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Abstract— In this paper, we study the optimal power
management problem for a pipeline of streaming data
consisting of several components and buffers in between.
The production rate of the source component is assumed
to be random. We aim to find the optimal switching
strategy and the optimal size of the buffers so that the
expected average power consumption of the pipeline system
is minimized. For the case of two components with one
buffer in between, we model the system by a stochastic
hybrid system, and derive analytically the solution to the
optimal power management problem.

I. INTRODUCTION

Data buffers are often used between two interacting
components in a computer. For example, when a user
watches a video clip using a PDA (personal digital
assistant), the PDA first downloads sufficient amount
of data into buffer memory so that the video can be
played smoothly regardless of the variations of the
network conditions. This process may consist of multiple
components and buffers: The first component is the
network card downloading the video data. The data
can be stored in a local storage device, such as a
microdrive or flash memory. The data then are retrieved
by the processor to decode. The decoded video may
be stored in a frame buffer before showing on the
LCD display. These activities form a multiple-stage
pipeline for the streaming data. In Fig. 1, we show
schematically pipelines consisting of two components
in (a) and three components in (b), with buffers inserted
between successive components.

Conserving the energy of electronic systems is in-
creasingly important as battery-powered portable sys-
tems become more popular. Many methods have been
proposed for reducing the energy consumption of indi-
vidual components, such as processors, wireless network
interface cards, hard disks, and displays. These methods
predict the periods when a component is idle or under-
utilized. The component is turned off (sometimes called
shut down, sleeping) or the performance is scaled down
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Fig. 1. (a) One buffer between a producer and a consumer. (b) Two
buffers between three interacting components.

to reduce energy consumption. This is called dynamic
power management [4]. Changing the power state re-
quires additional energy; hence, a component cannot
be turned off every time it is idle. Energy can be
saved only if the hardware component can remain in
the off state sufficiently long to compensate the energy
overhead. This minimum time in the off state is called
the component’s break-even time [3].

Adding buffer memory can create opportunities for
power reduction for under-utilized components. For ex-
ample, in Fig. 1(a), component X produces data for Y
to consume. Since the production rate of X is typically
higher than the consumption rate of Y, X can be turned
off occasionally to save power, provided that there are
enough data in the buffer for Y to retrieve. During any
given time period, the power consumption of the whole
pipeline system consists of the following parts: power
consumed by X when it is turned on, by Y, and by
the buffer memory. Thus an interesting problem is to
determine the optimal size of the buffer and the optimal
strategy for turning on and off the component X so that
maximal power saving is achieved. This is the optimal
power management problem for the pipeline.

In [6], [7], the optimal power management problem is
studied for the one buffer case in Fig. 1(a). In particular,
the optimal size of the buffer is derived. In [10], the two-
buffer example in Fig. 1(b) is considered, and the op-
timal switching strategy is derived under the constraint
that each component can turn on and off at most once in
each cycle. A main drawback of these prior works is that
they assume the production rates of the components are
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deterministic, while in real network environment, these
rates may have random variations.

In this paper, we try to alleviate the above mentioned
drawback by considering the simplest situation with
random production rates, namely, we assume that the
production rate of component X follows a continuous
Markov process with two possible values. Under this as-
sumption, we shall study the optimal power management
problem for the pipeline by modeling it as a stochastic
hybrid system. We will derive analytically the optimal
buffer size for the one-buffer case, and discuss briefly
how to extend the result to the two-buffer case.

The rest of the paper is organized as follows. In
Section II, we present a general framework of stochastic
hybrid systems. The model used in this paper will be a
special case of this general framework. In Section III,
we formulate the problem of optimal power management
for a pipeline of streaming data, and model the system
as a stochastic hybrid system. Thus the problem reduces
to an optimal control problem for the stochastic hybrid
system. In Section IV, we derive analytically the solution
to the problem for the simple case of two components
with one buffer in between. Finally, in Section V, we
outline the conclusions and remark on some future
directions.

II. STOCHASTIC HYBRID SYSTEMS

In this section, we present a framework of stochastic
hybrid systems originally proposed in [11] and subse-
quently extended in [5] by incorporating the concept of
switching diffusions [8]. See [1], [2], [9], [13], [14] for
other relevant works on stochastic hybrid systems.

In the extended framework, the state (Xt, mt) of a
stochastic hybrid system H consists of two parts: Xt

is the continuous state and mt is the discrete state (or
mode), both of which vary with time t. The discrete state
mt takes values in a set S that is finite or countably
infinite, while, depending on the value of mt = i, the
continuous state Xt takes values in a domain Ui in a
Euclidean space R

n. Thus the total state space of H is
U = ∪i∈S Ui × {i}, a subset of R

n × S.
The dynamics of the state (Xt, mt) is characterized

by the following:
• Continuous Dynamics. During any time interval

where mt remains constant, the continuous state
Xt evolves according to a SDE:

dXt = μ(Xt, mt, ut) dt + σ(Xt, mt, ut) dBt, (1)

where Bt is a d-dimensional Brownian motion;
ut ∈ R

p is the control input; and μ and σ are
functions of proper dimensions and satisfy some
smoothness conditions.

• Discrete Dynamics. The discrete state mt jumps
from its current mode i to another mode j when
either of the following two events occurs. The first
event, a forced transition, occurs whenever Xt hits
a certain subset (typically a part of the boundary
∂Ui) of the domain Ui called the guard for mode
j. The second event, a spontaneous transition, is
generated by a (controlled) Markov process such
that, given Xt = x, mt = i and ut = u at time
t, the probability of mt jumping spontaneously to
mode j within time Δt is

P (mt+Δt = j |mt = i, Xt = x, ut = u) ={
λij(x, u)Δt + o(Δt), if i �= j,

1 + λii(x, u)Δt + o(Δt), if i = j.

(2)

Note that here λij(x, u) ≥ 0 for i �= j, and
λii(x, u) = −∑

j∈S,j �=i λij(x, u).
• Reset Conditions. When the discrete state mt

jumps from mode i to mode j, the continuous state
Xt will be restarted in the new domain Uj . The
rules for deciding where Xt is restarted are called
the reset conditions, which can be either random or
deterministic.

Note that the continuous and discrete dynamics are
coupled: the equation (1) governing the evolution of
the continuous state varies with the discrete mode; and
the transition probabilities of the discrete state jumps
depend on the continuous state at the moments of the
jumps. In addition, it is important to have both types of
discrete transitions in the model: the forced transitions
typically model those discrete mode jumps due to hu-
man intervention or hardware/safety constraints; while
other jumps due to environmental changes or unplanned
events such as component failures are best modeled by
spontaneous transitions.

A typical solution (or execution) of a stochastic hybrid
system is shown in Fig. 2a. In general, for an execution
(Xt, mt) of H, t ≥ t0, there exists a partition of time
t0 ≤ t1 ≤ t2 ≤ · · · such that in each subinterval
[ti, ti+1), mt is constant and Xt follows equation (1) for
that particular mt, and that (Xt, mt) at the neighboring
ends of successive subintervals satisfy the reset condi-
tions. We assume that the guards and the reset conditions
are chosen so that almost all executions are not zeno (a
zeno execution has infinite number of transitions in a
finite time period).

III. PROBLEM FORMULATION

Consider the one-buffer example in Fig. 1(a). Assume
that the consumption rate of component Y is a constant
β. This is the rate at which Y retrieves data from
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Fig. 2. An execution of a stochastic hybrid system

the buffer for its own use. The production rate α of
component X, on the other hand, is assumed to be
random with two possible values α1 and α2, and follows
a continuous time Markov process with generator[−λ1 λ1

λ2 −λ2

]
(3)

for some positive constants λ1 and λ2. In other words, if
α = αi at the current time t, then within a short period
of time Δt, α will change to αj with probability λijΔt+
o(Δt), provided i �= j and i, j ∈ {1, 2}. Furthermore,
we assume that the production rate of X is zero if it is
turned off.

A. Stochastic Hybrid System Model of the Pipeline of
Streaming Data

From the above description, the pipeline can be mod-
eled by a stochastic hybrid system H. The continuous
variable of H is the amount of data stored in the buffer,
denoted by Xt; and the discrete mode mt of H is the
power state of component X, which has three possible
values:

1) Mode 0 corresponds to when X is turned off;
2) Mode 1 corresponds to when X is turned on and

has production rate α1;
3) Mode 2 corresponds to when X is turned on and

has production rate α2.

In mode mt = m ∈ {0, 1, 2}, the continuous variable
Xt changes at the constant rate vm defined by

v0 = −β, v1 = α1 − β, v2 = α2 − β. (4)

For example, if mt = 1, then X is turned on and stores
data into the buffer at the rate α1, while Y retrieves data

from the buffer at the rate β; thus the net increasing rate
of data in the buffer is dXt

dt
= v1 = α1−β. Equation (4)

specifies the continuous dynamics of H. We assume that
α2 > α1 > β. Thus v2 > v1 > 0 > v0.

The discrete dynamics of H is as follows. The tran-
sitions between mode 1 and mode 2 are governed by
the continuous time Markov chain with generator (3)
described earlier, and belong to spontaneous transitions.
The transitions between mode 0 and other modes 1 and
2 are forced transitions, and correspond to turning on/off
component X. They are typically specified by the user
as part of the overall power management strategy. To
prevent buffer overflow and underflow, a transition from
mode 0 to mode 1 or 2 is forced whenever Xt = 0, i.e.,
whenever the buffer becomes empty; while a transition
from mode 1 or 2 to mode 0 is forced whenever Xt

reaches the maximal capacity of the buffer.
The reset conditions of H are trivial. Namely, in the

case a spontaneous or a forced transition occurs, Xt

remains unchanged, as the amount of data in the buffer
cannot experience instantaneous jumps.

B. Power Consumption of the Pipeline

In order to define the dynamic power management
problem, we now analyze the power expenditure of
the components and the buffer. The power consumed
by each component consists of two parts: the dynamic
power and the static power. The dynamic power includes
the power to produce, process, and/or consume data, as
well as the power for writing data into and retrieving
data from the buffer memory. As the name suggests, the
dynamic power depends on the data flow rate through
the component. In contrast, the static power of the
component is the part of the component’s power used
to sustain its normal operation, and is independent of
the data rate. In this paper, we consider only the static
powers, as it is shown in [6], [7], [12] that the dynamic
powers do not affect the solution of the optimal buffer
management problem defined later in this section.

More precisely, component X has two power states:
on and off. When X is on, it consumes the (static)
powers η; and when X is off, it consumes zero power.
In addition, changing the power state of X may incur
extra energy. For simplicity, we assume that the energy
overhead for turning X from off to on is kx, and the
energy overhead for turning X from on to off is 0. In
the hybrid system model, this implies that there is an
extra energy η whenever there is forced transition from
mode 0 to either mode 1 or mode 2. We also assume
that there is no delay in changing the power states of
X. Because the component Y is assumed to be always
turned on, it consumes a constant power. Thus its power
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contribution can be ignored in finding the solutions for
maximal power saving.

Remark 1: In practice, the power consumption of
component X should depend on the rate at which it is
transmitting data. Thus the powers of X in mode 1 and
mode 2 should be different. In this paper, we assume
that these two powers are identical for simplicity. The
results in this paper, however, can be easily extended to
the general case.

In addition to component powers, the buffer also
consumes power that is proportional to it size. Denote
by Q the size of the buffer. Then the power of the buffer
is aQ for some constant a, where the constants a is the
power per unit size of the buffer memory (W/MB).

To sum up, for a hybrid execution zt = (Xt, mt) of
the hybrid system H, its average power consumption
during a give time period [0, tf ] is given by

P̄ (zt; tf , Q) =
1

tf
[ηS1 + nxkx + aQtf ]

=
1

tf
[ηS1 + nxkx] + aQ, (5)

where S1 is the amount of time in [0, tf ] that X is turned
on, and nx is the number of times X is turned from off to
on within [0, tf ]. Note that the argument of P̄ indicates
its dependency on the time window size tf and the buffer
size Q.

C. Optimal Power Management Problem

The dynamic power management problem is then to
find a switching strategy for turning on/off component
X and the optimal buffer size Q to achieve the minimal
expected average power. The switching strategy can
be either deterministic or probabilistic. A deterministic
switching strategy is specified by two subsets of the state
space [0, Q]: one is the guard for turning component X
on, i.e., the guard for the forced transitions from mode
0 to mode 1 or mode 2; and the other is the guard
for turning component X off, i.e., the guard for the
forced transitions from mode 1 or mode 2 to mode 0.
A probabilistic switching strategy is specified by two
functions λon, λoff : [0, Q] → R+. Specifically, if
component X is off and Xt = x at the current time
t, the within a short period of time Δt, the probability
of a force transition from mode 0 to either mode 1 or
mode 2 is given by λon(x)Δt+o(Δt). To prevent buffer
underflow, such a force transition is necessary if Xt = 0.
Thus λon(x) → ∞ as x → 0. On the other hand, if
component X is on and Xt = x at the current time
t, the within a short period of time Δt, the probability
of a force transition from mode 1 or mode 2 to mode
0 is given by λoff (x)Δt + o(Δt). To prevent buffer

overflow, we need to have λoff (x) → ∞ as x → Q.
From the above description, forced transitions can be
thought of as spontaneous transitions with infinite rates,
and deterministic switching strategies can be thought of
as special cases of probabilistic switching strategies.

In particular, if the look ahead time horizon tf is large
enough, the problem becomes:

Problem 1: Find the switching strategy and the buffer
sizes Q so that the expected average power P̄e =
lim

tf→∞
E[P̄ (zt; tf , Q)] is minimized.

Because of the infinite time horizon, the initial con-
ditions of the hybrid execution zt will not affect the
value of P̄e. Thus Problem 1 becomes an optimal control
problem for the stochastic hybrid system modeling the
pipeline of streaming data.

IV. SOLUTION OF THE ONE-BUFFER CASE

In this section, we try to find the solution to Problem 1
for the one-buffer case. The key to the solution is to
evaluate P̄e for the random process zt.

For an arbitrary execution zt of the stochastic hybrid
system H modeling the pipeline, define a sequence
of times T0, T1, . . ., so that Tk is the k-th time that
component X is turned from off to on. Denote by Ak the
total energy consumed by component X and the buffer
during the time period [Tk, Tk+1). Then

Ak = kx + Skη + aQ(Tk+1 − Tk), (6)

where Sk is the amount of time that X is turned on
during the time interval [Tk, Tk+1). The desired quantity
P̄e can be rewritten as

P̄e = lim
tf→∞

E[P̄ (zt; tf , Q)]

= lim
k→∞

E

[ ∑∞
k=0

Ak∑∞
k=0

(Tk+1 − Tk)

]
.

Consider {Tk+1 − Tk}∞k=0 as a Markov regenerative
process with rewards {Ak}∞k=0, the standard results in
stochastic processes theory [15] yield

P̄e =
E(Ak)

E(Tk+1 − Tk)

for arbitrary k = 0, 1, . . .. Using (6), we have

P̄e =
kx + ηE(Sk)

E(Tk+1 − Tk)
+ aQ. (7)

Note that the objective is to find the switching strategy
and the buffer size Q to minimize P̄e. In (7), kx,
η, and aQ are constants independent of the switching
strategy. E(Sk)/E(Tk+1−Tk) is the proportion of time
that X is turned on during [Tk, Tk+1). This proportion
will be constant after the system reaches equilibrium
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state, namely, the random process zt becomes station-
ary. Intuitively, in the equilibrium state, zt is periodic
probabilistically, and E(Sk)/E(Tk+1 − Tk) is equal to
the ratio of the average increasing rate of Xt when X is
on to the decreasing rate β when X is off. To sum up, in
order to minimize P̄e, we need to make E(Tk+1−Tk) as
large as possible. Or equivalently, the optimal switching
strategy is such that the forced switching from mode 0
to mode 1 or mode 2 is activated only if Xt = 0, and
the forced switching from mode 1 or mode 2 to mode
0 is activated only if Xt = Q. Namely, component X
is turned on only if the buffer is empty, and it is turned
off only if the buffer is full.

Having determined the optimal switching strategy, we
now study the optimal buffer size Q∗. To this purpose,
we decompose the interval [Tk, Tk+1) into two stages.
During the first stages with duration Sk, X is turned on,
and Xt increases at the random rate of α1 − β or α2 −
β, depending on the production rate of X. During the
second stages with duration S′

k, X is turned off, and Xt

decreases at the constant rate β. Because of the choice
of the optimal switching strategy, we have

S′
k =

Q

β
,

which is deterministic. On the other hand, Sk is random,
and its expectation in general does not admit a simple
formula. However, since we consider the infinite time
horizon case, the Markov chain modeling the evolution
of the production rate α of X can be assumed to be in
equilibrium state. The equilibrium probabilities of α are

P (α = α1) =
λ2

λ1 + λ2

,

P (α = α2) =
λ1

λ1 + λ2

.

Thus the average production rate of X in equilibrium
state is

αav =
λ2α1 + λ1α2

λ1 + λ2

.

If λ1 and λ2 are not exceedingly small, the Markov
chain α will have relatively frequent transitions (“well
mixed”) during the first stage, and the expected duration
Sk can be approximated by

E(Sk) 	 Q

αav

=
Q(λ1 + λ2)

λ2α1 + λ1α2

.

As a result,

E(Tk+1 − Tk) = E(Sk + S′
k)

= Q

(
1

β
+

λ1 + λ2

λ2α1 + λ1α2

)
. (8)

Plugging (8) into (7), we have

P̄e = aQ +
b

Q
+ c, (9)

where b and c are constants defined by

b =
βkx(λ2α1 + λ1α2)

λ2(α1 + β) + λ1(α2 + β)
, (10)

c =
βη(λ1 + λ2)

λ2(α1 + β) + λ1(α2 + β)
. (11)

From (9), it is obvious that the optimal Q to minimize
P̄e is

Q∗ =

√
b

a
=

√
βkx(λ2α1 + λ1α2)/a

λ2(α1 + β) + λ1(α2 + β)
, (12)

and the resulting optimal expected average power is

P̄ ∗
e = 2

√
ab + c

= 2

√
aβkx(λ2α1 + λ1α2)

λ2(α1 + β) + λ1(α2 + β)

+
βη(λ1 + λ2)

λ2(α1 + β) + λ1(α2 + β)
. (13)

We sum up the results in this section in the following
proposition.

Proposition 1: Suppose that λ1 and λ2 are not ex-
ceedingly small with respect to Q so that the Markov
chain α is well mixed between successive turning ons
of component X. Then the optimal buffer size Q∗ is
given by (12), with the corresponding optimal expected
average power P̄ ∗

e given by (13). The optimal switching
strategy is such that component X is turned on only if
the buffer is empty and turned off only the buffer is full.

V. CONCLUSION AND FUTURE DIRECTIONS

We study the optimal power management problem
for a pipeline of streaming data using the modeling
tool of stochastic hybrid systems. For the simple case
of two component with one buffer in between, we
derived analytically the optimal switching strategy and
the optimal buffer size so that maximal power saving
can be achieved through dynamic power management.

Our result can be extended in several ways. For
example, to more accurately model the randomness of
the production rate α of component X, more possible
values can be assigned to α. More importantly, it is
interesting to study the problem for the general case
of more components and buffers, such as the one in
Fig. 1(b). It can be expected that, as the corresponding
stochastic hybrid systems have more discrete modes and
higher dimensional state space, the optimal switching
strategy will be highly nontrivial, and determination of
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the optimal buffer sizes will be much more difficult. We
intend to apply the technique proposed in [14] on the
optimal control of general stochastic hybrid systems to
study the resulting problems. In particular, the expected
energy consumption is characterized by an ODE/PDE
whose coefficients depend on the strategy functions λon

and λoff , and the adjoint method (a gradient-based
method with PDE constraints) can be used to find the
optimal solution. Research is currently carried out along
these directions.
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