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Abstract— This paper extends the recent study of the gen-
erating function approach to stability analysis of switched
linear systems from the Euclidean space to a closed convex
cone. Examples of the latter class of switched systems include
switched positive systems that model various biologic and
economic systems with positive states. Strong and weak stability
notions are considered in this paper. In particular, it is shown
that asymptotic and exponential stability are equivalent for
both notions. Strong and weak generating functions on cones
are introduced and their properties are established. Necessary
and sufficient conditions for strong/weak exponential stability
of switched linear systems on cones are obtained in terms of
the radii of convergence of strong/weak generating functions.

I. I NTRODUCTION

There has been a surging interest in switched and hybrid
systems and their applications across a number of fields, such
as engineering, robotics, and systems biology. A fundamental
issue in the analysis and design of switched dynamical sys-
tems are their stability [11], [14], [15]. Numerous techniques
have been proposed for the stability analysis, e.g., the Lie-
algebraic approach [10] and the Lyapunov framework [3],
[7]. In the vast literature on switched systems, switched
linear systems have received particular attention due to their
relatively simple structure and yet rich dynamical behaviors.

Recently introduced in [8], the generating functions have
been proven to be an efficient and unified tool for studying
the exponential stability of discrete-time switched linear
systems. Roughly speaking, generating functions are suitably
defined power series with coefficients determined from the
systems trajectories under certain switching policies. Their
radii of convergence characterize the exponential growth
rates of the system trajectories. Therefore, the exponential
stability of a switched linear system can be completely
described in terms of the radii of convergence of its generat-
ing functions. Furthermore, generating functions are closely
related to the value functions of properly defined optimal
control problems and admit efficient numerical computation.
This allows one to develop effective algorithms to determine
the exponential growth rates, and in turn the exponential
stability, under different switching policies, e.g., arbitrary
switching, optimal switching, or random switching. The
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generating function approach can also be extended to handle
state-dependent switchings [13].

Most literature on switched systems concentrates on those
on the Euclidean space. However, a variety of applied
systems have their states confined within certain regions. A
prominent example is positive systems [5] that model a wide
range of industrial, biological, economic, and social systems.
Stability of switched positive systems and their extension,
i.e., switched systems over cones, has also received increas-
ing attention due to applications in such areas as communi-
cation and multi-agent systems; certain stability tools have
been studied, e.g. the common Lyapunov function approach
[2], [4], [6], [12]. In this paper, we carry out the stability
analysis for switched linear systems on closed convex cones
by using the generating function approach. Specifically, we
consider the strong and weak stability notions on a cone, and
show that for both notions, the asymptotic and exponential
stability are equivalent. Analytic properties of strong and
weak generating functions on a cone, as well as their stability
implications and numerical approximations, are established.

The paper is organized as follows. In Section II, switched
linear systems on cones are introduced and their stability
notions are defined. In Section III, the equivalence of the
asymptotic and exponential stability is proven. Sections IV
and V treat the strong and the weak generating functions of
switched linear systems on closed convex cones, respectively.

II. STABILITY OF SWITCHED L INEAR SYSTEMS ON

CONES

The dynamics of a discrete-time autonomous switched
linear system (SLS) is given by

x(t + 1) = Aσ(t)x(t), t = 0, 1, . . . . (1)

Here x(t) ∈ Rn is the state;{A1, . . . , Am} is a set of
subsystem dynamics matrices; andσ(t) ∈M := {1, . . . , m}
for all t, or simply σ, is the switching sequence. Given the
initial statex(0) = z, the trajectory of the SLS under the
switching sequenceσ is denoted byx(t; z, σ).

Let C be a closed convex cone. Throughout this paper,
we assume that the SLS (1) is positively invariant with
respect toC, namely, each subsystem defined byAi satisfies
Aiz ∈ C wheneverz ∈ C. This assumption ensures that a
trajectoryx(t; z, σ) starting fromz ∈ C will remain in C at
all subsequent times regardless of the switching sequenceσ.
Because of the positive invariance assumption, the restriction
of the SLS (1) on the coneC is a valid dynamical system,
which we refer to as the SLS (1) onC. A particular example
of SLSs on cones isswitched positive systems, whereC =



Rn
+ is the nonnegative orthant ofRn, and Ai, i ∈ M, are

all positive matrices.

A. Stability Notions of SLSs on Cones

The stability of the SLS (1) on the coneC can be defined
as follows.

Definition 1: The SLS (1) on the coneC is called

• exponentially stable under arbitrary switching(with the
parametersκ andr) if there existκ ≥ 0 andr ∈ [0, 1)
such that starting from any initial statez ∈ C and
under any switching sequenceσ, the trajectoryx(t; z, σ)
satisfies‖x(t; z, σ)‖ ≤ κrt‖z‖ for all t ∈ Z+;

• exponentially stable under optimal switching(with the
parametersκ and r) if there exist κ ≥ 1 and r ∈
[0, 1) such that starting from any initial statez ∈ C,
there exists a switching sequenceσ for which x(t; z, σ)
satisfies‖x(t; z, σ)‖ ≤ κrt‖z‖, for all t ∈ Z+.

Similar to linear systems, we can define the notions of
stability (in the sense of Lyapunov) and asymptotic stability
for the SLS onC under both arbitrary and optimal switchings.
Due to the homogeneity of the SLS, the local and global
stability notions are equivalent. For simplicity, we also refer
to the stability under arbitrary switching asstrong stability
and stability under optimal switching asweakstability.

In Definition 1, by replacing the coneC with Rn, we obtain
the corresponding notions of strong and weak exponential
stability for the original SLS (1) (onRn). It is easily seen
that stability of the SLS onRn in any particular sense (such
as strongly or weakly exponentially stable) implies that onC
but not vice versa. As a result, the stability study for SLSs
on cones poses new challenges beyond that for SLSs onRn.

Before ending this section, we briefly review some basic
notions of cones [1]. A coneC is called pointed if the
condition thatx1 + · · ·+ xk = 0 with xi ∈ C, i = 1, . . . , k,
implies thatxi = 0 for all i. A convex coneC is pointed if
and only if C ∩ (−C) = {0}, or equivalently, ifC does not
contain a nontrivial subspace. For example,Rn

+ is pointed
but the half space{x ∈ Rn |x1 ≥ 0} is not. A convex cone
C can always be decomposed asC = K + V, whereK is a
pointed cone andV = C ∩ (−C) is a subspace (called the
linearity space ofC) orthogonal toK: K ⊥ V. A coneC is
solid if it has nonempty interior. For example,Rn

+ is solid
and henceproper (i.e. closed, convex, solid, and pointed.)

III. A SYMPTOTIC AND EXPONENTIAL STABILITY OF

SLSS ON CONES

It is well known that the notions of asymptotic stability
and exponential stability are equivalent for linear systems. In
this section, we will extend this result to SLSs on cones, first
for strong stability and then for weak stability. The previous
result in [13] on the strong stability of SLSs onRn then
becomes a special case of our proof.

A. Equivalence of Strong Asymptotic and Exponential Sta-
bility for SLSs on Cones

To show the equivalence of asymptotic and exponential
stability for the SLS (1) on the coneC under arbitrary

switching, we consider a more general setting: conewise
linear inclusions (CLIs) on the coneC. SLSs onC are special
instances of CLIs onC.

Let Ξ := {Xi}`
i=1 be a finite family of nonempty closed

cones whose union isC, namely,∪`
i=1Xi = C. EachXi is

neither necessarily polyhedral nor convex, and two cones in
Ξ may overlap. Associated with each coneXi is a linear
dynamicsx 7→ Aix if x ∈ Xi, for some matrixAi ∈ Rn×n

positively invariant onC. The conewise linear inclusion on
C is the dynamical system defined by:

x(t + 1) ∈ f(x(t)), t ∈ Z+. (2)

Here,f : C ⇒ C is the set-valued map defined byf(x) :=
{Aix | for all i such thatx ∈ Xi}. Thus, at any timet,
eachXi which the current statex(t) = x belongs to offers a
possible locationAix to which the state may evolve at the
next step. Obviously, by setting̀= m andXi = C for all
i = 1, . . . ,m, the CLI (2) onC reduces to the SLS (1) onC.

Starting from an initial statez ∈ C, denote byx(t, z)
a solution trajectory of the CLI (2). Due to the set-valued
nature of the dynamics, there are in general (infinitely) many
choices ofx(t, z). The (local) stability notions of the CLI (2)
at the equilibrium pointxe = 0 are defined as follows.

Definition 2: At xe = 0, the CLI (2) onC is called
• strongly stableif, for eachε > 0, there is aδε > 0 such

that ‖x(t, z)‖ < ε, ∀ t ∈ Z+, for any trajectoryx(t, z)
starting fromz ∈ C with ‖z‖ ≤ δε;

• strongly asymptotically stableif it is strongly stable and
there is aδ > 0 such thatx(t, z) → 0 as t → ∞ for
any trajectoryx(t, z) starting fromz ∈ C with ‖z‖ < δ;

• strongly exponentially stableif there existδ > 0, κ ≥ 1,
and r ∈ [0, 1) such that‖x(t, z)‖ ≤ κrt‖z‖, ∀t ∈ Z+,
for any x(t, z) starting fromz ∈ C with ‖z‖ < δ.

Due to homogeneity of the dynamics (2), the local and global
stability notions of the CLI (2) are equivalent. In other words,
in the above definitions we can equivalently setδ = ∞.

In the Appendix, we shall prove the following result.
Theorem 1:The CLI (2) onC is strongly asymptotically

stable if and only if it is strongly exponentially stable.
Since the SLS (1) onC is a special instance of CLIs on

C, Theorem 1 implies the following.
Corollary 1: The asymptotic and exponential stability of

the SLS (1) onC under arbitrary switching are equivalent.

B. Equivalence of Weak Asymptotic and Exponential Stabil-
ity for SLSs on Cones

It has been shown through a counter example in [13, Ex-
ample 5] that weak asymptotic and weak exponential stability
are not equivalent for general CLIs onC (or even onRn).
In this subsection, however, we establish the equivalence of
these two weak stability notions for SLSs on cones. The
underlying reason for the difference in these two cases, as
evidenced by the following proof, is that solutions to SLSs
on C under a fixed switching sequence depend continuously
on initial states, while this is not the case for CLIs onC.

Theorem 2:The SLS (1) onC is weakly asymptotically
stable if and only if it is weakly exponentially stable.



Proof: It suffices to show that weak asymptotic stability
implies weak exponential stability as the other direction is
trivial. Assume that the SLS (1) onC is asymptotically stable
under optimal switching, namely, for any initial statez ∈ C,
the state trajectoryx(t; z, σ) → 0 as t → ∞ for at least
one switching sequenceσ. For eachz ∈ C ∩ Sn−1, where
Sn−1 := {z ∈ Rn | ‖z‖ = 1}, there exist a switching
sequenceσz and a timeTz ∈ Z+ such that‖x(Tz; z, σz)‖ ≤
1
4 . Since under the fixed switching sequenceσz, the solution
x(t; z, σz) at time Tz depends continuously on the initial
statez, we can find a neighborhoodUz of z in C ∩ Sn−1

such that‖x(Tz; y, σz)‖ ≤ 1
2 for all y ∈ Uz. The union

of all such neighborhoods,{Uz | z ∈ C ∩ Sn−1}, is an open
covering of the compact setC∩Sn−1; hence there must exist
a finite sub-covering:C ∩ Sn−1 ⊆ ∪`

i=1Uz∗i for some` < ∞
andz∗1 , . . . , z∗` ∈ C ∩ Sn−1.

The above obtained finite covering enables us to con-
struct a state-feedback switching policy that leads to an
exponentially converging state trajectory. To see this, define
T∗ := maxi Tz∗i . For any initial statez ∈ C∩Sn−1, the above
argument implies thatz ∈ Uz∗i for some1 ≤ i ≤ `. By our
construction,x(T1) := x(Tz∗i ; z, σz∗i ) satisfies‖x(T1)‖ ≤ 1

2 .
Assume without loss of generality thatx(T1) 6= 0. Then
x(T1)/‖x(T1)‖ ∈ Uz∗j for some1 ≤ j ≤ `, and as a result,
x(T2) := x(Tz∗j ;x(T1), σz∗j ) satisfies‖x(T2)‖ ≤ 1

2‖x(T1)‖.
Repeating this process inductively, we obtain a switching
sequenceσz concatenated byσz∗i , σz∗j , . . . and a sequence
of times 0 = T0 ≤ T1 ≤ T2 ≤ · · · with at most T∗
between successive ones such that the resulting trajectory
x(t; z, σz) satisfies‖x(Tk+1; z, σz)‖ ≤ 1

2‖x(Tk; z, σz)‖ for
all k. Let κ :=

∑T∗
j=0 (maxi∈M ‖Ai‖)j . Then it is easily

seen that‖x(t; z, σz)‖ ≤ κ(0.5)t/T∗−1‖z‖ for all t ∈ Z+.
Since neitherκ nor T∗ depends onz, the SLS (1) onC is
exponentially stable under optimal switching.

Remark 1:We call the SLS (1) onC weakly convergent
if for any z ∈ C, a switching sequenceσz exists such that
x(t; z, σz) → 0 ast →∞. This condition seems weaker than
weak asymptotic stability as weak Lyapunov stability is not
required. However, the proof of Theorem 2 essentially shows
that weak convergence is equivalent to weak exponential
(thus asymptotic) stability. This observation will be exploited
in Theorems 5 and 6 in Section V.

IV. STRONG GENERATING FUNCTIONS OFSLSS ON

CONES

A. Strong Generating Functions of SLSs onRn

In [8], the notion of strong generating functions is pro-
posed to study the exponential stability under arbitrary
switching of SLSs. The strong generating function of the
SLS (1) onRn is the mapG : R+ × Rn → R+ ∪ {∞}
defined as follows: for eachz ∈ Rn andλ ≥ 0,

Gλ(z) := G(λ, z) := sup
σ

∞∑
t=0

λt‖x(t; z, σ)‖q, (3)

where the supremum is taken over all the possible switching
sequences,q is a positive integer, and‖ · ‖ is an arbitrary
norm onRn.

The radius of convergenceof the strong generating func-
tion onRn is defined as

λ∗Rn := sup{λ ≥ 0 |Gλ(z) < ∞, ∀ z ∈ Rn}. (4)

The following result is proved in [8].
Theorem 3:The SLS (1) onRn is exponentially stable

under arbitrary switching if and only ifλ∗Rn > 1.
Thus the radius of convergence of the strong generating

function onRn fully characterizes the strong exponential
stability of the SLS onRn.

B. Strong Generating Functions of SLSs on Cones

For the closed convex coneC, defineW to be the smallest
subspace ofRn invariant with respect to{Ai}i∈M containing
C, or equivalently, the set of all vectors generated from
elements ofC through repeated operations of multiplication
by matrices in{A1, . . . , Am} and linear combinations:

W := span
{
C, ∪i∈MAiC, ∪i,j∈MAiAjC, . . .

}
.

In particular, if C is solid, then W = Rn. If
C is polyhedral, i.e. it is finitely (and positively)
generated such thatC = {∑`

k=1 αk vk |αi ≥ 0} for
some vectorsvk ∈ Rn, k = 1, · · · , `, then W =
span{{vk}`

k=1,∪i∈MAi{vk}`
k=1,∪i,j∈MAiAj{vk}`

k=1, . . .}.
Note thatC ⊆ W ⊆ Rn form a cascade of sets invariant

with respect to{Ai}i∈M. Hence, the SLS (1) restricted to
each set is well defined and the definition of the generating
function in (3) can be extended toC and W as well. In
particular, the strong generating function of the SLS (1) on
the coneC is defined as, forλ ≥ 0,

Gλ(z) := sup
σ

∞∑
t=0

λt‖x(t; z, σ)‖q, ∀z ∈ C. (5)

Here, the same notationGλ(·) is used as in (3) as (5) is
exactly the restriction of (3) onC. For this reason, we simply
refer to (5) as the strong generating function onC. Similarly,
we can defineGλ(·) onW as the restriction of (3) onW.

Define the radii of convergence of the strong generating
functions onC andW respectively as

λ∗C := sup{λ ≥ 0 |Gλ(z) < ∞, ∀z ∈ C},
λ∗W := sup{λ ≥ 0 |Gλ(z) < ∞, ∀z ∈ W}.

For eachλ ≥ 0, define the three subsets

Gλ(C) := {z ∈ C |Gλ(z) < ∞} ⊆ C,
Gλ(W) := {z ∈ W |Gλ(z) < ∞} ⊆ W,

Gλ(Rn) := {z ∈ Rn |Gλ(z) < ∞} ⊆ Rn,

which satisfyGλ(C) ⊆ Gλ(W) ⊆ Gλ(Rn), and

Gλ(C) = Gλ(Rn) ∩ C, Gλ(W) = Gλ(Rn) ∩W. (6)

These sets will be useful in the next subsection.



C. Properties of Strong Generating Functions

Obtained through restriction, the strong generating func-
tions on C andW inherit many of the properties of their
counterpart onRn established in [8], as listed below.

Proposition 1: For anyq ∈ N and any vector norm‖ · ‖,
the strong generating functionsGλ(z) of the SLS (1) onC
andW have the following properties.

1. (Bellman Equation): For allλ ≥ 0 andz ∈ C (or W),

Gλ(z) = ‖z‖q + λ ·max
i∈M

Gλ(Aiz).

2. (Sub-additivity): For eachλ ≥ 0, we have
(
Gλ(z1 + z2)

)1/q ≤ (
Gλ(z1)

)1/q +
(
Gλ(z2)

)1/q
,

for all z1, z2 ∈ C (or W).
3. (Convexity): For eachλ ≥ 0, the function

(
Gλ(z)

)1/q

is convex onC (or W).
4. (Invariant Cone): Letλ ≥ 0 be arbitrary. The setGλ(C)

is a closed convex cone inC invariant with respect to
{Ai}i∈M. Particularly, ifC is polyhedral, so isGλ(C).

5. (Invariant Subspace): Letλ ≥ 0 be arbitrary. The set
Gλ(W) is a subspace ofW invariant with respect to
{Ai}i∈M.

6. For 0 ≤ λ < (maxi∈M ‖Ai‖q)−1, where the matrix
norm is induced from the vector norm‖ · ‖, Gλ(z) is
finite everywhere onC.
Proof: 1. This follows directly from the dynamic

programming principle.
2. For anyz1, z2 ∈ C, z1 + z2 ∈ C asC is a convex cone.

Then, by definition,

Gλ(z1 + z2) = sup
σ

∞∑
t=0

λt‖x(t; z1, σ) + x(t; z2, σ)‖q

≤ sup
σ

∞∑
t=0

λt
(
‖x(t; z1, σ)‖+ ‖x(t; z2, σ)‖

)q

≤ sup
σ

[( ∞∑
t=0

λt‖x(t; z1, σ)‖q

)1/q

+
( ∞∑

t=0

λt‖x(t; z2, σ)‖q

)1/q ]q

≤
[(

Gλ(z1)
)1/q +

(
Gλ(z2)

)1/q
]q

,

where the second inequality is due to the Minkowski inequal-
ity. The case forW is entirely similar.

3. This is due to the subadditivity and the positive homo-
geneity of

(
Gλ(z)

)1/q
.

4. The conic property and the convexity ofGλ(C) fol-
low from the positive homogeneity and the convexity of(
Gλ(z)

)1/q
, respectively. The invariance with respect to

{Ai}i∈M is a consequence of the Bellman equation. To
show thatGλ(C) is a closed convex cone, we note that
Gλ(C) = Gλ(Rn) ∩ C, and Gλ(Rn) is easily shown to
be a subspace [8]. Thus,Gλ(C) as the intersection of the
convex coneC and a subspace is convex and closed, and is
polyhedral wheneverC is polyhedral.

5. Gλ(W) = Gλ(Rn) ∩W is evidently a subspace.
6. The proof is similar to that in [8], hence omitted.
Besides the above inherited properties, the strong gener-

ating functions onC andW also have some other shared
properties. Obviously, the former is the restriction of the
latter on the coneC. Less obviously, we have the following.

Proposition 2: For any λ ≥ 0, the strong generating
functionsGλ(z) of the SLS (1) onC andW satisfy:

Gλ(z) < ∞, ∀ z ∈ C ⇐⇒ Gλ(z) < ∞, ∀ z ∈ W.
Proof: It suffices to show “⇒” direction. Suppose

Gλ(·) is finite on C, i.e., Gλ(C) = C. Since Gλ(Rn) is
a subspace ofRn invariant with respect to{Ai}i∈M and
containsGλ(C), henceC, it must also containW, asW is
the smallest invariant subspace containingC. In other words,
W ⊆ Gλ(Rn). HenceGλ(z) is finite for all z ∈ W.

As a result, the radii of convergence of the strong generat-
ing functions onC, W, andRn have the following relation.

Corollary 2: λ∗C = λ∗W ≥ λ∗Rn . In particular, ifC is solid,
thenλ∗C = λ∗W = λ∗Rn .

Proposition 3: The strong generating functionsGλ(z) of
the SLS (1) onC andW have the following properties.

1. If λ ∈ [0, λ∗C) (henceGλ(z) < ∞ for all z ∈ C), then
there exists a constantc ∈ [1,∞) such that

‖z‖ ≤ (
Gλ(z)

)1/q ≤ c‖z‖, ∀ z ∈ W.

2. (Relative Lipschitz Property) Letλ ∈ [0, λ∗C). Then(
Gλ(z)

)1/q
is relatively Lipschitz onW (thus onC),

i.e., there existsL > 0 such that for anyx, y ∈ W,

|(Gλ(x)
)1/q − (

Gλ(y)
)1/q| ≤ L‖x− y‖.

Proof: 1. The first inequality is obvious asGλ(z) ≥
‖z‖q follows directly from the definition. To show the
second inequality, by homogeneity, it suffices to show that(
Gλ(z)

)1/p ≤ c, ∀z ∈ W ∩ Sn−1, for some constantc ≥ 1.
Let {ui}`

i=1 be a basis ofW. SinceW ∩ Sn−1 is bounded,
we can findγ > 0 such that for eachz ∈ W ∩ Sn−1,
there exists a unique real tuple{α1, · · · , α`} satisfyingz =∑`

j=1 αju
j and

∑`
j=1 |αj | < γ. Therefore, by virtue of the

subadditivity and positive homogeneity of
(
Gλ(z)

)1/q
, we

conclude that
(
Gλ(z)

)1/q ≤ c := γ
∑`

i=1

(
Gλ(ui)

)1/q
for

all z ∈ W ∩ Sn−1. It is easy to verify thatc ≥ 1.
2. It follows from the subadditivity of

(
Gλ(z)

)1/q
onW

that for anyx, y ∈ W,
(
Gλ(x)

)1/q − (
Gλ(y)

)1/q ≤ (
Gλ(x− y)

)1/q
.

Switchingx andy, we have
(
Gλ(y)

)1/q − (
Gλ(x)

)1/q ≤ (
Gλ(y − x)

)1/q
.

Combining the above two inequalities, we obtain
∣∣(Gλ(x)

)1/q−(
Gλ(y)

)1/q∣∣ ≤ (
Gλ(x−y)

)1/q ≤ c‖x−y‖,
where the last step is due to(x − y) ∈ W and the first
property.



Remark 2:By the results of this subsection,Gλ(C) is a
closed convex sub-cone ofC: supposeC admits the decom-
position C = K + V whereK is a pointed cone andV
is a subspace, thenGλ(C) = Kλ + Vλ with Kλ ⊂ K a
pointed cone andVλ ⊂ V a subspace. Asλ increases,Gλ

will increase, hence the invariant subsetsGλ(C), Gλ(W), and
Gλ(Rn) will shrink. In particular, ifC is not pointed (i.e.,V 6=
{0} is nontrivial), then asλ increases,Gλ(C) will change
from non-pointed to pointed, or equivalently,Vλ will shrink
to {0}, at exactlyλ∗V := inf{λ ≥ 0 |Gλ(z) = ∞, ∀z ∈ V}.
D. Strong Exponential Stability Characterization

The radii of convergence of the strong generating functions
characterize the strong exponential stability of the SLS on
C, as stated by the following theorem.

Theorem 4:The following are equivalent:
1. the SLS (1) on the coneC (or on the subspaceW) is

exponentially stable under arbitrary switching;
2. λ∗C = λ∗W > 1;
3. G1(z) is finite for all z ∈ C (or W).

Proof: In view of Corollary 1 and Proposition 3, the
proof is essentially the same as that of [8, Theorem 1].

E. Numerical Computation of Strong Generating Functions

The algorithm developed in [8] for computing strong
generating functions onRn can be extended to compute
those on closed convex cones. We briefly discuss this
in this section. For anyλ ∈ [0, λ∗C), define gλ :=
supz∈C, ‖z‖=1 Gλ(z). Moreover, define the following func-
tions that approximate the strong generating functionGλ(z)
on C: Gk

λ(z) := maxσ

∑k
t=0 λt‖x(t; z, σ)‖q, ∀ z ∈ C.

It is easy to see thatGk
λ(z) satisfiesGk

λ(z) = ‖z‖q +
λ maxi∈M Gk−1

λ (Aiz), ∀ z ∈ C, with G0
λ(z) = ‖z‖q. This

yields a recursive procedure to compute these functions. Ap-
plying Propositions 1 and 3 as well as the similar argument
as in [8, Proposition 6], we have the following.

Proposition 4: The functionsGk
λ(z) satisfy

(1) G0
λ(z) ≤ G1

λ(z) ≤ · · · ≤ Gλ(z), ∀λ ≥ 0, ∀z ∈ C.
(2) |Gk

λ(z) − Gλ(z)| ≤ gλ(1 − 1/gλ)k+1‖z‖q, ∀k ∈ Z+,
∀z ∈ C, for anyλ ∈ [0, λ∗C).

These results show that the sequence of functions{Gk
λ}

converges uniformly and exponentially fast toGλ and as
such can provide numerical approximations of the latter.
To efficiently implement this numerical procedure, an over-
approximation can be developed using the convex, conic
structure ofC; we refer the interested reader to Algorithm 1
in [8] for further details.

V. WEAK GENERATING FUNCTIONS OFSLSS ON CONES

Similar to the strong generating functions, weak gen-
erating functions can be defined to address weak asymp-
totic/exponential stability of SLSs on cones, i.e. the stability
of the SLSs on cones under optimal switching. Specifically,
for the SLS (1) on the closed convex coneC, define its weak
generating functionH : R+ × C → R+ ∪ {∞} as

Hλ(z) := H(λ, z) := inf
σ

∞∑
t=0

λt‖x(t; z, σ)‖q, (7)

whereλ ≥ 0, z ∈ C, and the infimum is over all switching
sequencesσ of the SLS onC. In addition,q ∈ N, and‖ ·‖ is
an arbitrary norm inRn. The radius of convergence for the
weak generating function of the SLS onC is defined as

λC∗ := sup{λ ≥ 0 |Hλ(z) < ∞, ∀ z ∈ C}.
Proposition 5: For anyq ∈ N and any vector norm‖ · ‖,

the weak generating functionHλ(z) of the SLS (1) onC has
the following properties.

1. (Bellman Equation): For anyλ ≥ 0 andz ∈ C,

Hλ(z) = ‖z‖q + λ · min
i∈M

Hλ(Aiz).

2. (Invariant Cone): For anyλ ≥ 0, the set

Hλ(C) := {z ∈ C |Hλ(z) = ∞}
is a cone inC not containing0. Further,Hλ(C) is
invariant with respect to{Ai}i∈M, i.e. AiHλ(C) ⊆
Hλ(C), ∀i ∈M.

3. For 0 ≤ λ < (mini∈M ‖Ai‖q)−1, where the matrix
norm is induced from the vector norm‖ · ‖, Hλ(z) is
finite everywhere onC.
Proof: The proofs of these properties are similar to

those in [8] for the corresponding properties of the weak
generating function onRn; hence they are omitted.

The subsequent theorem shows two important results:
(i) As λ increases,λC∗ is the exact value at whichHλ(z)
starts to have the infinite value; (ii) if for someλ ≥ 0, the
weak generating functionHλ(·) is finite everywhere onC,
then it must be bounded by a homogeneous functionc‖z‖q

uniformly on C.
Theorem 5:For eachλ ≥ 0, the following are equivalent:

(a) Hλ(z) ≤ c‖z‖q, ∀ z ∈ C, for some constantc > 0
(generally dependent onλ);

(b) Hλ(z) < ∞ for all z ∈ C;
(c) λ ∈ [0, λC∗).

Proof: It is obvious that(a) ⇒ (b) and(c) ⇒ (b). We
shall show(b) ⇒ (a) and(b) ⇒ (c) as follows, which leads
to the equivalence of the three statements.

To prove (b) ⇒ (a), consider λ ≥ 0 such that (b)
holds. Then for anyz ∈ C, there exists a switching se-
quenceσz such that

∑∞
t=0 λt‖x(t; z, σz)‖q < ∞. Define

Ãi := λ1/qAi, ∀i ∈ M. For the initial statez ∈ C
and the switching sequenceσz, let x̃(t; z, σz) denote the
trajectory from z under σz with the dynamics matrices
Ai in the correspondingx(t; z, σz) replaced byÃi. Then,
‖x̃(t; z, σz)‖q = λt‖x(t; z, σz)‖q for all t ∈ Z+. Since∑∞

t=0 ‖x̃(t; z, σz)‖q < ∞ for eachz ∈ C, x̃(t; z, σz) → 0
as t → ∞. In other words, the SLS defined by subsystem
dynamics matrices{Ãi}i∈M is weakly convergent onC. We
thus deduce from Remark 1 that it is weakly exponentially
stable onC. Thus there existκ > 0 andρ ∈ (0, 1) such that
‖x̃(t; z, σz)‖q ≤ κρt‖z‖q, ∀ t ∈ Z+ for eachz ∈ C. Hence

Hλ(z) ≤
∞∑

t=0

λt‖x(t; z, σz)‖q =
∞∑

t=0

‖x̃(t; z, σz)‖q

≤ κ

1− ρ
‖z‖q, ∀ z ∈ C.



Letting c := κ/(1− ρ) yields (a). Further,(c) ⇒ (a) holds.
To show (b) ⇒ (c), it suffices to show thatHλC∗ (z) =

∞ for some z ∈ C. To this end, definehλ :=
supz∈C, ‖z‖=1 Hλ(z), ∀λ ∈ [0, λC∗). It follows from the
implication (c) ⇒ (a) and a similar argument as in [8,
Proposition 9] that for anyλ ∈ (0, λC∗), λ/(1− 1/hλ) ≤ λC∗ ,
or equivalently,0 ≤ 1/hλ ≤ 1− λ/λC∗ . Therefore,hλ tends
to infinity asλ ↑ λC∗ . This in turn implies thatHλC∗ (z) = ∞
for somez ∈ C, since otherwise, by using(b) ⇒ (a), we
would havehλC∗ ≤ c for somec > 0, a contradiction to the
fact thathλ →∞ asλ ↑ λC∗ .

The next result shows that the radius of convergenceλC∗
characterizes the weak exponential stability of the SLSs onC.

Theorem 6:The SLS (1) onC is exponentially stable
under optimal switching if and only ifλC∗ > 1.

Proof: The proof for necessity is straightforward. To
show sufficiency, supposeλC∗ > 1. Thus forλ = 1, H1(z)
is finite for anyz ∈ C. This implies that the SLS onC is
weakly convergent and thus weakly exponentially stable, in
view of Remark 1 and Theorem 2.

Using Theorem 6, it can be shown as in [8] that
Corollary 3: For anyr > (λC∗)

−1/q, there existsκr > 0
such that for anyz ∈ C, there exists a switching sequence
σz such that‖x(t; z, σz)‖ ≤ κrr

t‖z‖, ∀ t ∈ Z+.
Similar numerical approximations for the weak generating

function onC can be obtained; see [8] for more details.

VI. A PPENDIX: PROOF OFTHEOREM 1

The following technical lemma is easy to show and its
proof is omitted.

Lemma 1:Let {Si}`
i=1 be a finite family of closed sets

in Rn and letS := ∪`
i=1Si. For anyx∗ ∈ S, there exists

a neighborhoodU of x∗ such that(U ∩ S) ⊆ ∪i∈I(x∗)Si,
where the index setI(x∗) := {i |x∗ ∈ Si}.

Assume that the CLI (2) is strongly stable onC. Then for
any givenr > 0, there existsδ > 0 such that‖x(t, x0)‖ < r,
∀t ∈ Z+, for any trajectoryx(t, x0) starting fromx0 ∈ C
with ‖x0‖ ≤ δ.

Proposition 6: If the CLI (2) is asymptotically stable on
C, then for theδ > 0 obtained above and a givenc ∈ (0, 1),
there isTδ, c ∈ Z+ (depending onδ and c only) such that
[x0 ∈ C with ‖x0‖ ≤ δ] ⇒ ‖x(t, x0)‖ ≤ c δ, ∀ t ≥ Tδ, c

for any x(t, x0) starting fromx0.
Proof: For the givenδ > 0 and a givenc ∈ (0, 1),

suppose the proposition fails. Then there exist an initial
state sequence{x0

k} ⊆ Bδ ∩ C, the corresponding trajec-
tories {x(t, x0

k)}, and a strictly increasing time sequence
{tk} ⊆ Z+ with lim

k→∞
tk = ∞ such that‖x(tk, x0

k)‖ > c δ.

Furthermore, it follows from the stability ofxe = 0 that a
positive scalarµ exists (withµ < δ), along with the positive
scalarr > δ, such that (i)‖x(t, x0

k)‖ ≤ r,∀ t ∈ Z+, for all
k; (ii) x0 ∈ (Bµ ∩ C) ⇒ ‖x(t, x0)‖ ≤ c δ, ∀ t ∈ Z+. By (ii)
and the semi-group property, we have‖x(t, x0

k)‖ ≥ µ for
all t ∈ {0, 1, · · · , tk}. Sinceµ ≤ ‖x0

k‖ ≤ δ for all k andC
is closed, there exists a subsequence of{x0

k} converging to
x0
∗ ∈ C with µ ≤ ‖x0

∗‖ ≤ δ. Without loss of generality, let

{x0
k} be that subsequence converging tox0

∗. In view of (i)-
(ii) and the construction of{tk}, we see that the sequence
{x(1, x0

k)}k≥t1 ⊆ C satisfiesµ ≤ ‖x(1, x0
k)‖ ≤ r for all

k ≥ t1. Thus it has a subsequence converging tox1
∗ ∈ C

with µ ≤ ‖x1
∗‖ ≤ r. By Lemma 1, a neighborhoodN of

x0
∗ can be found such that(N ∩C) ⊆ ∪i∈I(x0∗)Xi. Note that

x(1, x0
k) = Aj x0

k for somej and x0
k ∈ N for all large k.

Furthermore, since the index setI(x0
∗) is finite, we deduce

that there exist a subsequence{x(1, x0
k′)} of {x(1, x0

k)}k≥t1

and an indexj1 ∈ I(x0
∗) such thatx(1, x0

k′) = Aj1x
0
k′ for

all k′ with x(1, x0
k′) → x1

∗ and x0
k′ → x0

∗. This shows that
x1
∗ = Aj1x

0
∗. Recallingj1 ∈ I(x0

∗), we havex1
∗ ∈ f(x0

∗).
Repeating this argument and using induction, we obtain

{xt
∗}t∈Z+ ⊆ C such that (i)µ ≤ ‖xt

∗‖ ≤ r for all t ∈ Z+;
(ii) for each t ∈ Z+, xt+1

∗ ∈ f(xt
∗). This shows that the

trajectory x(t, x0
∗) = {xt

∗}t∈Z+ is such that‖x(t, x0
∗)‖ ≥

µ, ∀ t ∈ Z+. This contradicts the assumption of asymptotic
stability of the CLI onC.

With Proposition 6 in hand, the remaining proof of The-
orem 1 essentially follows from the similar argument in the
proof of [13, Theorem 3].
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