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Abstract— This paper studies the stabilization problem of
discrete-time switched linear systems (SLSs). To analyze the
switching stabilizability and to design switching policies, we
first introduce the periodic and aperiodic Lyapunov functions,
which are then generalized to the graph Lyapunov function
recently developed in the literature. Other extensions such
as the periodic and aperiodic piecewise quadratic Lyapunov
functions are also discussed. Relations between these types of
Lyapunov functions are studied in a unified fashion.

I. I NTRODUCTION

This paper studies the stabilization of discrete-time au-
tonomousswitched linear systems (SLSs). The stabilization
problem of the SLSs have been often studied in the context
of the Lyapunov approaches. One of the useful classes of
Lyapunov functions is the piecewise quadratic Lyapunov
functions, for instance, those developed in [1]–[4], [6]. The
goal of this paper is to investigate generalized Lyapunov
approaches beyond the piecewise Lyapunov methods, such
as the periodic and aperiodic Lyapunov functions [7]–[9],
and the graph Lyapunov function [14].

Previous results:To the authors’ knowledge, the periodic
Lyapunov function was pioneered in [10], [11] for robust
stability of LTI or nonlinear systems. Specifically, the multi-
samples difference of Lyapunov functions which relaxes the
restriction of their monotonicity was considered in [10], [11]
for linear difference inclusions. A class of non-monotonic
Lyapunov functions were investigated in [12], [13] to relax
the monotonicity requirement of the classical Lyapunov’s
theorem and reduce the conservatism for stability analysisof
nonlinear and switching systems. Moreover, it was general-
ized in [14] by introducing the notion of the graph Lyapunov
function. For the stabilization of the SLSs, the concept of the
periodic Lyapunov function was introduced in [7] to check
the stabilizability of the SLS mainly based on set-theoretic
approach. It was further studied in [8] based on sufficient
linear matrix inequality (LMI) and bilinear matrix inequality
(BMI) feasibility problems. Especially, the authors of [8]
suggested a general class of the Lyapunov functions, the class
of aperiodically piecewise quadratic Lyapunov functions
which include several other classes of Lyapunov functions
as special cases. A particular class of periodic Lyapunov
functions was also studied in [9] for the same problem mainly
from the viewpoint of the Lyapunov theorem.
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Proposed results: The main result of this paper is a
generalization of the graph Lyapunov function developed in
[14] for the stabilization problem of the SLSs. The approach
in [14] considered the stability analysis of switching systems
with arbitrary switching sequences, while in this paper, the
stabilization of the SLSs with controlled switching sequences
is investigated. The graph Lyapunov function approach al-
lows us to unify several classes of Lyapunov functions, such
as the piecewise quadratic Lyapunov functions [1]–[4], [6],
periodic and aperiodic Lyapunov functions [7]–[9], and the
aperiodically piecewise quadratic Lyapunov functions [7],
[8]. This generalization also provides more flexibility in
finding the Lyapunov function and less conservative control
designs1.

II. PRELIMINARIES

The adopted notation is as follows:N and N+: sets
of nonnegative integers and positive integers, respectively;
R, R+, and R++: sets of real numbers, nonnegative real
numbers, and positive real numbers, respectively;R

n: n-
dimensional Euclidean space;Rn×m: set of alln ×m real
matrices;AT : transpose of matrixA; A ≻ 0 (A ≺ 0,
A � 0, andA � 0, respectively): symmetric positive definite
(negative definite, positive semi-definite, and negative semi-
definite, respectively) matrixA; In: n × n identity matrix;
|| · ||: Euclidean norm of a vector or spectral norm of a
matrix; Sn, S

n
+, and S

n
++: sets of symmetricn × n ma-

trices, positive semi-definite matrices, and positive definite
matrices, respectively;λmin(A) andλmax(A): minimum and
maximum eigenvalues of symmetric matrixA, respectively.

Consider the discrete-time (autonomous) switched linear
system (SLS)

x(k + 1) = Aσ(k)x(k), x(0) = z ∈ R
n, (1)

where k ∈ N, x(k) ∈ R
n is the state,σ(k) ∈ M :=

{1, 2, . . . , N} is called the mode, andAi, i ∈ M, are the
subsystem matrices. We assume that none of the matrices
Ai ∈ R

n×n, i ∈ M, is Schur stable. A switching sequence
over the entire time steps will be denoted byσ∞ :=
{σ(0), σ(1), . . .}.

Definition 1: ( [6, Definition 1]) The SLS (1) is called

1) asymptotically switching stabilizable if starting from
any initial statex(0) = z ∈ R

n, there exists a switching
sequenceσ∞ for which the trajectoryx(k) satisfies
limk→∞ ||x(k)|| = 0.

1Due to the space limitation, throughout this article, proofsthat are
intuitively straightforward will be omitted.



2) exponentially switching stabilizable (with the parame-
tersκ and r) if there existκ ≥ 1 and r ∈ [0, 1) such
that starting from any initial statex(0) = z ∈ R

n, there
exists a switching sequenceσ∞ for which the trajectory
x(k) satisfies||x(k)|| ≤ κrk||z||, for all k ∈ N.

From [6, Theorem 1], the asymptotic switching stabi-
lizability and the exponential switching stabilizabilityof
the SLS (1) are equivalent, and hence, we will refer to
either notions simply as stabilizability. Finally, the problem
addressed in this paper is stated as follows.

Problem 1: Identify the stabilizability of the SLS (1), and
find, if possible, a (state-feedback) switching policyσ∞

under which the SLS (1) is asymptotically stable.

III. M AIN RESULTS

A. Periodically quadratic Lyapunov function [7]–[9]

In this subsection, we briefly review theperiodically
quadratic Lyapunov functionV (x) = xTPx, P ∈ S

n
++

studied in [7]–[9], which satisfies theperiodic Lyapunov
inequality

min
(i1, i2,..., ih)∈Mh

V (Aih · · ·Ai1x)− V (x) < 0 (2)

for all x ∈ R
n\{0n}. If V (x) satisfies the above condition

for someh ∈ N+, then for any initial statez ∈ R
n, it is a

control Lyapunov function for the following state-feedback
switching policy:

σ∞(z) := (σh(z), σh(x(h)), σh(x(2h)), . . .) (3)

obtained by concatenating the finite-horizon switching policy
σh(z) := argmin

(i1,..., ih)∈Mh

V (Aih · · ·Ai1z). This controller will

be called the periodic controller. Note that the periodically
quadratic Lyapunov function that considersh-samples dif-
ference is a generalization of the classical quadratic Lya-
punov function which considers the one-sample difference
min
i∈M

xTAT
i PAix−xTPx < 0, ∀x ∈ R

n\{0n}. LetPk, k ∈

{0, 1, . . . , h} be a sequence of sets of positive semi-definite
matrices defined by:P0 = F ⊂ S

n
++, and for k ∈

{1, 2, . . . , h},

Pk = ρM(Pk−1) := {A
T
i HAi : H ∈ Pk−1, i ∈M}, (4)

which will be called theSwitched Riccati Set (SRS)following
the term in [4].

Remark 1:Notice that for a given SLS (1), the setPk

is dependent on the initial selection of the setF ⊂ S
n
++.

If necessary, the dependence ofPk on F will be explicitly
expressed asPk(F). However, ifP0 = F is explicitly stated
before the notationPk, the dependence will be dropped for
notational simplicity.

In addition, the mappingρM(·) will be called the
Switched Riccati Mapping (SRM). For any finite subsetF
of S

n
+, defineL(H, P ) := max

z∈Rn, ‖z‖=1
min
H∈H

zT (H − P )z.

Then, the periodic Lyapunov inequality (2) is equivalent to
L(Ph({P}), P ) < 0. Based on this observation and the ideas
given in [4], [6], for any givenP ∈ S

n
++ and h ∈ N+, a

convex test to check (2) can be obtained as follows.

Problem 2: ( [9, Problem 1]) LetF ⊂ S
n
+ be any finite

subset of the positive semi-definite matrices and letP ∈
S
n
++. Solve the convex optimization problem

c(F , P ) := min
α∈∆k, c∈R

c subject to

k
∑

i=1

αiF
(i) − P � cIn

where ∆k is the unit simplex ∆k :=
{

α ∈ R
k :

k
∑

i=1

αi = 1, αi ≥ 0

}

, k = |F|, and{F (i)}ki=1 is

an enumeration ofF .
Remark 2: If the Lyapunov matrix P is given, then

Problem 2 is a linear matrix inequality (LMI) feasibility
problem easily checked by using semidefinite programming
(SDP) solvers. IfP should be determined simultaneously,
then Problem2 is a non-convex bilinear matrix inequality
feasibility problem.

Proposition 1: ( [9, Proposition 1]) LetP ∈ S
n
++ and

h ∈ N+ be given. Ifc(Ph({P}), P ) < 0, then the SLS (1)
is stabilizable, and the switching policy (3) will stabilize the
SLS (1).

Example 1:Consider the SLS (1) with A1 =
[

0.9995 0.0656
0.1323 0.4089

]

and A2 =

[

0.9788 0.1527
−0.3030 2.1905

]

. By

solving Problem2, one finds thatc(Ph({In}), In) < 0 is
infeasible forh ∈ {1, . . . , 7}, while feasible forh = 8. If

P =

[

0.7747 0.3301
0.3301 1.2250

]

, then one hasc(Ph({P}), P ) < 0

with h = 4.

B. Aperiodically quadratic Lyapunov function [7], [8]

As a next step, a more general Lyapunov function, called
the aperiodically quadratic Lyapunov functionproposed in
[7], [8], will be discussed. Consider theaperiodic Lyapunov
inequality

min
(i1, i2,..., ij)∈Mj ,

j∈{1, 2,..., h}

V (Aij · · ·Ai1x)− V (x) < 0, (5)

for all x ∈ R
n\{0n}, whereV (x) = xTPx, P ∈ S

n
++, is

the aperiodically quadratic Lyapunov function. In contrast to
the periodic Lyapunov function, the period of the Lyapunov
inequality varies from1 to h.

Aperiodic controller: According to the aperiodic Lya-
punov inequality (5), the corresponding state-feedback
switching policy can be defined as

σ∞(z) := (σ(v(0)), σ(v(1)), σ(v(2)), . . .) (6)

obtained by concatenating the finite-horizon switching se-
quence of varying lengths generated by theaperiodic con-
troller

σ(z) := argmin
(i1, ..., ij(z))∈Mj(z)

V (Aij(z) · · ·Ai1z)

j(z) := argmin
j∈{1,..., h}

min
(i1, ..., ij)∈Mj

V (Aij · · ·Ai1z)

v(k + 1) = (Aij(v(k))
· · ·Ai1)v(k), v(0) = z



Remark 3:The switching policy in (3) and (6) can be
calculated by solving the minimization problems at the end
of all periods. Alternatively, they can be obtained using the
dynamic programming approach given in [5].

For anyF ⊂ S
n
++, define the set of matrices

Hh(F) :=
⋃h

k=1
Pk(F), (7)

where{Pk(F)}
h
k=1 is the sequence of the SRS defined in (4).

Then, the aperiodic Lyapunov inequality (5) can be written
asL(Hh({P}), P ) < 0, and it can be checked by solving
Problem2 with F = Hh({P}). The following result can be
easily proved.

Proposition 2: Let P ∈ S
n
++ and h ∈ N+ be given. If

c(Hh({P}), P ) < 0, then the SLS (1) is stabilizable, and
the switching policy (6) will stabilize the SLS.

There are some useful features of this generalization.
Proposition 3: The following statements are true:

1) P0 ⊆ H0, P1 ⊆ H1, · · · ;
2) H0 ⊆ H1 ⊆ H2 ⊆ · · · ;
3) L(Hh({P}), P ) ≤ L(Ph({P}), P ) and

c(Hh({P}), P ) ≤ c(Ph({P}), P );
4) (Monotonicity):L(H0({P}), P ) ≥ L(H1({P}), P ) ≥

L(H2({P}), P ) ≥ · · · and c(H0({P}), P ) ≥
c(H1({P}), P ) ≥ c(H2({P}), P ) ≥ · · · .

From Proposition3, a benefit of using the aperiodic
Lyapunov function is that, as the maximum periodh gets
larger, bothL(Hh({P}), P ) and c(Hh({P}), P ) are non-
increasing. Therefore, this approach can be less conservative
than the periodic Lyapunov function approach.

Example 2:Consider the SLS given in Example1 again.
For this system,c(Ph({In}), In) < 0 is infeasible forh ∈
{1, . . . , 7}, while c(Hh({In}), In) < 0 is achieved forh =
7.

Remark 4:The number of elements ofPh exponentially
increases ash increases. For the aperiodic Lyapunov ap-
proach,|Hh| increases even more quickly. To alleviate the
computational complexity, the numerical relaxation tech-
nique employed in [4], [6] can be adopted.

C. Quadratic graph Lyapunov function [14]

In this subsection, we will generalize the graph-theoretic
Lyapunov theory in [14] to the stabilization problem. Ac-
cordingly, the Lyapunov theorem in [14] should be modified.
To proceed, some notions in [14] will be briefly reviewed.
Hereafter, we will think of the set of system submatrices
A := {A1, . . . , AN} as a finitealphabetand we will refer to
a finite product of matrices from this set as aword. The set of
all wordsAih · · ·Ai1 of lengthh is denoted byAh. Consider
m quadratic functionsV1(x) = xTP1x, . . . , Vm(x) =
xTPmx characterized by the set{P1, . . . , Pm} ⊂ S

n
++.

In [14], a set of Lyapunov inequalities is represented by
a labelled directed graph (or digraph)G(V, E), where
V := {1, 2, . . . , m} the set of nodes andE ⊆ V × V is
the set of edges (a set of ordered pairs of nodes). Each
node of this digraph is assigned to a Lyapunov function
Vi, i ∈ V, and each edge is labelled by a finite product

of matrices, i.e., a word from the setAh. In [14], it was
proved that, if the digraphG(V, E) associated with the set
of Lyapunov function candidates satisfies a certain condition,
then theswitching system (arbitrarily switched linear system)
is asymptotically stable. Some standard definitions in graph
theory are presented below.

Definition 2: For a given nodei ∈ V of a digraph,N−
i :=

{j ∈ V : (j, i) ∈ E} is called thein-neighborof the nodei,
N+

i := {j ∈ V : (i, j) ∈ E} is called theout-neighborof
the nodei,

∣

∣N−
i

∣

∣ is the number of incoming edges adjacent to
i and is called theindegreeof the nodei.

∣

∣N+
i

∣

∣ is the number
of outgoing edges adjacent to it is called itsoutdegreeof the
node i. A node of a digraph with zero indegree is called a
sourceand a node with zero outdegree is called asink.

For a subsetAj→i ⊆
⋃h

k=1A
k, consider the Lyapunov

inequality

min
A∈Aj→i

Vi(Az)− Vj(z) < 0, ∀z ∈ R
n\{0n}. (8)

This Lyapunov inequality is expressed as a labelled di-
graph G(V, E) that consists of two nodes{i, j} and a
directed edge(j, i) from nodej to nodei which is labelled
by the set of wordsAj→i. For instance, consider the SLS (1)
with two subsystems. If the Lyapunov inequality (8) holds
for Aj→i = {(A1A2), (A1A1), (A2A1A1)}, then it can be
represented by the labelled digraph shown in Fig.1.

Fig. 1. Graphical representation of Lyapunov inequalitiesdeveloped
in [14]. The digraph above corresponds to the Lyapunov inequality
min

A∈Aj→i

Vi(Az) − Vj(z) < 0, ∀z ∈ Rn\{0n}, where Aj→i =

{(A1A2), (A1A1), (A2A1A1)}.

In general, denote byJ := {j ∈ V : |N+
i | > 0} a subset

of V that have outgoing edges (a set of nodes that are not
sinks) and denote by

Aj→i ⊆
⋃h

k=1
Ak (9)

the set of words that corresponds to the edge from the node
j to nodei for all j ∈ J , i ∈ N+

j .
Definition 3 (Graph Lyapunov inequality):Given a la-

belled digraphG(V, E) labelled by the set of wordsAj→i,
the set of Lyapunov inequalities

min
A∈Aj→i

i∈N+
j

Vi(Az)− Vj(z) < 0, ∀z ∈ R
n\{0n}, j ∈ J

(10)

is called thegraph Lyapunov inequalityassociated with the
labelled digraphG(V, E).

The graph Lyapunov inequality forj inV associated with
G(V, E) corresponds to a directed rooted tree, where every
directed edges have orientations away from the nodej. Based
on the notions, thegraph Lyapunov functionis defined as
follows.



Definition 4 (Graph Lyapunov function):If there exist a
set of the quadratic functions{V1, . . . , Vm}, a labelled
digraphG(V, E), and associated labelsAj→i, ∀j ∈ J , i ∈
N+

j defined in (9) such that
1) G(V, E) has no sink;
2) the graph Lyapunov inequality (10) associated with

G(V, E) is satisfied,
then the quadratic functions{V1, . . . , Vm} is called the
(quadratic) graph Lyapunov functionsof the SLS (1).

The stabilizability of the SLS (1) can be proved using the
graph Lyapunov functions.

Proposition 4 (Graph Lyapunov theorem):If the SLS (1)
admits the graph Lyapunov functions{V1, . . . , Vm}, then the
SLS (1) is stabilizable.

Proof: The proof follows the idea of the proof of
[14, Theorem 2.4]. By the definition of the graph Lya-
punov function in Definition4, any node j ∈ J has
a path (edge) to another nodei because the associated
graph has no sink. Therefore, if one defines(A∗

j , i
∗) :=

argmin
A∈Aj→i, i∈N+

j

Vi(Az), then there exist a constantκj→i∗ ∈

R++ such thatVi∗(A
∗
jz)−Vj(z) ≤ −κj→i∗ ‖z‖

2 for all z ∈
R

n\{0n}. Consider the sequence of the nodes(j0, j1, . . .)
and the sequence of the words(A∗

j0
, A∗

j1
, . . .) driven by

(A∗
jk
, jk+1) := argmin

A∈Ajk→i, i∈N+
jk

Vi(Ax(k)) and x(k + 1) =

A∗
jk
x(k), wherex(0) ∈ R

n is the initial state, the initial
node j0 ∈ J can be arbitrarily selected, andk is not
the time but the aperiodically sampled time. Then, the last
inequality can be written byVjk+1

(A∗
jk
x(k))− Vjk(x(k)) ≤

−κjk→jk+1
‖x(k)‖2, which implies





1

1 +
κjk→jk+1

λmax(Pjk
)



Vjk(x(k)) ≥ Vjk+1
(A∗

jk
x(k)).

Letting γ := max
j∈J , i∈N+

j

(

1

1+
κj→i

λmax(Pj)

)

< 1, one gets

γk+1Vj0(z) ≥ Vjk+1
(A∗

jk
· · ·A∗

j0
z), from which it fol-

lows thatγk(pmax/pmin) ‖z‖
2 ≥ ‖x(k)‖2, wherepmax :=

max
i∈J

λmax(Pi) and pmin := min
i∈J

λmin(Pi). Therefore,

‖x(k)‖2 → 0 as k → ∞. This means that the state
trajectory under the switching policy corresponding to the
word A∗

jk
· · ·A∗

j0
converges to zero.

Remark 5:The no sink assumption of the graph Lyapunov
function in Definition4 is used in the proof of Proposition4
so that any nodej ∈ J has a path (edge) to another nodei
in the out-neighbor of the nodej.

Interpretation : From Proposition4, the periodically and
aperiodically quadratic Lyapunov functionscan be inter-
preted as special cases of the graph Lyapunov function.
The periodically quadratic Lyapunov function is a quadratic
functionV1(z) that satisfies the graph Lyapunov inequalities
in (10) with Aj→i = Ah, J = {1}, N+

1 = {1}. The
aperiodically quadratic Lyapunov function is a quadratic
functionV1(z) that satisfies the graph Lyapunov inequalities
in (10) with Aj→i =

⋃h
k=1A

k, J = {1}, N+
1 = {1}. For

example, for the SLS (1) with two subsystems, the labelled
digraphs corresponding to the periodically and aperiodically
quadratic Lyapunov functions withh = 2 are illustrated in
Figs. 2 and 3, respectively. Overall, the inclusion relations
are visualized in Fig.4.

Fig. 2. Graphical representation of the periodic Lyapunov inequality with
h = 2 for the SLS (1) with two subsystems.

Fig. 3. Graphical representation of the aperiodic Lyapunovinequality with
h = 2 for the SLS (1) with two subsystems.

Fig. 4. Inclusion relations of several Lyapunov functions (LFs).

Another interpretation is that finding the graph Lyapunov
function can be viewed as finding an aperiodic Lyapunov
function, the length of the period of which varies from a
finite number to infinite. To explain this, let us consider
a traveller who travels from one node to another of the
digraphG(V, E). Since the digraph has no sink, the tour
will not be finished. In addition, since the number of nodes is
finite, at least one node will be visited infinitely many times.
Therefore, the quadratic Lyapunov function that corresponds
to the node is an aperiodic Lyapunov function whose range
of periods can be arbitrarily large. Therefore, finding a graph
Lyapunov function provides a computationally efficient way
to find an aperiodic Lyapunov function with longer periods
in the sense that we do not need to check the Lyapunov
inequalities with infinite periods.

D. Computation of the graph Lyapunov function

In this subsection, an algorithm to find a graph Lyapunov
function is suggested. First of all, a notion presented in [4]
is briefly reviewed. For anyF ⊂ S

n
+, a subsetFε ⊆ F is

called anε-equivalent set ofF or an ε-ES of F for some
ε > 0 if

min
H∈F

zTHz ≤ min
H∈Fε

zTHz ≤ min
H∈F

zTHz + ε ‖z‖2 (11)

for all z ∈ R
2. As stated in [4], to compute anε-ES ofF ,

one needs to remove the matricesF ∈ F that satisfy the
condition (11). A convex test to identify a matrix satisfying



(11) was developed in [4, Lemma 5]. Using this condition,
an efficient algorithm [4, Algorithm] was developed to obtain
anε-ES ofF . In this paper, we will denote the algorithm by
Fε = ESε(F). Assume that the setF := {P1, P2, . . . , Pm}
of Lyapunov matrices is given. The Lyapunov inequalities in
(10) can be written by

L(Hj , Pj) < 0, ∀j ∈ J , (12)

whereHj :=
⋃

i∈N+
j
{ATPiA ∈ S

n
+ : A ∈ Aj→i}. Moti-

vated by this, it is possible to develop algorithms based on
the SRS and theε-relaxed SRS. Firstly, Algorithm 1, denoted
by Treej(·), is introduced.

Algorithm 1 [Treej(·)]

Input: F ⊂ S
n
++, ε ∈ R+, hmax ∈ N+

Output: H ⊂ S
n
++

1: Seth = 0, Pε
0 = F , H = ∅

2: repeat
3: h← h+ 1
4: Pε

h = ESε(ρM(Pε
h−1))

5: Hε
h :=

⋃h
i=1 P

ε
i

6: if c(Hε
h, P ) < 0 then

7: H ← Hε
h

8: end if
9: until c(Hε

h, P ) < 0 or h ≥ hmax

10: return H

Let Hj = Treej(F , ε, hmax). If Hj = ∅, then Algo-
rithm 1 cannot find the sets of wordsAj→i ⊆

⋃h
k=1A

k, i ∈
{1, . . . , m} corresponding to the edges from the node
j to others. If Hj 6= ∅, then (12) holds with Hj =
Treej(F , ε, hmax). The overall algorithm to find the graph
Lyapunov function is presented in Algorithm 2. For a given
F ⊂ S

n
++, let (J , {Hj}j∈J ) = Algo(F). Since the output

of Algorithm 2 satisfies (12), {Vj}j∈J can be a possible
candidate of the graph Lyapunov function, whereJ is a set
of the nodes that have nonzero outdegrees.

Proposition 5: Let F = {P1, . . . , Pm} ⊂ S
n
++ be

given, and suppose(J , {Hj}j∈J ) = Algo(F). Then,
c(Hj , Pj) < 0, ∀j ∈ J and (12) hold.

Remark 6:The condition of Proposition5 is an LMI and
can be checked using the SDP solvers. Therefore, for a given
SLS (1), if the condition of Proposition5 holds, and the
associated graph has no sink, thenVi(x) = xTPix, i ∈ V
is a graph Lyapunov function, and by Proposition4, then
SLS (1) is switching stabilizable.

Remark 7:Note that [7, Theorem 1] provides a set-
theoretic necessary and sufficient condition to check the
stabilizability of the SLS (1). It was proved that the SLS (1)
is stabilizable if and only if the the proposed algorithm [7,
Algorithm 1] ends within a finite iterations. In this sense, [7,
Algorithm 1] is a nonconservative test of the stabilizability.
A natural question is as follows: is the proposed algorithm
(Algorithm 2 and the test to check that the associated graph
has no sink) nonconservative? The answer is no because,
as also pointed out in [8], the proposed algorithm relies

on sufficient LMI tests, and hence, even if the SLS (1) is
switching stabilizable, the algorithm can fail to identifyits
stabilizability.

Algorithm 2 [Algo(·)]

Input: F ⊂ S
n
++

Output: J ⊂ N+, {Hj}j∈J ⊂ S
n
++

1: Specify proper values forε ∈ R+ andhmax ∈ N+

2: Hj = ∅, ∀j ∈ V, J = ∅
3: for j ∈ V do
4: Hj ← Treej(F , ε, hmax)
5: if Hj 6= ∅ then
6: J ← J ∪ {j}
7: end if
8: end for
9: return (J , {Hj}j∈J )

E. Periodically and aperiodically piecewise quadratic Lya-
punov functions [7], [8]

The concept of the periodic and aperiodic Lyapunov func-
tions can be extended to more general classes of Lyapunov
functions. For the stabilization of the SLS (1), a piecewise
quadratic function has been suggested in [4]. It can be written
as a pointwise minimum of a finite number of quadratic
functions as follows:

VF (z) := min
P∈F

zTPz, (13)

whereF := {P1, P2, . . . , Pm} is a set of positive definite
matrices. From [4, Theorem 3], the SLS (1) is stabilizable
if the minimum of the one-sample difference ofVF (z) is
negative definite, i.e.,min

i∈M
VF (Aiz) − VF (z) < 0, ∀z ∈

R
n\{0n}, which can be represented by

VρM(F)(z)− VF (z) < 0, ∀z ∈ R
n\{0n}. (14)

A sufficient condition to check (14) is given below.
Lemma 1: ( [4, Corollary 1]) If c(ρM(F), P ) < 0, ∀P ∈

F , then (14) holds.
This class of piecewise quadratic Lyapunov

functions can be generalized to theperiodically
piecewise quadratic Lyapunov functionthat satisfies

min
(i1,..., ih)∈Mh

VF (Aih · · ·Ai1z) − VF (z) < 0 for all

z ∈ R
n\{0n}, or equivalently,

VPh
(z)− VF (z) < 0, ∀z ∈ R

n\{0n} (15)

with P0 = F . Similarly to Lemma1, we have the following
result.

Proposition 6: If c(Ph, P ) < 0, ∀P ∈ F with P0 = F ,
then (15) holds.

More generally, the aperiodically piecewise
quadratic Lyapunov function can be defined as

min
(i1,..., ij)∈Mj

j∈{1,..., h}

VF (Aij · · ·Ai1z) − VF (z) < 0 for all

z ∈ R
n\{0n}, and equivalently,

VHh
(z)− VF (z) < 0, ∀z ∈ R

n\{0n}, (16)



where Hh :=
⋃h

i=1 Pi is defined in (7), and Pk =
ρM(Pk−1), P0 = F . This class of Lyapunov functions was
considered in [8, Proposition 8]. The following result can be
readily derived.

Proposition 7: If c(Hh, P ) < 0, ∀P ∈ F with Pk =
ρM(Pk−1), P0 = F , then (16) holds.

The aperiodically piecewise quadratic Lyapunov function
can be regarded as one of the most general classes of
Lyapunov functions presented in this paper, but still can be
interpreted as a graph Lyapunov function. The condition in
Proposition7 is computationally demanding to check but
possibly less conservative than others.

Interpretation : By comparing Propositions7 and5, it can
be observed that the condition of Proposition5 with Hj =
Hh, ∀j ∈ J reduces to the condition of Proposition7. Gen-
erally, the aperiodically piecewise quadratic Lyapunov func-
tion can be viewed as a graph Lyapunov function whose di-
graph is forced to be a complete digraph in which every pair
of nodes is connected by a bidirectional edge. In this respect,
the graph Lyapunov function approach is more general then
the aperiodically piecewise quadratic Lyapunov approach.
For instance, consider the SLS (1) with two subsystems and
its aperiodically piecewise quadratic Lyapunov function with
two quadratic functionsV1 andV2 andh = 2. The digraph of
the aperiodically piecewise quadratic Lyapunov function is
shown in Fig.5, whereA1→1 = A1→2 = A2→1 = A2→2 =
{A1, A2, A1A1, A1A2, A2A1, A2A2}, while an example
of the digraph of a graph Lyapunov function is illustrated
in Fig. 5, whereA1→1, A1→2, andA2→1 are not forced
to have the same structure, and each node can be assigned
to its own set of words, i.e.,A1→1 = {A1, A2}, A1→2 =
{A2A1, A2A2}, andA2→1 = {A2, A1A1}. In this regard,
a benefit of considering the graph Lyapunov inequality is
that it allows more flexibility in the analysis and the control
design of the SLS (1).

Fig. 5. Complete digraph of a aperiodically piecewise quadratic
Lyapunov function with two quadratic functionsV1 and V2 and
h = 2, where A1→1 = A1→2 = A2→1 = A2→2 =
{A1, A2, A1A1, A1A2, A2A1, A2A2}.

Fig. 6. Digraph of a quadratically graph Lyapunov function with two
quadratic functionsV1 and V2, whereA1→1 = {A1, A2}, A1→2 =
{A2A1, A2A2}, andA2→1 = {A2, A1A1}.

On the other hand, the graph Lyapunov inequality with the

maximum length of the words equal tohmax can be regarded
as a aperiodically piecewise quadratic Lyapunov inequality
with a reduced structure and with the maximum periodhmax.

IV. CONCLUSION

In this paper, a class of graph Lyapunov functions has been
introduced for the stabilization of the SLSs. It unifies sev-
eral types of Lyapunov functions including non-monotonic
Lyapunov functions, the periodic and aperiodic Lyapunov
functions.
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