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Abstract

This paper studies the AOA localization problem, namely, localizing networks based on the angles-of-arrival measurements between certain
neighboring network nodes together with the absolute locations of some anchor nodes. We propose the concepts of stiffness matrix and
fixability for the anchored formation graphs modeling the networks and show that they provide a complete characterization of the AOA
localizability as well as an explicit formula for the localization result. Moreover, a distributed continuous-time algorithm is proposed that
converges globally to the correct localization result on fixable formation graphs. Performances of the proposed algorithm, e.g., convergence
rate and robustness to communication delay, are characterized and optimized. Sensitivities of the localization results with respect to errors
in AOA measurements and anchor nodes positions are also analyzed.
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1 Introduction

A multi-agent system consisting of a group of sensors,
robots, vehicles, etc. can collaboratively accomplish tasks
that are difficult or even infeasible for any individual agent.
Examples include a network of sensors monitoring the
occurrence of forest wildfires [1], a team of autonomous
underwater vehicles mapping seabed terrains [2], a group
of robots fetching a large object [3], etc. A crucial task
in these applications is to find the (possibly time-varying)
locations of all the agents based on sensor measurement
data available to the agents. A direct localization method
is to use positional devices such as GPS. However, due to
issues such as cost, energy usage, and form factor, such de-
vices are typically available only at a subset of the agents.
To localize other agents, further inter-agent measurement
data is needed. Designing algorithms that only utilize local
measurements to localize the whole multi-agent network
has become a popular research topic [4].

Based on the type of measurement data available, local-
ization algorithms can be classified into two categories:
distance-based schemes and direction-based schemes. In the
distance-based schemes, the relative distances between cer-
tain neighboring agents are available for localization pur-
pose. Numerous distance-based localization algorithms have
been proposed in the literature using, e.g., received signal
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strength (RSS) [5], time of arrival (TOA) or time difference
of arrival (TDOA) [6], or a combination of RF and ultra-
sound sensing [7]. A common issue with these algorithms
however is that eliminating ambiguity, especially reflective
ambiguity, is often very difficult and may result in large er-
rors [8], even after significant simplifications [9]. Indeed, the
distance-based localization problem has been shown to be
NP-hard [10,11], with unique solution existing only when
the underlying graph is globally rigid [12]. From a practical
point of view, distance measurements also requires the (of-
ten infeasible) knowledge of the signal transmission charac-
teristics for RSS-based method, and sophisticated time syn-
chronization mechanism for TOA/TDOA-based methods.

In comparison, the direction-based localization schemes use
the angles of arrival (AOA) measurements instead of relative
distances. Such schemes have not received as much atten-
tion mainly due to two drawbacks. First, the AOA localiza-
tion problem is also NP-hard [13]. However, if compasses
are installed on all the agents to allow for a common global
coordinate for the measured angles, the direction-based lo-
calization problem could be as easy as solving a set of lin-
ear equations [14,15]. Second, measuring AOA of RF sig-
nals requires advanced hardware such as antenna arrays that
are usually expensive and large in size due to wavelength
constraint. Nevertheless, in many environmental monitor-
ing applications, the acoustic sensing devices [16] equipped
by the agents/sensors provide an inexpensive means for ac-
quiring AOA information [4]. As the technologies advance,
these drawbacks could be alleviated to a point that AOA lo-
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calization schemes become a viable alternative or at least a
valuable supplement to distance-based schemes.

In this paper, we first formulate the AOA localization prob-
lem within the framework of formation graph theory, which
is an extension of the classical graph theory by incorporating
the positional information of the vertices. It is shown that
the AOA localization problem is equivalent to finding the
solution to a system of linear equations (see also [14,15]).
Instead of a centralized solution that needs to invert a large-
scale matrix, we propose a distributed AOA localization al-
gorithm whose unique globally asymptotically stable equi-
librium is the desired localization result. The convergence
rate and delay tolerance of the proposed algorithm are also
analyzed and optimized through the solution of a condi-
tion number optimization problem. The algorithm is then
extended to the case of networks with switching topologies.

Compared to existing approaches (e.g. [14,15]) that charac-
terize AOA localizability using rank conditions on the rigid-
ity matrix, our method utilizes the stiffness matrix first pro-
posed in [17] and characterizes AOA localizability using
the novel concept of graph fixability. One advantage of our
method is that the stiffness matrix is positive semidefinite
whose eigenvalues provide quantitative measures of AOA lo-
calizability. Another advantage is that, since the stiffness ma-
trix has a similar structure as that of the celebrated Laplacian
matrix arising in the study of consensus problem [18], dis-
tributed AOA localization algorithms can be inspired from
consensus algorithms (e.g. [19,18]).

This paper is organized as follows. The concept of formation
graphs and their properties are reviewed in Section 2. In Sec-
tion 3 the AOA localization problem is formulated and AOA
localizability is characterized by the fixability of the under-
lying formation graph. In Section 4 we propose a distributed
continuous-time AOA localization algorithm and analyze its
performance. A problem of optimizing the algorithm’s per-
formance is also formulated and solved in Section 4. In Sec-
tion 5, the proposed algorithm is extended to networks with
switching topologies. Localization errors caused by inaccu-
rate measurements are analyzed in Section 6. We conclude
this paper and give some prospective questions that deserve
further research in Section 7.

1.1 Notation

For a symmetric matrix A, we write A � 0 if A is positive
semidefinite. For v = [a b]⊤ ∈ R

2, ∠v denotes the principal
value of argument within the range [0, 2π) of the complex
number a+bi ∈ C; and v⊥ = [−b a]⊤ ∈ R

2 denotes the 90
degrees counterclockwise rotation of v. Let Q : R2 → R

2

be the operator such that Q : v 7→ v⊥ and Q−1 : v 7→ −v⊥.
If p is a stacked vector with pi ∈ R

2 as its components,
then we use p⊥ to denote the vector with components p⊥

i .

Denote by SOn ,
{
T ∈ R

n×n : T⊤T = In, det(T ) = 1
}

the set of all n-dimensional special orthogonal matrices.

2 Formation Graphs and Rigidity

In this section, the concepts of (anchored) formation graphs
and some of their properties will be reviewed. These pro-
vide the theoretical framework for studying the localization
problem in Section 3.

Definition 1 (Formation Graph). A formation graph is a
triple (V,p,K) consisting of the following:

• V = {1, 2, . . . , n} is the index set of n vertices (agents,
sensor nodes, etc.) on the plane;

• p =
[

p⊤
1 p⊤

2 · · · p
⊤
n

]⊤

∈ R
2n is the (position) configu-

ration of the n vertices, where pi ∈ R
2 denotes the posi-

tion of vertex i. We assume pi 6= pj for i 6= j;
• K = [kij ]i,j∈V ∈ R

n×n is the connectivity matrix, where

kij is the connectivity coefficient between vertices i, j ∈ V
and satisfies kii = 0, kij ≥ 0, and kij = kji.

Definition 2 (Anchored Formation Graph). A formation
graph (V,p,K) together with a nonempty anchor set A ⊂
V is called an anchored formation graph and denoted by

(V,p,K,A). Vertices in A and F , V \ A are called an-
chors and free vertices, respectively.

In the applications of network localization and formation
control, anchors usually refer to those nodes that know their
absolute locations via, e.g., positioning devices.

Definition 3 (Consistency). Two formation graphs (V,p,K)
and (V,p′,K) with the same vertex set and connectivity
matrix are called consistent if ‖pi − pj‖ = ‖p

′
i − p′

j‖ for
all those i, j ∈ V with kij > 0.
Likewise, two anchored formation graphs (V,p,K,A) and
(V,p′,K,A′) are consistent if: (i) (V,p,K) and (V,p′,K)
are consistent; (ii) A = A′; (iii) pi = p′

i for all i ∈ A.

Two vertices i, j ∈ V are called connected if their connec-
tivity coefficient kij > 0. Consistent formation graphs have
the same relative distances between connected vertices. For
anchored formations, consistency requires the same set of
anchors and anchor positions in addition.

If two formation graphs have the same relative distances
between all pairs of vertices, not just connected ones, then
there exists a congruent transformation composed of rota-
tions, translations, and reflections that transforms the vertex
positions of one to the other; thus the following definition.

Definition 4 (Congruency). Two formation graphs (V,p,K)
and (V,p′,K) are congruent if ‖pi−pj‖ = ‖p

′
i−p′

j‖ for

all i, j ∈ V . Two anchored formation graphs (V,p,K,A)
and (V,p′,K,A′) are congruent if (V,p,K) is congruent
to (V,p′,K), A = A′ and pi = p′

i for all i ∈ A.

Obviously, congruent formation graphs are consistent. The
reverse, however, does not hold in general, except for for-
mation graphs possessing the following property.
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Fig. 1. Examples of normalized complete rigidity matrix and stiffness matrix

Definition 5 (Global Rigidity [12]). A formation graph
(V,p,K) is called globally rigid if any formation graph
(V,p′,K) consistent with it must also be congruent to it.

In essence, global rigidity characterizes the inflexibility of
the shape of the formation, given that the relative distances
between connected vertex pairs are kept constant. In the
distance-based localization problem, exact localization is
possible only for globally rigid formation graphs [12].

Determining global rigidity is, however, in general diffi-
cult. An easier alternative is its infinitesimal version. For
a given formation graph (V,p,K), the distance constraints
between connected vertices can be equivalently summarized
as kij‖pj − pi‖

2 ≡ kijd
2
ij for some constants dij for all

i < j. Taking the time differentiation yields, for i < j,
kij(pj − pi)

⊤(ṗj − ṗi) = 0, or in matrix form,

ΛKRṗ = 0. (1)

Here, ΛK is the diagonal matrix with diagonal entries kij ;
R is the normalized complete rigidity matrix with rows

[
0 · · · 0 e⊤ij

︸︷︷︸

i-th block

· · · e⊤ji
︸︷︷︸

j-th block

0 · · · 0
]
∈ R

1×2n,

where eij ∈ R
2 is the unit vector pointing from pi to pj :

eij ,
pj − pi

‖pj − pi‖
.

Note that diagonal entries of Λk and the rows of R are
indexed by the same ordering of {(i, j) | i, j ∈ V, i < j},
and there are n(n−1)/2 of them. See Fig. 1 for an example
of these two matrices for a simple formation graph.

In our previous work [17], the following positive semidefi-
nite matrix is defined based on Λk and R in (1).

Definition 6 (Stiffness Matrix). The stiffness matrix S of a
formation graph (V,p,K) is defined as

S , R⊤ΛKR ∈ R
2n×2n. (2)

The stiffness matrix S has the block structure S = [Sij ]
with Sij ∈ R

2×2 for i, j ∈ V given by

Sij =

{∑

ℓ∈V\{i} kiℓPiℓ, if i = j

−kijPij , if i 6= j,
(3)

where Pij , eije
⊤
ij ∈ R

2×2 is a projection matrix. Thus,
S has positive semidefinite diagonal blocks and negative
semidefinite off-diagonal blocks; and each block row and
block column adds up to zero. This structure resembles that
of the well-known graph Laplacian matrix L = [Lij ],

Lij =

{∑

ℓ∈V\{i} kiℓ, if i = j

−kij , if i 6= j,
(4)

with the difference being that the stiffness matrix S has
twice the dimension as the graph Laplacian. See Fig. 1 for
a concrete example of the stiffness matrix.

Using the stiffness matrix, equation (1) is equivalent to the
equation Sṗ = 0. Since the solution space of (1) contains
a three-dimensional subspace corresponding to the simulta-
neous translations and infinitesimal rotations of all the ver-
tices, we must have rank(S) ≤ 2n− 3.

Definition 7 (Infinitesimal Rigidity [17,21]). A formation
graph is infinitesimally rigid if rank(S) = 2n− 3.

Thus, for an infinitesimally rigid graph, no infinitesimal per-
turbations maintaining the distances between connected ver-
tices can result in deformation of the formation shape.

A similar concept can be defined for anchored formation
graphs whose vertex set V is partitioned into free vertices F
and anchors A. The normalized complete rigidity matrix R
can be rearranged (if necessary) and partitioned as R =[
Rf Ra

]
, where Rf and Ra consist of the block columns of

R for free vertices and anchors, respectively. Consequently
the stiffness matrix S admits the partition

S =




R⊤

f

R⊤
a



ΛK

[

Rf Ra

]

=




Sff Sfa

S⊤
fa Saa



 ,
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(a) Not rigid (b) Rigid (c) Not fix-
able

(d) Fixable

Fig. 2. Examples illustrating infinitesimal rigidity and fixability

with
Sff = R⊤

f ΛKRf , Sfa = R⊤
f ΛKRa. (5)

See Fig. 1 for an example where Sff is highlighted by the
shaded region. Denote by pf and pa the stacked vector of
pi for i in F and in A, respectively.

Definition 8 (Fixability). An anchored formation graph
(V,p,K,A) is fixable if Sff is nonsingular.

For a fixable anchored formation graph, assuming fixed an-
chors, no infinitesimal movement of the free vertices can sat-
isfy all the distance constraints. The following result, whose
proof is given in Appendix A, says that an infinitesimally
rigid graph can be made fixable by any two anchors.

Theorem 9. If (V,p,K) is infinitesimally rigid, then any
(V,p,K,A) with |A| ≥ 2 is fixable.

Fixability can also be determined from infinitesimal rigidity
of an augmented graph with all anchors connected.

Corollary 10. An anchored formation graph (V,p,K,A)
with |A| ≥ 2 is fixable if the augmented formation graph

(V,p, K̂) is infinitesimally rigid. Here, K̂ is obtained from
K by setting the connectivity coefficient between every pair
of anchors strictly positive.

PROOF. As by (3) Sff does not depend on the connectivity

coefficients between anchors, (V,p,K,A) and (V,p, K̂,A)

have the same fixability property. If (V,p, K̂) is infinitesi-

mally rigid and |A| ≥ 2, (V,p, K̂,A) is fixable by Theo-
rem 9; thus so is (V,p,K,A).

Some example formation graphs are shown in Fig. 2 to il-
lustrate the above concepts. The hollow and filled dots rep-
resent the free vertices and anchors, respectively; and edges
between vertices indicates the presence of relative distance
constraints. The formation graph in Fig. 2(a) is not rigid
because its shape can be deformed without changing edge
lengths, whereas the one in Fig. 2(b) is infinitesimally rigid
(though not globally rigid due to a reflection ambiguity). The
anchored formation in Fig. 2(c) is not fixable since the two
free vertices on the bottom can be parallelly slided without
altering the lengths of the edges. The anchored formation
in Fig. 2(d) on the other hand is fixable. The fixability of
Fig. 2(d) can be deduced from the infinitesimal rigidity of
Fig. 2(b) by applying Corollary 10.

3 Angle-Of-Arrival (AOA) Localization Problem

The direction-based localization problem that is the focus of
this paper has been previously studied in [14,15] and more
recently in [22], all through the rigidity matrix. We next
present a different approach that utilizes the stiffness matrix.
Although the two approaches ultimately lead to equivalent
conditions on determining localizability, ours can also pro-
vide more insights on, e.g., quantifying the degree of local-
izability. Moreover, with a structure resembling the graph
Laplacian, the stiffness matrix makes it easy to design dis-
tributed localization algorithms (Section 4).

Consider a sensor/agent network consisting of n nodes
(vertices) modeled by the anchored formation graph
(V,p,K,A), where p represents sensor locations and K
their connectivity coefficients. Recall that vertices in A are
anchors and vertices in F = V \ A are free vertices.

Assumption 11 (Global Coordinate [15,22]). There exists
a global coordinate in R

2 known to all the sensors against
which the angles are measured.

The above assumption can be satisfied by either installing
compasses on all the sensors, or on a subset of sensors and
letting them propagate the coordinate to the remaining ones.

The problem to be studied is formulated below.

Problem 12 (AOA Localization Problem). Suppose that the
absolute positions pa of the anchors are known. Given the
connectivity coefficients kij and the angle measurements
θij ∈ [0, 2π) for all i, j with kij > 0, find the absolute
positions pf of the free vertices so that ∠(pj − pi) = θij
is satisfied for all i ∈ V , j ∈ F and kij > 0.

Given inconsistent measurements (e.g., |θij − θji| 6= π), an
AOA localization problem may have no feasible solution.
Measurements generated from a given formation graph, on
the other hand, guarantee at least one solution exists.

Definition 13. An anchored formation graph (V,p,K,A)
is called AOA localizable if the AOA localization problem
given the anchor positions pa and angle measurements θij =
∠(pj − pi) admits a unique solution, namely, pf .

Lemma 14. If (V,p,K,A) is fixable, then

p⊥
f = −S−1

ff Sfap
⊥
a . (6)

PROOF. Note that p⊥ ∈ null(S) as the direction of p⊥

corresponds to the simultaneous infinitesimal rotation of all
the vertices around the origin. Thus,




Sff Sfa

S⊤
fa Saa








p⊥
f

p⊥
a



 = 0 ⇒ Sffp
⊥
f + Sfap

⊥
a = 0. (7)
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The conclusion follows as Sff is nonsingular by the fixabil-
ity assumption.

Note that Sff and Sfa depend on θij and kij only, which
together with pa are assumed to be known in Problem 12.
Hence, (6) gives an explicit formula of the free vertices lo-
calization results for fixable formation graphs. This is prefer-
able compared to the implicit solution through an optimiza-
tion problem as in [14]. The following theorem states that
fixability is also a necessary condition of AOA localizability.

Theorem 15. An anchored formation graph (V,p,K,A) is
AOA localizable if and only if it is fixable.

PROOF. Sufficiency has been shown in Lemma 14. To
prove necessity, suppose Sff is singular, i.e., Sffuf = 0 for

some uf 6= 0. Define u =
[
u⊤
f 0⊤

]⊤
∈ R

2n and write it

as a stacked vector of ui ∈ R
2, i ∈ V . Then u⊤Su = 0,

which by the definition of S in (3) implies that

∑

i,j∈V

kij(ui − uj)
⊤Pij(ui − uj) = 0.

As each term in the summation is nonnegative, it can only be
zero. Hence, for i, j with kij > 0, ui−uj ∈ null(Pij), i.e.,

u⊥
i −u⊥

j = ℓij ·eij for some ℓij ∈ R. Define p̃ = p+ δu⊥

for some small δ > 0. We claim that p̃ 6= p is also a
solution to the AOA localization problem. In fact, for any
i, j ∈ V with kij > 0, p̃j − p̃i = (‖pj − pi‖ − ℓijδ) eij .
Thus, ∠(p̃j − p̃i) = ∠(pj − pi) for δ small enough.

Fig. 3(a) shows a fixable formation graph. Corollary 10 can
be applied to verify its fixability: after connecting the an-
chors, the resulting formation graph in Fig. 3(b) is infinitesi-
mally rigid. By Theorem 15, it is also AOA localizable as in
Fig. 3(c). We note that the formation in Fig. 3(b) is not glob-
ally rigid due to reflection ambiguity (dashed lines). Thus,
this anchored formation graph can be uniquely localized by
angle measurements but not by distance measurements.

On the other hand, the formation in Fig. 4(a) is not fixable
as the augmented formation in Fig. 4(b) is globally but not
infinitesimally rigid (infinitesimal rotations of the inner tri-
angle do not change the distances between connected ver-
tices). Hence its AOA localization problem admits multiple
solutions as shown by the dashed circles in Fig. 4(c). This
is an example of anchored formations that can be localized
by distance measurements but not by angle measurements.

An interesting observation from the above two examples
is that fixability is a necessary and sufficient condition for
the direction-based localizability, but neither necessary nor
sufficient for the distance-based localizability, despite the
fact that fixability is originally defined via an infinitesimal
analysis of distance-based localizability.

(a) Fixable (b) Infinitesimally
but not globally
rigid

(c) AOA localiz-
able

Fig. 3. AOA localizable formation that is not distance-based lo-
calizable

(a) Not fixable (b) Globally but
not infinitesimally
rigid

(c) Not AOA local-
izable

Fig. 4. Distance-based localizable formation that is not AOA lo-
calizable

4 Distributed Continuous-Time Algorithm for AOA
Localization on Fixed Topologies

One important advantage of our approach to AOA localiza-
tion problem is that the structural resemblance of the stiff-
ness matrix S with the graph Laplacian L allows us to de-
sign and analyze distributed localization algorithms using
the consensus algorithms [18,19] as inspirations. In this sec-
tion, we focus on the fixed topology case. The time-changing
topology case will be considered in Section 5.

4.1 Algorithm Design

A distributed AOA localization algorithm is described as
follows. Suppose at each vertex i ∈ V , a variable xi ∈ R

2 is
maintained that represents the current estimate of vertex i’s
position. If vertex i is an anchor which knows its position
exactly, the value of xi is fixed to be p⊥

i . If vertex i is free,
then with the available angle measurement data θij for those
vertices j connected with it, xi is updated according to the
following distributed protocol,

ẋi(t) = −
∑

j∈V

kijPij(xj(t)− xi(t)), ∀ i ∈ F . (8)

Here, Pij is the projection matrix along the direction of the
angle θij . In matrix form, equation (8) becomes

ẋf = −Sffxf − Sfap
⊥
a , (9)

where xf = [xi]i∈F . This dynamics is similar to the
continuous-time average consensus dynamics [19], with the
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difference being that (9) has vector-valued state variables
and matrix-valued weights instead of scalars.

Using (7), the following result can be proved.

Proposition 16. The precise AOA localization result, xf =
p⊥
f , is an equilibrium point of the dynamics (9).

4.2 Convergence Rate and Delay Tolerance

We first show how the convergence of the algorithm (8)
depends on the fixability of the underlying formation graph.

Proposition 17. If the anchored formation graph is fixable,
then under the algorithm (8), xf → p⊥

f exponentially fast

at the rate λ1(Sff ), namely, the smallest eigenvalue of Sff .

PROOF. Let ε(t) = xf (t) − p⊥
f be the localization error.

Using (7) and (9), the error dynamics is ε̇(t) = −Sffε(t).
For fixable formations, Sff is nonsingular hence positive
definite. Thus, ε(t) → 0 at the exponential rate λ1(Sff ) in
the worst case.

Remark 18. If the anchored formation graph is not fix-
able, the algorithm will still converge since −Sff is nega-
tive semidefinite. In this case the converged results depend
on the initial guess and discrepancies among them tell the
ambiguity in the localization problem. Without knowing the
graph fixability a priori, one can detect it by running the
algorithm from multiple randomly generated initial guesses
and see if they converge to the same localization result.

Next, we consider a more general scenario where there is a
constant communication delay τ across all links. The local-
ization dynamics with delay becomes

ẋi(t) = −
∑

j∈V

kijPij(xj(t− τ)− xi(t− τ)), ∀ i ∈ F .

(10)
The stability of such a delayed system is characterized by a
threshold value of τ in the following proposition. Its proof
is omitted as it follows a very similar line as that of the con-
sensus algorithm in [19] (though with twice the dimension).

Proposition 19. Given an anchored formation (V,p,K,A)
that is fixable, the dynamics (10) is stable if the communi-
cation delay τ < τ∗, where τ∗ = π/2λmax(Sff ).

4.3 Examples

We simulate the distributed continuous-time algorithm (9)
on the formation graph in Fig. 5 consisting of 50 vertices,
where the solid dots labeled A,B,C,D denote the four can-
didates for anchors and the hollow dots the free vertices to
be localized. The connectivity coefficient between each pair

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

B

C D

A

Fig. 5. Example anchored formation graph.

(a) t = 1s (b) t = 5s (c) t = 15s

(d) t = 1s (e) t = 5s (f) t = 15s

(g) t = 1s (h) t = 5s (i) t = 15s

Fig. 6. Simulation results of the distributed AOA localization al-
gorithm for different sets of anchors.

of connected vertices is set to be 2 uniformly. The simulation
results are shown in Fig. 6. In the first case, Fig. 6(a)–(c), all
four candidates are chosen as anchors and the localization
algorithm converges to the true configuration fairly quickly.
Intuitively speaking, if the formation is viewed as an elastic
structure, the anchors at the four corners are very effective
in pinning down the whole structure. When there are fewer
anchors, as are shown in Fig. 6(d)–(f) with anchors A,B,C,
and Fig. 6(g)–(i) with anchors A,C, the localization algo-
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rithm becomes less efficient especially for vertices far away
from the anchors. An intuitive explanation is that the direc-
tional information is effective in discerning the shape but
less so the scale of the formations. Initially, the scale infor-
mation is only present at the anchors and need to be propa-
gated via the iterative algorithm (8) to all free vertices, e.g.,
the right wing in Fig. 6(g)–(i).

4.4 Bounds on Convergence Rate and Delay Margin

Having shown that λ1(Sff ) and λmax(Sff ) characterize the
convergence speed and the delay tolerance of the distributed
algorithm (8), we now derive estimation bounds of them that
can be computed distributively.

Proposition 20. For any given anchored formation graph

(V,p,K,A), we have λ ≤ λmax(Sff ) ≤ λ, where

λ =

∑

i∈F

∑

j∈V\{i} kij

2|F|
,

λ = max
i∈F






λmax




∑

j∈V\{i}

kijPij



+
∑

j∈F\{i}

kij






.

As a result, the delay margin τ∗ is bounded by

π/2λ ≤ τ∗ ≤ π/2λ.

PROOF. For the lower bound, by using (3) and the fact that
each projection matrix Pij has trace 1, we obtain

2|F|
∑

k=1

λk(Sff ) = tr(Sff ) =
∑

i∈F

tr




∑

j∈V\{i}

kijPij





=
∑

i∈F

∑

j∈V\{i}

kij .

The lower bound follows as the maximal eigenvalue is no
smaller than the average of all eigenvalues.

For the upper bound, note that each diagonal 2-by-2 block
Sii of Sff is positive semidefinite. Let αi ≤ βi be its only
two eigenvalues. Then its L2-norm is ‖Sii‖2 = βi. Each
off-diagonal 2-by-2 block satisfies ‖Sij‖2 = kij‖Pij‖2 =
kij . According to the Generalized Gershgorin Circle The-
orem [23, Theorem 2], for each eigenvalue λ of Sff , the
following inequality must hold for at least one i ∈ F ,

∑

j∈F\{i}

‖Sij‖2 ≥
(∥
∥
∥(Sii − λI2)

−1
∥
∥
∥
2

)−1

= min {|αi − λ|, |βi − λ|} ,

which implies that λ ≤ βi +
∑

j∈F\{i} kij for at least one

i ∈ F . Taking the maximum over all i ∈ F yields the
desired result.

Both bounds in Proposition 20 are of a form that is amenable

to distributed computation: λ by an average consensus and λ
by a max consensus. Therefore, the delay tolerance margin
τ∗ can be estimated distributively.

Remark 21. The upper bound λ for λmax(Sff ) can be fur-
ther relaxed as follows,

λ ≤ max
i∈F






2 ·

∑

j∈F\{i}

kij +
∑

j∈A

kij






.

The new upper bound may be more desirable in some ap-
plications as it no longer depends on the vertex positions.

As pointed out in Section 2, the well studied graph Laplacian
matrix has half the dimension as that of S. The following
result establishes new estimation bounds on λ1(Sff ) and
λmax(Sff ) using the Laplacian matrix.

Proposition 22. Let L be the Laplacian matrix of the un-
derlying weighted graph (V,K) defined in (4). Let Lff be
the submatrix of L consisting of the rows and columns cor-
responding to the free vertices. Then λ1(Sff ) ≤ λ1(Lff )/2
and λmax(Sff ) ≥ λmax(Lff )/2.

PROOF. As each Pij ∈ R
2×2 is a projection matrix, we

have Pij + QPijQ
−1 = I2 where we recall that Q is the

matrix corresponding to the 90◦ counterclockwise rotation.
Hence, the following holds according to (3) and (4),

Sff + (I|F| ⊗Q)Sff (I|F| ⊗Q)−1 = Lff ⊗ I2. (11)

Note that Lff ⊗ I2 has twice the dimension as that of Lff

and its spectrum is exactly that of Lff repeated twice. Since

(I|F| ⊗ Q)Sff (I|F| ⊗ Q)−1 is similar to Sff , using the
Rayleigh quotients argument on (11), we deduce that

2λ1(Sff ) ≤ λ1(Lff ), 2λmax(Sff ) ≥ λmax(Lff ),

which yield the desired conclusion.

Proposition 22 states that both the convergence rate and the
delay tolerance of the AOA localization algorithm are upper
bounded by the corresponding performance metrics (after a
proper scaling) of the leader-follower consensus algorithm
running on the same formation graph. This provides a con-
nection between the studies of the AOA localization problem
and the consensus problem. On the other hands, the bounds
in Proposition 22 are in general not tight.

4.5 Performance Optimization

Assume that the underlying graph topology E = {(i, j) | kij >
0} is fixed, while the values of kij > 0 can be varied through
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network resource re-allocation, e.g., moving more accurate
sensors to strategically more important positions, increasing
the transmission power at certain vertices, etc. A natural
question is how to choose kij to maximize the convergence
rate λ1(Sff ) and the delay tolerance margin π/2λmax(Sff )
simultaneously. One way to formulate this is by solving the
following condition number minimization problem:

minimize
K∈K(E)

λmax(Sff (K))

λ1(Sff (K))
. (12)

Here, K(E) denotes the set of all feasible K consistent with
the given topology E . Problem (12) is equivalent to either
of the following two problems: 1) maximize the conver-
gence rate while keeping the delay margin at a certain value;
2) maximize the delay margin while keeping the conver-
gence rate at a given value.

Using the relation (5) and the fact that both the numerator
and denominator in (12) are linear in K, Problem (12) can
be cast as the following semidefinite program,

minimize
K∈K(E)

µ

subject to

[

R⊤
f ΛKRf − I

µI −R⊤
f ΛKRf

]

� 0,
(13)

which can be solved very efficiently.

Remark 23. In the above optimization, the vertex positions
as encoded in Rf are assumed to be known a priori, which
is not the case for localization problems in practice. Nev-
ertheless, the optimization problem discussed here is still
of value in several scenarios. Firstly, if the positions of the
vertices can be roughly estimated in advance, then the so-
lution of the problem (13) using the rough guess may still
identify the bottleneck links in the formation that need to be
strengthened the most, thus providing qualitative directions
for topology design and link resource allocation [24]. Sec-
ondly, in the scenario where the agents/sensors are mobile
and require localization continually, a one-shot optimization
of the link connectivity coefficients could improve the per-
formance of the dynamic localization process.

As a numerical example, we implement the distributed al-
gorithm (10) with uniform communication delay τ on the
formation in Fig. 5. Two cases with different connectiv-
ity matrices K are tested. In the first case, all edges have
the same connectivity coefficient 2, and the resulting Sff

has the smallest and largest eigenvalues λ1 ≈ 0.072 and
λmax ≈ 18.71, respectively. For comparison purpose, the
bounds in Proposition 20 yields 14.39 ≤ λmax ≤ 31.12.
The corresponding delay margin τ∗ is hence π/2λmax ≈ 84
ms. By solving the optimization problem (13), the optimal
K∗ is obtained and adopted in the second case study. Cal-
culation shows that while λmax remains the same as in the
first case, λ1 is increased to λ1 = 0.14, essentially doubling
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Fig. 7. Comparison of convergence speed and delay performance
between uniform connectivity and optimal connectivity.

the convergence rate compared to the uniform K case. Al-
ternatively, we can scale K∗ so that the resulting Sff has
the same λ1, hence the same convergence rate, as in the first
case, but with λmax = 9.62, implying that the delay margin
has been increased to 163 ms.

Simulation results of the two test cases (uniform K and
optimal K∗, with the same λmax values) are illustrated in
Fig. 7, which plots the localization errors as a function of
time (in seconds) for three different delays. As can be seen,
the delay margins for both cases lie between 80 ms and
90 ms. When both dynamics are stable, as expected, the
second case using the optimized connectivity matrix K∗

converges to the true configuration faster in the long run.

5 Distributed Continuous-Time AOA Localization with
Switching Topologies

We next consider the case where the graph topology E may
vary with time. In practical applications, this could be due
to obstructions between vertices, sensor sleeping/wakeup,
etc. For ease of analysis, suppose that the connectivity ma-
trix K can only switch among the m matrices in J =
{
K(1), . . . ,K(m)

}
. The AOA localization algorithm (8) in

Section 4.1 then becomes

ẋi(t) = −
∑

j∈V

k
(σt)
ij Pij(xj(t)− xi(t)), ∀ i ∈ F , (14)
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where σt is the mode sequence that takes values in the mode
setM = {1, . . . ,m} for t ≥ 0. We assume that σt is right-
continuous and has a dwell time τ > 0, i.e., consecutive
switchings are at least τ time apart.

Again let ε(t) = xf (t)−p⊥
f be the localization error of the

free vertices. The error dynamics for the algorithm (14) is

ε̇(t) = −S
(σt)
ff ε(t). (15)

Here, S
(σt)
ff = R⊤

f ΛK(σt)Rf . The algorithm (14) will con-

verge to the true solution p⊤
f if and only if the system (15)

is asymptotically stable under any valid mode sequence.

Definition 24. The set of recurrent modes for a given mode
sequence σt is defined as those modes that appear infinitely
often in σt:M∞ =

⋂

t≥0

⋃

s≥t {σs} ⊂ M.

We now give the necessary and sufficient conditions for the
convergence of the algorithm (14).

Theorem 25. Let the vertices set V , the configuration p,
and the anchor set A be given. Suppose the connectivity
matrix K switches among the set J =

{
K(1), . . . ,K(m)

}

and the mode sequence σt has a dwell time τ > 0. Then
under mode sequence σt, the distributed AOA localization
algorithm (14) will converge to the unique true solution pf

if and only if the anchored formation (V,p,K,A) is fixable,

where K =
∑

σ∈M∞
K(σ).

A proof of the above theorem is provided in Appendix B.

6 Steady-State Error Analysis

In the study of the AOA localization problem so far, the
anchors’ positions and the angle measurements are assumed
to be precisely known. In practice these are often subject to
errors. In this case, the algorithm (8) may converge to a result
that deviates from the true locations. In this section, through
perturbation analysis, we will study how these measurement
errors affect the localization results.

6.1 Inaccurate Anchor Positions

Consider the scenario where the measurements of the abso-
lute anchor positions differ from their true values by δpa.
From (6) the resulting steady-state localization error is

δpf (δpa) = (I|F| ⊗Q)S−1
ff Sfa(δpa)

⊥. (16)

We propose two metrics to quantify how much the errors in
anchor positions affect the localization results.

Definition 26. The worst-case error propagation coefficient
w.r.t. anchor positions, denoted by εwa , is defined as

εwa , max
δpa 6=0

‖δpf (δpa)‖

‖δpa‖
.

It can be readily seen from (16) that εwa =
∥
∥
∥S−1

ff Sfa

∥
∥
∥
2
, i.e.,

the largest singular value of S−1
ff Sfa.

Definition 27. The mean error propagation coefficient w.r.t.
anchor positions, denoted by εma , is defined as

εma ,

√
√
√
√E

[

‖δpf (δpa)‖
2

‖δpa‖
2

]

,

where δpa is random and E is the expectation operator.

The error propagation coefficients are the amplification fac-
tors from the anchor location error to the localization result
error. Smaller values of these coefficients indicate more ro-
bust localization results.

Proposition 28. Suppose δpa has an isotropic probabil-
ity distribution (i.e., equally likely in all directions) and
P (δpa = 0) = 0, then

εma =
1

√

2|A|

∥
∥
∥S−1

ff Sfa

∥
∥
∥
F
,

where ‖ · ‖F denotes the Frobenius norm of a matrix.

The prove is not difficult and hence omitted.

6.2 Inaccurate Angle Measurements

We next consider the AOA measurement errors δθij in (6).
Denote by δθ the vector composed of all δθij and let δpf =
δpf (δθ) be the resulting AOA localization error. Since the
map δpf (·) is nonlinear, the error propagation coefficients
are defined locally as below.

Definition 29. The worst-case error propagation coefficient
w.r.t. AOA measurements, denoted by εwθ , is defined as

εwθ , max
δθ 6=0

lim
ǫ↓0

‖δpf (ǫ · δθ)‖

‖ǫ · δθ‖
.

Definition 30. The mean error propagation coefficient w.r.t.
AOA measurements, denoted by εmθ , is defined as

εmθ ,

√
√
√
√E

[

lim
ǫ↓0

‖δpf (ǫ · δθ)‖
2

‖ǫ · δθ‖2

]

,

where δθ is assumed to be random.
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Table 1
Error propagation coefficients for formation in Fig. 5

Anchor Set εwa εma εwθ εmθ

A,B,C,D 5.8885 3.8852 6.5043 0.4286

A,B,C 5.4307 3.9999 15.1156 0.8914

A,B 9.2271 5.8950 184.1435 9.7014

A,D 5.0222 4.5624 24.1448 1.3844

To derive the explicit expressions of εwθ and εmθ , the follow-
ing lemma is needed.

Lemma 31. The Taylor expansion of δpf (δθ) at δθ = 0 is

δpf (δθ) = (I|F| ⊗Q)−1S−1
ff WΛKδθ+ o(δθ). (17)

where W is a matrix whose columns are wij defined as

wij ,







|

pi − pj

|





 ← i-th block row.

The notation “|” here means that all components except the
one specifically indicated are zero.

The readers are referred to [25] for the proof.

Proposition 32. The error propagation coefficients w.r.t.
AOA measurements in the worst case and in the mean case
(with isotropic distribution of δθ) are respectively

εwθ =
∥
∥
∥S−1

ff WΛK

∥
∥
∥
2
, εmθ =

1
√

|E|

∥
∥
∥S−1

ff WΛK

∥
∥
∥
F
.

The derivation of the above expressions is entirely similar
to that of Proposition 28; hence the proof is omitted.

6.3 Numerical Examples

As examples, we compute the error propagation coefficients
for the formation shown in Fig. 5 with different anchor sets.
For the mean case we assume isotropic random measurement
errors. The results are listed in Table 1. Several observations
can be made based on these results. Firstly, the values of
mean error propagation coefficients are always smaller than
their worst-case counterparts, and significantly smaller w.r.t.
the AOA measurement errors. This implies that one can ef-
fectively reduce much the worst-case localization errors by
averaging the results over multiple independent runs of the
algorithm. Secondly, more anchors result in smaller error
propagation coefficients. In the particular case of A,B be-
ing the anchors, the localization errors caused by inaccurate
AOA measurements can be huge as the bottom part, hardly
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Fig. 8. Histograms of mean error distance using Monte-Carlo
simulation on angle measurements (showing MED ≤ 0.5 only)

“pinned down” by the two anchors, can be easily deformed
without causing large AOA measurement errors on any edge.

The results on the error propagation coefficients w.r.t. the
anchor position do not have as easy an interpretation. It can
be seen from the first, second and fourth cases in Table 1 that
adding more anchors may not decrease the error propagation
coefficients. On the other hand, a small but poorly chosen
anchor set, such as the third case, may lead to much larger
error propagation coefficients.

6.4 Monte-Carlo Simulation

Monte-Carlo simulations are carried out to illustrate the er-
ror propagation coefficients as indicators of the robustness of
the AOA localization. In particular, the more interesting case
of inaccurate AOA measurements is simulated. Each angle
measurement is assumed to have a normal distribution cen-
tered at the true value with a standard deviation of 2◦. The
formation in Fig. 5 is simulated with four different choices
of the anchor set. In each case 1000 random samples are
generated to evaluate the mean error distance (MED),

MED =

√

1

|F|

∑

i∈F

‖p̂i − pi‖2,

where p̂i and pi denote the localized position and the true
position of node i, respectively. The histograms of the MED
are plotted in Fig. 8. It can be seen that less anchors in
general lead to poorer accuracy as indicated by the larger
MED. Moreover, a correlation is also detected between the
values of εwθ and εmθ in Table 1 and the distributions of
MED in Fig. 8. For instance, the formation with anchor set
{A,D} has smaller values of εwθ and εmθ compared to that
with anchor set {A,B}; and the histograms confirm that
on average the former has a much better AOA localization
accuracy than the latter in the presence of AOA measurement
errors.
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7 Conclusion

In this paper, the angle-of-arrival (AOA) localization prob-
lem is studied. Specifically, the AOA localizability is char-
acterized using the fixability of the underlying anchored for-
mation. Moreover, we propose a distributed algorithm that
can localize the free vertices whenever the formation is fix-
able, and derive its convergence speed and robustness to
communication delay. An optimization problem is formu-
lated and solved whose solutions maximize the convergence
speed and the delay tolerance of the localization algorithm
simultaneously. We also study the sensitivity of the localiza-
tion results to inaccuracy in anchor positions and AOA mea-
surements. Simulation results demonstrate the effectiveness
of the proposed algorithm.

Many interesting problems arising from this research de-
serve further investigation. Examples include finding the best
formation topology and/or anchor selection under resource
constraints for fast and robust AOA localization; incorpo-
rating distance information into angle-based localization al-
gorithms; devising methods that can blunt the destabilizing
effect caused by communication delay. The computational
complexity of the proposed algorithm in real implementation
is also to be studied and compared with other localization
schemes (some preliminary results were introduced by Eren
in [26]). Solution of these problems will not only reveal new
properties of formation graphs, but also have practical im-
plications in the many applications of multi-agent systems.
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A Proof of Theorem 9

PROOF. By assumption, (V,p,K) is infinitesimally rigid
with a three-dimensional null(S) spanned by {x,y,p⊥},





xf

xa





︸ ︷︷ ︸
x

,





yf

ya





︸ ︷︷ ︸
y

,





p⊥
f

p⊥
a





︸ ︷︷ ︸

p⊥

,

where x,y,p⊥ denote the simultaneous translations along
the x, y directions and rotation around the origin, respec-

tively. Now suppose Sffuf = 0 for some uf . Define u ,
[
u⊤
f 0⊤

]⊤
. Then u⊤Su = u⊤

f Sffuf = 0 which implies

that u ∈ null(S), i.e.,
[
u⊤
f 0⊤

]⊤
= αx + βy + γp⊥ for

some α, β, γ ∈ R. Noting that xa, ya, and pa are linearly
independent since there are at least two anchors and they
have distinct positions, we must have α = β = γ = 0, i.e.,
uf = 0. This completes the proof that Sff is nonsingular,
or equivalently, the formation is fixable.

B Proof of Theorem 25

We first introduce an auxiliary result in Lyapunov stability
theory. A Lyapunov function for the autonomous system:

ẋ = f(x), x ∈ R
n (B.1)

is a differentiable function V : Rn → R satisfying:

(1) V (0) = 0;
(2) V (x) > 0 for x ∈ R

n \ {0}, with V (x) → ∞ as
‖x‖ → ∞;

(3) V̇ (x) ≤ 0 for x ∈ R
n and V̇ (x) < 0, ∀ x ∈ R

n \{0}.

Lemma 33 ([27]). If the system (B.1) admits a Lyapunov
function V , then it is globally asymptotically stable at 0.

PROOF. We now prove Theorem 25. First assume that
(V,p,K,A) is not fixable, i.e., Sffu = 0 for some u 6= 0.

Note that Sff =
∑

σ∈M∞
S
(σ)
ff with each S

(σ)
ff � 0. There-

fore, Sffu = 0 implies u⊤Sffu = 0 hence S
(σ)
ff u = 0 for

each σ ∈ M∞. Thus, u is a common equilibrium of the
error dynamics (15) for all the recurrent modes and the lo-
calization error may not converge to zero if ε(t0) = u.

Conversely, assume that (V,p,K,A) is fixable. Define

V (ε(t)) =
1

2
‖ε(t)‖2.

Then along the error dynamics (15) of each mode σ, we have

V̇ (ε(t)) = ε(t)⊤ε̇(t) = −ε(t)⊤S
(σ)
ff ε(t) ≤ 0.

Starting from the initial error ε(t0) = ε0, we use the fol-
lowing procedures to recursively find intervals [sk, tk), k =
1, 2, . . ., in which the trajectory of ε is not constant: 1

sk = inf
{

s : s > tk−1, ε(t)
⊤S

(σt)
ff ε(t) > 0

}

, (B.2)

tk = inf {t : t > sk, σt 6= σsk} . (B.3)

with the definition inf ∅ = +∞. Since Sff is nonsingular,

for every u ∈ R
2|F| \ {0} there exists σ ∈ M∞ such that

u⊤S
(σ)
ff u > 0. Therefore, it is guaranteed that sk < +∞

whenever tk−1 < +∞. Furthermore, we have
∑k

i=1(tk −
sk)→ +∞ as k →∞ by the dwell time assumption.

Define ω : [t0,+∞)→ [t0,+∞) as

ω(t) =

{∑

0<i<k (ti − si) + (t− sk) if sk ≤ t < tk
∑

0<i<k (ti − si) if tk−1 ≤ t < sk,

and let ε̂(t) , ε (ω(t)). Note that ε̂(t) is continuous, piece-
wise differentiable, limt→+∞ ε̂(t) = limt→+∞ ε(t), and

V̇ (ε̂(t)) = −ε (ω(t))⊤ S
(σω(t))
ff ε (ω(t)) < 0, ∀t ≥ t0,

where the strict inequality follows from the definition in
(B.2). By Lemma 33, limt→+∞ ε̂(t) = 0.

1 In fact, sk, tk (k > 0) are functions of ε0, which we omit for
simplicity of notations.
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