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Abstract— The goal of this paper is to study the switch- it was revealed that, the conservatism can be reduced by
ing stabilization of discrete-time autonomous switched linear ncreasing the period of the Lyapunov function. A natural
systems (SLSs) based on the periodic Lyapunov functions. o estion is whether the LMI condition in [14] with an
In recent papers, a convex switching stabilizability condition . . . =
was presented. We investigate properties of the condition. In arbitrary periodh 'S. algo a ne?_essa_"ty Cond't'on',ln other
particular, it is proved that the condition is only a sufficient ~Words, does the switching stabilizability of a SLS imply the
condition, and also provide a class of stabilizable SLSs which existence of a period which leads to the feasibility of the
cannot be identified as stabilizable by the condition. In addition, | M| condition? The answer was given in [13], where using
for two-dimensional SLSs, another sufficient and necessary 5 counter example, it was proved that the condition is only
stabilizability condition is proposed by using the S-procedure - . .
and considering sufficiently fine partitions of the state space. sufficient. In th'§ paper, we also prOYe th.at’ everh_lt:an
Examples are given to show the validity of the proposed b€ selected arbitrarily large, there still exists constswg
approaches. and hence, the condition is only sufficient. In comparison

with the proof in [13], we provide a more general class

|. INTRODUCTION of the stabilizable SLSs which cannot be identified as sta-

The switched linear system (SLS) is an important class giilizable. Furthermore, a necessary and sufficient carditi
hybrid systems that can be used to model more general dg-developed to prove the asymptotic stabilizability of two
namic systems [1]. The stability analysis and control desigdimensional SLSs. The developed condition extends the
of the SLSs are important problems, and previous researcHeddition in [14] by checking it on some partitions of the
on this topic include approaches based on multiple Lyapundjate space. Itis proved that the conservatism vanishé¢gas t
functions [4]-[8], dynamic programming approaches [9]partitions become sufficiently fine.

[10], and the. generating function gpproach [11]. Recent Il. PRELIMINARIES
surveys on this issue can be found in [2], [3]. .

The goal of this paper is to study the switching stabif™ Notation
lization problem of the SLSs using the periodic Lyapunov The adopted notation is as followR: set of real numbers;
functions. The periodic Lyapunov functions were widelyR,: set of nonnegative real numbet&; ,: set of positive
used in systems and control theories, for instance, thosgal numbersR": n-dimensional Euclidean spac&™*™:
for the stability and stabilization problems of linear [16]set of all n x m real matrices;A”: transpose of maitrix
and nonlinear systems [15]. More general non-monotonid; A = 0 (A < 0, A = 0, and A = 0, respectively):
Lyapunov functions were pioneered in [17] for nonlineasymmetric positive definite (negative definite, positivense
and switching systems. In [12], the concept of the periodidefinite, and negative semi-definite, respectively) matix
Lyapunov function was introduced for the stabilizability o I,: n x n identity matrix; || - ||: Euclidean norm of a
the SLS mainly based on set-theoretic approaches, and thRctor or spectral norm of a matrig”: symmetricn x n
approach was further studied in [13] based on sufficienmatricesS’; : cone of symmetria: x n positive semi-definite
linear matrix inequality (LMI) and bilinear matrix inequig ~matrices;S"; , : symmetricn x n positive definite matrices;
(BMI) feasibility problems. A particular class of periodic Amin(A) andAyax(A): minimum and maximum eigenvalues
Lyapunov functions was also studied in [14] for the samef symmetric matrixA, respectively;co{S}: convex hull
problem mainly from the viewpoint of the Lyapunov theo-of a setsS; p(A): spectral radius of a matrix4; for an
rem. n x n symmetric matrixP, vech(P) is thehalf-vectorization

In this paper, we revisit the periodic stabilization prable operator [18], which lexicographically orders the “lower-
studied in [14], where a linear matrix inequality (LMI) triangular” portion of a matrix into am(n + 1)/2 column
condition associated with a periodic Lyapunov function wagector; for any positive integet, Ay is the unit simplex in
developed tp check the ;\(vitching sj[abilizability. Itiwaqu: Ap:=ldaeRF: a; >0, Zk:ai -1\
proved that, if the LMI condition is feasible, then the assoc i=1
ated quadratic function is a periodic Lyapunov functiontthag  previous results

certifies the switching stabilizability of the SLSs. Moreoyv . . .
g y €0 Consider the discrete-time (autonomous) SLS
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are the subsystem (dynamics) matrices. We assume tha&8) For any given matrixP? € S, there exists a suf-
none of the matrices4;, is Schur stable. Starting from ficiently large positive integeh such that the condi-
z(0) = z € R™ and under the switching sequenee:= tion (3) holds.

{c(0), o(1),...}, the trajectory of the SLS is denoted by The statement 3) of the above lemma means that for any
z(k; z, o). fixed matrix P € S, e.g.,, P = I,, the condition §)

Definition 1: The SLS () is called with a sufficiently largeh can be a necessary and sufficient

1) asymptotically switching stabilizable if starting fromcondition for the switching stabilizability of the SLS)(
any x(0) = z € R, there exists a switching se- Therefore, Probleni reduces to the following problem.
quenceos for which the trajectoryz(k; z, o) satisfies Problem 2: For P = I,,, check if there exists a sufficiently
limy o0 ||2(k; 2, 0)|| = 0. large positive integeh such that the condition3f holds.

2) exponentially switching stabilizable (with the param- We first introduce the following sufficient linear matrix in-
etersx and r) if there existk > 1 andr € [0, 1) equality (LMI) feasibility problem to check the conditioB)(
such that starting from any:(0) = 2z € R, there with P =1,.
exists a switching sequeneefor which the trajectory Problem 3: ( [14, Problem 1]) LetP = I,,. For a positive
z(k; z, o) satisfies||z(k; z, o)|| < wr¥||z||, for all integerh, find scalarsa(;, i,.... ) € R such that

kef{0,1,...}. .
From [11, Theorem 1], the asymptotic switching stabiliz- Z Uiy, igonnyin) (Aiy - Aiy) " P(Ag, -+ Agy)
ability and the exponential switching stabilizability dfet ~ (i1: iz, in)eM?
SLS (1) are equivalent. Thus, we refer to either notion of — P <0, o« € Ayn, (4)

stabilizability simply as switching stabilizability oratiliz-

ability. The problem addressed in this paper is as foIIowéNhere @ is a vector whose elements are

{O‘(il,712,...,7:h)}(7:1,1'2,...,ih)e/\/lh-

Lemma 2:( [14, Proposition 2]) LetP = I,. Suppose
that Problen® is feasible for a positive integér. Then, the
state-feedback switching policg)(will stabilize the SLS 1)
(the SLS () is switching stabilizable).

An intuitive insight on Problem3 is that if it ad-

Problem 1: Check whether or not the SLS)(is switching
stabilizable.

To this end, we consider the following periodic state
feedback controller suggested in [14]:

(ok(x(k)), .oy Okgpn—1(z(k))) mits a feasible solutionaf; , .. (i1, i2,...,4n) €
= argmin V(4;, --- A z(k), (2 MP", then we can find a quadratic over approximation of
(1505 in)EMP ( mir)l " V(A4;, -+ A;,z) satisfying
91500, )E

whereh € {1, 2,...}, k € {0, h, 2h,...}, 0;(z(i)), j > ¢
denotes the mode at timg determined based on the state  min  27(A;, --- A4;)) T P(A;, - Az

z(i) at timei, andV(z) = TPz > 0, Vo € R"\{0,} is (- in)eM”

the (quadratic) periodic control Lyapunov function. Theaco < Z a’{il,.,.’ih)mT(Aih A ))TP(A;, - A,
troller is designed in such a way that, evéryime steps, the (i1yeeey ip)EMN

controller generates the current and future sequence oésnod , . , . T .
of length h selected so that the Lyapunov function’s vaIueWhICh s less tharm. Px. ".] ot.her words, t_he nght.-hand
de of the above inequality is a quadratic function that

after h steps is minimized. Then, the switching sequencisz‘I A
of length & is applied to the system, and the same procefseparate?il7.__I,13f)1€Mh V(A - Aiyz) andV(z) = 2” Pa.
is repeated afterh steps. Under 4), the corresponding From Lemma2, we know that the LMI test is a sufficient
Lyapunov inequality is certificate for the switching stabilizability of the SL3)(
. n A natural question is whether or not the LMI test with the
(inr i) eh V(A - Aiyo) = V() <0, ¥z € R"\{0n}- period 1, being a decision variable is also necessary, i.e., if
(3) the SLS () is switching stabilizable, then does there exist a
period i such that Problen3 has a feasible solution?
Remark 1:The periodic Lyapunov inequality3) was in- Question 1:Let P = I,. If the SLS () is switching
troduced in [14] and earlier in [13]. stabilizable, then does there exist a peribdsuch that
The Lyapunov inequality 3) implies that the quadratic Problem3 has a feasible solution?
Lyapunov function does not need to decrease at each timeFirst of all, we introduce the following non-convex bilinea
stepk; it only needs to decrease evefiytime steps. Then, matrix inequality (BMI) feasibility problem to present a
the switching stabilizability of the SLSI] can be proved in partial answer to the question.

terms of the Lyapunov inequality8). Problem 4: For a positive integerh, find scalars
Lemma 1:( [14, Proposition 1]) The following statementsq; ;. ;y € R and a matrix P € S7, such that

are equivalent: (4) holds, wherea is a vector whose elements are
1) The SLS is switching stabilizable; {0y igoein) in, oy in)EMP -

2) There exist a matri¥’ € S}, and a positive integek Lemma 3:( [14, Proposition 6] and [13, Theorem 14])
such that the condition3] holds; If the BMI condition @) in Problem4 admits a feasible



solution, then there exists a sufficiently large inteesuch we have trace(P~Y/2ATPA,P~1/2)/n = (AP + ... +

thal-t|()(4)<else];ea':f1£le;/(VJIIZPIe?{rT;é does not provide an ans éé’i))/n = nV )\gi) S )\£j) = 1. As a result, one
wever, Vi Vi W . p-1/2 fT p 1. p—1/2\ _ _

to Questionl. In the next section, we prove that the LMI gets trace(ln — 2 ez aul” 7 PALP ) !

L ; . . - Yier a;trace(P~Y2ATPA;P~1/2) < 0 for all a € Apyn,
condition in ProblenB with 4 undecided is only sufficient. Pesn, andh e {1, 2,...}. Therefore, §) is not positive

C. Main result definite for alla € Ayn, P €SY,, and allh € {1, 2,...}.
This completes the proof. |
Lemma 4:There is a class of switching stabilizable
SLS (1) with the system matricesl;, ¢ € M satisfying
Proof: It is sufficient to provide a counter example in
[11, section IV]. [ ]
We are now in position to prove Propositidn
Proof: [Proof of Proposition1l] The proof can be
Li(P):={P — (A;, -~ A, )T P(A;, ---A;) €S™: completed by combining Theorefinand Lemma4. [
L in) € MM Remark 2: The same claim was proved in [13] through
[13, Example 13].
does not intersect the positive definite cone for all positiv
integerh and allP € S, i.e.,co{ L,(P)}NS}, =0, Vh € Il ExamPLE
{1,2,...}, P € ST . This can be equivalently expressed as Consider the SLS1) with

In this section, we will prove the following argument.

Proposition 1: Suppose that the SLS1) is switching
stabilizable. There is a class of SLSs such that Proldem
not feasible for anyP € S, and any positive intege.

In order to prove Propositiod, we will show that, for
some system matriced; € R"*", i € M, the convex hull
of the following set of symmetric matrices:

(i, ..

vech{co{L,(P)}}Nvech{ST } =0,Vhe{1,2,...}, P € 1/a 0 cosf  —sind
Sn .. The following two preliminary results are established A= [ 0 } , Ay = {sin@ 030 } ,  (6)
first.

Theorem 1:Consider the SLS1) with the system matri- Wherea is a real number such that> 1 and0 < 6 < /2.
ces 4;,i € M, satisfyingdet(A4;) > 1,Vi € M. Then,

co{L,(P)} NSt =0 holds for allk € {1, 2,...} and all Remark 3:A similar system was used in [13, Exam-
PeSt,. ple 13].

Proof: The statemento{L,(P)} NS?, = 0, vP € To stabilize this SLS, consider the following state-feetba
Sty h € {1,2,...} can be expressed a¥> —  gwjtching policys(z) = Lo2CU herel = {z e

SierATPA; ¢ Sy, for all @ € Ann, P € 2, zeU”

St h o€ {1,2,..}, wherea € Ay, is a vec- R? : 2r — ¢ < O(z) < 2w}, U¢ is the complement of
i i 0, and ©(z) is the phase angle of the 2D
tor whose elements are an appropriate enumeratid 7/2 > ¢ > 0, :
of all g, i in)s (i1, o i) € Mh T = Vectorrasa complex number. Next, it can be proved that
215,225 2h )7 b b ) 1 * . . . .
{1,2,...,N"}, and 4;, i € 7, is an enumeration of the the SLS () with (6) under the policy (z) is asymptotically
elements of the setd;, -+ A;, € R™" : (i, i, ..., ip) € stable under a certain condition.
M"}. For convenience, it is reformulated as Proposition 2: Suppose that the following condition is
) , satisfied:
I, — a; P7VPATPAPTY? ¢ ST (5) 2
n X ) i i 4+ —1
Z'LEI cos(¢)? > ¢ (7)

Vo€ Ayn, PeSY , he{l 2,.. .} a? — a2’
where ¢ is the design parameter of the polieyz). Then,
the SLS () with (6) under the policy (z) is asymptotically

stable. In other words, the SLS is switching stabilizable.

To prove B), we will use the fact that, for any? <
S™, a sufficient condition forP ¢ S, is that P lies
within the half-plane?,, := {S € S§" : trace(S)

vech(S)Tvech(I,) < 0}, which satisfiesP, N S, 0. Prc_)of: We consider two caies. 1 € UC: It
Thus, a sufficient condition for5] is is stralghtfqrward to show that|z™|| = |z|| is al-
ways satisfied. 2)xr € U: Any =z € R* can be ex-

I,=Y  _a;P V?PATPAPT'? P, pressed ast = [||z]|cos(©(x)), ||z| sin(O(z))]”. Since

<t 2T R 12 x € U, the state at the next time instant ist =

S g oitrace(PTATPAPT) Av = || cos(O(x)), allw||sin(©(x))]” and||a* || =
<0, Yayn€Ayn, PeSt, he{l,2,...}. ||Z|lv/a=2 cos(©(x))? + a2 sin(O(x))2. On the other hand,

if (7) holds, then by using elementary algebraic manipula-
Next, since det(4;) > 1,Vi € M, we have tionsandeos(2r—¢) = cos(¢), we have(a=2—a?) cos(2r—
det(P~1/2ATPAP~1/2) = det(P~") det(P)det(4;)* = $)2 4 42 < 1. Sincex lies in the forth quadrantos(2r —
det(A4;)? > 1,Vi € Z, which implies th_atz\gl) x AY) X ¢)? = cos(¢)? is strictly increasing inp € [(3/2)x, 27], and
cx AP > 1, where AV DAY stand for all  hence (a2 —a2) cos(O(x))2 +a? < 1 for all ©(z) € [2m—
the eigenvalues ofP~'/2ATPA;P~'/2 i € T. Then, ¢, 2x]. Usingcos(O(x))? =1—sin(O(x))? and rearranging
using the inequality of arithmetic and geometric meanghe last inequality yield—2 cos(©(x))?+a?sin(0O(z))? < 1



for all VO(z) € 27 — ¢, 27]. This implies||z™|| < [lz]|. Lemma 2], we flnd(zl ) a*A) P (Zij\fll a’.‘[l-) —P=
Finally, from the assumptiog > 6, it can be easily seen __ yn _ ..

that anyz € U will reach the regiorl/ in finite time. This  2i=1 % i PA;—P. This means that there is a Scuhr stable
concludes the proof. matrix A € co{Ap}. This concludes the proof. [ |

Now, consider the SLS1f with (6) anda — 1.5, 6 — The following result shows that, iV = 2 andh = 1, the

7/36. Then, it can be numerically proved that the SLS undepM! feasibility of Problem4 is a necessary and sufficient
the policy o(x) with ¢ = /20 is asymptotically stable condition for @).

(the cond|t|0n Q) is satisfied since.9755 = cos(¢)? > Proposition 4: There existsP € §%t,. such that

4—1L = 0.6923). In other words, the SLS is switching min V(A x(k)) < V(x), VzeR"\{0,}, (8)
stabilizable. The corresponding state trajectory is tithted iefl,2

in Fig. 1. However, sincedet(A4;) = 1 and det(43) = holds, WhereV(;z:) = 2T Pz, if and only ifthere existP ¢

S, anda € Aj such that

2
> AT PA; - P <. (9)

Proof: (SuﬁTéiency): Suppose that the BMI prob-
lem Q) is feasible with the feasible solutio®® = P*
and a = «*. Then, we have min z7ATP*A;x <

i€{1,2}
Z afaT AT P*Ajx < 2T P*z for all x € R™\{0,,} since,

for any fixed z € R"\{0,}, a convex combination of
Fig. 1. State trajectory of the SLI)(with (6) under the policyr(x). two numberse” A] P*A;x, i € {1, 2} always lies between
them. Therefore,§) is fulfilled.

b*> > 1, by Theoreml, co{L;(P)} N S%, = 0 holds for (Necessity): Suppose that there exists
all h € {1,2,...} and all P € S?,. This means that, P* € S%, such that §) holds. This means
for all h € {1,2,...} and all P e S++, Problem3is >, {z €R?: 2T(ATPA;,— P)x <0} = R2. By

not feasible. Forh = 3, Figure 2 shows the boundaries using the covering lemma in [22, equation (6)], it
of vech{co{L,(P)}} and vech{S?_ }, and also visually holds if and only if there exist;, o > 0 such that
verifies that the two sets do not mtersect each other. B (AT PA, —P)+02(AY PA,— P) < 0, which is equivalent
increasingh, it can be observed that the distance betweeto (9) throughay = 01/(01 + 02), ae = 03/(61 +62). N
the two sets gets larger. Combining Proposition8 and4, we obtain the following
result.

Corollary 1: Consider the SLS1) with two subsystems.
If the spectral radius ofl is equal to or larger than one for all
A € co{A;, Az}, then the SLS does not admit a quadratic
control Lyapunov function that satisfie8)(

Example 1:Consider the SLS 1) with A4; =

1.6 0.1 05 1

-1 =09 and 4, = 1 ol The SLS is switching

stabilizable because Probleiwith P = I,, is feasible
with h = 7. However, it can be numerically shown using
fine grid points that the minimum spectral radip8A()\))

of matrix A(A\) = AA; + (1 — X\)Ag is 1.0233 for all

A € [0, 1]. Therefore, by Corollary, the BMI condition )

is not feasible.

Fig. 2. The boundaries ofec{co{L(P)}} andvec{S? , } for h = 3.

V. TESTS FOR2D SLSS WITH REDUCED CONSERVATISM

. _ - In the previous section, it was proved that the converse ar-
In this section, we study a necessary condition for thgument of Lemma is not true. Therefore, the stabilizability

IV. A NECESSARY CONDITION

feasibility of Problem3. test provided in Problerfi has some degree of conservatism.
Proposition 3: Define A;, := {A;, ---4;, € R"™™ : |n this section, we will show how the conservatism can be
(i1, i2, ..., in) € M"}. If Problem3 is feasible, then there reduced. The basic idea is to divide the state space into sev-
exists a matrixA € co{A,} whose spectral radiug(A) is eral partitions, and then using the S-procedure [19, Chapte
less than one. 2.6.3], to solve a version of Proble® assigned to each

Proof: Assume that ProblenB is feasible. This partition. It can be proved that as the number of partitions
means that there is a feasible solutiem < Apy. increases, the conservatism asymptotically vanishessiFor
so that Zf;l afATPA; — P < 0 holds. Using [21, plicity, this approach is presented only for the SLI$ ith



n = 2. An extension of the problem to general cases can be  min V(A;, - Ayz)—V(x) < 2T Rz, Vz € R?,

. R . . . _ (i1,%2,..., 15 ) EMM
more complicated, and will be investigated in the future: De,, "o min V(A - Aiz)—V(z) <0,z €

fine the half-plane®_ () := {z € R? : [cos(#), sin(f)]z < (i1,i2,..., in)EMP
0} and P, (#) = {x € R? : [cos(d),sin(@)]z > TI(i*A0, AO)\{0,}. Lastly, since Problens is feasible for
0}. Consider the setP_(0) N P.(0 + A9)) U (Pr(0) N all @ = Q(iAd, A9), i € {0, & — 1}, the last
P_(0 + Af)), which can be expressed a§(0, A0) = jeqaiity is satisfied for alk ¢ (A0, AG\{0,} =
(x € B2 : 2TQ(O, Ab)z < 0}, where Q(8, Af) = ' o0iaty U (2 MMOn} =
1 |cos(0)] [cos(0 + AB) 1 |cos(8 + AB)| [cos(0) R?\{0,,}. This concludes the prOOf u
2 |sin(9) | |sin(0 + AB) 2 |sin(6 + AG)| |sin(6) Lastly, it is proved that the conservatism of Probl&m
The setll(d, Ad) is illustrated in Fig.3. Consider the Vvanishes as the number of partitions increases.
Proposition 6: Let P € S7, and a positive integeh be
£ given. The condition 3) holds if and only if there exists a
T1(0,A) sufficiently large positive intege¥/ such that Problers with
N Q = Q(iAl, A9) is feasible for all; € {0, 1,..., M — 1},

whereAf = 27 /M.
Proof: The sufficiency part has been proved in
7 Proposition 5. To prove the necessity, suppose that
x| the condition 8) holds. Then, we can find functions
Xiy g, i) (@) € R, (i1, d2,..., ip) € M" that depend
on the statex € R? such thatag, i, .)(z) > 0,

2 iy, is,...,in) () = 1, @nd
(i1, 1250, th) EMP

T o V(Ai, - Ay )
= > Uiy iz, in) (B)V (Agy, -+ Agy @)
partitionsTI(:A0, Ad), i € {0, 1,..., M — 1} of the state (i1,12,..., ip)EMP
space, whereAd = 27 /M, that divide R? into M parts,
ie., U TI(iA9, A9) = R2. Based on the definitions, we
introduce the following problem.

Problem 5:Let P € S, and@ € S" be given. For a

AO

Fig. 3. Partitioning regiodI(6, Af).

for all x € R2, Since both
ming, i, iemr V(A - Ayxz)  and  V(x) are
homogeneous, we only need to consider on the
unit circle in R%? to verify (3). Therefore, letting

positive integerh, find scalarsx;, 4,,...4,) € R and € R 2(0) = [cos(0), sin(0)]7, the condition 8) can be
such that represented by
T

N Z Wiy g, in) (Aiy - Ay )T P(Ag, -+ As)) Z s iy iy (@(0)V (Ay, -+ Ay 2(6))
(i1, 82,y ip)EM (in, i, in)EMP

- P=<AQ, ~V(2(0)) <0, Vo€ 0,2 (10)
iy, iz, ..., in) 2 0, A = 0, and Using the continuity of quadratic functions, for each fixed
i ia YA Qi g,y in) = 1 6 € [0, 27], we can find®(9) € [0, 2] so that

Proposition 5: Let P ¢ S, and a positive integeh be Z o @OV (A, - Ay, (0 + AD))
given. Suppose that ProbleBwith Q = Q(iAf, Af) is e o (G200 in) h "
feasible for alli 1,..., M —1}, whereAg = 27 /M.
easible for alli € {0, 1,..., }, whereAd = 27/ —V(@(0+ AB)) <0, 1)

Then, the state-feedback switching poli@) ill stabilize
the SLS (). for all A9 € [0, ®(0)], 6 € [0, 27]. Next, we will show that

Proof: Leti* € {0, 1,..., M — 1} and suppose that there exists a positive constafie R, such that {1) holds
Problem5 with @ = Q(i*Af, Af) admits a feasible solu- with ®(0) = 6. By the continuity, we have

tion af; ., (i1, i2,..., in) € M Then, 2" R < _
T Qz, Vo € R2\{0,} holds, where > i) @OV (A, - Ay 2(0))
(3150005 ip ) EMHP
R= i - V( (0)) <0, V€ Nug)(0), (12)
‘ Z iy oviny (A - Ai)" P(Ag, -+ Aiy) — P. where N,.4)(0) is a neighborhood of consisting of all
(i1, dn)€MP points § € [0, 2r] such that|0—6] < r(f). Then,

By using the S-procedure [19, Chapter 2.6.3] and rd:Jyc(o 2. Nr0)(0) is an open cover of the compact set
calling the definition of the sefll(d, Ad), it can be [0, 2x]. By the definition of the compact set, there is a
proved that the last inequality holds if and only iffinite subcoverN, 4, )(61),..., Ny, (01), L € {1,2,...},
"Rz < 0 holds for allz € TI(i*Af, A)\{0,}. Since suchthal,cry 1y Ne,)(0:) = [0, 2], where{0;}L | is



a strictly monotonically increasing sequence witfin 27].
Next, consider the nonempty intersection of two neighlgprin 4
sets Nr(&-)(ei) N NT(9i+l)(0i+1), vi € {1,...,L — 1},

which are open intervalé; .1 — r(0;41), 0; +(0;)), Vie 12
{1,. o, L= 1} If we defined; = (91 + 7’(92) + 9i+1 —
T‘(92+1))/2 andﬂ- = (91+T(91)—92+1 +7’(9i+1))/4, then the [3]

closed intervald; —7;, 0;+7;] is a proper subset of each open

interval (9i+1_T(9i+1)7 914—7"(91)) foralli e {1, RN L—l}.

By settingi* := argmin;cqy, . -1y 7, it can be proved

that, for any® € [0, 2], [0 — 7, 0 + 7] C Ny(9,)(0;) for

somej € {1,..., L—1}. This means thatl@) holds for all

6 € [0, 27] andf € N,(p)(0) with a fixed radius:(6) = 7.
SetM = [27/7;-|* and defind) := 27 /M. Sincef) < 7;-,

it can be seen thatl() still holds for all Ag € [0, 4], 6 =

if, i€ {0, 1,..., M —1}. By the S-procedure [19, Chapter [7]

2.6.3], (L1) is satisfied for allAd € [0, 0], 0 = if,i €

(4]

(5]

(6]

{0,..., M —1} if and only if there exists\; € R, for each g
1€4{0,1,..., M — 1} such that
. T 9]
Z a(h,---,ih,)(ﬁ(le))(Aih T All) P(Alh t All)
(i15ey ip ) EMM o [10]
— P < \Q(i0, 0),
which ensures the feasibility of Problefs with Q = [11]

Q(i0, 0) for all i € {0, 1,..., M — 1}. This completes the
proof. ]

We can summarize the results in the following statement, ,,
which is given without the proof.

Corollary 2: Consider any givenP € S%,. A two-
dimensional SLS is switching stabilizable if and only if
there exist sufficiently large positive intege¥$ andh such
that Problem5 with Q = Q(iAf, A) is feasible for all
i€{0,1,..., M — 1}, whereAf = 27/M.

Example 2:Consider the SLS1) with (6), a 1.3,

6 = 107/36, and A, multiplied by 1.1. As shown in
Proposition1, the LMI condition @) with any P € S7

is not feasible for any positive integér since the deter- [16]
minants of bothA; and A, are greater than one. It can
be also demonstrated by experiments that [8, Corollary }7
cannot identify the switching stabilizability of the SLS at
reasonable computational cost. On the other hand, the LIY£|8]
condition of Problenb with P = 1I,,, h = 5, M = 200, and

Q = Q(iAf, A) is feasible for alli € {0, 1,..., M — 1},
where Af = 27 /M. Therefore, the periodic state-feedback®®!
policy (2) with P = I, and h = 5 can asymptotically
stabilize the SLSX) with (6).

[13]
[14]

[15]

[20]

VI. CONCLUSION (21]
In this paper, it is proved that the conditions given in [142
Proposition 2] and [14, Proposition 4] are only sufficient.
Another sufficient and necessary switching stabilizapilit
condition is developed to check the Lyapunov inequalities
using fine partitions of the two-dimensional state space.

IFor anyx € R, [z] stands for the minimum integer greater than
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