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Abstract— We describe a methodology for reachability analysis
of a certain class of stochastic hybrid systems, whose continuous
dynamics is governed by stochastic differential equationsand
discrete dynamics by state-dependent probabilistic transitions.
The main feature of the proposed methodology is that it rests
on the weak approximation of the solution to the stochastic dif-
ferential equation with random mode transitions by a Markov
chain. Reachability computations then reduce to propagating
the transition probabilities of the approximating Markov c hain.
An example of applications to system verification is presented.

I. I NTRODUCTION

Hybrid systems represent a powerful modeling framework
and have been applied to a diverse range of engineering
problems (air traffic management systems [15] automated
highway systems [16], robotics [7], computer and commu-
nication networks [9], automotive systems [3]) and also to
model biological systems [2].
The majority of the efforts in the study of hybrid systems
have been devoted to deterministic hybrid systems, which,
however, are not suitable for modeling practical systems with
inherent uncertainty.
In stochastic hybrid systems, probabilistic laws govern the
discrete/continuous dynamics of the system. As a result,
each trajectory is weighted according to its likelihood as
determined by these probabilistic laws. The problems one
can study of stochastic hybrid systems are then more various
and less ‘sharp’ than those of deterministic hybrid systems,
and the results obtained are often more robust and less
conservative. In particular, a reachability problem in the
deterministic case is a yes/no problem, while in the stochastic
case one faces a continuous spectrum of ‘soft’ problems
with quantitative answers, such as the hitting probability,
the expected hitting time, the hitting distribution, etc. As
a counterpart for their enhanced modeling flexibility and
expressiveness, the problems arising in stochastic hybrid
systems are in general much more challenging: analytical
solutions are difficult or impossible to obtain; and few
effective general algorithms exist for the numerical simu-
lation of stochastic hybrid systems, compared with the many
software packages for deterministic hybrid systems. Many
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problems well studied in the deterministic case remain open
for stochastic hybrid systems.
In this paper, we focus on reachability problems for stochas-
tic hybrid systems. In [4], [5], theoretical issues regarding
the measurability of the reachability events are addressed. In
[5] and [6], upper bounds on the probability of reachability
events are derived based on the theory of Dirichlet forms
associated with a right-Markov process and on certain func-
tions of the state of the system known as barrier certificates,
respectively. In [1], stochastic reachability is addressed in
the discrete time case by dynamic programming. Here, we
study the reachability problem of estimating the probability
that the system state will enter some region of the state space
within a finite time horizon, starting from an arbitrary initial
condition, for a class of continuous time stochastic hybrid
systems generating switching diffusion processes, [8].
By discretizing the state space and using an interpolated
Markov chain to approximate the switching diffusion weakly,
we develop an algorithm to compute an estimate of the
probability of interest. This numerical scheme is amenable
for applications to system verification and safety analysis.
The proposed methodology for reachability analysis was
introduced by the authors of the present paper in [10], and
further developed in [13], with reference to systems de-
scribed by stochastic differential equations with coefficients
switching value at prescribed, a-priori known, time instants.
The methodology is extended here to a hybrid setting, where
switchings are state dependent, thus proving that the Markov
chain weak approximation result in [12] is still valid in a
hybrid setting. A more detailed version of this conference
paper is available as a book chapter in [14].

II. SWITCHING DIFFUSIONS

We consider a continuous time stochastic hybrid system
whose hybrid states is characterized by a continuous com-
ponentx and a discrete componentq, taking on value in the
Euclidean spaceRn and in the finite setQ = {1, 2, . . .M}:
s(t) = (x(t),q(t)) ∈ S := R

n ×Q, t ≥ 0.
The evolution ofq is piecewise constant and right continu-
ous, that is for each trajectory ofq, there exists a sequence
of consecutive left closed, right open time interval{Ti, i =
0, 1, . . . } such thatq(t) = qi, ∀t ∈ Ti andqi 6= qi±1.
During each time intervalTi whenq(t) is constant and equal
to qi ∈ Q, the continuous state componentx is governed by
the stochastic differential equation (SDE)

dx(t) = a(x(t), qi)dt + b(x(t), qi)Σ dw(t),



initialized with x(t−i ) = limh→0+ x(ti − h) at time ti :=
sup{∪i−1

k=0Tk}, where a(·, qi) : R
n → R

n and b(·, qi) :
R

n → R
n×nare the drift and diffusion terms, andΣ is a

diagonal matrix with positive entries, which modulates the
variance of the standard n-dimensional Brownian motionw.
A jump in the discrete state may occur during the contin-
uous state evolution with an intensity and according to a
probabilistic reset map that both depend on the current value
taken bys. More specifically,q is a continuous time process,
whose evolution at timet is conditionally independent on
the past givens(t−) = (x, q) ∈ S, and is governed by the
transition probabilities

P{q(t + ∆) = q′|s(t−) = (x, q)} = λqq′ (x)∆ + o(∆),

q′ 6= q ∈ Q, where the transition rateλqq′ : R
n → R

satisfiesλqq′ (x) ≥ 0, ∀x ∈ R
n. The transition rate functions

determine both the switching intensity and the reset map
of the discrete stateq. During the infinitesimal time interval
[t, t+∆], q(t) will jump once with probabilityλ(s)∆+o(∆),
and two or more times with probabilityo(∆), starting from
s(t−) = s, whereλ : S → [0, +∞)

λ(s) =
∑

q′∈Q,q′ 6=q

λqq′ (x), s = (x, q) ∈ S, (1)

is the jump intensity function. Ifs ∈ S is such thatλ(s) = 0,
then no instantaneous jump can occur froms. Let s ∈ S be
such thatλ(s) 6= 0. Then, when a jump occurs at timet
from s(t−) = s, the distribution ofq(t) overQ is given by
the reset functionR : S ×Q → [0, 1]

R(s, q′) =

{

λqq′ (x)

λ(s) , q′ 6= q

0, q′ = q
, s = (x, q). (2)

Assumption 1:a(·, q), b(·, q), andλqq′ (·) are bounded and
Lipschitz continuous for anyq, q′ ∈ Q.
Under Assumption 1, processs(t), t ≥ 0, generated by the
described stochastic hybrid system initialized withs(0) =
s0 ∈ S is a switching diffusion.
A formal description of a switching diffusion, with the pure
jump processq represented by an integral with respect to
a Poisson random measure, is provided next, following [8]
and [11]. This is the reference representation for the proposed
numerical approximation scheme for reachability analysis.
For eachx ∈ R

n, define the consecutive disjoint intervals
Γki(x) of lengthλki(x), k, i ∈ Q, i 6= k, as follows:

Γ12(x) =
ˆ

0, λ12(x)
´

Γ13(x) =
ˆ

λ12(x), λ12(x) + λ13(x)
´

...

Γ1M (x) =
ˆ

M−1
X

h=2

λ1h(x),
M

X

h=2

λ1h(x)
´

Γ21(x) =
ˆ

M
X

h=2

λ1h(x),
M

X

h=2

λ1h(x) + λ21(x)
´

Γ23(x) =
ˆ

M
X

h=2

λ1h(x) + λ21(x),

M
X

h=2

λ1h(x) + λ21(x) + λ23(x)
´

...

Set λmax = maxx∈Rn

∑M
k,i=1,i6=k λki(x), and letΠ denote

the uniform probability measure onΓmax = [0, λmax). Define
rq : R

n ×Q× Γmax → Z describing the entity of a jump in
q from (x, q) ∈ S corresponding toγ ∈ Γmax as

rq(x, q, γ) =

{

q′ − q, if γ ∈ Γqq′(x)

0, otherwise.
(3)

With these notations, the stochastic hybrid system can be
represented by the SDEs

dx(t) = a(x(t), q(t))dt + b(x(t), q(t))Σ dw(t)

dq(t) =

∫

Γmax

rq(x(t−),q(t−), γ)p(dt, dγ),
(4)

where p(·, ·) is a Poisson random measure of intensity
λmaxdt × Π(dγ), independent ofw(·).
p(·, ·) generates independently ofw(·) the sequence{ti, i ≥
1} of increasing nonnegative random variables representing
the jump times of a standard Poisson process with intensity
λmax, and the sequence{γi, i ≥ 1} of i.i.d. random variables
uniformly distributed overΓmax and independent of{ti, i ≥
1}. Since p(dτ, dγ) assigns unit mass to(τ, γ) if there
exists i ≥ 1 such thatti = τ and γi = γ, then, for any
measurableC ⊆ Γmax and anyt ∈ T ,

∫ t

0

∫

C
p(dτdγ) =

∑

i≥1 1{ti≤t}1{γi∈C} is a random quantity representing the
number of jumps during the time interval[0, t] corresponding
to values forγ in C. Thus theq process solving (4) initialized
with s0 = (x0, q0) is given by

q(t) = q0 +

∫ t

0

∫

Γmax

rq(x(τ−),q(τ−), γ)p(dτ, dγ)

= q0 +
∑

i≥1: ti≤t

rq(x(t−i ),q(t−i ), γi),

whereas, between each pair of time instantsti and ti+1,
the x component behaves as a diffusion process with local
properties determined bya(·,q(ti)) andb(·,q(ti)).
Under Assumption 1, system (4) initialized withs0 ∈ S
admits a unique strong solutions(t) = (x(t),q(t)), t ≥ 0.
Moreover,s is a Markov process and the trajectories of the
continuous componentx are continuous.

III. STOCHASTIC REACHABILITY

Given a closed setD ⊂ R
n, our objective is to determine

the probability that the solutionx(t) to (4) initialized with
s0 = (x0, q0) ∈ S reachesD during some look-ahead time
horizonT = [0, tf ]:

Ps0

{

x(t) ∈ D for somet ∈ T
}

. (5)

This can be of interest in system verification and safety
analysis, and in such casesD represents a target set rather
than an unsafe set.
To evaluate the probability (5) numerically, we introduce
a bounded open setU ⊂ R

n where to confinex. If D
represents an unsafe set, the domainU should be chosen
large enough so that the situation can be declared safe once
x ends up outsideU . If D represents a target set,U should
be chosen large enough so that the objective of reaching the



target is failed in practice oncex exitsU . This makes sense,
for example, in those regulation problems where the system
should be driven to operate close to some reference state
value x⋆ and deviations from the desired operating point
in the transient are allowed only to some extent (see the
example in Section VI).
Let U c denote the complement ofU in R

n. Then, with
reference to the domainU , the probability of enteringD
can be expressed as

Ps0
:= Ps0

{

x hits D before hittingU c within T
}

. (6)

Hence, for the purpose of computing (6), we can assume that
x in (4) is defined on the open domainU \ D with initial
condition x0 ∈ U \ D, and thatx is stopped as soon as it
hits the boundary∂ U c ∪ ∂D of U \ D.

IV. M ARKOV CHAIN APPROXIMATION

The switching diffusion process generated by the stochastic
hybrid system described in Section II is approximated here
by the piecewise constant interpolation of a suitably defined
discrete time Markov chain. The interpolation time interval
∆δ is a positive function of a gridding scale parameterδ
tending to zero faster thanδ (∆δ = o(δ)).
The discrete time Markov chain{vk, k ≥ 0} is characterized
by a two-component state:v = (z,m), wherem takes on
value in the finite setQ, whereasz takes on value in a finite
setZδ obtained by griddingU \ D.
Recall that theq component of the switching diffusions =
(x,q) is a pure jump process. The jump occurrences inq are
governed by a standard Poisson process with intensityλmax,
which is independent of the random variables determining
the jump entity and of the Brownian motion affecting the
x component. The distribution of the inter-jump times is
exponential with coefficientλmax, so that the probability of a
single jump within a time interval∆ is λmax∆ + o(∆). The
jump entity is state dependent, and jumps of zero entity may
occur. When a jump (possibly of zero entity) occurs at time
t, then, thex component is reinitialized with the same value
x(t−) prior to the jump occurrence.
In order to take this into account when defining the tran-
sition probabilities of the approximating Markov chain
{vk, k ≥ 0}, we introduce an enlarged Markov chain process
{(vk, jk), k ≥ 0}, where{jk, k ≥ 0} is a Bernoulli process
representing the jump occurrences: ifjk = 1, then a jump,
possibly of zero entity, occurs at timek, whereas ifjk = 0,
then no jump occurs at timek. If jk is independent of
vi, i = 0, 1, . . . , k, ∀k ≥ 0, then, it is easily shown that
{vk, k ≥ 0} is a Markov chain with transition probabilities
given by

Pδ

{

vk+1 = v′ | vk = v
}

=
∑

j∈{0,1}

Pδ

{

vk+1 = v′ | vk = v, jk = j
}

Pδ

{

jk = j
}

.

We now define the jump probabilityPδ

{

jk = 1
}

, the inter
macro-states transition probabilityPδ

{

vk+1 = v′ | vk =
v, jk = 1

}

, and the intra macro-states transition probability
Pδ

{

vk+1 = v′ | vk = v, jk = 0
}

.

Jump probability:We set

Pδ

{

jk = 1
}

= 1 − e−λmax∆δ = λmax∆δ + o(∆δ), (7)

which tends to the jump rate of the standard Poisson process
generating jumps inq, asδ → 0.
Inter macro-states transitions:If jk = 1 (a jump occurs at
time k), then, zk+1 = zk, whereas the value ofmk+1 is
determined based on that ofvk through the (conditional)
transition probabilitiespδ(q → q′|z) := Pδ

{

mk+1 =
q′ | vk = (z, q), jk = 1

}

. As a result,

Pδ

˘

(zk+1,mk+1) = (z′
, q

′) | vk = (z, q), jk = 1
¯

=

(

0, z′ 6= z

pδ(q → q′|z), z′ = z.

To reproduce the behavior ofq when a jump occurs, we set

pδ(q → q
′|z) =

Z

{γ:rq(z,q,γ)=q′−q}

Π(dγ)

=

(

λq q′ (z)

λmax
, q′ 6= q

1 − 1
λmax

P

q∗∈Q,q∗ 6=q λq q∗(z), q′ = q.

This way, the probability distribution ofmk+1 when a jump
of non-zero entity occurs at timek from (z, q) is

Pδ

˘

mk+1 = q
′ | vk = (z, q), jk = 1, mk+1 6= mk

¯

=
λq q′(z)

P

q∗∈Q,q∗ 6=q λq q∗(z)
= R((z, q), q′),

whereR(·, ·) is the reset function defined in (2). Also, the
probability that a jump of non-zero entity occurs at timek
from (z, q) is given by

Pδ

˘

jk = 1, mk+1 6= q | vk = (z, q)
¯

=
X

q′∈Q,q′ 6=q

Pδ

˘

mk+1 = q
′ | vk = (z, q), jk = 1

¯

Pδ

˘

jk = 1
¯

=
`

1 − e
−λmax∆δ

´

P

q′∈Q,q′ 6=q λq q′(z)

λmax
= λ(z)∆δ + o(∆δ),

whereλ(·) is the jump intensity function defined in (1).

Intra macro-state transitions:If jk = 0 (no jump occurs at
time k), then,mk+1 = mk, whereas the value ofzk+1 is
determined based on that ofvk, through the (conditional)
transition probabilities

pδ(z → z
′|q) := Pδ

˘

zk+1 = z
′ | vk = (z, q), jk = 0

¯

(8)

describing the evolution ofz within the “macro-state”q ∈ Q.
Then,

Pδ

˘

(zk+1,mk+1) = (z′
, q

′) | vk = (z, q), jk = 0
¯

=

(

0, q′ 6= q

pδ(z → z′|q), q′ = q.

For the weak convergence result to hold, the probabilities
(8) should be suitably selected so as to approximate ‘locally’
the evolution of thex component of the switching diffusion
s = (x,q) with absorption on the boundary∂U c∪∂D when
no jump occurs inq.
To formally define this ‘local consistency’ notion, we
need first to introduce some notations. LetΣ =
diag(σ1, σ2, . . . , σn) with σi > 0, i = 1, . . . , n. Fix a
grid parameterδ > 0. Denote byZ

n
δ the integer grids

of R
n scaled according to the grid parameterδ and the



positive diagonal entries of matrixΣ as follows Z
n
δ =

{(m1η1δ, m2η2δ, . . . , mnηnδ)| mi ∈ Z, i = 1, . . . , n},
whereηi := σi

σmax
, i = 1, . . . , n, with σmax = maxi σi. For

each grid pointz ∈ Z
n
δ , define the immediate neighbors set

as a subset ofZn
δ whose distance fromz along the coordinate

axis xi is at mostηiδ, i = 1, . . . , n. Formally,

Nδ(z) = {z + (i1η1δ, . . . , inηnδ) ∈ Z
n
δ | (i1, . . . , in) ∈ I},

whereI ⊆ {0, 1,−1}n \ {(0, 0, . . . , 0)}.
The finite setZδ wherez takes on value is defined as the set
of all those grid points inZn

δ that lie insideU but outside
D: Zδ = (U \ D) ∩ Z

n
δ . Nδ(z) represents the set of states

to which z can evolve in one time step within a macro-
state, starting fromz. The interiorZ◦

δ of Zδ consists of all
those points inZδ which have all their neighbors inZδ. The
boundary ofZδ is given by ∂Zδ = Zδ \ Z◦

δ . ∂Zδ is the
union of the set∂ZδUc of points with at least one neighbor
outsideU , and the set∂ZδD of points with at least one
neighbor insideD. The points that satisfy both the conditions
are assigned all to either∂ZδD or ∂ZδUc , so as to make these
two sets disjoint. The estimation error eventually introduced
becomes negligible ifU is chosen sufficiently large.
For eachq ∈ Q, we definepδ(z → z′|q) in (8) so that:
• each statez in ∂Zδ is an absorbing state;
• starting from a statez in Z◦

δ , z moves to one of its
neighbors inNδ(z) or stays at the same state according to
probabilities determined by its current location:

pδ(z → z′|q) =

{

πδ(z
′|(z, q)), z′ ∈ Nδ(z) ∪ {z}

0, otherwise,
(9)

z ∈ Z◦
δ , whereπδ(z

′|(z, q)) are appropriate functions of the
drift and diffusion terms in (4) evaluated at(z, q).
Fix some time stepk and consider the conditional mean
and variance of the finite differencezk+1 − zk given that
vk = (z, q) and jk = 0:

mδ(z, q) =
X

z′∈Nδ(z)

(z′ − z)πδ(z
′|(z, q)),

Vδ(z, q) =
X

z′∈Nδ(z)

(z′ − z)(z′ − z)T
πδ(z

′|(z, q)).

The immediate neighbors setNδ(z) and the family of dis-
tribution functions{πδ(·|(z, q)) : Nδ(z) ∪ {z} → [0, 1], z ∈
Z◦

δ } should be selected so that asδ → 0,

mδ(z, q)

∆δ
→ a(x, q),

Vδ(z, q)

∆δ
→ b(x, q)Σ2b(x, q)T , (10)

for all x ∈ U \D, where, for anyδ, z is a point inZ◦
δ closest

to x (local consistency property).
Example:Suppose that the diffusion term in (4) is of the form
b(s) = β(s)I, whereβ : S → R is a scalar function andI
is the identity matrix of sizen. The immediate neighbors set
Nδ(z), z ∈ Zδ, can be confined to the set of points:

z1+
= z + (+η1δ, 0, . . . , 0) z1− = z + (−η1δ, 0, . . . , 0)

z2+
= z + (0, +η2δ, . . . , 0) z2− = z + (0,−η2δ, . . . , 0)

...

zn+
= z + (0, 0, . . . , +ηnδ) zn−

= z + (0, 0, . . . ,−ηnδ).

The transition probability functionπδ(·|v) overNδ(z)∪{z}
from v = (z, q) ∈ Z◦

δ ×Q can be chosen as follows:

πδ(z
′|v) =

8

>

<

>

:

c(v) ξ0(v), z′ = z

c(v) e+δξi(v), z′ = zi+ , i = 1, . . . , n

c(v) e−δξi(v), z′ = zi− , i = 1, . . . , n

(11)

with ξ0(v) = 2
ρσ2

maxβ(v)2 − 2n, ξi(v) = [a(v)]i
ηiσ2

maxβ(v)2 , i =

1, . . . , n, c(v) = 1
2

P

n
i=1

csh(δξi(v))+ξ0(v) , where for anyy ∈

R
n, [y]i denotes the component ofy along thexi direction,

i = 1, 2, . . . , n. ρ is a positive constant satisfying0 < ρ ≤
(nσ2

maxmaxs∈(U\D)×Q β(s)2)−1, so thatξ0(v) is positive for
all v ∈ Z◦

δ × Q. The interpolation time interval∆δ can be
set equal toρδ2. �

Different choices are possible so as to satisfy the local consis-
tency property, and they affect the computational complexity
of the approximation. The reader is referred to [12] for more
details on this.
Discrete time Markov chain interpolation:Let {∆τ k, k ≥
0} be an i.i.d. sequence of random variables independent of
{vk, k ≥ 0}, exponentially distributed with mean value∆δ

satisfying∆δ > 0 and∆δ = o(δ). Denote by{v(t), t ≥ 0}
the continuous time stochastic process that is equal tovk on
the time interval[τ k, τ k+1) for all k, whereτ 0 = 0 and
τ k+1 = τ k + ∆τ k, k ≥ 0.
Theorem 1:Suppose that the approximating Markov chain
{vk, k ≥ 0} is initialized at a pointv0 ∈ Z◦

δ ×Q closest to
s0 ∈ (U\D)×Q and satisfies the local consistency properties
(10). Then, under Assumption 1, the process{v(t), t ≥ 0}
obtained by interpolation of{vk, k ≥ 0} converges weakly
as δ → 0 to the solution{s(t) = (x(t),q(t)), t ≥ 0} of (4)
initialized withs0, with x(t) defined onU\D and absorption
on the boundary∂U c ∪ ∂D. �

Weak convergence of Markov chain approximations is
proven in [12, Theorem 4.1, Chapter 10] for jump diffu-
sion processes satisfying appropriate regularity conditions.
This theorem does not directly imply Theorem 1, because
it would require rq(x, q, γ) in (3) to be continuous as a
function ofx, which is not the case. However, the continuity
property shown in Proposition 1 below for the integral
∫

R
rq(·, q, γ)Π(dγ) can be used in the proof of [12, Theorem

4.1, Chapter 10] in place of the continuity ofrq(·, q, γ) to
assess the weak convergence result.
Proposition 1: Suppose thatλqq′ (·) is bounded and Lip-
schitz continuous for anyq, q′ ∈ Q, q 6= q′. Then,
there exists a constantC > 0 such that

∫

R
|rq(x, q, γ) −

rq(x
′, q, γ)|Π(dγ) ≤ C |x − x′|, ∀x, x′ ∈ R

n, q ∈ Q. �

This proposition can be proven following [11]. The proof is
omitted due to space limitations.

V. REACHABILITY COMPUTATIONS

Given the look-ahead time horizonT = [0, tf ], fix δ > 0
so thatkf :=

tf

∆δ
is an integer, and construct the approx-

imating Markov chain{vk = (zk,mk), k ≥ 0} satisfying
Theorem 1.
If the diffusion matrix Σ(s) := b(x, q)Σ2b(x, q)T , s =
(x, q) ∈ S, is uniformly positive definite over(U \D)×Q,



then appropriate regularity conditions onD and U c guar-
antee with probability one that those pathological situations
where the trajectory of the processx touches the absorbing
boundary∂D ∪ ∂U without leavingU \ D do not occur,
[11] and [12, Chapter 10]. By [12, Chapter 9, Theorem
1.5], weak convergence of the approximating Markov chain
interpolation tos implies convergence with probability one
to the probability of interest Ps0

in (6) of the corresponding
quantity for{vk = (zk,mk), k ≥ 0}:

P̂s0
:= Pδ

{

zk hits ∂ZδD before∂ZδUc within [0, kf ]
}

.

We now describe an iterative algorithm to computeP̂s0
.

Observe that, since the boundaries∂ZδUc and ∂ZδD are
both absorbing, then̂Ps0

= Pδ

{

zk ∈ ∂ZδD for somek ∈
[0, kf ]

}

= Pδ

{

zkf
∈ ∂ZδD

}

.
Let introduce the set of probability mapsp̂(k) : Zδ × Q →
[0, 1], k = 0, 1, . . . , kf , where

p̂(k)(v) := Pδ

{

zkf
∈ ∂ZδD | vkf−k = v

}

, (12)

is the probability of hitting∂ZδD before∂ZδUc within [kf −
k, kf ] starting fromv at timek. Then,

p̂(0)(v) =

{

1, if v ∈ ∂ZδD ×Q

0, otherwise,
(13)

and the desired quantitŷPs0
can be expressed aŝPs0

=

p̂(kf )(v0). Moreover, it is easily seen that the probability map
p̂(kf ) : Zδ×Q → [0, 1], can be can be computed by iterating
kf times starting fromk = 0 the following equation:

p̂(k+1)(v) =
∑

v′∈Zδ×Q

pδ(v → v′)p̂(k)(v′), v ∈ Zδ ×Q.

Recalling that anyv ∈ ∂Zδ × Q is an absorbing state and
that, for eachk ∈ [0, kf ], p̂(k)(v) = 1 if v ∈ ∂ZδD ×Q, and
p̂(k)(v) = 0 if v ∈ ∂ZδUc ×Q, we get

p̂(k+1)(v) =



















∑

v′∈Zδ×Q

pδ(v → v′)p̂(k)(v′), v ∈ Z◦
δ ×Q

1, v ∈ ∂ZδD ×Q

0, v ∈ ∂ZδUc ×Q,

which can be further simplified since the transitions from
v = (z, q) ∈ Z◦

δ ×Q are confined toNδ(z) ∪ {z}.
The proposed iterative algorithm to computep̂(kf ) deter-
mines all thekf + 1 mapsp̂(k), k = 0, 1, . . . , kf . Despite
the computation effort, this has the advantage that, at any
t ∈ (0, tf ), an estimate of the probability of interest over
the residual time horizon[tf − t, tf ] of length t is readily
available, and is given by the map̂p(⌊(tf−t)/∆δ⌋). Alterna-
tively, if one were interested in computing onlŷPs0

, he/she
could simply propagate forward in time the Markov chain
transition probabilities starting from av0 closest tos0.
In any case, the grid sizeδ should be chosen so as to balance
the two conflicting considerations that largeδ’s may not
allow for the simulation of fast moving processes, but for
small δ’s the running time may be too long. Reachability
computations become more intensive as the dimension of the
continuous state space grows. This is a well-known problem
also for deterministic hybrid systems.

VI. A PPLICATION TO SYSTEM VERIFICATION

We consider the problem of progressively driving the temper-
ature of a room within some desired rangeW⋆ = (x⋆

−, x⋆
+),

with x⋆
− < x⋆

+, by turning on and off a heater, [1]. Starting
from an initial setW(0) ⊃ W⋆, the desired setW⋆ should
be reached within a certain timetf > 0.
A discrete stateq taking values inQ = {1, 2} represents
the two conditions when the heater is either “on” (q = 1)
or “off” ( q = 2). The average temperature of the roomx
evolves according to the following SDEs

dx(t) =

{

(− l
C (x(t) − xa) + r

C )dt + σ
C dw(t), q(t) = 1,

− l
C (x(t) − xa)dt + σ

C dw(t), q(t) = 2,

wherel is the average heat loss rate,C is the average thermal
capacity of the room,xa is the ambient temperature (assumed
to be constant),r is the rate of heat gain supplied by the
heater, andw is a standard Brownian motion modeling the
uncertainty and disturbances affecting the temperature evo-
lution with variance modulated byσ > 0. The temperature
is measured in Fahrenheit degrees and the time in minutes.
The parameters are assigned the following values:xa = 28,
l/C = 0.1, r/C = 10, andσ/C = 1.
The heater is turned on or off according to a threshold-based
strategy. Once a switching command is issued, it takes some
time for the heater to actually commute. This is modeled by
introducing a state-dependent switching rate

λ12(x) =
λ̄

1 + e
−100( x

xhigh
−0.9)

λ21(x) =
λ̄

1 + e
100( x

xlow
−1.1)

where valuēλ > 0 is reached as soon asx gets higher than
xhigh or smaller thanxlow, with x⋆

− < xlow < xhigh < x⋆
+.

We setλ̄ = 10 so that the minimum average commutation
time is 0.1 minutes.
Efficacy of the threshold-based strategy can be verified by
the described methodology for reachability analysis. To this
purpose, we introduce a time-varying setW(t) shrinking
from W(0) to W⋆ during the time intervalT = [0, tf ], and
estimate the probability ofx(t) exiting W(t) during T

Ps0
(Wc(·)) := Ps0

{

x(t) ∈ Wc(t) for somet ∈ T
}

(14)

by a Markov chain approximation to the solution{s(t) =
(x(t),q(t)), t ≥ 0} of (4), with x(t) defined onW(0) and
absorption on the boundary∂W(0).
In this caseU \D := W(0) andD := Wc(0), Zδ = W(0)∩
Zδ, and∂Zδ is composed of those points inZδ with at least
one neighbor insideWc(0).
Let Zδ,t = W(t) ∩ Zδ. Denote byZ◦

δ,t the interior ofZδ,t,
i.e., the set of all those points inZδ,t which have all their
neighbors inZδ,t. Clearly,Zδ,0 = Zδ and∂Zδ = Zδ\Z◦

δ,0. If
we set∂Zδ,k := Zδ\Z

◦
δ,k, then, an estimate of the probability

(14) is provided by

P̂s0
(Wc(·)) := Pδ

{

zk ∈ ∂Zδ,k for somek ∈ [0, kf ]
}

.

This expression is different from that in the time-invariant
case. Yet, following the same reasoning, we can define the
probabilistic mapp̂(k) : Zδ × Q → [0, 1] as p̂(k)(v) :=



Pδ

{

zh ∈ ∂Zδ,h for someh ∈ [kf − k, kf ] | vkf−k = v
}

,
and derive the recursion

p̂(k+1)(v)

=







∑

v′∈Zδ×Q

pδ(v → v′)p̂(k)(v′), v ∈ Z◦
δ,kf−k−1 ×Q

1, v ∈ ∂Zδ,kf−k−1 ×Q.

p̂(kf )(v0) = P̂s0
(Wc(·)) can be computed by iterating this

equation from the initialization (13) with∂ZδD = ∂Zδ.
With reference to the case whenW⋆ = (66, 76), T =
[0, 120], W(0) = (20, 80), and W(t) = (20 + (66 −
20) t

tf
, 80 + (76− 80) t

tf
), t ∈ T , we study the effectiveness

of the threshold-base policy when (a)xlow = 69 andxhigh =
73, and (b) xlow = 67 and xhigh = 75. We set δ =
(ρ maxx∈W(0){a(x, 1), a(x, 2)})−1 with a(x, 1) = − l

C (x−
xa) + r

C anda(x, 2) = − l
C (x − xa), andρ = (C/σ)2.

The results are reported in Figure 1. The three dimen-
sional surface in each plot represents the probability that
the temperature is progressively conveyed from[20, 80] to
the desired range(66, 76) along the time horizon[t, 120],
t ∈ [0, 120], as a function of the temperature valuex at time
t for q(t) = 2. This surface is easily obtained from̂p(k),
k = 0, 1, . . . , kf .
Not surprisingly, these plots show that the probability that the
temperature is progressively conveyed to(66, 76) is smaller
in the casexlow = 67 andxhigh = 75 (reported on the bottom
of Figure 1), and this is because the heater is switched on/off
when the temperature is closer to the boundaries.

Fig. 1. Probability that the temperature is conveyed to the desired range
(66, 76) during [t, 120] starting at timet with the heater off, as a function
of the temperature valuex at timet, for t ∈ [0, 120] (on the top:xlow = 69
andxhigh = 73; on the bottom:xlow = 67 andxhigh = 75).

VII. C ONCLUSIONS

We studied the reachability problem for stochastic hybrid
system generating switching diffusions, and presented a
numerical approximation scheme to estimate the probability
that the switching diffusion will enter a certain subset of the
state space within a finite horizon. Application to regulation
problems is illustrated by a simple example.
Extensions to the infinite horizon case and to the case when
the initial condition is uncertain are easy to obtain. Further
work is instead needed to address more general stochastic
hybrid systems, the main issue being that of coping with
forced transitions due to boundary hitting.
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