-) — (1/2)p ||_||2 is
cave function is linearized to obtain a convex constraiftynyex We define the derivative of a matrix-valued mapping
whose feasible set is an inner convex approximation of the ., 20 € R" as a linear mapping froR” to R?*? defined
non-convex feasible set of the original inequality coristra |,

In this paper, we propose an approach which does not ex- .
ploit the DC decomposition and the linearization procedure D.F[7]] ] == Zd' OF 2]
Instead, an elementary algebraic matrix inequality is used * z=%0 P "0z
to obtain different approximations of the BMI constraints.
The proposed method can be viewed as an extension 2&

the path-following algorithm [5], where the bilinear term £ . ) el
is replaced by a convex over approximation over the corﬁ?e ;djil'm ;perat(;{ OL;]’T“?O; a'iyc?féngg ?ﬁ?cﬁnégpt
104, 204,..., n © .

of positive semidefinite matrices. We also note that bot th ity for th i lued ina is defined
the DC programming and the proposed method can t%t” € convexity for the matrix-vajued mapping IS defined as

, VdeR"

zZ=Zz0

let A : R®™ — SP be a linear mapping defined as
z] == > x;A;, where A; € SP for i € {1,..., n}.

OwWsS.
*This material is based upon work supported by the Nationatrei Definition 1 ( [16]): The matrix-valued mappingA4
Foundation under Grant No. 1329875 R™ — SP is said to be positive semidefinite convex (psd-

D. Lee and J. Hu are with the Department of Electrical and Com- .
puter Engineering, Purdue University, West Lafayette, IRB@6, USA convex) on a convex subsétC R™ if for all ¢ € [07 1], and

| ee1923@ur due. edu, jianghai @ur due. edu. x,y € C,one hasd[tz+(1—1t)y] < tA[z]+(1—t)Aly]. The



matrix-valued mappingd is said to be positive semidefinite Lemma 1:Let A and E' be real matrices of appropriate
concave (psd-concave) an C R™ if —A is psd-convex. dimensions. Then, for any € % ,,

Consider th trix-valued ing: R* — SP
onsider the matrix-valued mappirg — He{DE} < DSDT + ETS1E.

F(z) = C + L[z] + He{ A[z]By]}, 1) Proof: For anyS € S% ., the inequality is obtained by
expanding(D” — S~'E)TS(DT — S7'E) = 0. u

_ T T n Ny Ny
where oy’ ] € Rz e R,y € R™ are Using Lemma 1 an upper bound ofle{ A[z — zx]Bly —

varlablesﬁ R™ — SP, A: R"r — RP*? andB : R™ — } in (3) is obtained as
R2*P are linear mappings. In this paper, we consider a clasd

of optimization problems with a BMI constraint (BMIP) of He{A[zx — zx]Bly — yx]}
the form < Az — ax]S Az — ox]T
mzin f(z) st. Flz] 20, z€Q, 2 + Bly — yr] 'S By -y,

where f : R™ — R is convex, and) C R™ is a nonempty, where S € S%,. Thus, for any givenz, € (2, an over
closed, and convex set. The algorithm proposed in this papestimation ofF[z] is given by

can be directly extended to the optimization problems with
y p p Flz] 2 Fla] + D Fl2|,—., [z — 2]

multiple BMI constraints. Thus, the general case will not be
considered here for notational simplicity and to save space + Al — 2] SAlz — zi]”
To proceed, denote bP = {z € Q : F[z] = 0} the + By — yi] TS Bly — yi
feasible set 0f), and defineD, := {z € ri(Q?) : Flz] < 0}, — K[z; 2, S]. 4)

whereri(2) is the set of relative interior points of the convex
set() [15, chapter 2.1.3]. Throughout the paper, the following The mappingC|z; zx, S] in (4) has the following proper-

assumptions apply. ties.
Assumption 1:D; is honempty. Proposition 1: For any givenz, € 2,5 € S%,, the
Assumption 2:f is bounded from below orD, and is matrix-valued mappingC[; zx, S] in (4) satisfies the fol-
differentiable. lowing properties:

1) Flz] 2 Klz; 2z, S|, VzeR™;
IIl. A SEQUENTIAL PARAMETRIC CONVEX » R D
2) Flai] = Klzk; 2k, S,

APPROXIMATION METHOD
. : : . 3) D.Klz; zi, Sl.—., [u] = D:Fl2ll,_,, [u], Yu €
In this section, we propose an algorithm for solving the * pn

BMIP (2). The proposed method can be also viewed as an  proof: The statement 1) was proved id)( and the
extension of the sequential parametric convex approxenati gtatement 2) can be proved by setting= z; in (4). To

method [14] to the BMIP2). prove 3), note thatD, F[z]|,_, [u] is given by
To explain the proposed approach, we reformulate the k

matrix F[z] in (2) by D.Fl2]|,—,, [u] = Llu] + He{Alzy]B[w]}
Fl2] + He{ Alv]Blyx]}-
= C + L[z] + He{ A[z]B[y]} where v € R",w € R"™ are appropriately par-
=C+ L]z — 2, + 2] titioned vectors such thatt = [v, w]’. In addition,

DeK(&; i i

+ He{ Az — 2 + 20]Bly — v + yi]} eK(&; 21, )|, [u] is obtained as
= Flax] + D Fl2]l,—., [# — 2] DeK(&s 2k, ), [u]
+ He{Alx — 2] Bly — yx}, @) = DeF ()], [u]

wherez, := [z7, 47T, and + Ale — 2] SAP]" + Al] SAlz — ]

D.Fl2,—,, [z — 2] + Blw]" S By — yi] + Bly — yx] TS Bluw].

= L[z — 2] + Ho{ Al ]Bly — wil) ang 2 = = il he anave equalt
yields P 2k ] = 2)|¢_, [u], conclud-
+ He{A[x — x| Blyx]}- ing the Eproof. E=zy, £ £=z, .

If the last term in 8) is ignored, then the linearization It is worth mentioning that the above properties of the
Flzkl+ D.Fl2]|,_,, [z — 2] of F[z] aroundz; is obtained. approximationK[z; zx, S] are equivalent to that given in
The path-following algorithm in [5] for the BMIP2) is to  [13, page 682]. Therefore, the set of € Q such that
solve @) with the BMI constraint replaced with the linearizedK[z; z, S| =< 0 is an inner approximation of the feasible
constraint. Instead of dropping the bilinear teHn{A[z — set of @) aroundz;. Instead of solvingd), we can solve the
xx]Bly — yk]} in (3), we can obtain an over estimation offollowing approximate problem for a fixel € S7 | :

F|z] over the cone of positive semidefinite matrices by using .
{ min f(z) s.t.

Klz; zk, S] 20, z€Q

a matrix inequality, which is often used in the control theor

5
literature, e.g., [17, Proposition 2.1 and Propositior].2.2 ©)



It is easy to prove thatC[z; z, S] is psd-convex in Algorithm 1 A sequential parametric convex approximation
z € R". Therefore, the problem5] is a convex opti- algorithm for BMIP
mization. The path-following approach in [5] replaces the 1: Initialize zg € Dy and setk < 0, Sy = I,,;
whole BMI constraints with their linearizations, and the DC 2: repeat
programming approach in [12] replaces only the concaves: Solve
terms in the BMIs with their linearizations while presenyin . )
the affine and convex terms. In the proposed approach, (#+1Sk+1) - folz 2) st ®

we replace the bilinear terms with their convex quadratic Flaw) + DoFl2)l . [2 — 2] N N
over approximations while preserving the affine terms. If an SpAlz — Z]Z 95, +85 x| =0,
optimal solutionz* to the above problem is close tg., Blz — 2] 0 _g -
then the constraint5) approximates the constraint of)(
because of the statement (2) Bfoposition 1 Using the al 25 =2el, 25, +5=-cl z€Q, ©)
Schur complement 5] is converted to the equivalent form wherep > 0, ca > 1 >0, ¢ > 0, f,(2; 2) = f(z) +
min f(z) s.t. 5= - 2%,
z€Q : k+—k+1;
Flaw] + D FR ., [z — 2] * * 5. until a certain stopping criterion is satisfied.
Alz — )T -S=1 x| <0. (6)
Blz — zi] 0 -5

The inequality ) is an LMI constraint, and the above Since the mapping(S) = —S~* is psd-concave of. ,
convex optimization can be solved using standard converr S[z] > 0 andS[y] > 0, we have
optimization techniques [15]. If the sé&t consists of LMI . o o .
constraints, then it can be solved by using SDP solvers. BVS[?/] = =Sz]™ + S[z]” (D:S[2l].—p [y — 2])Sa]

repeatedly solving the problem and using the current optima = —28[z]"* + S[x] ' S[y]S[x] .
value z* for the next pointz;1,, we can obtain an iterative _
convex optimization algorithm for the BMIP. This completes the proof. u

Although it is difficult to compare the tightness of the BY replacing —S—! in (6) with —25," + S'SS. "
proposed approximation with that of the DC programmingand multiplying €) from the left and right by the block
the quality of the approximation can be improved since théliagonal matrixdiag(1, Sk, I), we obtain the following
gap between the over approximation and the original bitine&0nvex optimization:
term in Lemma 1can be reduced by an appropriate choice .
of S. However, the determination of in (6) is a non- zeér,lfgnesn f(z) st Q)

convex problem due to the inverse 8fin (6). One possible Flzw] + D FI2)|._. [z — ) " "

way to determineS > 0 through the convex program is SpAlz _ZZ;]Z 95, +S | <0,

to linearize the inverse-S—'. A key observation is that Blz — 2] 0 _S a

f(S) = S~ is psd-convex orS7 | by [12, Lemma 3.1], -

and henceg(S) = —S~! is psd-concave. By linearizing S0, 28 —5-0.

—S~! arounds}, we have the over approximationS—! < By sequentially solving the above convex program and

—1 —1 —1
—25," + 5,55, aroundS;. For completeness and easyysing the current optimal point for the next point,, and

reference, it is formally stated in the following lemma. Sp+1, Algorithm 1 shown at the top of the next page is
Lemma 2:Suppose thatS : R"™ — SP is a linear gpigined.

mapping defined asS[z] = >, 2;S;, whereS; € SP
for i € {L,...,n}. If Sla] = 0 and Sy} = 0, then on (7) is modified in the subproblem oklgorithm 1. In
—Slyl™ = —28[a]™" + Sz S[ylS[z] " holds. particular, the constraint;/ < S =< ¢,/ in (9) ensures
_Pr(_)of: From the formulation of the derivative of the that eachS; is nonsingular and the sequenéy o is
matrix inverse [18], we have bounded. Moreover-2S; + S < —csI is included in the
n -1 algorithm to guarantee that2S, + Si+1 is nonsingular for
D.(=8[7) L ld=- ZC&% all k > 0. The term2||z — z* in the+0bjective function in
B =1 ’ =z (8) is a regularization term to guarantee that the value of the
- 108[2] o -1 function f is strictly descent at each iteration.
- _Zdi{_s[z] 02 Sl } Similarly to the DC programming in [12], a favorable
1:711 1 =T feature ofAlgorithm 1 is that the optimal solution of the
= Sla]” (D:S[e]],_, [d)S[z] subproblem at each iteration is a feasible point of the naigi
Using this result, ifS[z] and S[y] are invertible, then the Problem @).
linearization of—S[y]~! aroundz is Proposition 2: Let {(zx, Sk)}k>0 be a sequence of opti-
. o . mal solutions generated b4lgorithm 1. For everyk > 0,
= Sla]™ + S[a] T (D:S[E],_ [y — 2])S[a] 2y 1s a feasible solution to2j, i.e., zy € Q, F[zx] < 0.

Remark 1:Due to some technical reasons, the optimiza-

z




Proof: The proof will be completed by the induction (A+BFC)'P+ P(A+ BFC) —2aP <0,
argument. FromAlgorithm 1, the feasibility of the initial (P, F, a) €9,
point is guaranteed, i.ezy € Q, Flzo] < 0. Suppose that
2, is a feasible point of4). Then, it is guaranteed that the Where
subproblem inAlgorithm 1 is always feasible for any) € Q={(P, F, a) € R™>" x R"*"u x R :
S, because of the trivial feasible poitt, S) = (zx, Sk). T 6
Let (zx+1, Sk+1) be an optimal solution to the subproblem P=P", P—10""1 = 0}. (11)
in Algorithm 1. By plugging (z, S) = (2k+1, Sk+1) iNt0 To apply Algorithm 1, we replace(F, P, «) in (10) with
the constraint of §), and applying the Schur complement,(r, + AF, P, + AP, a;, + Aa) to have

we get
Flas] + D.FL2] [ | He{(Pr + AP)(A+ B(F, + AF)C)}
2k 2B =gy [BR41 — 2k —2(ag + Aa)(Py + AP) <0
( +B[2k+1 _ Zk]TS;;ilB[Zk+1 _ Zk] ) * (Olk 0‘)( k ) IR
SrAlzer1 — 2T —28S) + Sky1| whereAF = F — Fy,, AP = P — P, andAa = a — ay.
<0. By expanding and rearranging the terms in the last matrix

inequality, we obtain
Multiplying the above matrix by{/, A[zx4+1 — 2x]] from
the left and by its transpose from the right, we have He{PA + PBF,C + P,BAFC}

F —2(aPy + AP
Flze] + D F[2|.—,, [2h11 — 2] (aPy + arAP)
T T +He{AP(BAFC — Aal,)} 0. (12)
+ A[Zk+1 — Zk-] Sk+1A[zk;+1 _ Zk?]

+ Blzpgr — Zk}TS{le[zkH — ] Noting that the last term in the left-hand side of the above

inequality is bilinear, the LMI constraint9] is obtained
= Klzk11; 215 Spta] as (L3) at the top of page 5. Then, the subproblesh ¢f
<0. Algorithm 1 is obtained as follows:

By the statement (1) oProposition 1 this implies that (Pret1, Frt1, Qkt1s Skt1)
zi+1 € Q) satisfiesF|[z;4+1] < 0. Thereforegz,1, is a feasible o . 9
point of (2). This completes the proof. n T Faj;‘gelélfsesn {O‘ +0.005 | AP]F

IV. EXAMPLE: APPLICATION TO CONTROL DESIGN +0.005 || AF||% + 0.005 ||A0¢H§,}

All numerical examples were solved by MATLAB R2008a s.t. LMI(13) holds, and
running on a Windows 10 PC with Intel Core i5-4210 2.6G e e
Hz CPU, 4 GB RAM. The convex optimization problems 107°1 = S 2 10°,  —25+ 5= -107"1,
were solved with SeDuMi [19] and Yalmip [20]. where|-||  is the Frobenius norm.

In this section, the static output feedback (SOF) con- There are several remarks on the implementatiorlef
troller design problem [1] will be considered to illustrategorithm 1

the proposed method. The spectral abscissa optimizatiorl) We use the system data extracted from the publicly
problem for the SOF controller design, addressed also in ~ ,\ -iable database COMPleib library [21];

[12, page 1383], is a well-known BMIP of the fom2)( ) sjnce comprehensive comparison results among the DC
in the systems and control literature, e.g., [4], [5], [19]. programming approach and other BMI solvers, such
Consider the continuous-time linear time-invariant syste as HIFOO [8], PENBMI [9], and LMIRank [7], have
i(t) = Ax(t) + Bug)x’ﬁ/,(t) -~ ‘XC;;’C(t), i(ox)n = R, been reported in [12], we focus only on the comparison
where (A, B, O) € R7X7e x Rt T x RwxMe, > 0, between the proposed method and the DC programming
z(t) € R is the stateu(t) € R™ is the control input, and approach in [12]:

y(t) € R is the measured output. The goal is to find the 3) \ye yse the same method of [12] to determine an initial
gain matrixF’ € R™=*"v so that the system can be stabilized ~ o5qiple point of {0), i.e., Fy = 0, ap = —0.5£(0), and

by the SOF controller(t) = F'y(t). Specifically, the d_es.ign. P, is chosen as a solution to the LM, = 10~°1,
problem can be formulated as the non-convex optimization AT Py + PyA + 200 Py < 0
problem 4) The maximum number of iterations is set to 50. How-
inf  f(F), ever, no stopping criterion is used.
FeRmu X"y 5) Q is convex and closed;

where f(F) := max{Re{\} : A € A(A+ BFC)}, Re{\} The comparison of the values af(Ar) computed using
denotes the real part of € C, and A(A + BFC) is the the proposed method and the DC programming are shown
spectrum ofA + BFC. The problem can be expressed asn Figs. 1-6, using the system data AC1, AC2, AC7, AC11,
the BMIP ) HE1, DIS1, DIS4, NN1, NN13, and REA1 of the COMPleib
. library [21]. From the experiments, one can observe that the
p,l%fao‘ s t. (10)  proposed method is computationally more demanding but



He{PA-I—PBFkC-i-PkBAFC} —2(aPy + apAP) *

Sy AP
BAFC — Aal,

k
S—2S, x| <0, (13)

shows faster convergence for AC1, AC2, AC11, HE1, DIS4,
REA1, and NN1. However, for NN13, DIS1, AC7, the DC

programming gives similar or better results.

—©— Proposed algorithm
- X = DC programming

Fig. 1. Comparison using AC1. Computational time in seconds$ &

the proposed method and 16.5 for the DC programming.

—©— Proposed algorithm
- % = DC programming

Fig. 2. Comparison using the AC2. Computational time in secoB8<

for the proposed method and 23.6 for the DC programming.

V. CONCLUSION

In this paper, we have proposed a sequential parametric
convex approximation method for solving optimization prob [7]
lems subject to BMIs. Numerical experiments have suggested
that, for some examples, the proposed method shows fastgy;
convergence compared to the DC programming approach at
the expense of higher computational efforts. It is expecte

that both approaches can complement each other.
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