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1 Introdu
tionIn many 
ontrol appli
ations, the dynami
s of the system under study is subje
t to the pertur-bation of random noises that are either inherent or present in the environment. Typi
ally, a
ertain part of the state spa
e is \unsafe" and the 
ontrol input to the system has to be 
hosenso as to keep the state away from it, despite of the presen
e of the random noises. This isthe 
ase, for example, in many safety-
riti
al appli
ations. In these appli
ations it is then veryimportant to have some measure of 
riti
ality for evaluating whether the sele
ted 
ontrol inputis appropriate or a 
orre
tive a
tion should be taken to timely steer the system out of the unsafeset. A natural 
hoi
e for the measure of 
riti
ality is the probability of intrusion into the unsafeset within a �nite/in�nite time horizon.In this paper we study one su
h a safety-
riti
al appli
ation, developing a methodology forair
raft 
ight safety analysis in three dimensional airspa
e.Consider an air
raft 
ying in some region of the airspa
e and suppose that the air
raftis given a 
ertain 
ight plan to follow during some look-ahead time horizon. Our obje
tive isevaluating if the 
ight plan assigned to the air
raft is safe. A 
ight plan is de�ned to be safe if theair
raft-to-air
raft and air
raft-to-airspa
e separation requirements are satis�ed. An air
raft-to-air
raft 
on
i
t situation arises when the air
raft gets 
loser than a pres
ribed minimumdistan
e to another air
raft, whereas an air
raft-to-airspa
e 
on
i
t situation arises when theair
raft enters a forbidden region of the airspa
e su
h as, for example, a Spe
ial Use Airspa
e(SUA) area, or an area with high 
ongestion or severe weather 
onditions ([9℄).The pro
edure used to prevent the o

urren
e of a 
on
i
t typi
ally 
onsists of two phases,namely, air
raft 
on
i
t dete
tion and air
raft 
on
i
t resolution. Automated tools are 
ur-rently being studied to support the air traÆ
 
ontrollers (ATCs) in performing these tasks. A
omprehensive overview of the methods proposed in the literature for air
raft-to-air
raft 
on-
i
t dete
tion 
an be found in [12℄ . In automated 
on
i
t dete
tion, models for predi
ting theair
raft future position are introdu
ed and the possibility that a 
on
i
t would happen withina 
ertain time horizon is evaluated based on these models ([23, 18, 19, 4℄). If a 
on
i
t is pre-di
ted, then the air
raft 
ight plan is modi�ed in the 
on
i
t resolution phase so as to avoidthe a
tual o

urren
e of the predi
ted 
on
i
t. The 
ost of the resolution a
tion in terms of, forexample, delay, fuel 
onsumption, deviation from originally planned itinerary, is usually takeninto a

ount when sele
ting a new 
ight plan ([7, 22, 16, 6, 11, 17, 24, 10℄).In this paper we fo
us on the 
on
i
t dete
tion issue and address it a

ording to a proba-bilisti
 viewpoint. We des
ribe the air
raft motion as the solution to a sto
hasti
 di�erentialequation. In our probabilisti
 
ontext, safety is then quanti�ed in terms of the probability thatthe pres
ribed separation from another air
raft or a prohibited airspa
e area is violated: thelower the probability, the higher the safety level.We address the general 
ase when the air
raft might 
hange altitude during its 
ight. Model-ing altitude 
hanges is important not only be
ause the air
raft 
hanges altitude when it is insidea Terminal Radar Approa
h Control (TRACON) area, but also be
ause altitude 
hanges 
an beused as resolution maneuvers to avoid, e.g., severe weather areas or 
on
i
t situations with otherair
raft ([20℄,[14℄,[11℄). Con
i
ts are typi
ally resolved by resorting to the turn, 
limb/des
end,and a

elerate/de
elerate a
tions, whi
h a�e
t the air
raft heading, altitude, and speed, respe
-tively ([11℄). It is found that 
limb/des
end is the most eÆ
ient a
tion for resolving short-term
on
i
ts. Verti
al maneuvers are in fa
t used to resolve imminent 
on
i
ts in the TraÆ
 Alertand Collision Avoidan
e System (TCAS [20, 14℄).There are several fa
tors that 
ombined make the safety analysis problem in air
raft 
ighthighly 
ompli
ated, and as su
h impossible to solve analyti
ally. First, air
raft 
ight plans 
anbe, in prin
iple, arbitrary motions in the three dimensional airspa
e, and they are generally more1




omplex than the simple planar linear motions assumed in [19, 5℄ when determining analyti
expressions for the probability of an air
raft-to-air
raft 
on
i
t. Se
ond, forbidden airspa
eareas may have an arbitrary shape, whi
h 
an also 
hange in time, as, for example, in the
ase of a storm that 
overs an area of irregular shape and evolves dynami
ally. Finally, andprobably the most importantly, the random perturbation to the air
raft motion is spatially
orrelated. Wind is the main sour
e of un
ertainty on the air
raft position, and if we 
onsidertwo air
raft, the 
loser the air
raft, the larger the 
orrelation between the wind perturbationsto their motions. Although this last fa
tor is known to be 
riti
al, it is largely ignored in the
urrent literature on air
raft safety study, probably be
ause it is diÆ
ult to model and analyze.To our knowledge, the �rst attempt to model the wind perturbation to the air
raft motion forAir TraÆ
 Management (ATM) appli
ations was done in [15℄, whi
h inspired this work.One of the 
ontributions of this paper is the introdu
tion of a model of the air
raft motion inthree dimensional airspa
e that expli
itly takes into a

ount the spatially 
orrelated stru
ture ofthe random perturbation to the air
raft position. Based on this model, we develop an algorithmto estimate the probability of 
on
i
t in both the air
raft-to-air
raft and air
raft-to-airspa
eproblems. The algorithm is based on the approximation of the solution to sto
hasti
 di�erentialequations by using Markov 
hains. For general referen
es on sto
hasti
 approximation, see [2,13℄. The basi
 idea is to 
onstru
t a Markov 
hain whose state spa
e is obtained by dis
retizingthe original spa
e into grids. For properly 
hosen transition probabilities, the Markov 
hain
onverges weakly to the solution to the sto
hasti
 di�erential equation as the dis
retization stepapproa
hes zero. Therefore, an approximation of the probability of interest 
an be obtained by
omputing the 
orresponding quantity for the Markov 
hain.The rest of the paper is organized as follows. In Se
tion 2 we des
ribe the model for predi
tingthe air
raft position during the look-ahead time horizon based on the 
ight plan information.We then pre
isely formulate the safety analysis problem addressed in the paper (Se
tion 3), anddes
ribe a Markov 
hain approximation s
heme to estimate the safety level of the pres
ribed
ight plan (Se
tion 4). The iterative algorithm implementing the Markov 
hain approximations
heme in the �nite horizon 
ase is des
ribed in Se
tion 5, and then illustrated through somesimulation examples in Se
tion 6. Finally, we draw some 
on
lusions in Se
tion 7.2 Model of the air
raft motionIn this se
tion we introdu
e a kinemati
 model of the air
raft motion to predi
t the air
raftfuture position during the time interval T = [0; tf ℄, where 0 is the 
urrent time instant, and tfis a positive real number (possibly in�nity) representing the look-ahead time horizon. Based onthis model, in Se
tion 3 we shall propose a method for evaluating the safety level of the 
ightplan assigned to the air
raft.Sin
e we address the general 
ase when the air
raft might 
hange altitude during the timehorizon T , we represent the airspa
e and the air
raft position at time t 2 T by R3 andX(t) 2 R3 ,respe
tively.We assume that the 
ight plan assigned to the air
raft is spe
i�ed in terms of a velo
ity pro�leu : T ! R3 , meaning that at time t 2 T the air
raft plans to 
y at velo
ity u(t). A

ordingto the 
ommon pra
ti
e in the 
urrent ATM systems, where air
raft are advised to travel at
onstant speed pie
ewise linear motions spe
i�ed by a series of way-points, the velo
ity pro�leu 
an be 
hosen to be a pie
ewise 
onstant fun
tion. This 
hoi
e is also suitable when the 
ightplan u represents a resolution maneuver to avoid 
on
i
t situations, sin
e resolution maneuverstypi
ally 
onsist of lateral or altitude 
hanges, and only rarely involve speed 
hanges.We suppose that the main sour
e of un
ertainty in the air
raft future position during thetime interval T is the wind, whi
h a�e
ts the air
raft motion by a
ting on the air
raft velo
ity.2



The a
tual velo
ity of the air
raft at time t 2 T is then the sum of u(t) and an additionalterm (the wind speed) representing the wind 
ontribution. The velo
ity u is 
alled airspeed,whereas the sum of u and the wind speed is the ground speed. Note that here we adopt theATM terminology and use the word `speed' for the velo
ity ve
tor in R3 .The wind speed 
an be further de
omposed into two 
omponents: i) a deterministi
 termrepresenting the nominal wind speed, whi
h may depend on the air
raft lo
ation and time t,and is assumed to be known to the ATC through measurements or fore
ast; and ii) a sto
hasti
term representing the e�e
t of air turbulen
e and errors in the wind speed measurements andfore
ast.As a result of the above dis
ussion, the position X of the air
raft during the time horizon Tis governed by the following sto
hasti
 di�erential equation:dX(t) = u(t)dt+ f(X; t)dt+�(X; t)dB(X; t); (1)initialized with the air
raft 
urrent positionX(0). We next explain the di�erent terms appearingin equation (1).First of all, f : R3 �T ! R3 is a time-varying ve
tor �eld on R3 : for a �xed (x; t) 2 R3 �T ,f(x; t) represents the nominal wind speed at position x and at time t. We 
all f the wind �eld.B(�; �) is a time-varying random �eld on R3 modeling (the integral of) air turbulen
e per-turbations to air
raft velo
ity as well as wind speed measurement errors, and has the followingproperties:i) for ea
h �xed x 2 R3 , B(x; �) is a standard three-dimensional Brownian motion. Hen
edB(x; t)=dt 
an be thought of as a three-dimensional white noise pro
ess;ii) B(�; �) is time in
rement independent. This implies, in parti
ular, that the 
olle
tions ofrandom variables fB(x; t2)�B(x; t1)gx2R3 and fB(x; t4)�B(x; t3)gx2R3 are independentfor any t1; t2; t3; t4 2 T , with t1 � t2 � t3 � t4;iii) for any t1; t2 2 T with t1 � t2, fB(x; t2)�B(x; t1)gx2R3 is an (un
ountable) 
olle
tion ofGaussian random variables with zero mean and 
ovarian
eE�[B(x; t2)�B(x; t1)℄[B(y; t2)�B(y; t1)℄T	 = �(x� y)(t2 � t1)I3; 8x; y 2 R3 ;where I3 is the 3-by-3 identity matrix, and � : R3 ! R is a 
ontinuous fun
tion with�(0) = 1 and �(x) de
reases to zero as x ! 1. In addition, � has to be non-negativede�nite in the sense that the k-by-k matrix [�(xi � xj)℄ki;j=1 is non-negative de�nite forarbitrary x1; : : : ; xk 2 R3 and positive integer k. See [1℄ for other equivalent 
onditions ofthis non-negative de�nite requirement.Remark 1 Typi
ally the wind �eld f is supposed to satisfy some 
ontinuity property. This
ondition, together with the monotoni
ity assumption on the spatial 
orrelation fun
tion �, isintrodu
ed to model the fa
t that the 
loser are two points in spa
e, the more similar are thewind speeds at those points, and, as the two points move farther away from ea
h other, theirwind speeds be
ome more and more independent. This is a reasonable assumption in the 
ontextof air
raft 
ight.In this paper we suppose that � is given by �(x) = exp(��hkxkh � �vkxkv) for some �v ��h > 0, where the subs
ripts h and v stand for \horizontal" and \verti
al", and k(x1; x2; x3)kh ,px21 + x22 and k(x1; x2; x3)kv , jx3j for any (x1; x2; x3) 2 R3 . This is to model the fa
t that thewind 
orrelation in spa
e is weaker in the verti
al dire
tion.As a random �eld, B(�; �) is Gaussian, stationary (its �nite dimensional distributions remainun
hanged when the origin of R3 � T is shifted), and isotropi
 in the horizontal dire
tions (its3



�nite dimensional distributions are invariant with respe
t to 
hanges of orthonormal 
oordinatesin the horizontal dire
tions).Finally, � : R3 � T ! R3�3 is introdu
ed to modulate the varian
e of the random per-turbation to the air
raft velo
ity. In this paper, we assume that �(�; �) is a 
onstant diagonalmatrix and denote it by �. Spe
i�
ally, �(x; t) = � , diag(�h; �h; �v), (x; t) 2 R3 � T , forsome 
onstant �h > �v > 0. Note that after the modulation of � the random 
ontribution ofthe wind to the air
raft velo
ity remains isotropi
 horizontally. However, its varian
e is smallerin the verti
al dire
tion than in the horizontal ones, whi
h is a reasonable assumption in our
ontext.Equation (1) 
an then be rewritten asdX(t) = u(t)dt+ f(X; t)dt+� dB(X; t) (2)with initial 
ondition X(0). In the following se
tions, a methodology for air
raft safety analysiswill be developed based on this model.3 Formulation of the probabilisti
 safety analysis problemIn this se
tion we des
ribe two situations in air
raft 
ight where safety analysis 
an be useful,and pre
isely formulate the safety analysis problem that we address in this paper. The obje
tivein both situations is to evaluate if the 
ight plan assigned to the air
raft is safe by determiningthe probability that the air
raft enters some unsafe region. Given that it is diÆ
ult to obtainan analyti
 expression for this probability, in Se
tion 4 we shall pursue the more realisti
 goalof estimating it numeri
ally by using a Markov 
hain approximation method.3.1 Air
raft-to-air
raft 
on
i
t problemConsider two air
raft, say \air
raft 1" and \air
raft 2", 
ying in the same region of the airspa
eduring the time interval T = [0; tf ℄. A

ording to the ATM de�nition, the two air
raft en
ounteris said to be safe if the two air
raft are either at a horizontal distan
e greater than r or at averti
al distan
e greater than H during the whole duration of the en
ounter, where r and H arepres
ribed quantities [20℄ . Currently, for en-route airspa
e the minimum horizontal separationis 5 nauti
al miles (nmi), while inside the TRACON area it is redu
ed to 3 nmi. The minimumverti
al separation is 2000 feet (ft) above the altitude of 29; 000 ft (FL290), and 1000 ft belowFL290. If the two air
raft get 
loser than r horizontally and H verti
ally at some instant t 2 T ,then, an air
raft-to-air
raft 
on
i
t o

urs.Denote the position of air
raft 1 and air
raft 2 by X1 and X2, respe
tively. Based onequation (2), the evolutions of X1(�) and X2(�) over the time interval T are governed by thefollowing sto
hasti
 di�erential equations:dX1(t) = u1(t)dt+ f(X1; t)dt+� dB(X1; t); (3)dX2(t) = u2(t)dt+ f(X2; t)dt+� dB(X2; t); (4)with initial 
ondition X1(0) and X2(0), respe
tively.Our obje
tive is to estimate the probability that a 
on
i
t o

urs during the en
ounter. Theprobability of 
on
i
t 
an be expressed in terms of the relative position of the two air
raft asfollows PfX1(t)�X2(t) 2 D for some t 2 Tg;where D 2 R3 is the 
losed 
ylinder of radius r and height 2H 
entered at the origin modelingthe prote
tion zone surrounding ea
h air
raft. 4



Here, we fo
us our attention on the 
ase when the wind �eld f(x; t) is aÆne in x, i.e., it 
anbe expressed as f(x; t) = R(t)x+ d(t); 8x 2 R3 ; t 2 T;where R : T ! R3�3 and d : T ! R3 are 
ontinuous fun
tions. We shall show that in this 
asethere is a parti
ularly simple way to approximate the probability of 
on
i
t.The relative position Y and the relative airspeed v of air
raft 1 and air
raft 2 are respe
tivelygiven by Y , X2 �X1; v , u2 � u1:Sin
e the positions of the two air
raft, X1 and X2, are governed by equations (3) and (4),by subtra
ting (3) from (4), we havedY (t) = v(t)dt +R(t)Y (t)dt +� d[B(X2; t)�B(X1; t)℄: (5)De�ne Z(t) , B(X2; t)� B(X1; t). For ea
h �xed X1 and X2, Z(t) is a Gaussian pro
ess withzero mean and 
ovarian
eEf[Z(t2)� Z(t1)℄[Z(t2)� Z(t1)℄T g = 2[1� �(X2 �X1)℄(t2 � t1)I3; 8t1 � t2:Note also that Z(0) = 0. Therefore, in terms of distribution we have for �xed X1 and X2Z(t) d'p2[1� �(X2 �X1)℄W (t); (6)where W (t) is a standard three-dimensional Brownian motion. In general, sin
e X1; X2 arethemselves time-varying sto
hasti
 pro
esses whose out
omes depend on B, hen
e on Z, (6) isnot valid. On the other hand, if the fun
tion � is relatively slow-varying outside the 
ylinder D,then �(X2�X1) 
an be thought of as lo
ally 
onstant near ea
h time epo
h. As a result, (6) stillholds approximately, and in turn dZ(t) 
an be approximated by p2[1� �(X2 �X1)℄ dW (t) =p2[1� �(Y )℄ dW (t). We 
an thus approximate equation (5) weakly bydY (t) = v(t)dt+R(t)Y (t)dt+p2[1� �(y)℄� dW (t): (7)3.2 Air
raft-to-airspa
e 
on
i
t problemConsider an air
raft 
ying in some region of the airspa
e, 
lose to a 
ertain prohibited areasu
h as, e.g., a SUA area or a severe weather zone. An air
raft-to-airspa
e 
on
i
t o

urs ifthe air
raft enters the prohibited area within the look-ahead time horizon T . Suppose that theair
raft is following a spe
i�ed 
ight plan and we want to evaluate if its 
ight plan is 
on
i
t-freeor it should be modi�ed so as to timely steer the air
raft out of the forbidden airspa
e area.If this area 
an be des
ribed by a 
ompa
t set D � R3 and the air
raft position X(�) duringthe time horizon of interest T is governed by equation (2), then this problem 
an be solved byestimating the probability PfX(t) 2 D for some t 2 Tg: (8)For the purpose of 
omputing this probability, we 
an repla
e B(�; �) with a standard threedimensional Brownian motionW (�). This is be
ause we are 
onsidering a single air
raft, and weassumed that, for ea
h �xed x 2 R3 , B(x; �) is a standard three dimensional Brownian motionand B(�; �) is time in
rement independent and stationary. We 
an then refer to the equationdX(t) = u(t)dt+ f(X; t)dt+� dW (t); (9)initialized with X(0) to 
ompute the probability in equation (8).5



4 Sto
hasti
 approximation methodIn this se
tion we des
ribe a method for estimating the probability that the solution over thetime interval T to dS(t) = a(S; t)dt+ b(S)� dW (t) (10)with initial 
ondition S(0) enters a 
ertain 
ompa
t set D, where a : R3 � T ! R3 and b :R3 ! R are pie
ewise 
ontinuous fun
tions, � = diag(�h; �h; �v), and W (�) is a standard threedimensional Brownian motion. Note that the air
raft-to-air
raft and air
raft-to-airspa
e safetyanalysis problems are parti
ular 
ases of the problem addressed in this se
tion. Indeed, if weset a(s; t) = v(t)+R(t)s(t) and b(s) =p2[1� �(s)℄, t 2 T and s 2 R3 , equation (10) redu
es toequation (7), whereas if we set a(s; t) = v(t) + f(s; t) and b(s) = 1, it redu
es to equation (9).To evaluate the probability of interestPfS(t) 2 D for some t 2 Tgnumeri
ally, we 
onsider an open domain U � R3 that 
ontains D and has a 
ompa
t support.U should be large enough so that the situation 
an be de
lared safe on
e S wanders outside U .With referen
e to the domain U , the probability of entering the unsafe set D 
an be expressedas P
 , PfS hits D before hitting U
 within the time interval Tg: (11)Impli
it in the above de�nition is that if S hits neither D nor U
 during T , still no 
on
i
to

urs. For the purpose of 
omputing (11), we 
an assume that in equation (10), S is de�nedon the open domain U n D with initial 
ondition S(0), and that it is stopped as soon as it hitsthe boundary � U [ �D.We now des
ribe an approa
h to approximate the solution S(�) to equation (10) de�ned onU nD. The idea is to dis
retize U nD into grid points that 
onstitute the state spa
e of a Markov
hain. By 
arefully 
hoosing the transition probabilities, the solution to the Markov 
hain will
onverge weakly to that of the sto
hasti
 di�erential equation (10) as the grid size approa
heszero. Therefore, at a small grid size, a good estimate of P
 is provided by the 
orrespondingquantity asso
iated with the Markov 
hain, whi
h is mu
h easier to 
ompute.To de�ne the Markov 
hain, we �rst introdu
e some notations. Fix a grid size Æ > 0. Denoteby ÆZ3 the integer grids of R3 s
aled properly, more pre
isely,ÆZ3 = f(mÆ; nÆ; l�Æ)jm;n; l 2 Zg;where � is a 
onstant de�ned as � , �v=�h:Ea
h grid point q 2 ÆZ3 has six immediate neighbors:qw = q + (�Æ; 0; 0); qe = q + (Æ; 0; 0);qs = q + (0;�Æ; 0); qn = q + (0; Æ; 0); (12)qd = q + (0; 0;��Æ); qu = q + (0; 0; �Æ);four (qw, qe, qs, and qn) on the same horizontal plane at a distan
e Æ along the x axis (qw andqe) and the y axis (qs and qn), and two (qd and qu) at a distan
e �Æ along the z axis.De�ne Q = (U nD)\ ÆZ3, whi
h 
onsists of all those grid points in ÆZ3 that lie inside U butoutside D. The interior of Q, denoted by Q0, 
onsists of all those points in Q whi
h have alltheir six neighbors in Q. The boundary of Q is de�ned to be �Q = Q nQ0, and is the union oftwo disjoint sets: �Q = �QU [ �QD, where points in �QU have at least one neighbor outsideU , and points in �QD have at least one neighbor inside D.6



We now de�ne a Markov 
hain fQk; k � 0g on the state spa
e Q. fQk; k � 0g is a time-inhomogeneous Markov 
hain su
h that:1. ea
h state in �Q is an absorbing state, i.e., the state of the 
hain remains un
hanged on
eit has arrived at any of the states in �Q;2. starting from a state q in Q0, the 
hain jumps to one of its six neighbors de�ned in (12)or stays at the same state a

ording to transition probabilities determined by its 
urrentlo
ation q and the 
urrent time step k as follows:
PfQk+1 = q0jQk = qg =

8>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>:

pkw(q) = exp(�Æ�kq )Ckq ; q0 = qwpke (q) = exp(Æ�kq )Ckq ; q0 = qepks (q) = exp(�Æ�kq )Ckq ; q0 = qspkn(q) = exp(Æ�kq )Ckq ; q0 = qnpkd(q) = exp(�Æ�kq )Ckq ; q0 = qdpku(q) = exp(Æ�kq )Ckq ; q0 = qupko(q) = �kqCkq ; q0 = q:
(13)

The parameters in the above expression are given by�kq = [a(q; k�t)℄1�2hb(q)2 ;�kq = [a(q; k�t)℄2�2hb(q)2 ;�kq = [a(q; k�t)℄3��2hb(q)2 ;�kq = 2��2hb(q)2 � 6;Ckq = 2 
sh(Æ�kq ) + 2 
sh(Æ�kq ) + 2 
sh(Æ�kq ) + �kq ;where for an arbitrary ve
tor z 2 R3 , [z℄i denotes its i-th 
omponent with i = 1; 2; 3. �is a positive 
onstant that has to be 
hosen small enough su
h that �kq de�ned above ispositive for all q and all k. In parti
ular, this is guaranteed if 0 < � � (3�2hmaxq b(q)2)�1.�t > 0 is the amount of time elapsed between any two su

essive dis
rete time steps kand k + 1, k � 0. Here, we set �t = �Æ2.Suppose that at some time step k the 
hain is at state q 2 Q0. De�nemkq = 1�tEfQk+1 �QkjQk = qg;V kq = 1�tEf(Qk+1 �Qk)(Qk+1 �Qk)T jQk = qg:Dire
t 
omputation shows thatmkq = 2�ÆCkq �sh(Æ�kq ) sh(Æ�kq ) � sh(Æ�kq )�T ; V kq = 2�Ckq diag(
sh �Æ�kq ); 
sh(Æ�kq ); �2
sh(Æ�kq )� :7



If for ea
h Æ > 0 we 
hoose q to be a point in Q0 
losest to a �xed point s 2 U n D, then it 
anbe easily veri�ed that as Æ ! 0,mkq ! a(s; k�t); V kq ! b(s)2�2:Suppose that the 
hain fQk; k � 0g starts from a point �q 2 Q 
losest to S(0). Then, byTheorem 8.7.1 in [3℄ (see also [21℄), we 
on
lude thatProposition 1 Fix Æ > 0 and 
onsider the 
orresponding Markov 
hain fQk; k � 0g. Denoteby fQ(t); t � 0g the sto
hasti
 pro
ess that is equal to Qk on the time interval [k�t; (k + 1)�t)for all k. Then as Æ ! 0, fQ(t); t � 0g 
onverges weakly to the solution fS(t); t � 0g toequation (10) de�ned on U n D with absorption on the boundary � U [ �D.Let kf , b tf�t
 be the largest integer not ex
eeding tf=�t (kf = 1 if tf = 1). Be
ause ofthe weak 
onvergen
e of Q(t) to S(t), if we �x a small Æ, then the probability P
 in (11) 
an beapproximated by the 
orresponding probabilityP
;Æ , PfQkf 2 �QDg = PfQk hits �QD before hitting �QU within 0 � k � kfg; (14)with the 
hain fQk; k � 0g starting from a point �q 2 Q 
losest to S(0).Remark 2 In a time interval of length �t = �Æ2, the maximal distan
e that the Markov 
hain
an travel is Æ horizontally and �Æ verti
ally. Thus given U and a(s; t), t 2 T , s 2 U n D, forS(t) to be approximated by the Markov 
hain, the quantities ka(s; t)kh and ka(s; t)kv, t 2 T ,s 2 U n D, have to be upper bounded roughly by 1=�Æ and �=�Æ, respe
tively, where � satis�es0 < � � (3�2hmaxq b(q)2)�1. This 
ondition translates into upper bounds on the admissiblevalues for Æ.5 Iterative AlgorithmWe next des
ribe an iterative pro
edure to 
ompute P
;Æ de�ned in equation (14) in the �nitehorizon 
ase (tf <1). The in�nite horizon 
ase (tf =1) 
an be addressed in a similar way asdis
ussed in [8℄ for the two dimensional 
ase.De�ne the set of fun
tions P (k)
;Æ : Q ! [0; 1℄, k = 0; 1; : : : ; kf , as follows:P (k)
;Æ (q) , PfQkf 2 �QDjQk = qg; q 2 Q: (15)Sin
e the 
hain fQk; k � 0g starts at �q at k = 0, the desired quantity P
;Æ 
an be expressedas P
;Æ = P (0)
;Æ (�q). The pro
edure we propose below determines the whole set of fun
tionsP (k)
;Æ : Q ! R, k = 0; 1; : : : ; kf . This has the advantage that at any future time t 2 [0; tf ℄,should the 
ight plan on [t; tf ℄ remain un
hanged, an estimate of the probability of entering theunsafe region over the new time horizon [t; tf ℄ from any q 2 Q is readily available, eliminatingthe need for a re-
omputation.Observe that for any k su
h that 0 � k < kf , P (k)
;Æ : Q ! [0; 1℄ satis�es the following re
ursiveequationP (k)
;Æ (q) = 8>>>>>><>>>>>>:pko(q)P (k+1)
;Æ (q) + pkw(q)P (k+1)
;Æ (qw) + pke (q)P (k+1)
;Æ (qe)+pks(q)P (k+1)
;Æ (qs) + pkn(q)P (k+1)
;Æ (qn)+pkd(q)P (k+1)
;Æ (qd) + pku(q)P (k+1)
;Æ (qu); if q 2 Q01; if q 2 �QD0; if q 2 �QU : (16)
8



The probability P
;Æ = P (0)
;Æ (�q) 
an then be 
omputed in a re
ursive way by iterating equation(16) ba
kward kf times starting from k = kf � 1 and using the initializationP (kf )
;Æ (q) = (1; if q 2 �QD0; otherwise: (17)The reason for the above initialization is obvious 
onsidering the de�nition (15) with k = kf .The following algorithm summarizes the pro
edure to 
ompute an approximation of P
 inthe �nite horizon 
ase:Algorithm 1 Given S(0), a : R3 � T ! R3 and b : R3 ! R, then1. Fix Æ > 0 and � 2 (0; 13�2hmaxs b(s)2 ℄. Set �t = �Æ2. De�ne the Markov 
hainfQk; k � 0g with state spa
e Q = (U n D) \ ÆZ3 and transition probabilities givenby (13).2. Set k = kf and initialize P (k)
;Æ as in equation (17).3. For k = kf � 1; : : : ; 0, 
ompute P (k)
;Æ from P (k+1)
;Æ a

ording to equation (16).4. Choose a point �q in Q 
losest to S(0) and output P
;Æ = P (0)
;Æ (�q).Remark 3 For a �xed Æ, the size of the state spa
e Q is of the order of 1=Æ3. Sin
e the numberof iterations is given by kf ' tf=�t = O(1=Æ2), the running time of Algorithm 1 grows asO(1=Æ5) as Æ ! 0. A

ura
y in estimating the probability P
 and 
omputation time should beappropriately balan
ed when 
hoosing the grid size Æ.Remark 4 Algorithm 1 
an be extended to the 
ase when the position S(0) is not known pre-
isely. Suppose that S(0) is des
ribed as a random variable with distribution �S(s), s 2 U n D.Then, the probability of entering the unsafe set D 
an be expressed asP
 = ZUnD p
(s)d�S(s); (18)where p
 : U n D ! [0; 1℄ is de�ned byp
(s) , PfS hits D before hitting U
 within the time interval T jS(0) = sg; (19)and assigns to ea
h s 2 U nD the probability of entering the unsafe set D over the time horizonT when S(0) = s. The integral (18) redu
es to a �nite summation when approximating the mapp
 with P (0)
;Æ .6 Examples6.1 Air
raft-to-air
raft 
on
i
t problemWe 
onsider a two air
raft en
ounter and evaluate the probability that a 
on
i
t situation o

urswithin the time horizon T = [0; 15℄.The relative velo
ity of the two air
raft during T is given byv(t) = 8><>:(2; 0; 0); 0 � t < 5;(0; 1; 0); 5 � t < 10;(2; 0; 0); 10 � t � 15;9



whereas the wind �eld f is suppose to be identi
ally zero. We suppose that r = 3 and H = 1,and that the wind spatial 
orrelation is spe
i�ed by the fun
tion �(x) = exp(��hkxkh��vkxkv),x 2 R3 , with �h = 1=5 and �v = 1=2. Let �h = 1, �v = 0:5.Based on the values taken by T , v(�), r and H , we 
hoose the domain U to be U = (�30; 6)�(�15; 11)� (�5; 5). Finally, we set the dis
retization step size Æ = 1, and � = (6�2h)�1 = 1=6.Thus �t = �Æ2 = 1=6.Figure 1 represents the estimated probability of 
on
i
t P
;Æ 
omputed by Algorithm 1 asa fun
tion of the relative position of the two air
raft. The plots refer to the time instan
est = 0, t = 5, and t = 10, shown 
olumn-wise from left to right. In ea
h 
olumn, the �rstrow represent the level 
urves of P
;Æ restri
ted to the horizontal plane at altitude 0, while theother rows represent the three dimensional isosurfa
e P
;Æ = 0:2 viewed from di�erent angles.The relevan
e of isosurfa
es is that, in pra
ti
e, on
e the relative position of the two air
raft iswithin the isosurfa
e at a pres
ribed threshold value, an alarm of 
orresponding severity shouldbe issued to the pilots to warn them on the level of 
riti
ality of the situation ([23℄).
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Figure 1: Estimated probability of 
on
i
t P
;Æ over the time horizon [t; 15℄ as a fun
tion of the two air
raftrelative position at time t. Left: t = 0; Center: t = 5; Right: t = 10. Top row: level 
urves of P
;Æ restri
tedto the plane at altitude 0; Se
ond row: three dimensional plot of the isosurfa
e P
;Æ = 0:2; Third row: topview of the isosurfa
e P
;Æ = 0:2; Bottom row: side view of the isosurfa
e P
;Æ = 0:2 (�h = 1=5; �v = 1=2).In Figure 2 we report similar plots for P
;Æ in the 
ase when the parameters �h and �v ofthe spatial 
orrelation fun
tion � are set equal to �h = �v = 1=20. Note that in this 
ase the10



wind spatial 
orrelation is in
reased. As a 
onsequen
e of this fa
t, the isosurfa
e P
;Æ = 0:2
on
entrates more tightly along the deterministi
 path that leads to a 
on
i
t, and it extendslonger as well.
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Figure 2: Estimated probability of 
on
i
t P
;Æ over the time horizon [t; 15℄ as a fun
tion of the two air
raftrelative position at time t. Left: t = 0; Center: t = 5; Right: t = 10. Top row: level 
urves of P
;Æ restri
tedto the plane at altitude 0; Se
ond row: three dimensional plot of the isosurfa
e P
;Æ = 0:2; Third row: topview of the isosurfa
e P
;Æ = 0:2; Bottom row: side view of the isosurfa
e P
;Æ = 0:2 (�h = �v = 1=20).6.2 Air
raft-to-airspa
e 
on
i
t problemConsider a prohibited airspa
e area D given by the union of two ellipsoids: the �rst one spe
i�edby f(x1; x2; x3) 2 R3 : 2(x1 + 4)2 + (x2 � 4)2 + 10x23 � 9g;and the se
ond one spe
i�ed byf(x1; x2; x3) 2 R3 : x21 + 2(x2 + 5)2 + 10x23 � 16g;in the (x1; x2; x3) Cartesian 
oordinate system with x3 representing the 
ight level. Supposethat the air
raft is 
ying along the x1-axis while 
limbing up at an a

elerated rate a

ording tothe 
ight plan u(t) = (3=2; 0; 2t=75), t 2 T = [0; 15℄. Let �h = 1, and �v = 0:5. Figure 3 showsthe plots of the isosurfa
e P
;Æ = 0:2 at time t = 0, t = 5, and t = 10, viewed from three di�erentangles. P
;Æ is 
omputed a

ording to Algorithm 1 with U = (�38; 6)� (�15; 11)� (�6; 3).11
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2Figure 3: Estimated probability P
;Æ of entering the prohibited airspa
e area D over the time horizon [t; 15℄as a fun
tion of the air
raft position at time t: isosurfa
e 
orresponding to P
;Æ = 0:2. Left: t = 0; Center:t = 5; Right: t = 10. First row: 3D plot; Se
ond row: top view; Third row: side view.7 Con
lusionsIn this paper a kinemati
 model of the air
raft motion in a three dimensional wind �eld withspatially 
orrelated random perturbations was introdu
ed. Based on this model, two safetyproblems arising in air
raft 
ight were studied: the 
on
i
t between two air
raft, and theintrusion into a forbidden airspa
e area by a single air
raft. An iterative algorithm was proposedto 
ompute the probability of o

urren
e of these events given the air
raft 
ight plans, basedon a Markov 
hain approximation s
heme.The method for safety analysis proposed in this paper 
an be extended in various waysto address more general 
ases. For example, the forbidden airspa
e area may evolve in time.Also, the model of the air
raft motion 
an be made more 
ompli
ated, for example, in
ludinga dependen
e from the altitude of the random �eld varian
e, or 
onsidering a se
ond orderdynami
s model with the wind a�e
ting both �rst-order and se
ond-order terms. In ea
h ofthese 
ases, one 
an adopt the same approximation s
heme. However, the dimension of thestate spa
e of the resulting Markov 
hain is generally larger than three, whi
h is the state spa
edimension in the 
ase addressed in this paper.Referen
es[1℄ R.J. Adler. The Geometry of Random Fields. John Wiley & Sons, 1981.[2℄ H.-F. Chen. Sto
hasti
 Approximation and Its Appli
ation. Kluwer A
ademi
 Publishers,2002.[3℄ R. Durrett. Sto
hasti
 
al
ulus: A pra
ti
al introdu
tion. CRC Press, 1996.[4℄ H. Erzberger, R.A. Paielli, D.R. Isaa
son, and M.M. Eshow. Con
i
t dete
tion and res-olution in the presen
e of predi
tion error. In Pro
. of the 1st USA/Europe Air TraÆ
Management R & D Seminar, Sa
lay, Fran
e, June 1997.[5℄ J. Hu, J. Lygeros, M. Prandini, and S. Sastry. Air
raft 
on
i
t predi
tion and resolutionusing Brownian Motion. In Pro
. of the 38th Conf. on De
ision and Control, Phoenix, AZ,De
ember 1999. 12



[6℄ J. Hu, M. Prandini, and S. Sastry. Optimal maneuver for multiple air
raft 
on
i
t reso-lution: a braid point of view. In Pro
. of the 39th Conf. on De
ision and Control, pages4164{4169, Sydney, Australia, De
ember 2000.[7℄ J. Hu, M. Prandini, and S. Sastry. Optimal 
oordinated maneuvers for three dimensionalair
raft 
on
i
t resolution. Journal of Guidan
e, Control and Dynami
s, 25(5):888{900,2002.[8℄ J. Hu, M. Prandini, and S. Sastry. Air
raft 
on
i
t dete
tion in presen
e of spatially
orrelated wind perturbations. Te
hni
al report, University of Bres
ia, February 2003.[9℄ D.B. Kirk, K.C. Bowen, W.S. Heagy, N.E. Rozen, and K.J. Vietz. Development andassessment of problem resolution 
apabilities for the en route se
tor 
ontroller. In Pro
. ofthe AIAA Air
raft, Te
hnology Integration, and Operations Forum, 1st, AIAA-2001-5255,Los Angeles, CA, O
tober 2001.[10℄ J. Kose
ka, C. Tomlin, G.J. Pappas, and S. Sastry. Generation of Con
i
t ResolutionManeuvers For Air TraÆ
 Management. In Pro
. of the IEEE Conferen
e on IntelligentRoboti
s and System '97, volume 3, pages 1598{1603, Grenoble, Fran
e, September 1997.[11℄ J. Krozel and M. Peters. Strategi
 
on
i
t dete
tion and resolution for free 
ight. In Pro
.of the 36th Conf. on De
ision and Control, volume 2, pages 1822{1828, San Diego, CA,De
ember 1997.[12℄ J.K. Ku
har and L.C. Yang. A review of 
on
i
t dete
tion and resolution modeling methods.IEEE Transa
tions on Intelligent Transportation Systems, Spe
ial Issue on Air TraÆ
Control - Part I, 1(4):179{189, 2000.[13℄ H. Kushner and G. Yin. Sto
hasti
 Approximation Algorithms and Appli
ations. Springer-Verlag, 1997.[14℄ J. Lygeros and N. Lyn
h. On the formal veri�
ation of the TCAS 
on
i
t resolutionalgorithms. In Pro
. of the 36th Conf. on De
ision and Control, pages 1829{1834, SanDiego, CA, De
ember 1997.[15℄ J. Lygeros andM. Prandini. Air
raft and weather models for probabilisti
 
on
i
t dete
tion.In Pro
. of the 41st Conf. on De
ision and Control, Las Vegas, NV, De
ember 2002.[16℄ F. Medioni, N. Durand, and J.M. Alliot. Air traÆ
 
on
i
t resolution by geneti
 algorithms.In Pro
. of the Arti�
ial Evolution, European Conferen
e (AE 95), pages 370{383, Brest,Fran
e, September 1995.[17℄ P.K. Menon, G.D. Sweriduk, and B. Sridhar. Optimal strategies for free-
ight air traÆ

on
i
t resolution. Journal of Guidan
e, Control, and Dynami
s, 22(2):202{211, 1999.[18℄ R.A. Paielli and H. Erzberger. Con
i
t probability estimation for free 
ight. Journal ofGuidan
e, Control, and Dynami
s, 20(3):588{596, 1997.[19℄ M. Prandini, J. Hu, J. Lygeros, and S. Sastry. A probabilisti
 approa
h to air
raft 
on
i
tdete
tion. IEEE Transa
tions on Intelligent Transportation Systems, Spe
ial Issue on AirTraÆ
 Control - Part I, 1(4):199{220, 2000.[20℄ Radio Te
hni
al Commission for Aeronauti
s. Minimum operational performan
e standardsfor traÆ
 alert and 
ollision avoidan
e system (TCAS) airborn equipment. Te
hni
al ReportRTCA/DO-185, RTCA, September 1990. Consolidated Edition.[21℄ D.W. Stroo
k and S.R.S. Varadhan.Multidimensional Di�usion Pro
esses. Springer-Verlag,1979.[22℄ C. Tomlin, G.J. Pappas, and S. Sastry. Con
i
t resolution for air traÆ
 management: Astudy in multi-agent hybrid systems. IEEE Transa
tions on Automati
 Control, 43(4):509{521, 1998.[23℄ L.C. Yang and J. Ku
har. Prototype 
on
i
t alerting system for free 
igh. In Pro
. of theAIAA 35th Aerospa
e S
ien
es Meeting, AIAA-97-0220, Reno, NV, January 1997.[24℄ Y. Zhao and R. S
hultz. Deterministi
 resolution of two air
raft 
on
i
t in free 
ight. InPro
. of the AIAA Guidan
e, Navigation, and Control Conferen
e, AIAA-97-3547, NewOrleans, LA, August 1997. 13


