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Parametrically Excited Micro- and Nanosystems

Jeffrey F. Rhoads, Congzhong Guo, and Gary K. Fedder

4.1

Introduction

Though an electrical or mechanical system is traditionally excited into resonance

through the application of a time-periodic force whose frequency is commensu-

rate with its natural frequency (i.e., through the application of so-called direct

excitation), it is also possible to elicit large response amplitudes in an engineering

system by periodically modulating its effective impedance, or providing so-called

parametric excitation.This fact ismanifested in the example of a base-excited pen-

dulum. While engineering intuition alone allows one to visualize the likelihood

for large angular motions in this system under resonant, horizontal excitation of

the pivot, less intuitive is the fact that vertical base excitations (which lead to a

time-varying effective stiffness), under certain amplitude/frequency conditions,

can also render large angular deflections. Of course, this fact is less intuitive only

until one considers that as a child they may have used analogous changes in their

effective length to achieve large amplitude motions on playground swings!

In scientific and engineering contexts, parametrically excited systems have

received considerable research attention, beginning with the early, nineteenth

century research endeavors of Faraday [1], Melde [2], Mathieu [3], and Rayleigh

[4, 5], and continuing with the twentieth century works of the nonlinear dynamics

community (see, for example, [6–9]). Collectively, these works not only intro-

duced the phenomena, but also brought mathematical formalism to its study.This

formalism eventually led to the so-called Mathieu Equation, which is commonly

used to describe the salient dynamics of parametrically excited systems:

ẍ + 2𝜁𝜔0ẋ + (𝜔2
0
+ 𝛽 cos𝜔t) x = 0 (4.1)

where 𝜔0 is the natural frequency of the resonator, 𝜁 captures the effects of linear

dissipation, and 𝛽 and 𝜔 represent the amplitude and frequency of the parametric

excitation, respectively.

Of particular importance in this chapter is the fact that parametric excitations

can lead to large-amplitude responses, or so-called parametric resonances, when
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the excitation frequency satisfies the condition 𝜔 = 2𝜔0∕n, where n is an inte-

ger greater than or equal to unity [8]. In most electrical and mechanical systems,

only the principal parametric resonance associated with n = 1 can be observed

in experimentation. In the presence of very weak damping, additional resonances

can be observed as well, provided proper selection of 𝜔 and 𝛽 [10].

Research investigations of parametric excitation in the context of resonant

micro- and nanosystems trace their roots to the 1990’s efforts of Rugar andGrütter

[11] and Turner et al. [10]. The former investigated the utility of combined direct

and parametric excitations in a microcantilever actuated by both electrostatic

and piezoelectric means, while the latter leveraged a unique electrostatic comb

drive to explore parametric effects in a torsional microelectromechanical systems

(MEMS) resonator. Though distinct in research focus, these two studies paved

a pathway for those that followed by not only highlighting the possibility of

parametrically excited micro/nanosystems, but, more importantly, demonstrat-

ing that the dynamics associated with such systems were exceedingly rich and

could be advantageously exploited in practical application, such as chemical

and biological sensing, inertial sensing, signal processing, and scanning probe

microscopy.

The present chapter seeks to explore this dynamical richness and practical util-

ity by providing an overview of parametrically excitedmicro/nanosystems. To this

end, the remainder of this chapter is organized as follows: Section 4.2 discusses

the common sources of parametric excitation in resonant micro/nanosystems,

and introduces a series of representative devices. The chapter then continues in

Sections 4.3 and 4.4with a discussion of devicemodeling and analysis. Sections 4.5

and 4.6 describe the linear and nonlinear dynamics associated with a representa-

tive parametrically excited system, placing emphasis on the salient features of the

response that can be leveraged in practical application. The work then proceeds

in Sections 4.7 and 4.8 with brief discussions of advanced dynamical phenomena

and combined, direct and parametric excitations. Section 4.9 discusses emergent

applications for parametrically excited micro/nanosystems, and the chapter ulti-

mately concludes in Section 4.10 with a discussion of future prospects in this

technical area.

4.2

Sources of Parametric Excitation in MEMS and NEMS

Due to the inherent multi-physical nature of micro/nanoresonators, time-varying

impedances can be realized in these systems through a variety of distinct mech-

anisms. The most common among these are tailored electrostatic, piezoelectric,

electromagnetic, and thermal actuations. Interestingly, parametric excitations can

also arise inadvertently inmanyMEMS/NEMS (nanoelectromechanical systems).

While these excitations can be exploited for practical gain, they can also stymie

an inexperienced engineer if care is not taken in the course of design.
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4.2.1

Parametric Excitation via Electrostatic Transduction

Consider the force associated with a variable-gap parallel-plate electrostatic

actuator:

Fpp =
𝜖AV 2

2(g − x)2
(4.2)

where 𝜖 represents the permittivity of the gap medium (typically air), A is the

effective area of the actuator electrode, V (t) is the applied actuation voltage, g

is the nominal gap width, and x is the displacement of the micro/nanoresonator.

Expanding this force in a Taylor Series about the neutral state x = 0 renders:

Fpp =
𝜖AV 2

2g2

[
1 + 2

x

g
+ 3

(
x

g

)2

+ 4

(
x

g

)3
]
+ 𝒪(x4) (4.3)

As evident from this expression, if the applied voltage changes with time, that

is, V = V (t), the force renders both a direct excitation from the first term and a

parametric excitation from the other terms, which depend on the displacement,

x. Accordingly, though it is often unintentional, all micro/nanoresonators with

variable-gap electrostatic actuators are parametrically excited! This fact has

been demonstrated experimentally with both microbeam [12–16] and nanowire

[17–19] geometries.

Though parametric excitations arise naturally in variable-gap, electrostatically-

actuated systems, the combined (direct and parametric) nature of the excitation

can be sub-optimal in practical contexts. To alleviate this concern, device design-

ers have developed novel electrode configurations that are capable of yielding

purely-parametric excitations. These designs include the non-interdigitated

comb drives detailed in [20–22], the curved comb finger geometries presented

in [23, 24] and the fringe-field actuators presented in [25], some of which are

highlighted in Figure 4.1.

Non-interdigitated comb drives are planar actuators that leverage fringing elec-

trostatic fields to create purely-parametric forces of the approximate form:

Fcd = (r1x + r3x
3)V 2(t) (4.4)

where x represents the planar displacement of the resonator, V (t) specifies the
applied voltage, and r1 and r3 are geometry-dependent coefficients defined as elec-

trostatic spring constants, which can be positive and/or negative depending on the

exact configuration of the drive.The flexibility attendant to the selection of r1 and

r3 was exploited extensively in the works of Turner et al. in the development of a

series of highly tunable planar microresonators with applications in mass sensing,

inertial sensing, and signal processing [28–30], as well as in the works of Urey

et al. emphasizing the development of microscanners [31, 32].

One constraint associated with the aforementioned non-interdigitated comb

drives is that their stroke is inherently limited to a displacement equal to ±1∕2
of the comb drive’s finger pitch, due to the nature of the fringing fields used for
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Figure 4.1 (a) A parametrically excited

microresonator actuated through the use

of a non-interdigitated, electrostatic comb

drive and designed in a silicon-on-insulator

(SOI) MEMS process. The shuttle mass (A)

is suspended by crab-leg flexures (B), and

driven/tuned by aligned and misaligned

non-interdigitated comb drives (C and

D). (Courtesy of K. Turner, University of

California at Santa Barbara.) (b) A SOI-MEMS

parametrically excited microresonator actu-

ated through the use of a quadratic-shaped-

finger comb drive. The shuttle mass (E) is

suspended by folded flexures (F), and driven

by the shaped-finger comb drive (G). The dis-

placement is measured via the straight-finger

comb drive (H). (c) The shaped-finger comb

drive design parameters [23, 26, 27].

actuation. To circumvent this constraint, Guo and Fedder [23, 27] built upon the

prior work of Jensen et al. [33] and Hirano et al. [34] and synthesized the shape

profile of interdigitated comb fingers to obtain parametric excitation. The result-

ing tailored “shaped-finger” comb geometry, highlighted in Figure 4.1c, utilized a

varying electrode gap to provide the displacement-dependent electrostatic spring

constant required to excite parametric resonance and facilitate large displacement

motion.The net result was a planar actuator that created a purely parametric force

of the approximate form:

Fcd(x) =
2N𝜖h

go

(
x

xo1

)
V 2(t) = (r1x)V 2(t) (4.5)

where N and N + 1 are the numbers of interdigitated fingers on two sides of

the comb drive, respectively, h is the thickness of the comb drive, xo1 is defined

according to

xo1 =
xov

go∕gov − 1
(4.6)

and all other parameters are defined as in Figure 4.1c.
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4.2.2

Other Sources of Parametric Excitation

Though the research literature is ripe with examples of electrostatically actuated,

parametrically excited micro/nanosystems, many works have adopted alternative

approaches capable of yielding time-varying impedances at the microscale. Inter-

estingly, the vast majority of these have associated force models of the form pre-

sented in Eq. (4.4). The alternate sources of parametric excitation in resonant

micro/nanosystems include:

• Piezoelectric Elements: Piezoelectric elements, which provide periodic exci-
tations proportional to the potential difference across the element, can be used

to provide parametric excitation through a number of distinct paths. Mahboob,

Thomas, and their respective coworkers, for example, used piezoelectric ele-

ments to periodically modulate the stiffness of microbeams [35–37] (An elec-

trostatic analog of this has also been presented in [38]). In contrast, Kaajakari

and Lal, utilized a piezoelectric element to provide base excitation, essentially

creating a microscale analog of the base-excited pendulum referenced in the

introduction of this work [39].
• Lorentz Forces: Lorentz forces result from the interaction between a current-

carrying loop and an external magnetic field. Should such a loop be embedded

on the surface of a microresonator, or be formed from the resonating body of a

nanostructure, it becomes possible to generate direct, parametric, or combined

excitations, depending on the exact orientation of the current and magnetic

field. This has been demonstrated in the works of Requa and Rhoads [40–42].
• Thermal Interactions: Periodic variations in thermal characteristics can also
be utilized to realize a time-varying impedance. Zalalutdinov and collaborators

demonstrated the effectiveness of this within the context of a laser-excited sili-

con microresonator [43], while Krylov and collaborators investigated the utility

of parametric excitations arising from Joule heating [44].
• Feedback Control: Parametric excitations can also be realized artificially

in systems that do not naturally exhibit the phenomena through the use of

feedback control. This was demonstrated within the context of scanning probe

microscopy by Moreno-Moreno, Prakash, and their respective collaborators

[45, 46], parametric oscillators by Villanueva and collaborators [47], and

resonant mass sensors by Prakash and collaborators [48].

4.3

Modeling the Underlying Dynamics – Variants of the Mathieu Equation

As with conventional micro/nanoresonators, the dynamic response of parametri-

cally excited microsystems can be characterized using a variety of modeling and

analysis techniques. Early studies in this area generally leveraged experimental

observations and prior experience to develop phenomenological, lumped-mass

models that were amenable to systematic parameter identification [30, 42, 49–52].
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More recently, these analyses have been complemented with first-principles,

distributed-parameter models, which are not only more amenable to predictive

design, but when used in conjunction with model reduction techniques (e.g.,

modal expansions) can be used to distill physically consistent lumped-mass

analogs.

Regardless of the adopted modeling approach, the lumped-mass equation of

motion of a representative microresonator undergoing symmetric and periodic

deflection can be written as:

mẍ + cẋ + k1x + k3x
3 = f (x, t) (4.7)

where m represents the system’s effective mass, c captures the effects of various

linear dissipation mechanisms (e.g., viscous fluid damping, anchor loss, or

thermoelastic dissipation), k1 is the system’s linear spring constant, k3 defines

the strength of the cubic nonlinearity in the system’s stiffness characteristics that

become significant at large displacements, and f (x, t) accounts for an applied

external force. The exact form of f (x, t) is strongly dependent of the physical
mechanism utilized for transduction, but is generally approximated by one of the

following forms, depending on the salient dynamics and practical application,

of interest:

Case 1: f (x, t) = −d1 cos𝜔t
Case 2: f (x, t) = −b1 x cos𝜔t
Case 3: f (x, t) = −b1 x cos𝜔t − b3x

3 cos𝜔t

Case 4: f (x, t) = −b1 x cos 2𝜔t − d1 cos (𝜔t + 𝜙) (4.8)

The first of these cases corresponds to the classical example of a directly excited

resonator—a topic studied in appreciable depth in prior chapters.The second and

third cases are canonical examples of force models used to explore purely para-

metric excitations in systems undergoing comparatively small or large deforma-

tions, respectively. Likewise, the last case is commonly used to explore combined

parametric and direct excitations, which with proper phasing can be utilized for

parametric amplification or attenuation and noise squeezing. Here, an emphasis

is placed on Case 2. Additional information related to Cases 3 and 4 is provided

in Sections 4.7 and 4.8, respectively.

Evoking the force model given in Case 2, the lumped-mass model of interest

assumes the form

mẍ + cẋ + (k1 + b1 cos𝜔t)x + k3x
3 = 0 (4.9)

For the sake of analysis, it proves convenient to mass normalize this model, which

yields:

ẍ + c

m
ẋ + (𝜔2

0 + b̂1 cos𝜔t)x + k̂3x
3 = 0 (4.10)

where, as highlighted in Table 4.1, 𝜔0 represents the system’s purely mechanical

natural frequency, b̂1 is themass-normalized parametric excitation amplitude, and
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Table 4.1 The dimensional and nondimensional parameters associated with Eqs. (4.10) and

(4.12).

b̂1 =
b1
m

k̂3 =
k3
m

𝜔0 =
√

k1
m

(•)′ = d(•)
d𝜏

𝜀𝜁 = c

2𝜔0m
Ω = 𝜔

𝜔0

𝜀𝜆 = b̂1
𝜔2
0

= b1
k1

𝜀𝜒 =
k̂3x

2
0

𝜔2
0

=
k3x

2
0

k1

k̂3 is the mass-normalized cubic stiffness. To ensure broad, cross-scale applica-

bility, it proves convenient to nondimensionalize both space and time according

to

z = x

x0
, 𝜏 = 𝜔0t (4.11)

where x0 is a characteristic length associated with the system (e.g., the thickness

of the resonator), and further assume that the salient dynamics of the system are

a small perturbation from those of an undamped harmonic oscillator. This yields

a final lumped-mass representation for the system given by:

z′′ + 2𝜀𝜁z′ + (1 + 𝜀𝜆 cosΩ𝜏)z + 𝜀𝜒z3 = 0 (4.12)

The parameters associated with this nondimensional equation of motion are

included in Table 4.1. Note that 𝜀 is a small parameter introduced to facilitate

analysis.

The equation of motion described above represents a nonlinear variant of the

Mathieu Equation, which, as highlighted in the introduction, has received consid-

erable research attention over the past two centuries. These studies have revealed

parametrically excited resonators to be deceptively complex from a dynamical sys-

tems perspective. Some of this complexity is explored in the subsequent section.

4.4

Perturbation Analysis

Given that the analysis of the equation of motion presented in Eq. (4.12) is largely

intractable without the use of special functions, it proves convenient to analyze its

dynamic behaviors through the use of perturbation techniques [8]. The Method

of Averaging is adopted here [8, 53].

To this end, it is prudent to first introduce a constrained coordinate transfor-

mation of the form:

z(𝜏) = a(𝜏) cos
[Ω𝜏
2

+ 𝜓(𝜏)
]
, z′(𝜏) = −a(𝜏)Ω

2
sin

[Ω𝜏
2

+ 𝜓(𝜏)
]
(4.13)

where the amplitude a(𝜏) and the phase 𝜓(𝜏) are assumed to be slow functions of

time when compared to cos(Ω𝜏∕2) and are referred to as slow-flow variables. Fur-

thermore, since dynamics near the principal parametric resonance (Ω ≈ 2) offer
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themost utility in practical application, a frequency detuning parameter 𝜎 is intro-

duced:

𝜎 = Ω − 2

𝜀
(4.14)

Substituting each of these expressions into Eq. (4.12), solving for the slow-varying

variables, and averaging the result over one period of the response (2π∕Ω) renders
the system’s slow-flow equations:

a′ = 1

4
𝜀a (−4𝜁 + 𝜆 sin 2𝜓) + 𝒪(𝜀2) (4.15)

𝜓 ′ = 1

8
𝜀 (3𝜒a2 − 4𝜎 + 2𝜆 cos 2𝜓) + 𝒪(𝜀2) (4.16)

With these equations in hand, the system’s dynamic behavior can be estimated by

either solving the coupled first-order differential equations that govern amplitude

and phase (which is suitable for transient analysis), or by setting (a′, 𝜓 ′) = (0, 0)
and solving the resulting algebraic equations (which is suitable for steady-state

analysis).The present work focuses on the latter, given that the steady-state behav-

iors are more commonly utilized in application.

4.5

Linear, Steady-State Behaviors

Analysis of Eqs. (4.15) and (4.16) reveals an interesting fact: In the absence of non-

linearity (i.e., 𝜒 = 0), the resonator has only a trivial steady-state solution: a1 = 0.

The stability of this solution can be determined by linearizing the system’s aver-

aged equations about the steady-state and examining the eigenvalues associated

with the Jacobian of the linearized system. Due to the indeterminate nature of

the phase associated with the trivial solution, it is prudent to do this following a

conversion to Cartesian coordinates. Analysis of the eigenvalues associated with

the trivial solution reveals that the stability of the system transitions at the critical

detuning values of

𝜎1 =
1

2

√
𝜆2 − 16𝜁2, 𝜎2 = −1

2

√
𝜆2 − 16𝜁2 (4.17)

respectively. Specifically, when 𝜎 < 𝜎2 and 𝜎 > 𝜎1 the trivial solution is stable, and

when 𝜎2 < 𝜎 < 𝜎1 the solution is unstable.

The aforementioned stability characteristic renders the “wedge of instability” in

the 𝜆 − 𝜎 parameter space, which is commonly used to characterize the dynam-

ics of the Mathieu Equation and related systems. As highlighted by Figure 4.2,

the parametrically excited system remains quiescent when driven with excitations

that lie outside of the wedge. However, when driven by excitation conditions that

lie inside of the wedge, the system response grows without bound.That is, the sys-

tem enters parametric resonance. In directly excited systems, this growthwould be

bounded by linear damping mechanisms. However, in parametrically excited sys-

tems these mechanisms simply shape the instability wedge and create a threshold
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Figure 4.2 Wedge of instability associated

with the principal parametric resonance.

The solid line depicted here corresponds

to 𝜁 = 0, the dashed line to 𝜁 = 0.005, and

the dotted line to 𝜁 = 0.01. Inside of this

wedge, the solution is unstable, yielding an

unbounded response in the absence of non-

linearities. Outside of this wedge, the trivial

solution is stable. Note that linear damp-

ing does not bound the response, but rather

changes the shape of the wedge, as evident

from the figure.

excitation level necessary for parametric resonance (𝜆 = 4𝜁 at𝜎 = 0). Accordingly,

nonlinearities arising from dissipative, transduction, or elastic mechanisms must

be included to recover a finite, non-trivial response. These nonlinearities are dis-

cussed in the subsequent section.

4.6

Sources of Nonlinearity and Nonlinear Steady-State Behaviors

As in directly excited micro/nanoresonators, nonlinearities can arise in para-

metrically excited systems through a variety of distinct physical mechanisms.

Arguably the most common nonlinearities in such systems are those resulting

from large mechanical deflections. As at the macroscale, beam-like structures

that undergo near-resonant vibrations are prone to both geometric and inertial

nonlinearities. Assuming symmetric vibration about the static equilibrium (rest

state) of the device, the former leads to the Duffing-like nonlinearity included in

Eq. (4.7):

Fgeo = k3x
3 (4.18)

Here, generally speaking, k3 > 0, which results in a positive value of 𝜒 and, as

subsequently described, a so-called hardening frequency response characteristic.

In contrast, inertial nonlinearities typically lead to a force model of the form:

Finert = 𝛼 (xẋ2 + x2ẍ) (4.19)

where 𝛼 is a strong function of the geometry of the system.Though clearly distinct

from the geometric nonlinearity as presented here, inertial nonlinearities lead to
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a similar averaged equation structure to that presented in Eqs. (4.15) and (4.16)

and rarely lead to qualitatively distinct behaviors [54].

Another common source of nonlinearities in small-scale, parametrically excited

systems are the transduction mechanisms used for actuation. Examples of this

include the variable-gap electrostatic actuator and noninterdigitated comb drive

actuators introduced above. As highlighted by Eqs. (4.3) and (4.4), these actuators

render both time-invariant and time-varying nonlinearities, the latter of which

can alter not only the quantitative nature of the system’s response, but its qualita-

tive nature as well [42, 50, 51].

Though much more difficult to model accurately from first principles, nonlin-

earities attributable to material effects (e.g., in piezoelectrically excited systems),

viscous damping, and material damping (e.g., in viscoelastic systems) have also

been shown to play a role in parametrically excited systems [55, 56].

The scope of nonlinearities considered in this work has been constrained, for the

sake of brevity, to include only those associated with geometric effects, as repre-

sented in Eq. (4.9) by the term k3x
3. The impact of this term on the representative

parametrically excited system considered herein, can be determined by analyzing

the steady-state behaviors predicted by Eqs. (4.15) and (4.16) when 𝜒 ≠ 0. Doing

so reveals that in addition to the trivial solution considered in Section 4.5, the

system has two additional steady-state solutions of the form:

a2 =

√
4𝜎 + 2

√
𝜆2 − 16𝜁2

3𝜒
, 𝜓2 =

1

2
arctan

(
−4𝜁√

𝜆2 − 16𝜁2

)
(4.20)

a3 =

√
4𝜎 − 2

√
𝜆2 − 16𝜁2

3𝜒
, 𝜓3 =

1

2
arctan

(
4𝜁√

𝜆2 − 16𝜁2

)
(4.21)

Of particular note here is that these solutions exist only over specific ranges of

detuning (excitation frequency) and when the conditions for parametric reso-

nance delineated above have been satisfied. As with the trivial solution, the sta-

bility of each of these solutions can be determined by linearizing the system’s

averaged equations about the steady-state and subsequently examining the eigen-

values associated with the Jacobian of the linearized system.

Figure 4.3 highlights the nonlinear frequency response of a representative sys-

tem for (a) 𝜒 > 0 and (b) 𝜒 < 0, respectively. Note that when 𝜒 > 0, the system

exhibits a so-called hardening response, wherein the system undergoes pitchfork

bifurcations at 𝜎 = 𝜎2 and 𝜎 = 𝜎1, leading to the creation of a stable and an unsta-

ble nontrivial response branch, respectively. This leads to bistability over a wide

range of excitation frequencies (i.e., for 𝜎 > 𝜎2), which, in turn, renders a strong

dependence on initial conditions. When 𝜒 < 0, an effectively mirrored response

is recovered – the so-called softening response. As with the hardening case, this

response also exhibits bistability over a wide range of excitation frequencies (i.e.,

for 𝜎 < 𝜎1). Softening or hardening nonlinearities akin to this can be introduced

by applying a DC voltage across appropriately shaped electrostatic actuators as

discussed in Section 4.2.
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Figure 4.3 The nonlinear frequency

response curves associated with a represen-

tative parametrically excited system when (a)

𝜒 = 0.01 and (b) 𝜒 = −0.01. Here, 𝜁 = 0.005

and 𝜆 = 0.1, which renders 𝜎1 = 0.049

and 𝜎2 = −0.049. Note that in this figure

solid lines are used to designate stable

steady-state solutions, and dashed lines are

used to represent unstable steady-state solu-

tions. In addition, note that in the absence

of a nonlinear dissipation mechanism or

higher-order nonlinearities, the non-trivial

stable and unstable response branches do

not intersect for finite values of detuning

(frequency).

The nonlinear frequency responses highlighted here differ from those asso-

ciated with directly excited micro/nanosystems in a few key ways: First, the

non-resonant response of the parametrically excited systems is truly zero (or,

more accurately, at the noise floor) and the system transitions rapidly to a non-

zero state once the conditions for parametric resonance have been satisfied. In

addition, the bandwidth of the resonant response is wide and highly controllable

through variations in the parametric excitation amplitude. Finally, the recovered

response amplitudes are largely insensitive to damping. Collectively, these behav-

ioral features create significant appeal for device designers, as they are well suited



84 4 Parametrically Excited Micro- and Nanosystems

for exploitation in signal processing and resonant mass-sensing applications,

among many others. Details related to applied studies of parametrically excited

micro/nanosystems can be found in Section 4.9.

4.7

Complex Dynamics in Parametrically Excited Micro/Nanosystems

While the steady-state dynamics explored in the preceding sections are represen-

tative of those exhibited by many parametrically excited micro/nanosystems, it is

important to note that more complex dynamics have been investigated in prior

literature as well. For example, a number of works have considered the impact

of parametric nonlinearities on the response of parametrically excited microsys-

tems [30, 42, 50–52, 57]. These works have revealed that in the presence of time-

varying nonlinearities, parametrically excited microresonators are capable of not

only exhibiting hardening and softening nonlinear frequency response charac-

teristics akin to those described above, but also mixed response characteristics,

wherein the non-trivial steady-state response branches bend toward or away from

one another near resonance. Transitions to chaos are also possible in parametri-

cally excited nonlinear systems, and this was investigated in aMEMS resonator by

DeMartini et al., both experimentally and by using Melnikov analysis on a system

model [57].This effort built upon the earlier work ofWang and collaborators [58].

Such behaviors, and the ability to rapidly change between them via selective tun-

ing, have been posited to be useful in a variety of signal processing and resonant

mass sensing contexts.

Other advanced studies of parametrically excited micro/nanosystems have

considered the influence of transient forms of excitation, such as frequency

sweeps and noise, on system dynamics. Requa and Turner, for example, consid-

ered the influence of frequency sweep rates on the near-resonant response of

parametrically excited microbeams actuated via Lorentz forces [41]. Likewise,

Cleland explored the influence of thermomechanical noise on parametrically

excited nanoresonators suitable for use in mass-sensing applications [59]. Finally,

Chan and Stambaugh have conducted analytical and experimental investigations

of noise-induced switching in parametrically excited microsystems [60–62].

Though it is difficult to fully characterize the results of these works in this

necessarily constrained format, suffice it to note that the influence of noise

and transients in parametrically excited systems is markedly different than that

associated with their directly excited counterparts.

Also worthy of note, are the recent research efforts that seek to explore the

dynamics ofmulti-degree-of-freedomparametrically excitedmicro/nanosystems.

Included among these works are the efforts of Vyas, van der Avoort, Strachan, and

their respective collaborators that explore the dynamics of parametrically excited

microstructures with modal coupling [63–67], and the ever-increasing body of

literature that explores the dynamics of coupled arrays of parametrically excited
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micro- and nanoresonators, as well as their associated collective and emergent

behaviors [55, 68–73].

4.8

Combined Parametric and Direct Excitations

Though the emphasis of this chapter, thus far, has been on micro/nanosystems

that are driven by purely parametric excitations, it is important to note that since

the early efforts of Rugar and Grütter [11], there has been considerable interest

in micro/nanosystems driven by combined, direct and parametric, excitations,

as well. These excitations are embodied by Case 4 in Section 4.3. The interest

in combined, parametric and direct, excitations, largely stems from the distinct

potential associated with parametric amplification – the process of amplifying

(or attenuating) a harmonic signal through the use of a time-varying impedance,

or parametric pump [74–76] – and associated noise squeezing [11, 48]. As

noted in [56], over the past 20 years parametric amplification has been utilized

to achieve low-noise, phase-sensitive response amplification, in some cases

with gains in excess of 65 dB, in a wide variety of systems, including torsional

microresonators [49, 77], optically excitedmicromechanical oscillators [43], micr-

ogyroscopes [78–81], MEMS diaphragms [82], micromechanical mixers [83],

various micro/nanobeams (including those based on carbon nanotube and silicon

nanowire structures) [35, 37, 84–91], and coupled microresonators [92–94].

In addition, to these works, there is also a small body of literature focused on the

rich nonlinear dynamical behaviors that can arise in resonant micro/nanosystems

in the presence of combined excitations. These include the efforts of Zhang,

Nayfeh, and their respective collaborators that investigate the nonlinear response

of electrostatically-actuated microbeams [14, 15, 95].

4.9

Select Applications

Given their unique, damping-insensitive, near-resonant response characteristics,

parametrically excited micro/nanosystems have been seriously considered for use

in practical application since their early development. This section seeks to high-

light just a few of the application areas where their impact has been noted over

the past decade.

4.9.1

Resonant Mass Sensing

As noted in Sections 4.5 and 4.6, parametrically excited systems are capable

of exhibiting extremely sharp transitions (in the amplitude-frequency domain)

between coexistent stable states; and this fact makes them well suited for use



86 4 Parametrically Excited Micro- and Nanosystems

in resonant mass sensing applications. Traditionally, resonant mass sensors

leverage the fact that the natural frequency of a given resonator is strongly

dependent on the device’s effective mass and stiffness. As such, any changes

in resonant frequency that occur in a selectively-functionalized device in the

presence of a target analyte can be directly correlated with a chemomechanical

process, such as adsorption, and thus mass detection. Complementing this

approach, is so-called bifurcation-based sensing, wherein abrupt changes in

amplitude, resulting from an abrupt transition across a bifurcation point in the

frequency domain, are utilized to indicate the presence of a target analyte [54].

Parametrically excited micro/nanoresonators are well suited for use in both of

these contexts, as demonstrated in part by prior work. Zhang et al. [29, 96], for

example, utilized planar comb-driven microresonators to validate the efficacy

of parametrically excited mass sensors. Their work revealed that such sensors

compared favorably to microsensors based on purely linear dynamical phe-

nomenon, exhibiting markedly higher operating sensitivities in air environments.

This result was subsequently reflected, and in many cases extended, in the works

of Yu, Zhang, Requa, Cleland, Prakash, Yie, and their respective collaborators

[17, 40, 41, 48, 59, 93, 97–99] that leveraged alternate form factors and trans-

duction mechanisms, in conjunction with mathematical arguments, to highlight

the relative utility of parametrically excited systems in resonant mass sensing

applications.

4.9.2

Inertial Sensing

Parametric excitations have also been utilized to enhance the performance of

microscale vibratory rate gyroscopes. As detailed in another chapter of this book,

traditional resonant gyroscopes exploit two mechanical modes of vibration (often

spatially orthogonal) that are coupled through Coriolis accelerations resulting

from external rotations of the device. In the most common implementation, one

of these vibratory modes is driven into steady-state oscillation and the Coriolis

effect couples the motion of the first mode to the second, whose displacement

or velocity, in turn, is sensed to yield a measure of rotational rate [100]. Efficient

coupling is realized when the modes are matched in resonant frequency; how-

ever, this condition is difficult to achieve in practice with high-quality factor

systems due to manufacturing variations and the large voltages required for

electrostatic compensation. Oropeza-Ramos, et al. demonstrated that the use

of properly designed nonlinear parametric resonance in the drive mode gives

rise to a much broader frequency response (as compared to a directly-excited

gyroscope) that can be overlapped with a linear sensing mode [101–103]. Their

gyroscope featured a harmonic resonance at ≈7800 Hz and a parametrically

driven bandwidth of 1 kHz, corresponding to approximately a 13% range in

which to overlap the sense mode with no required tuning. The mode overlap

range is far higher than what can be achieved with practical electrostatic spring

constant tuning. The parametric drive also provided substantial amplification
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of the effective quality factor (Q) associated with the drive mode along with full

Q amplification of the sense mode displacement. Similar results were exploited

for practical gain in the work of Krylov and collaborators [104]. Additionally,

subsequent analytical studies by Miller et al. using perturbation techniques

have shown that the nonlinear parametric drive can also be tuned to achieve

nearly-linear sense response in the rotation rate [105, 106].

Combined parametric and direct excitations (i.e., parametric amplification)

have also been utilized in prior work to improve the performance character-

istics of microscale inertial sensors. For example, Gallacher and collaborators

utilized this effect in ring gyroscopes seeking to lower the required har-

monic drive voltage and thus lower capacitive parasitic feedthrough to the

sense mode of the gyroscope [79, 80]. In a subsequent experimental study,

a parametric drive gain of 38 dB was achieved while maintaining a linear

frequency response characteristic [81]. In contrast to application of para-

metric amplification in the drive mode, Sharma et al. have explored the use

of parametric amplification in the Coriolis-induced sense signal [107]. They

reported a parametric gain of 23 arising from an AC pump voltage of ≈17 V

on the parallel-plate sense combs with a corresponding factor of 2.25 reduc-

tion in equivalent noise input angular rate. Subsequently, the same group has

employed sloped-shaped comb fingers for large-stroke sense-mode parametric

amplification [108].

4.9.3

Micromirror Actuation

Resonant scanning micromirrors are of use in a diverse array of applications that

includes handheld projection displays, barcode scanners, laser printers, spec-

troscopy, and endoscopic optical coherence tomography. For practical reasons

associated with steering external optical beams through angles exceeding ±10∘,
these applications generally dictate that the mirror be torsionally scanned along

one or two axes in the plane of the substrate, and thus they require out-of-plane

(i.e., vertical) actuation. Many MEMS processes with underlying parallel-plate

electrodes or with vertically offset comb fingers add process complexity. Urey

et al. utilized parametric excitation to drive mirrors with vertically aligned

interdigitated comb fingers made in a relatively simple single-layer SOI-MEMS

process [31]. In subsequent work from their group, parametric excitation of a 1

mm × 1.5 mm oblong scanning mirror resulted in a 76∘ total optical scan angle
near a 21.8 kHz resonance with a 98 V AC excitation amplitude [32]. While comb

drives generally have less damping in air than parallel-plate drives, this mirror

design took one step further in lowering damping by coupling a comb-driven

outer frame with an inner mirror having no combs. The outer frame moved

at a lower speed than the mirror so the damping effect of the comb drive was

reduced when compared to a directly excited mirror comb drive. In related

work, Baskaran and Turner, demonstrated both degenerate and nondegener-

ate parametric amplification in a vertical comb driven, dual-torsional-mode
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resonator [49]. The nondegenerate parametric excitation was driven at the sum

of the two modal frequencies, which decoupled feedthrough from the drive

and output. More recent work on parametrically excited micromirrors can be

found in [109].

4.9.4

Bifurcation Control

To explore the utility of parametric resonance in the design of practical devices,

such as ultrasensitive mass sensors or sensitive strain gauges, a drive scheme is

needed to excite parametric resonance and reveal the system’s underlying bifur-

cation behavior. To this end, in early research, an open-loop frequency sweep

was utilized to locate, in an approximate manner, the bifurcation points asso-

ciated with various parametrically excited devices [28, 51]. This approach was

used in sensing contexts, for example, to establish a link between various bifur-

cation frequencies and added mass resulting from deposition [97] and chemical

absorption [110]. Unfortunately, this open-loop method proved to be compara-

tively slow due to the slow sweep rates needed for proper bifurcation frequency

estimation.

An operating point servo at, or near, a bifurcation point can be designed to

facilitate control right at a bifurcation “jump” event, allowing for, among other

things, a more accurate identification of a given bifurcation frequency. However,

this proves difficult as systems exhibiting nonlinear parametric resonance com-

monly exhibit latch-up instability and hysteretic behavior. Moreover, these under-

damped systems have relatively long ring-down and build-up times. Collectively,

these issues have rendered attempts at classical analog control near the bifurcation

points largely unsuccessful.

Burgner et al. implemented a successful bifurcation-based control scheme by

observing the coherency of the signal phase and appropriately changing the para-

metric excitation [111]. In this work, the resonant amplitude was kept very small

(140 pm) in order to detect the onset of phase coherency. This small servo ampli-

tude at the edge of phase coherency avoided the slow-time bifurcation jump event

capable of causing latch-up instability.

In contrast, Guo and Fedder, developed an amplitude-state controller that

operated at any instant in one of two parametric drive states corresponding

to steady-state “on” and “off” operation while driving at a fixed parametric

drive frequency [112, 113]. The system rapidly switched between the unstable

region within the 𝜆–𝜎 instability wedge and the stable region outside of the

wedge by modulating 𝜆 via a DC voltage that modified the b1 parameter in

Eq. (4.9). Pulse-width modulation of the feedback state at 200 kHz avoided

the slow-time latch-up that occurred in steady-state operation and facilitated

relatively high displacement amplitudes of around 2 μm, with a noise floor of 2Å
in the displacement amplitude for a bandwidth of 0.2 Hz.
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4.10

Some Parting Thoughts

Near-zero, nonresonant response amplitudes, multi-valued steady-state

responses, sharp amplitude transitions near bifurcations, widely tunable

bandwidths, and noise squeezing are just some of the interesting dynamical

phenomena that arise in parametrically excited systems. Exploration of these

effects in the context of MEMS and NEMS has been ongoing since the early

1990s, leaving a blazed trail that may eventually lead toward the purposeful

incorporation of parametric excitations, and/or associated nonlinearities, in

commercial devices. In particular, several exciting opportunities to improve sen-

sor performance exist, including using parametric excitations to obtain improved

sensitivities in air compared to harmonic excitation, employing advanced control

techniques to facilitate more rapid analyte detection, using parametric effects

to couple various modes and lower feedthrough in multi-degree-of-freedom

systems, and leveraging parametric amplification to improve signal to noise

ratios.

First-principles modeling and analytical perturbation theory are requisite

for characterizing the (often nonlinear) behavior of parametrically excited

micro/nanosystems and provide a foundation for future progress. Fortunately, a

critical mass of this fundamental knowledge, along with design methodologies

and concepts tailored for microsystems, are widely available today, enabling

a wide set of MEMS and NEMS researchers and product developers to take

advantage of parametric excitations.
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