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Abstract—In this paper, we investigate the state-feedback in [17]-[19] for the stabilization of periodic or nonlinear
switching controller design problem for stabilization of discrete-  systems. The idea is as follows: for quadratic Lyapunov
time linear switched systems. To this end, a periodic state- function V(z) = TPz > 0. Vx # 0, the conventional

feedback switching controller is considered along with the . -
generalized periodic Lyapunov inequalities. To compute the Lyapunov inequality i/ (z(k+1)) =V (x(k)) < 0, Va # 0.

control Lyapunov function, a bilinear matrix inequality (BMI) Instead of using the one sample variation of the Lyapunov
condition is suggested. Then, we focus on developing an iterative function, we can consider arbitrarji-sample variation:

algorithm that can efficiently solve the BMI condition. The V(z(k + h)) — V(z(k)) < 0, Vz # 0, which corresponds
algorithm is based on the projection of the current Lyapunov (AT)hPAh — P < 0 for LTI systems. If A is Schur
matrix onto a matrix polytope. An example is given to illustrate then for any positive definite matrix, (AT)hPAh will

the proposed design method. . - . .
vanish ash goes to infinity, and the Lyapunov inequality
I. INTRODUCTION becomegAT)"PA"—P = — P < 0. This approach is useful

Pspecially when dealing with uncertain, nonlinear, or qaid

This paper aims at investigating a switching controlleS stems. In this paper. we will apolv thissample variation
design method for discrete-time switched linear system ' paper, pply P

(SLSs). The stability analysis and stabilization of the SLSapproach to stabilize the discrete-time SLSs. The design

have been substantially studied [5]-[15] in recent year%]rgcﬁgﬁtre (SMSXEL?;S;ESH a?thnns\Te-C% r::\;esxog”gezrritr?]rr?glx
mainly based on the Lyapunov theory. For instance, the s q y ' ' g

called composite Lyapunov functions have been studied %1)9 solve the B.MI based on _the |te_rat|ve projection of the
[6]-[11]. The approximate dynamic programming approac yapunov matrix onto a certain matrix polytope. An example
has been applied to design stabilizing controller [12] anff 9ven o illustrate the proposed methods.

optimal controller [13], [14]. More recently, the concept Il. MAIN RESULTS

of g_e_nerating f_unctions_ha_s been devised in _[15] for th@ Notation

stability analysis of switching systems, and it has been

further developed in [16] to analyze the input-to-stdle
gain of discrete-time switched systems.

In this paper, the problem of designing the state-feedba
switching ruleo(k) = wu(z(k)) is addressed in order to
asymptotically stabilize the SLSs. To this end, we atterapt t
apply the periodic control approach investigated in [1T%}
As an illustration, let us first consider the simple discrete
time LTI system

The adopted notation is as follow: set of nonnegative
integers;R™: n-dimensional Euclidean spack!**™: set of
| n x m real matrices, AT transpose of matrix4; A = 0
A <0, A > 0, and A < 0, respectively): symmetric
positive definite (negative definite, positive semi-deéinégnd
negative semi-definite, respectively) mattik I,: n x n
identity matrix;|| - ||: Euclidean norm of a vector or spectral
norm of a matrix;S™: symmetricn x n matrices;S’ : cone
of symmetricn x n positive semi-definite matricesy’} | :
(k4 1) = Az(z), z(0) = zo. (1) symmetricn x n positive definite matricesimin(A) and
) - Amax (A4): minimum and maximum eigenvalues of symmetric
To evaluate the asymptotic stability of the system, we cagatrix A, respectively; given two setd andV, U @ V =

use the Lyapunov theory: discrete-time LTI systeh) i {fu+v:veld,veVhiy:=[1 1 --- 1]7T cRY,
asymptotically stable if and only if there exists a symmnetrigiven P eS| -|p is the ellipsoid norm on: € R™

positive definite matrix” such thatA” PA— P < 0. Finding defined by||z||p := Va7 Px.

P is a convex linear matrix inequality (LMI) problem, for

which various numerical solvers exist [2]-[4]. If modelB. h-samples variation approach
uncertainties and nonlinearities need be taken into ad¢coun |et us consider the discrete-time (autonomous) SLS
then the problem of finding a constaft becomes more

challenging or even impossible. To alleviate these diffies| w(k+1) = Asmz(k), =(0) =z, )
various classes of Lyapunov functions, such as parametgjhere k € N, z(k) € R" is the stateo(k) € M :=

dependent Lyapunov functions [20]-[22] and composite Lya{L 2,..., N} is called the mode, and; € R"*", i € M,
punov functions [7], can be used. Another approach is tgre the subsystem (dynamics) matrices. We assume that none
employ a class of periodic Lyapunov functions developegdf the matrices4; € R"*™ i € M, is Schur stable.

. . Starting fromz(0) = z and under the switching sequence
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Definition 1: ( [15, Definition 1]) The SLS %) is called Proposition 1: The following two statements are equiva-

1) asymptotically switching stabilizable if starting from lent:
any initial state z, there exists a switching se- 1) The SLS is switching stabilizable.
quenceo for which the trajectoryz(k; z, o) satisfies ~ 2) There exist a positive definite matrix and a positive
limy oo ||2(k; 2, 0)|| = 0. integerh such that the conditiord] holds.

2) exponentially switching stabilizable (with the parame-  Proof: 2) = 1): It is straightforwardly proven that
tersx andr) if there exists > 1 andr € [0, 1) such that the state-feedback switching controlle3) (asymptotically
starting from any initial state, there exists a switching Stabilizes the SLS2). 1) = 2): Suppose that for any initial
sequencer for which the trajectoryr(k; z, o) satisfies state z, there exists a switching sequeneg depending
l|z(k; 2, 0)|| < kr¥||z||, for all k € N. on the initial state such that the SL) (s asymptotically

The following result will be used later. stable. Select any® = 0. From Lemmal, there exist

Lemma 1:( [15, Definition 1]) The asymptotic switching # > 1 andr € [0, 1) such that starting from any initial

stabilizability and the exponential switching stabilidipof ~ Statez, there exists a switching sequenee for which the

the SLS ) are equivalent. trajectoryx(k; 2, o) satisfies||z(k; z, o.)||p < wr*[|2||p,
Remark 1:As a result, we refer to either notions offor all £ € N. Therefore, we can select a sufficiently large
stabilizability simply as switching stabilizability. h such that|lz(h; z, 02)|lp < [[2]|p for all z € R™

In this paper, we will study the possibility of stabilizing Sincemin,, c pn [|z(h; z, on)l|p < |lz(h; 2, 02)||p, Where
the SLS by using the following periodic state-feedbacks = (0(0), o(1),..., o(h —1)), we have
controller:

(or(@(®)), ..., oren—1(@(k)))

min ||lz(h; z, on)||lp < ||2||lp, Yz e R™
hEMHh
= argmin V(4 ---Az(k)), (3)

As a result, 4) holds forV(z) = 27 Px and the chosen.
(i1 i) EMP th Therefore, the proof is completed. [ |

Now, for given matrices® € S™ and( € S, let us define
where k ¢ {O, h, Qh,...}, O'J(JI(Z)),j > 1 denotes the the f0||owing set:

mode at time; determined based on stat€:) at time "

i, and V(z) = 2TPz > 0,Vz # 0. The controller is Ln(P, Q) :={(As, -+~ Ai,)” P(Ay, -+ Ayy)

designed in such a way that, evéryime steps, the controller +QeS": (i1, igy...,0,) € M} (5)
generates the current and future sequence of modes of length .

h selected so that the Lyapunov function’s value afteteps |1 @ddition, let{IL; (P, @), ..., IIy»(P, Q)} be an enu-
is minimized. Then, the switching sequence of lengtlis meration of the elements Of, the sBf,(P, Q): To compute.
applied to the system, and the same process is repeated afi control Lyapunov function, the following problem is

h steps. Under3), the corresponding Lyapunov inequalityintmduced' . . .
is Problem 1: For a positive integerh, find scalars

(a1, a2, ..., ayn) and a matrixP € S such that
min V(4;, - Ajz(k)) = V(z(k)) <0,

(i1, 2,0y i) EMP > lLi(P, Onun) — P <0, ax0, a"l=1,

Vx(k) # 0. (4)  ie{1,...,Nm}
(6)
The Lyapunov inequality 4) implies that the quadratic .
Lyapunov function does not need to decrease each timéhere a := [a; -+ ays ]7 € RN and 1 :=
step k; it only needs to decrease evefytime steps. It [1 ... 11T ¢ RN",

should be noted that the suggested periodic state-feedbackProposition 2: Suppose that Probleth admits a solution

switching controller is different from the notion of the ape for a positive integer. Then, the state-feedback switching

loop periodic stabilization. To explain this, we introdute controller @) will stabilize the SLS 2).

following definition. Proof: The proof follows the same lines of approaches
Definition 2: The SLS ) is periodic open-loop switching as [8, Theorem 3]; hence it is omitted here. |

stabilizable if there exists somé and some switching  The condition ) is a nonconvex bilinear matrix inequality

sequenceiy, ..., iy) Of length i such thatA;, A;, --- 4;,  (BMI) problem with equality constraints, which is not eaey t

is Schur. solve. The following result is useful to compute its solatio
The periodic state-feedback switching stabilizabilityedo

not guarantee the periodic open-loop stabilizability. A Proposition 3: Suppose that there exists a solution

counter example of a SLS that is state-feedback switchin@d*, a*) to the BMI problem 6) for some h. Then, the

stabilizable but not periodic open-loop switching stataibile following statements are true:

is given in [15, p. 1068]. To sum up, the proposed method1) For any givenQ S% ., define a mag, on S™ by

is a periodic state-feedback switching stabilization rodth

which can stabilize SLSs that are not periodic open-loop Gq(P) := Z o (P, Q). (7)

switching stabilizable. ie{l,...,N"}



a) The map has a fixed poitit defined by 7);

b) The fixed pointP is unique;

C) limy o0 gg(P) =Pforall Pest,.

Note thatP is a solution to the following LMI problem
in P:

o TL;(P, Opxn) — P < 0.

2) For any givenP < S, there exists a sufficiently large

k > h such that the following LMI problem ia € RN
with equality constraints has a solution:

>

i€{l,...,N¥}
a-0, al1=1. (8)
To prove Propositior8, the following lemma is needed.
Lemma 2:( [23, Theorem 3.1]) Let) € S}, be given.
In addition, let us define the maR on S™ by

OLiHi(P, Onxn) - P =< O7

R(P):=Q+ >  BIPB;,
i€{l,....m}
whereB; € R"*", Vi € {1,..., m}. If there exitsS € S%
such that
> BfSBi =S,
i€{1,....m}
then

1) the mapR has a fixed point? in S™;

2) the fixed pointP is unique;

3) limy_,oo R¥(P) = P for all P € ST

Proof of Proposition 3:

Part 1): Suppose that there exists a solutigdh*, a*) to

the BMI problem €) for someh. Let us consider the map
., Ayn) be an enumeration of the

Go(P)in (7). Let (Aq, ..
elements of the seft(A;, - --
M"}, and define

Ai = \/@Ai,

Then, G (P) defined in ) can be rewritten as
Go(P)=Q+ Y

s NR )

qul) e Rnx" . (il, ey Zh) €

Vie{l,..., N}

ATPA;.

Since (P*, a*) is a solution to the BMI problem6], we

have
)

ie{l,...,N"}

ATP*A; < P*.

Therefore, we can apply Lemnfato prove statement 1).
Part 2): Suppose that there exists a solutigd?*, a*) to
the BMI problem 6) for someh. From the proof of Part
1), we know that for a giver)) € S% , , the mapgg, has a
unique fixed pointP. Moreover,limg_, gg(P) = P for

all P € 8% ,. Then, it can be seen that

D 2

ile{l,...,Nh} Z‘k+1€{1,...7Nh’}

(AT A

Tk+4+1
=165 (P) — G5(Q)ll
< [|G5" (P) = P|| +|1P = G5(Q)]|-

Sincelimy o0 G¢(P) = P andlimy . G5(Q) = P, for
any e > 0, there exists a positive integéf such that

...Ag;)p([lil..

ik+1)

IG5T (P) — Pl +[|1P - G5(Q)l| <&, Vk>K.
Therefore, one gets
ie{l,...N*}  ipiie{l,...,N"}
(AL, - AD)P(A;, - A
= Z B;ATPA;
ie{l,...,Nk+1h}
= )\max Z BzA?PAz
ie{l,...,N(k+1h}
<e, Vk>K,
where (A, ..., Aywsnn) is an enumeration of elements
of {(Ai<k+1)h e Ai1) S (ilv B i(kJrl)h) €
MEFDRY “andb := [ B1 -+ By | satisfiesb =
0 and bT1 = Lo If we sete < /Aun(P), then
3 BiATPA; < P is fulfilled. Therefore, one

i€{l,...,N(k+Dh}
concludes that there exists a sufficiently lafge> h such
that the LMI problem in §) is feasible.l

C. Projection algorithm

The BMI problem 6) can be solved locally using var-
ious iterative approaches, for instance, the path-fotgwi
approach [24]. Here, we suggest another simple iterative
method to find a solution. To this end, let us define the
mapping M, (P, Q) := co{L,(P, Q)}, whereQ < ST
Ly{-, -} is defined in §) and co{-} stands for the convex
hull [1]. Furthermore, defindZ," (P, Q) := M, (P, Q)&S",
where® is defined ag¢/ @V := {u+v: u €U, v € V} for
given two setd/ and ). Then, it is true tha’ is a solution
to the BMI problem 6) if P € M, (P, Q). The concept
is shown in Fig.1. We can see that for any € R", the
minimum of z”TIz over I € M, (P, Q) is achieved on the
vertexes Ly, (P, Q) of the polytope M, (P, Q). Therefore,

P e M, (P, Q) implies

min _ 2’Mz= min 2'TL(P, Q)x
DeM,(P,Q) ie{1,..., Nk}
<zTPz, VxeR"™
This means
: T
2 11 (P ;
ie{ir.l.l.],ﬂNhr}T i(P, Q)w
= 1 T . ... . T . “ e .
- (111,...r,rz‘1;llr)le/v1h r [(A“/ Ai)" P(Aq, Aiy) + Q} x



min 2 [z
eM,(P.Q)

I1

6 5

Fig. 1. Visualization of mappingM;L"(P, Q).

< 2T Pz
=
(i1
Therefore, the Lyapunov inequality)(is satisfied. The task
is to find P such thatP € M, (P, Q).
Problem 2: Find P such thatP € M," (P, Q).
In the sequel, any®* such thatP* € M, (P*, Q) will
be called a solution to Problela We prove some useful
properties of the mapping/,’ (-, -) and the solutionP*.
Proposition 4: The following properties hold:
1) If P, < Py, thenM," (P2, Q) C M, (Py, Q);
2) ForanyP; > 0andP, = 0, M,f (tP+(1—-t) P, Q) =
tMF (P, Q) @ (1 — t)M, (P, Q) holds for allt €
[0, 1];

3) For anyP = 0, if Q2 = @1 = 0, then M, (P, Q2) C
M}T(Pv Ql);

4) If P* is a solution, so is\P* for all A > 1;

min V(4;, - Ajyx) <V(z), Va(k)#0
...,ih,)th

5 If Qo = @ = 0, then the solution set of
P € M (P, @) includes the solution set of €
Proof:

1) If P, <X P,, then there exist$ > 0 such thatP,
Py + S. In addition, suppos& € M, (P, Q). Then,
there existr := [ oy ayn 1T € RN" andR = 0
such thata = 0, a’1 =1, and

X = Z a1l (P, Q) + R.
N}

Then, using relatio?, = P, + 5, it is easily seen that

X = Z aiHi(Pva)—’_ReM}T(PlaQ)v
ie{l,...,Nh}

where R

2

ie{1,...,N"}
Thus, X C M;F (P, Q). This implies M;" (P, Q)
M (P, Q).
For any P, = 0 and P, > 0, assumeX €
M;F(tP + (1 — t)P, Q). Then, there exista
[ a; ayn |7 € RYN" and R = 0 such that
a>0,aT1=1, and

X= > lLtP+(1-t)P, Q) +R
ie{l,...,Nh}

aiHi<S7 Onxn) + R = 0.

-

2)

hold. Then, using simple algebraic calculations, it can
be seen that

X= Y  oIL{tP+(1—t)P, Q) +R
ie{l,...,Nh}
=t Z O[iHi(P], Q)
ie{l,...,Nh}
+(1—1) Z a1 (P, Q) + R
ie{l,...,N}

M (P, Q)+ (1 — t)M;F (P2, Q).

The converse is also true. Therefore, the statement is
proven.

3) It directly follows from statement 1).

4) Assume that”* is a solution, i.e..P* € M, (P*, Q).
Then, there exish := [ a3 ayn [T € RY" and
R > 0 such thata > 0, a’1 = 1, and

Multiplying the above equation by > 1, one gets

AP = OziHi(P*, Q)+ AR

2.

ie{1,..,Nh}

2.

ie{l,...,N"}
eM;(AP*, Q).

aIL(AP*, AQ) + AR

aILAAPY, Q)+ (A=-1)Q+ AR

5) It can be easily proven using a similar reasoning of the
proof of statement 1).

[ ]
It is possible to devise iterative approaches that generate
a sequence of matriceg?, P, ..., P} that locally con-
verges to a solution. One of the simple methods is based on
the following recursion:

arg min
PeM, (Py,vIn)

Pt = Prolagy o1,y [Pi] = 1P = Al

whereProj,+ p, +r,)[F] denotes the projection of matrix
P, onto the convex seM,j(Pk, ~I,), wherey > 0 is a
sufficiently small real number. The iteration is visualized

Fig. 2, and the overall algorithm is summarized in Algorithm
1. The projection operator can be implemented using the

Algorithm 1 Computing P such thatP € M, (P, vI,,)
sk« 0; Py «+ I,; set sufficiently smalk.
. repeat

2

3 Pry1 = Proj]\/[:(pkﬁ[n)[Pk]
4: k+—k+1
5

6

=

: until HPk+1 — PkH <e
s return Py

convex optimization shown in Algorithm 2.



Algorithm 3 ComputingStop|[Pxt1, 715]
1: Compute Lp(Pyy1, 71,) =
{Hl(Pk+17 ’_YI?L)7 LN} HN”' (PkT-‘rla ’7]71)}
2: Solve the LMI problem fora

Y ailli(Pesr, YIn) — Pega 20,

3: if the LMI problem is feasibléhen y = 1
4: elsey =0

5: end if

6: return y.

Fig. 2. Visualization of projectiorProjMJr(Pk Q)[Pk}.
h ’

_ - D. Local convergence
Algorithm 2 Computing Py, = Proer(Pk vIn)[Pk]

To prove the local convergence of Algorithm 1, the fol-

1: Compute Ly (Py, vIn) = lowing properties of the projection operator will be used:
{Hl(ka ’7-[77.)7 ceey 1_IN’L (le ’yIn)}
2: Solve Lemma 3 ( [25]): Let C be any nonempty closed convex

(a*, §*, ¢*) := argmin ¢ subject to set inR™. For anyzx, y € R", the following property holds:
a,S, e . .
[[Projc[] — Projel[y]||?

—el, *
S lIL(Py, yIn) + S — Py —el, | 20 < |Jz —y[|* = |[Proje[a] — « +y — Projely]||*.
ie{1,...,Nh} In addition, let us define the s€l(P*) := {S € S} :
a>=0 all1=1. S>=0 P* € M5 (S, v1,,)}, where P* is a solution to Problenz,
- LT ie., P* € M, (P*,~I,). In other words, the se®(P*)
3: return Py = {IZN}}G?Hi(Pka vIn) + 5% can be seen as a set &f whose corresponding polytope
1€{1,...,N"

M, (P, v1,,) includes solutionP*. The following theorem
establishes a local convergence result.
Theorem 1 (Local convergence of Algorithm Bssume
{Po, P1,...} € Q(P*), whereP* is a solution to Probler2
Remark 2:Using the fact thatProjM:(P’ ﬂn)[P] maps and{P,, P1,...} is a sequence of positive definite matrices
any P =~ 0 into a set of positive definite matrices, it can begenerated by Algorithm 1. Also, suppose ti#4t is a unique
seen that the sequenéé’,} generated by using Algorithm solution inQ(P*). Then,limy_,, P, = P*.
1 satisfiesP, > 0, Vk € {0, 1,...} if Py > 0. Proof: Since P,_; € Q(P*) from the assumption, we
have

Remark 3:One can observe from Algorithm 1 that the
sequence{ P, } will, if converges, get closer and closer to
the boundary of the polytop&{, (P*, ~I,,), where P* is a
solution such that?, — P* ask — oo, but not reach the p* Py
boyndary of My, (P*, 'yI,.L). in a finite number'of iteratiqns. = PrOjM,T(Pkfl,wln)(P*) _ProjM:'(Pk,l,yI,,L)(Pk*1>H2
This means that a sufficiently smallin Algorithm 1 with
[|Pry1 — Px|| < e does not guarantee thd®.., is a . 9 ) . .
solution. A possible way to resolve this issue is to useS [[F7 = Pa—1ll” = [[Projyrep, , 41,y () =P" + Py
the stopping criteriorStop[Px+1, ¥I,] in Algorithm 3 to

I PrOjM,f(P*,»yIn)(P*) - PrOjM;r(Pk_l,'yIn)(Pk—l) I?

P*

P*
eventually ensure .thdfkﬂ isa solution. Insteafd of checking _ ProjA{+(Pk—1,’Yln)(Pk—l)”z
[|Pr+1 — Px|| < e in Algorithm 1, Stop[Px+1, 7I,] can be o ) )
evaluated at each iteration. =[P — Py-1llz = || Pe—1 — PilI%,
Remark 4:Let S(yI,) = {P € S}, : P < where Lemma3 is used in line 3. From the above result,

M,;" (P, v1,)} be the solution space of Problein When we obtain||P* — Py||? < ||P* — Py_1|[* — || Pe—1 — Pil||%,
applying Algorithm 1 withStop[Py 1, 1,] in Algorithm 3  which tells us that sequende;.} with e, := ||P* — Pyl||?
at each iteration, setting > 7 is recommended. The reasonis (strictly) monotonically decreasing. Sineg is bounded
is that if v > 7, then S(vI,,) C S(7I,). Therefore, with below byO0, it is true that{e,} converges to a value € R,
a small margin, approaching a smaller sgtyl,,) using e > 0. Next, we will showe = 0. Suppose that;, — e as
Algorithm 1 enables sequendé’; } to be inside the larger k£ — oo bute > 0. This means that for akt > 0, there is
setS(y1,,), and eventuallyP;, can be identified as a solution. an integerK such thatle — ex| < ¢, Vk > K. On the other



hand,||P*—Pk\|2 < HP*_szleQ_HPkfl_PkHQ Implles
ex < epi1 — ||Po1 — Pyl ?
= ||Pro1 — Pel|]? < eps1 — ex = lexs1 — exl

Since {ex} is a convergent sequence, it is also a Cauchy
sequence. Therefore, for al > 0, there is an integef<

such that [1]
||Pk—1*PkH2 < |6k+176k| <eg, VkZK 2l
As a result, we havéimj_, |[Pr—1 — Px||* = 0 and
limy_o P, = P, where P is a point on the surface of [
sphere{S € R"™*" : ||P* — S||? = e}. In addition, P is a
solution to Problem 1 sincBmy o, Py = limy o0 Prt1 = [4]
limg_y o0 Projzxq(Pk,wn)(Pk) = P. Fro~m the assumption
{Po, P1,...} € Q(P"), it is true thatP € Q(P*). Also,
P c {S € R™" . ||P* — S||? = ¢} ensuresP # P*. [l
However, this contradicts the assumption tRétis a unique [6]
solution in Q(P*). Therefore,e = 0 and limy_,, ex, = 0,
meaning thalimg_... P, = P*. This completes the proof. ]

[ |
Remark 5:In Theoreml, the assumption of the unique-
ness of the solution can be removed. In this case, thél
sequence{ Py, P1,...} is still guaranteed to converge to a

solution, but not necessarily t8*. [9]
Corollary 1: Let us assume that* is a solution to Prob-
lem 1, and{P, Py,...} is a sequence of positive definite 10]

matrices generated by Algorithm 1. In addition, suppose tha

P, e ®(P"):={SeS}": S<XP},VkeN, (9 npn1
and that P* is a unique solution in®(P*). Then,
Hmkﬁoo Pk = P*. [12]

Proof: From the statement 1) of Proposition &) (
means P* ¢ M;(P*, ~I,) C M,j(P;€7 vIn), Yk € [13]

{0, 1, 2,...}. The proof is then completed by applying
Theoreml. ] [14]
Proposition 5: Suppose that the BMI problem of Propo-

sition 1 has a solution. Then, there exists a sufficiently large
positive integerh such that Algorithm 1 converges to a
solution.

Proof: This can be proven as a direct consequence of

(18]

Proposition3. [ | [16]
E. Examples
Example 1:Let us consider SLS2] with
17
A — 1.0076 0.0662 A — 0.9867  0.1527 -
Y71 01323 04122 |0 2T | —0.3054 22082 |’
which was borrowed from [8]. The eigenvalues axe= [18§]
1.0218, 0.3978 for A; and A = 1.0262, 2.1688 for As,.
Algorithm 1 with v = 0.01 failed to find a solution for [19]
h=1,2,...,7. For h = 8, a feasible solution was found
with P — 1.0598 0.0571
| 0.0571 0.9441 |° [20]
Example 2:Let us consider SLS2J with
1 0 1 05 02 0 [21]
Ai=1]0 05 05|, A,=| 0 1 0
1 0 1 1 0 05

The eigenvalues ate= 0.5, 2, 0 for A; andX = 0.5, 0.5, 1
for As. Algorithm 1 with v = 0.01 failed to find a solution
forh=1,2,..., 6. Forh =7, a feasible solution was found

REFERENCES

S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnaimear Matrix
Inequalities in Systems and Control ThedPhiladelphia, PA: SIAM,
1994.

P. Gahinet, A. Nemirovski, A. J. Laub, and M. ChilaliMI Control
Toolbox Natick, MA: MathWorks, 1995.

J. F. Sturm, “Using SeDuMi 1.02, a MATLAB toolbox for optimation
over symmetric consOptim. Meth. Softwarejol. 11-12, pp. 625-653,
1999.

J. Lofberg, “YALMIP: A toolbox for modeling and
optimization in MATLAB,” in Proc. IEEE CCA/ISIC/CACSD
Multiconf., 2004, pp. 284-289 [Online]. Available:

http://control.ee.ethz.ch/ joloef/yalmip.php

D. Liberzon, Switching in Systems and Contr@asel, Switzerland:
Birkhauser, 2003.

M. S. Branicky, “Multiple Lyapunov functions and othenalysis tools
for switched and hybrid systemsEEE Trans. Autom. Controlol.
43, no. 4, pp. 475-482, 1998.

M. Johansson and A. Rantzer, “Computation of piecewisadgatic
Lyapunov functions for hybrid systemdEEE Trans. Autom. Control,
vol. 43, no. 4, pp. 555-559, 1998.

J. C. Geromel and P. Colaneri, “Stability and stabiliaatof discrete
time switched systems[hternational Journal of Controlyol. 79, no.
7, pp. 719-728, 2006

J. C. Geromel and P. Colaneri, “Stability and stabiliaati of
continuous-time switched linear systemSIAM Journal on Control
and Optimizationyol. 45, no. 5, pp. 1915-1930, 2006.

T. Hu and Z. Lin, “Absolute stability analysis of disteetime systems
with composite quadratic Lyapunov function$ZEE Trans. Autom.
Control, vol. 50, no. 6, pp. 781.798, 2005.

T. Hu, L. Ma and Z. Lin, “Stabilization of switched systs via
composite quadratic functiondEEE Trans. Autom. Controlol. 53,
no. 11, pp. 2571-2585, 2008.

W. Zhang, A. Abate, J. Hu, and M. P. Vitus, “Exponentittsilization
of discrete-time switched linear systemAfitomatica vol. 45, no. 11,
pp. 2526-2536, 2009.

W. Zhang, J. Hu, and M. P. Vitus, “On the value functiorfstioe
discrete-time switched LQR problemEEE Trans, Autom. Control,
vol. 54, no. 11, pp. 2669-2674, 2009.

W. Zhang, J. Hu, and A. Abate, “Infinite horizon switché®R
problems in discrete time: A suboptimal algorithm with perfonta
analysis,"IEEE Trans. Autom. Contrplol. 57, no. 7, pp. 1815-1821,
2012.

J. Hu, J. Shen, and W. Zhang, “Generating functions actrdite-
time switched linear systems: Analysis, computation, andilgab
applications,”IEEE Trans. Autom. Contrphol. 56, no. 5, pp. 1059-
1074, 2011.

V. Putta, G.Zhu, J. Shen, and J. Hu. “A study of the gelimrd
input-to-state£2-gain of discrete-time switched linear systems,” in
50th IEEE Conference on Decision and Control and Europeant©b
Conferencepp. 435-440, 2011

A. Kruszewski, R. Wang, and T. M. Guerra, “Nonquadratiabiliza-
tion conditions for a class of uncertain nonlinear discrétiee TS
fuzzy models: A new approach/|EEE Trans. Autom. Contrplvol.
53, no. 2, pp. 606—611, 2008.

Y. Ebihara, D. Peaucelle, and D. Arzelier, “Periodigdlme-varying
memory state-feedback controller synthesis for discrete-tlinear
systems,”Automatica vol. 47, no. 1, pp. 14-25, 2011.

J. -F. Tégoet, D. Peaucelle, D. Arzelier, and Y. Ebihara, “Periodic
memory state-feedback controller: New formulation, snalysisd
design results,JEEE Trans. Autom. Contrplol. 58, no. 8, pp. 1986-
2000, 2013.

D. C. W. Ramos and P. L. D. Peres, “An LMI condition for tfabust
stability of uncertain continuous-time linear systemd&gEE Trans.
Autom. Controlyvol. 47, no. 4, pp. 675-678, 2002.

V. J. S. Leite and P. L. D. Peres, “An improved LMI conditidor
robustD-stability of uncertain polytopic systemdEEE Trans. Autom.
Control, vol. 48, no. 3, pp. 500-504, 2003.



[22] R. C. L. F. Oliveira and P. L. D. Peres, “Parameter-depand.Mls
in robust analysis: characterization of homogeneous potyaity
parameter-dependent solutions via LMI relaxationiEE Trans.
Autom. Controlyvol. 52, no. 7, pp. 1334-1340, 2007.

[23] A. C. M. Ran and M. C. B. Reurings, “A fixed point theorem in
partially ordered sets and some applications to matrix egpsti in
Proc. Amer. Math. Soc2004, pp. 1435-1443.

[24] A. Hassibi, J. How, and S. Boyd, “A path-following methfut solving
BMI problems in control,” inProc. Amer. Control Conf.1999, vol. 2,
pp. 1385-1389.

[25] E. H. ZarantonelloProjections on convex sets in Hilbert space and
spectral theory, in Contributions to Nonlinear Functionahalysis
Academic Press, New York, 1971, pp. 237-424.



	INTRODUCTION
	MAIN RESULTS
	Notation
	h-samples variation approach
	Projection algorithm
	Local convergence
	Examples

	References

