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Abstract— The centralized optimal multi-agent coordination
problem is studied for a particular formation constraint. T he
problem is formulated as an optimal control problem, and
the first-order necessary condition is derived analytically in a
suitably chosen coordinate system. A candidate solution satis-
fying the necessary condition is proposed. The Jacobi equation
characterizing the conjugate points along the candidate solution
is derived and solved analytically by using the theory of matrix
differential equations. The optimal centralized coordinated
motions derived in this paper will yield a performance lower
bound for those generated by decentralized algorithms.

I. I NTRODUCTION

Multi-agent coordination arises in various context, such
as air traffic management (ATM [1], [2]), robotics [3],
Unmanned Aerial Vehicle (UAVs [4]), and spacecraft [5],
etc. In these applications, the system under study consists
of a group of agents that can coordinate their motions to
achieve a common goal or complete a common task. Often
times, the coordinated motions are subject to some forma-
tion constraints, namely, distances between certain pairsof
agents need to be kept constant throughout the process. For
example, a group of UAVs may need to fly in a certain
formation to reduce their fuel expenditure and keep active
communication links among them. As another example, a
team of mobile robots may coordinate their motions to carry
a common object from one end of the room to the other end
without dropping it or running into the obstacles.

In this paper, we study the optimal multi-agent coordina-
tion problem for a particular formation constraint, namely,
during the motion a number of agents must keep a con-
stant distance from the central agent. With this formation
constraint, we aim to find the coordinated motions with the
minimum energy cost that can move the group of agents from
given initial positions to given destination positions within a
certain time horizon. While many other studies on formation-
constrained multi-agent coordination focus on aspects such
as stability [6], feasibility [7], and consensus forming [8],
this paper is among the few [9] dealing with the optimality
of the coordinated motions. Although a similar problem
is studied in [10] for a snake formation constraint, the
formation considered in this paper is much more complicated
than [10], which posts new challenges on many aspects,
especially on characterizing the conjugate points.

The contribution of this paper consists of the following.
Firstly, the optimal multi-agent coordination problem is for-
mulated as an optimal control problem, and various necessary
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conditions for the optimal solutions are derived. Secondly, a
natural candidate solution satisfying the necessary conditions
is proposed. The Jacobi equation characterizing the conjugate
points along this solution is derived. Finally, the Jacobi
equation is treated as a second-order matrix differential
equation (MDE), and the general MDE theory is introduced
to solve the Jacobi equation and derive the conjugate points
analytically. The Jacobi equation and conjugate point arise in
various optimal control problems. Using the MDE theory to
solve the Jacobi equation is relatively new in the literature.
Therefore, besides presenting a solution to the multi-agent
coordination problem, this paper also introduces the method
of using the MDE theory to find the conjugate points for
optimal control problems.

The rest of this paper is organized as follows. In Section II,
the general formation-constrained optimal coordination prob-
lem is formulated. In Section III, we focus on a particular
formation constraint, for which we propose an optimal
solution and derive the Jacobi equation characterizing the
conjugate points along this solution. In Section IV, the theory
of matrix differential equation is introduced to solve the
Jacobi equation analytically. Conclusion remarks are given
in Section V

II. OPTIMAL FORMATION CONSTRAINED MULTI -AGENT

COORDINATION

In this section, the general problem ofoptimal formation
constrained multi-agent coordination (OFC)is formulated.
We first introduce some notations.

Consider n + 1 agents moving on a planeR2. Their
positions are denoted by the ordered(n+1)-tuple〈qi〉ni=0 =
(q0, . . . , qn), where qi ∈ R2 is the position of agenti,
i = 0, . . . , n. A formation constraint on the locations of the
n+1 agents can be described in terms of an undirected graph
G = (V , E), whose set of verticesV = {0, . . . , n} consists of
n + 1 nodes that correspond to then + 1 agents, and whose
set of edgesE is a subset ofV×V . An (n+1)-tuple〈qi〉ni=0

is said to satisfy theG-formation constraintif and only if
for each edge(i, j) ∈ E , 0 ≤ i, j ≤ n, the distance of agent
i and agentj is at a prescribed value (say, unity):

‖qi − qj‖ = 1 for each(i, j) ∈ E .

Note that in the above definition, if(i, j) is not an edge in
E , there is no constraint on the distance between agentsi

andj: ‖qi − qj‖ can be either greater or smaller than 1.
Problem 1 (OFC):Given a formation graphG, and the

starting position〈ai〉ni=0 and the destination position〈bi〉ni=0

of then+1 agents, find the motions〈qi(t)〉ni=0 of the agents
over a time interval[0, tf ] so that



1) for each agenti, it starts fromai at time 0 and ends
at bi at time tf , i.e., qi(0) = ai, qi(tf ) = bi;

2) the locations〈qi(t)〉ni=0 of then + 1 agents satisfy the
G-formation constraint at all timest in [0, tf ];

3) the total energy expenditureJ is minimized, whereJ
is defined by

J =

n
∑

i=0

∫ tf

0

‖q̇i‖2 dt. (1)

Remark 1:J is the sum of n + 1 terms; each term
∫ tf

0
‖q̇i‖2 dt is the standard energy ofqi(t) as a curve in

R2 ([11]). Intuitively, minimizing
∫ tf

0 ‖q̇i‖2 dt will tend to
make the motionqi(t) for agenti follow a straighter path
with less speed variations. In comparison, if term

∫ tf

0
‖q̇i‖ dt

is used in the definition ofJ instead of
∫ tf

0 ‖q̇i‖2 dt, then,
as
∫ tf

0
‖q̇i‖ dt is the length of the curveqi(t), 0 ≤ t ≤ tf ,

motions that follows the same path will have the same cost,
even though some may be smoother than others. Obviously,
in practice, smoother motions should be favored.

The OFC problem tries to find the coordinated motions of
then+1 agents that can move them from〈ai〉ni=0 at time0 to
〈bi〉ni=0 at timetf with the minimal energy expenditure, while
at the same time maintaining theG-formation constraint,
namely, the distance between agentsi and j is kept at the
constant 1 at all times for(i, j) ∈ E .

The starting position〈ai〉ni=0 and the destination position
〈bi〉ni=0 are calledaligned if they have the same centroid:

1
n+1

∑n

i=0 ai = 1
n+1

∑n

i=0 bi = c. In [12], it is proved
that the general OFC problems can be reduced to the OFC
problem where the initial and the destination positions are
aligned. Hence without loss of generality we assume in the
rest of this paper that〈ai〉ni=0 and 〈bi〉ni=0 have a common
centroidc, say, at the origin.

Assumption 1:Assume that the initial and the destination
positions are aligned at the same centroidc = 0:

1

n + 1

n
∑

i=0

ai =
1

n + 1

n
∑

i=0

bi = 0.

Under this assumption, the following result can be applied
to reduce the complexity of solving the OFC problem.

Lemma 1 ([12] Align Condition):Suppose that in the
OFC problem the starting position〈ai〉ni=0 and the desti-
nation position〈bi〉ni=0 are aligned at the common centroid
c = 0. Then the optimal solutions〈qi〉ni=0 to the OFC
problem under any formation constraintG satisfy

1

n + 1

n
∑

i=0

qi(t) = 0, ∀t ∈ [0, tf ].

In other words, the positions of then + 1 agents during the
optimal coordinated motions are also centered at the origin
under arbitrary formation constraints. This in effect reduces
the dimension of the problem by two: the optimal solution
(q0, . . . , qn) as a curve inR2(n+1) lies in a subspace of
codimension two.

III. A N EXAMPLE OF OFC PROBLEM

In this paper, we focus on the OFC problem with a
particular tree formation constraintG0 = (V0, E0), where

0
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Fig. 1. Formation pattern whenn = 5.

the root node 0 hasn (n ≥ 2) immediate successors, i.e.,
V0 = {0, 1, . . . , n} andE0= {(0, i) : i = 1, . . . , n}. Suppose
that the starting positionsa = 〈ai〉ni=0 of the n + 1 agents
are given by:

a0 = (0, 0), ai = (cos((i − 1)φn), sin((i − 1)φn)), (2)

where φn =
2π

n
, (3)

for i = 1, . . . , n. Suppose that the destination positions are
b = 〈bi〉ni=0 = 〈Rtf

(ai)〉ni=0, where for eachα ∈ R, Rα

denotes the rotation operation around the origin by the angle
α counterclockwise. In other words, at both the initial and
destination positions, agent0 is located at the origin while
all the other agents are evenly distributed on the unit circle.
See Fig. 1 for an example whenn = 5. Note that〈ai〉ni=0 and
〈bi〉ni=0 are not only aligned at the common centroid0, but
also can be obtained from each other by a rotation around
the origin.

A. A New Coordinate System

Let q(t) = 〈qi(t)〉ni=0 be a trajectory satisfying theG0

constraints. Since(0, i) ∈ E0 for i = 1, . . . , n, we must have
‖qi(t) − q0(t)‖ = 1 for any t ∈ [0, tf ]. It turns out that
in studying the above OFC problem, it is more convenient
to work in the polar coordinate centered atq0(t) than the
canonical one, as the formation constraint is intrinsically
encoded in the former system. Defineθk as the phase angle
of the vectorqk − q0, k = 1, . . . , n. Thus if we identifyR

2

with the complex planeC, we have

qi = q0 + ejθi , k = 1, . . . , n, (4)

wherej =
√
−1. Since the initial and destination positions

are aligned at common centroidq0 = 0, by Lemma 1, we
have q0 = −1

n+1

∑n

k=1 ejθk . Substituting this into (4), we
have

qi =
−1

n + 1

n
∑

k=1

ejθk + ejθi . (5)

Equation (5) defines a coordinate transformation between the
canonical system〈qi〉ni=0 and the new coordinates〈θi〉ni=1.
In the new coordinate system, theG0 formation constraint
and the align condition are implicitly encoded. Hence, for



simplicity we will work in the new coordinate system in the
rest of the paper.

We now derive the expression of the energyJ in the new
coordinate system. Differentiating (5) and summing the norm
square of the result for eachi, after some computation we
have

J =

∫ tf

0

(

n
∑

i=0

‖q̇i‖2

)

dt=

∫ tf

0

(

n
∑

i,j=1

∆ij cos(θi − θj)θ̇iθ̇j

)

dt,

(6)

where the constants∆ij , 1 ≤ i, j ≤ n, are defined as

∆ij =

{

n
n+1 , if i = j,
−1

n+1 , if j 6= i.
(7)

Define the (column) vectorθ = (θ1, . . . , θn) ∈ Rn and the
matrix

G(θ) , [∆ij cos(θi − θj)]1≤i,j≤n
∈ R

n×n. (8)

Then (6) can be simplified as

J =

∫ tf

0

θ̇T G(θ)θ̇ dt. (9)

Thus the OFC problem is reduced to the following optimal
control problem:

Minimize
∫ tf

0

1

2
uT (t)G(θ)u(t) dt

subject tou(t) = θ̇(t), t ∈ [0, tf ], θ(0) = θ0, θ(tf ) = θf .

(10)

Here θ0, θf ∈ R
n are chosen to match the initial position

〈ai〉ni=0 and the final position〈bi〉ni=0, respectively.

B. First Variation and a Natural Candidate Solution

We now solve the optimal control problem (10). Define
the Hamiltonian

H =
1

2
uT G(θ)u + λT u,

where λ ∈ Rn is the co-state. Then by the Maximum
Principle, the optimalu is determined by

u = argminuH ⇒ G(θ)u + λ = 0,

while the dynamics ofλ is given by

λ̇ = −∂H

∂θ
= −1

2

∂

∂θ

[

uT G(θ)u
]

.

Sinceu = θ̇, combining the above two equations, we obtain

G(θ)θ̈ =
1

2

∂

∂θ

[

θ̇T G(θ)θ̇
]

− d

dt
G(θ) · θ̇. (11)

Equation (11) is called thegeodesic equationand its so-
lutions are called geodesics, as the optimal control prob-
lem (10) under study is an instance of the shortest distance
problem under a suitable Riemannian metric [13].

Evaluating thek-th component of the above vector equa-
tion (11), we obtain
[

G(θ)θ̈
]

k
=−

∑

1≤j≤n

∆kj sin(θk − θj)θ̇
2
j , k = 1, . . . , n. (12)

Instead of studying the general solutions to the geodesic
equation (12), we focus on an important candidate solution
θ∗ defined as

θ∗ = θ0 + t · 1, (13)

whereθ0 = (θ0
1 , . . . , θ

0
n) is the new coordinate corresponding

to the initial position〈ai〉ni=0, and 1 ∈ Rn is the vector
whose components are all1’s. In the canonical coordinate
system,θ∗ corresponds to the rotation of then + 1 agents
at unit angular velocity counterclockwise around the origin
from 〈ai〉ni=0 at time0 to 〈bi〉ni=0 at time tf .

According to the initial positions (2) and the transforma-
tion (5), we haveθ0

k = k · φn, k = 1, . . . , n. Then it can be
easily verified thatθ∗ satisfies the geodesic equation (12),
and thus is a solution to our particular OFC problem for suffi-
ciently smalltf . However, as the time horizontf increases,
the optimality of θ∗ may be lost due to various reasons.
In next subsection, we will study one of them, namely, the
occurrence of conjugate points.

C. Second Order Variation and the Jacobi Equation

In order to characterize the conjugate points alongθ∗, we
need to find the variation ofθ in equation (12) around the
nominal solutionθ∗. To this purpose, letδθ(t) ∈ Rn be a
variation of θ∗(t) for t ∈ [0, tf ]. Since the two end points
of θ∗ are fixed, the variation must be proper, i.e.,δθ(0) =
δθ(tf ) = 0. Taking the variationδθ in (12) along the solution
θ∗, and using the fact thaẗθ∗ ≡ 0, θ̇∗j ≡ 1, andθ∗k − θ∗j ≡
θ0

k − θ0
j , we obtain

δ̈θ = −2G(θ∗)−1Gs(θ
∗) δ̇θ − [G(θ∗)−1Λ − I] δθ. (14)

Here the matricesΛ andGs(θ
∗) ∈ Rn×n are defined as

Λ =diag(µ1, . . . , µn), (15)

Gs(θ
∗) =

[

∆ij sin(θ0
i − θ0

j )
]

1≤i,j≤n
, (16)

where

µk =
∑

1≤j≤n

∆kj cos(θ0
k − θ0

j ), k = 1, . . . , n. (17)

Equation (14) is called theJacobi equation. A conjugate
point alongθ∗ (or along q∗ in the canonical coordinates)
occurs at timeτ if there is a nontrivial solution to the Jacobi
equation that vanishes at both time 0 and timeτ , i.e., if
there is a solutionδθ(t) not identically zero fort ∈ [0, τ ]
with δθ(0) = δθ(τ) = 0. By the standard result of optimal
control theory, oncetf > τ , θ∗ will no longer be optimal,
or equivalently, the correspondingq∗ will no longer be the
optimal coordinated motion of then+1 agents from〈ai〉ni=0

at time0 to 〈bi〉ni=0 at time tf .
In the next section, we will find the conjugate points

along θ∗ by solving the Jacobi equation. From the above
discussions, this will give us upper bounds ontf for the
optimality of θ∗.



IV. CONJUGATE POINTS ALONG θ∗

To solve the Jacobi equation (14), we first write it in the
generic form

L2ẍ + L1ẋ + L0x = 0, (18)

wherex = δθ, and L0, L1, and L2 are constant matrices
defined by

L2 = I, L1 = 2G(θ∗)−1Gs(θ
∗), L0 = G(θ∗)−1Λ − I.

A. General Matrix Differential Equations

The equation (18) is a second order homogeneous matrix
differential equation (MDE) with constant coefficient matri-
cesL0, L1, L2 ∈ R

n×n. A standard way of solving a general
MDE is described in [14] and can be adopted to solve our
problem. We now review some of the important results. The
interested reader can refer to [14] for proofs and other details.

Definition 1: Consider the constant-coefficient MDE of
order l given by

Llx
(l)(t) + · · · + L1x

(1)(t) + L0x(t) = 0, (19)

where L0, . . . , Ll ∈ Cn×n, det(Ll) 6= 0, and x : R+ →
Cn is l-time differentiable. Define thematrix polynomialas:

L(λ) =
l
∑

i=0

λiLi for λ ∈ C.

1) λ0 is a latent rootof L(λ) if det(L(λ0)) = 0;
2) A nonzero vectorv0 ∈ Cn is a latent vectorof L(λ)

associated with a latent rootλ0 if L(λ0)v0 = 0;
3) A sequence of vectors,v0, . . . , vk−1 ∈ Cn with v0 6=

0, is aJordan chainof lengthk for L(λ) corresponding
to the latent rootλ0 if for eachm = 0, . . . , k − 1, we
have

m
∑

i=0

L(m)(λ0)v0

m!
= 0. (20)

Here L(m)(λ) denotes them-th order derivative of
L(λ) with respect toλ.

The above definition for a matrix polynomial is concep-
tually similar to the eigenpairs and the Jordan chains of
a numerical matrix except that the number of the latent
roots of L(λ) (counting multiplicity) is l · n, and that the
latent vectors associated with different latent roots are not
necessarily linearly independent. Vectors in the same Jordan
chain ofL(λ) could also be linearly dependent. On the other
hand, most other facts about the Jordan chains of numerical
matrices still apply here. For example, ifλi is a latent
root of L(λ) with algebraic multiplicityni and geometric
multiplicity mi, then there aremi sets of Jordan chains
associated withλi and the numbers of vectors in these Jordan
chains sum up toni. See [14] for more details.

With the above definitions, the following theorem de-
scribes the relationship between the Jordan chains ofL(λ)
and the primitive solutions of the MDE (19).

Theorem 1:Let L(λ) be the matrix polynomial associated
with MDE (19).

1) If v0 andv1 are two latent vectors ofL(λ) associated
with latent rootsλ0 and λ1 (λ0 6= λ1), respectively,

then x0(t) = v0 eλ0t and x1(t) = v1 eλ1t are two
linearly independent solutions of the MDE (19).

2) If v0, v1, . . . , vk−1 is a Jordan chain of lengthk for
L(λ) corresponding to the latent rootλ0, then

x0(t) = v0 eλ0t, x1(t) = (tv0 + v1) eλ0t, . . .

xk−1(t) =

(

k−1
∑

j=0

tj

j!
vk−1−j

)

eλ0t (21)

arek linearly independent solutions of the MDE (19).
3) Solutions of the form (21) but belonging to different

Jordan chains ofL(λ) are linearly independent.
MDE (19) has anl · n-dimensional solution space. By

Theorem 1, a Jordan chain of lengthk for L(λ) can provide
exactly k independent solutions. Thus the whole solution
space of the MDE (19) is fully characterized by the Jordan
chains of the corresponding matrix polynomialL(λ).

B. An Analytical Solution

The conjugate points alongθ∗ can be located by finding
particular solutionsx(t) to the equation (18) that start
from zero and come back to zero at a later time. Since
equation (18) is just a second order MDE, by Theorem 1, its
2n-dimensional solution space is spanned by linearly inde-
pendent vector functions defined in terms of the latent roots
and the corresponding Jordan chains ofL(λ). Therefore,
the problem of finding the conjugate points ofθ∗ can be
transformed to computing the latent roots and the Jordan
chains ofL(λ).

1) Computation of the Coefficient Matrices:To simplify
the expressions of the matricesG(θ∗)−1 and Λ in (14), a
standard result from discrete Fourier transform is introduced
in the following lemma.

Lemma 2:Let m be an integer that is not an integer
multiple of n, i.e.,m 6= l ·n, ∀l ∈ Z. Let β ∈ R be arbitrary.
Then the following relations hold:

n−1
∑

k=0

cos(kmφn + β) = 0,

n−1
∑

k=0

sin(kmφn + β) = 0.

Using Lemma 2, the inverse ofG(θ∗) defined in (16),
denoted byG(θ∗)−1 = [gij ]1≤i,j≤n, is given by

gij =

{

n+4
n+2 , i = j,

2
n+2 cos ((i − j)φn), i 6= j,

(22)

for n ≥ 3.
Remark 2:The result in equation (22) can be verified

using Lemma 2 withm = 2. Thus (22) is valid only when
n ≥ 3 as can be seen from the condition of Lemma 2. In the
subsequent discussions, we shall assumen ≥ 3 temporarily,
and then deal with then = 2 case separately at the end of
this section.

Furthermore, using Lemma 2, it can be easily verified that
µk defined in (17) is

µk =
∑

j 6=k

− cos((k − j)φn)

n + 1
+

n

n + 1
= 1.



Therefore,Λ = diag(µ1, . . . , µn) = I is simply the identity
matrix.

Given the simplifiedG(θ∗)−1 andΛ, the coefficient ma-
trices in equation (18) can now be computed as

L2 = I, [L0]ij =
2

n + 2
cos((i − j)φn),

and [L1]ij =
−4

n + 2
sin((i − j)φn).

As a result, the matrix polynomial associated with the
MDE (18) becomes, for1 ≤ i, j ≤ n,

[L(λ)]ij =

[

2
∑

k=0

λkLk

]

ij

=

{

λ2 + 2
n+2 , i = j,

−4
n+2 sin((i − j)φn)λ + 2

n+2 cos((i − j)φn), i 6= j.

(23)

2) Latent Roots and Latent Vectors ofL(λ): By The-
orem 1, solutions to equation (18) can be expressed in
terms of the latent roots and the Jordan chains ofL(λ). We
now compute these for the matrix polynomialL(λ) defined
in (23). We will show thatL(λ) has a zero latent root with
multiplicity 2(n− 2), associated with which there aren− 2
Jordan chains of length 2, as well as four distinct nonzero
latent roots of multiplicity one.

Lemma 3:Define a set of vectorsvc
k, vs

k ∈ Rn, k =
0, . . . , n, as

vc
k =[cos(kφn), cos(2kφn), . . . , cos(nkφn)]T ,

vs
k =[sin(kφn), sin(2kφn), . . . , sin(nkφn)]T .

Let V , V c∪V s , {vc
k : 0 ≤ k ≤ [n

2 ]}∪{vs
k : 1 ≤ k < n

2 },
where[·] denotes the integer part of a real number. Then V
is an orthogonal basis ofRn.

The proof of Lemma 3 is a simple application of Lemma 2.
Remark 3:vs

0 andvs
n
2

(whenn is even) are zero vectors;
thus they are not included inV s. It is easily seen thatV
defined above contains exactlyn linearly independent vectors
of Rn, for anyn ≥ 2.

Using Lemma 3, we are able to characterize all the Jordan
chains ofL(λ) associated withλ = 0.

Proposition 1: λ0 = 0 is a latent root of the matrix poly-
nomialL(λ) defined in (23), and for eachv ∈ V \ {vc

1, v
s
1},

the pair of vectors{v, v} constitute a Jordan chain ofL(λ)
corresponding toλ0 of length 2.
To prove Proposition 1, one needs to verify thatL(0)v = 0
and thatL(0)v + L(1)(0)v = 0 for eachv ∈ V \ {vc

1, v
s
1},

which is again a trivial application of Lemma 2.
Since V \ {vc

1, v
s
1} has n − 2 vectors, Proposition 1

describesn− 2 Jordan chains, each of which is of length 2.
Together, by Theorem 1, these Jordan chains characterize
2n − 4 independent solutions of the Jacobi equation (18).
Let ui, i = 1, . . . , n − 2, be an enumeration of the vectors
in V \ {vc

1, v
s
1}, and define

U0(t) , [u1, tu1, . . . , un−2, tun−2]. (24)

Any linear combination of the columns ofU0(t) is a solution
to equation (18). On the other hand, equation (18) should
have2n independent solutions in total. It turns out that the
four missing independent solutions are provided by the latent
vectors associated with the nonzero latent roots ofL(λ).

Proposition 2: Define the complex vectorv1 = vc
1 + jvs

1,
wherej =

√
−1. Its conjugate is̄v1 = vc

1 − jvs
1. Define

ω1 =
−n +

√

2n(n + 1)

n + 2
, ω2 =

−n −
√

2n(n + 1)

n + 2
.

(25)

Then the nonzero latent roots ofL(λ) and their correspond-
ing latent vectors can be characterized as follows:

1) λ1 = jω1 andλ2 = −jω1 are two latent roots ofL(λ)
with latent vectorsv1 and v̄1, respectively;

2) λ3 = jω2 andλ4 = −jω2 are two latent roots ofL(λ)
with latent vectorsv1 and v̄1, respectively.

The above results can be proved using Definition 1 and
Lemma 2. Refer to [13] for a complete proof.

By Theorem 1, there are four independent solutions to the
MDE (18) corresponding to the four distinct nonzero latent
roots λi, i = 1, . . . , 4. We arrange these solutions into the
columns of a matrix defined by

U0̄(t) = [ejω1tv1, e
−jω1tv̄1, e

jω2tv1, e
−jω2tv̄1]

= V1 ·
[

eΩ1t eΩ2t
]

, (26)

whereV1, Ω1, andΩ2 are complex matrices defined by

V1=
[

v1 v̄1

]

, Ω1=

[

jω1 0
0 −jω1

]

, Ω2=

[

jω2 0
0 −jω2

]

. (27)

Any complex linear combination of the columns ofU0̄(t)
of the form x(t) = U0̄(t)z for somez = [z1, z2, z3, z4]

T

in C4 is a solution to equation (18). However, we are only
interested in those real solutions. For this purpose,z must be
chosen so thatz2 = z̄1 and z4 = z̄3. Plugging intox(t) =
U0̄(t)z, we conclude that the four dimensional real solution
space of equation (18) corresponding to the nonzero latent
roots ofL(λ) is spanned by the columns of two real matrices
in Rn×2:

URe
1 (t) =

[

vc
1 vs

1

]

[

cos(ω1t) sin(ω1t)
− sin(ω1t) cos(ω1t)

]

, (28)

URe
2 (t) =

[

vc
1 vs

1

]

[

cos(ω2t) sin(ω2t)
− sin(ω2t) cos(ω2t)

]

. (29)

To sum up the results in this section, we can now charac-
terize all the real solutions to equation (18).

Proposition 3: Every real solution to the MDE (18) is of
the form

x(t) = U0(t)c0 + URe
1 (t)c1 + URe

2 (t)c2, (30)

for some constantsc0 ∈ R2(n−2), c1 ∈ R2, and c2 ∈ R2.
Here the matricesU0(t), URe

1 (t) and URe
2 (t) are defined

in (24), (28), and (29), respectively.



3) Conjugate Points Alongθ∗: To find the conjugate
points alongθ∗, we need to look for those nontrivial real
solutionsx(t) to the Jacobi equation (18) that start from0
and return to0 at some positive timeτ , i.e., x(0) = 0, and
x(τ) = 0. Let x(t) be one such solution. By Proposition 3,
x(t) is of the formx(t) = U0(t)c0 + URe

1 (t)c1 + URe
2 (t)c2

for some constantsc0, c1 andc2. Observe that the first term
U0(t)c0 is an affine function of timet, and always lies in the
subspace spanned by then−2 basis vectors inV \ {vc

1, v
s
1},

where V is the set of bases given in Lemma 3. On the
other hand, the second and the third termsURe

1 (t)c1 and
URe

2 (t)c2 always lie in the 2-dimensional subspace spanned
by the other two basis vectorsvc

1 and vs
1. Hence, in order

for x(0) = x(τ) = 0 to hold for someτ > 0, we must have
c0 = 0. Thusx(t) = URe

1 (t)c1 + URe
2 (t)c2.

By (28) and (29), at time0, URe
1 (0) = URe

2 (0) = [vc
1, vs

1].
Hence to satisfyx(0) = 0, we must have

x(0) = URe
1 (0)c1 + URe

2 (0)c2 =
[

vc
1 vs

1

]

(c1 + c2) = 0,

which implies thatc2 = −c1 by the linear independence of
vc
1 andvs

1. Thus, if we writec1 = [a, b]T , then

x(t) = URe
1 (t)c1 + URe

2 (t))(−c1) = [URe
1 (t) − URe

2 (t)]c1

= 2 sin(ω−t)
[

vc
1 vs

1

]

[

−a sin(ω+t) + b cos(ω+t)
−a cos(ω+t) − b sin(ω+t)

]

, (31)

whereω+ andω− are constants defined by

ω+ = ω1+ω2

2 = − n
n+2 , ω− = ω1−ω2

2 =

√
2n(n+1)

n+2 . (32)

Note that a and b can not be zero at the same time
(otherwisex(t) ≡ 0 is trivial). Under this constraint, it can be
easily checked that the two entries of the last factor in (31),
−a sin(ω+t) + b cos(ω+t) and −a cos(ω+t) − b sin(ω+t),
can not be zero at the same time. Thus, in order to satisfy
x(τ) = 0 for someτ > 0, we must havesin(ω−τ) = 0, i.e.,
τ = kπ

ω
−

for somek = 1, 2, . . .. This gives us the times when
conjugate points alongθ∗ are encountered.

Theorem 2:For the particular OFC problem studied in
Section III withn ≥ 3, the set of conjugate points along the
candidate solutionθ∗ is given by

{

θ∗(τ) : τ =
k(n + 2)π
√

2n(n + 1)
, k = 1, 2, . . .

}

.

As a result, the first conjugate point alongθ∗ occurs at
time

τn =
π

ω−
=

(n + 2)π
√

2n(n + 1)
. (33)

From the expression (33), we can see thatτn decreases asn
increases, andτn → π√

2
asn → ∞.

Since a geodesic is no longer distance-minimizing beyond
its first conjugate point, we have

Theorem 3:θ∗ is not an optimal solution to the OFC
problem if tf > τn.

As mentioned in Remark 2, the above derivations are
valid only under the conditionn ≥ 3. When n = 2, the
coefficient matricesL0, L1, andL2 in equation (18) are all
2×2. Hence, analytical solution can be obtained much more

easily compared with the generaln case. After some careful
computation, the first conjugate point alongθ∗ occurs at the
time τ2 = π√

2
for n = 2, which, interestingly, is exactly the

limit of τn asn → ∞.

V. CONCLUSION

The OFC problem is studied for a particular formation
constraint, where a number of agents must keep a constant
distance from the central agent during their coordinated mo-
tions. A candidate solution satisfying the first-order optimal-
ity condition is proposed. Conjugate points along the solution
are characterized analytically. The approaches adopted inthis
paper are general enough to make the results meaningful
in a variety of applications involving optimal multi-agent
coordination. As extensions, our future research will focus
on the OFC problem with general formation constraints that
are not necessarily described by trees.

REFERENCES

[1] J. Kuchar and L. C. Yang. Survey of conflict detection and resolution
modeling methods.IEEE Trans. on Intelligent Transportation Systems,
1(4):179–189, 2000.

[2] C. Tomlin, G. J. Pappas, and S. Sastry. Conflict resolution for air traffic
management: a study in multi-agent hybrid systems.IEEE Trans. on
Automatic Control, 43:509–521, 1998.

[3] J. P. Desai and V. Kumar. Nonholonomic motion planning for multiple
mobile manipulators. InProc. IEEE Int. Conference on Robotics and
Automation, volume 4, pages 3409–3414, Albuquerque, NM, April
1997.

[4] J. D. Wolfe, D. F. Chichka, and J. L. Speyer. Decentralized controllers
for unmanned aerial vehicle formation flight. InProc. AIAA Guidance,
Navigation and Control Conference, San Diego, CA, Jul. 1996.

[5] M. Tillerson, L. Breger, and J. P. How. Distributed coordination
and control of formation flying spacecraft. InProc. IEEE American
Control Conference, Denver, Co, Jun. 2003.

[6] V. Gazi and K. M. Passino. Stability analysis of swarms.IEEE Trans.
Automatic Control, 48(4):692–697, Apr. 2003.

[7] Z. Lin, B. Francic, and M. Maggiore. Necessary and sufficient
graphical conditions for formation control of unicycles.IEEE Trans.
Automatic Control, 50(1):121–127, January 2005.

[8] W. Ren, R. W. Beard, and E. M. Atkins. A survey of consensus
problems in multi-agent coordination. InProc. American Control
Conference, volume 3, pages 1859–1864, Portland, OR, Jun. 2005.

[9] J. A. Fax. Optimal and Cooperative Control of Vehicle Formations.
PhD thesis, California Institute of Technology, 2002.

[10] J. Hu, M. Prandini, and C. Tomlin. Conjugate points in formation
constrained optimal multi-agent coordination: a case study. Submitted
to SIAM J. Control and Optimization, 2006. In revision.

[11] M. Spivak. A Comprehensive Introduction to Differential Geometry.
Vol. I. Publish or Perish Inc., Wilmington, Del., second edition,1979.

[12] J. Hu, M. Prandini, and S. Sastry. Optimal coordinated motions of
multiple agents moving on a plane.SIAM J. Control and Optimization,
42(2):637–668, 2003.

[13] W. Zhang and J. Hu. Optimal multi-agent coordination under tree
formation constraints. Technical report, Purdue University, 2007. TR
ECE 07-14.

[14] P. Lancaster and M. Tismenetsky.The Theory of Matrices. Academic
Press Inc., Orlando, FL, 1985.


