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This work describes an analytical framework suitable for the analysis of large-scale arrays
of coupled resonators, including those which feature amplitude and phase dynamics,
inherent element-level parameter variation, nonlinearity, and/or noise. In particular, this
analysis allows for the consideration of coupled systems in which the number of in-
dividual resonators is large, extending as far as the continuum limit corresponding to an
infinite number of resonators. Moreover, this framework permits analytical predictions for
the amplitude and phase dynamics of such systems. The utility of this analytical metho-
dology is explored through the analysis of a system of N non-identical resonators with
global coupling, including both reactive and dissipative components, physically motivated
by an electromagnetically-transduced microresonator array. In addition to the amplitude
and phase dynamics, the behavior of the system as the number of resonators varies is
investigated and the convergence of the discrete system to the infinite-N limit is char-
acterized.

& 2016 Elsevier Ltd. All rights reserved.
1. Introduction

Coupled dynamical systems have garnered increasing interest over the past three decades due to their ability to describe
the complex behaviors attendant to fields such as mathematical biology (see, for example [1,2]) and their ability to describe
collective and emergent behavior in physics and engineering contexts. For example, coupled ensembles of oscillators or
resonators have been used in the modeling, analysis, design, and characterization of fiber lasers, oil pipelines, bladed disk
assemblies, and antennas, amongst other pertinent systems (see, for example, [3–6]). One area of engineering research that
has recently advanced the understanding of coupled dynamical systems is that related to micro- and nanoelectromechanical
systems, or so-called MEMS and NEMS (see, for example, [7–21]). In this area of application there exist natural economies of
scale, which allow for very large degree-of-freedom ensembles, accompanied by noise and parametric uncertainty. The
emergent dynamics of such systems are often avoided, yet with proper system design, the global dynamics can be exploited
to provide system performance that cannot be realized with individual components. Accordingly, these systems offer a
certain appeal for the traditional analyst, as well as the practitioner who values the utility of collective and emergent
behaviors in applications as broad as mass sensing, signal processing, pattern generation, and even neural computing.
ra), pyles@purdue.edu (C.S. Pyles), bwethert@purdue.edu (B.A. Wetherton),
du (J.F. Rhoads).
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Despite the rapid growth in interest related to coupled dynamical systems, analytical advancements in this area have
been comparatively slow. Today, most analytical methods are based on mathematical reductions to phase-only models or
leverage system symmetries to predict and explain observed dynamical behaviors. Unfortunately, these methods are ill-
suited for many practical problems, which feature both amplitude and phase dynamics, inherent element-level parameter
variation (mistuning), nonlinearity, and/or noise.

This work seeks to help fill this apparent analytical gap through the presentation of a systematic analytical approach
which is amenable to the aforementioned problems and is adapted from prior work by [22]. This analytical framework
utilizes: (i) a discrete-to-continuous system transformation, followed by (ii) the application of a perturbation method on the
continuum representation and (iii) the use of an iterative numerical method to solve the resulting integral equations, and,
finally, (iv) interpretation of the results acquired from the continuous analog or, following an additional transformation, the
discrete representation.

The aforementioned framework is explored through an investigation of the dynamics of a specific system of interest: a
globally coupled microresonator array with reactive and/or dissipative coupling, together with element-level dynamics that
contain weak stiffness nonlinearities. To this end, this work presents not only a new analytical framework suitable for the
analysis of large degree-of-freedom, coupled dynamical systems, but also provides an analytical pathway suitable for the
design and development of coupled micro- and nanoresonator arrays, facilitating their use in very-large-system-integration
(VLSI)-like contexts.
2. A discrete system of coupled resonators

Equations of motion

The coupled dynamical system of interest herein is the electromagnetically-transduced microresonator array that was
explored, both analytically and experimentally, by the authors in prior work ([23,12]). This microsystem is actuated by
Lorentz forces resulting from interactions between current-carrying conducting metal loops deposited on the resonator's
surface and an external magnetic field ([24,25]). Likewise, the system exploits the back electromotive force (EMF) resulting
from the conductor passing through the magnetic field for sensing. In this system, global dissipative coupling arises
naturally due to the current that identically flows through each individual resonator and the resulting electromagnetic
interactions described previously. For this work, this coupling is augmented by a global reactive coupling component for the
sake of generality. These coupling terms are in contrast to nearest neighbor coupling that might arise from, for example,
localized mechanical interactions ([6]). Accordingly, the differential equations of motion that govern the coupled system's
dynamics, assuming finite but not large displacements (i.e. tip deflections approximately one order of magnitude smaller
than the beam length), are given by

∑ ∑γ α β¨ + ̇ + + − ̇ − = ( )
( )= =

m z c z k z z
N

z
N

z f t .
1

i i i i i i i i
j

N

j
j

N

j i
3

1 1

Here, each individual resonator in the N-element array is characterized by the index i and has an associated displacement zi.
Likewise, mi, ci, and ki represent the mass, damping, and stiffness of each resonator, while γi parameterizes the strength of
the nonlinearity. The parameters α and β characterize the overall strength of the dissipative and reactive global respectively.
Finally, each resonator is subject to an external time-dependent excitation represented by fi(t).
3. Continuum model

3.1. Formulation

The discrete system of coupled resonators can be recast in a continuum formulation, allowing for a compact description
of the resulting dynamics, similar to the system of coupled oscillators considered by [22]. In particular, the global dissipative
and reactive coupling terms can be expressed as integrals over the population of resonators. As an example, the dissipative
coupling term in Eq. (1) can be written as
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where δ ( )x is a Dirac delta function and the distribution parameter sj identifies the jth resonator. As a result, the discrete
system of coupled resonators can be written as a single integro-differential equation of the form
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where a population density function ρ ( )sN can be identified as

∑ρ δ( ) ≡ ( − )
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Again, the variable si identifies an individual resonator so that ≡m mi si and so forth. Note that the scaling parameter ϵ has
been introduced so that the resonator damping, nonlinearity, and coupling terms are assumed to be small. Finally, the
amplitude of the external forcing is assumed to be same order as the damping, scaled by ϵ. With this, the dominant response
of the system is ( )1 for those resonators tuned to the excitation frequencyΩ. The external forcing is further assumed to be
harmonic with frequency Ω and identical for each resonator, so that

Ωϵ ( ) = ϵ ( ) ( )f t F tsin . 5s 0

This formulation can likewise be extended to a continuum distributions of resonators through a general population
density function ρ ( )s , assumed to satisfy

∫ ρ ( ) = ( )−∞
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For example, if the population mass follows a continuous normal distribution with mean m0 and standard deviation s,
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Here, we consider a population of resonators such that

γ γ= + ϵ = = = ( )m m s c c k k, , , . 8s s s s0

Thus, the distribution parameter s is identified with the detuning of resonator mass from the mean value m0 of the
population. Note that the damping and stiffness parameters γ( )c k, , are identical for each resonator. With these, Eq. (3)
reduces to
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Finally, the system is assumed to be tuned such that
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3.2. Perturbation solution

We note that in Eq. (9) the distribution parameter s identifies a particular resonator, but the dynamics of each resonator
can be described by a single-degree-of-freedom, Duffing-like model, subject to the time-varying global coupling functions
parameterized by α and β. Therefore, a standard perturbation approach is applied to each resonator in Eq. (9), so that
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To lowest order, the response of ( )z t s;0 is

Ω Ω( ) = ( ) ( ) + ( ) ( ) ( )z t s A s t B s t; sin cos , 130

where A(s) and B(s) are unspecified. Introducing this solution into the next order of the approximation leads to secular terms
that must be removed for a uniformly-valid solution. Specifically, the unspecified coefficients must satisfy
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These nonlinear integral equations can be solved for A(s) and B(s) to provide the (ϵ )0 approximation for the response of
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the population in the presence of global dissipative and reactive coupling. It is worth noting that in these equations the
integral terms are definite, so that they are independent of s, although they most certainly depend on the unknown
functions [ ( ) ( )]A s B s, . Finally, the amplitude and phase response functions can be subsequently expressed as
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such that Φ( ) = ( ) ( )A s X s scos and Φ( ) = ( ) ( )B s X s ssin .

3.3. Iterative solution

The aforementioned integral equations can be solved by identifying the integral terms as

∫ ∫ρ ρ≡ ( ) ( ) ≡ ( ) ( ) ( )−∞
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such that the resulting equations can be written as
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These algebraic equations can be then solved for [ ( ) ( )]A s B s, . Note that these functions must be consistent with the
definitions of V and W given above, so that Eq. (16) define a self-consistency condition for the functions A(s) and B(s). We
refer to V and W as the global self-consistency constants.

For γ ≠ 0 the nonlinear algebraic system given in Eq. (17b) cannot be solved in closed form, thus the self-consistency
conditions given in Eq. (16) cannot be evaluated in closed form to solve for A(s) and B(s). Instead, a numerical method is used
to determine the functions ( )A s V W; ,i i and ( )B s V W; ,i i for specified values of ( = = )V V W W,i i in Eqs. (17b). The associated
squared error in the solution is given as
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Finally, an optimization strategy is employed to minimize , thus converging on the solution. This approach is im-
plemented in MATLAB using the functions fsolve to determine ( )A s V W; ,i i and ( )B s V W; ,i i , with fmincon employed to
minimize the resulting error.

Note that the response of any individual resonator is influenced by the population only through the values of V and W.
Thus, these terms characterize the influence of the global coupling within the system. In fact, the response functions A(s)
and B(s) can be solved for any value of s, while only those resonators that influence the population density ρ ( )s contribute to
the global self-consistency constants V and W.
4. Results and discussion

The analytical predictions for the stationary solutions can be compared against results obtained from direct numerical
simulation of the discrete equations of motion. Unless noted, here we choose ϵ = −10 2; the remaining default parameters for
the system are

Ω α β= = = = = = ( )m c F1, 1, 0.50, 1, 2.00, 5.00. 190

With γ = 0 the system is linear and the resulting equations of motion admit an exact solution. [12] developed the solution
for a discrete system of resonators, while for a general population, the solution to Eqs. (9) can be solved in closed form. In
particular, for a discrete system of resonators ρ ρ( ) ≡ ( )s sN as given in Eq. (4) with distribution parameters = …s i N, 1, ,i , so
that the global self-consistency constants reduce to
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The distribution of the system of resonators is characterized by the distribution of the values of si. In what follows the
response of the system is illustrated for a discrete system of resonators, as both the system parameters and number of



Fig. 1. Linear response functions (α = 2.00, β = 5.00, γ = 0, N¼100); iterative solution, direct numerical simulation; (a) X, (b) Φ.
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elements vary. With a discrete system as given above, defined by the values si, the integral equations for [ ( ) ( )]A s B s, can be
solved for any value of s, but only those resonators with =s si influence the global self-consistency constants V and W as
given in Eqs. (20a).

4.1. Uniform distribution, N¼100

For illustrative purposes, a uniform distribution of N¼100 discrete resonators represented by Eq. (4) is chosen with si
equally spaced within the interval ϵ ∈ [ − ]s 0.20, 0.20 . The amplitude and phase response functions, X(s) and Φ ( )s , are shown
in Fig. 1 as a function of the resonator mass = + ϵm m s0 with the default parameters of the system. The results of the
iterative solution to the amplitude equations given in Eqs. (14b) are represented by the solid line, while the stationary
amplitudes obtained from direct numerical simulation of the discrete equations of motion are shown with the marked
points. The kernels of the global self-consistency constants ( )V W, , that is, ρ( ) ( )A s s and ρ( ) ( )B s s , are shown in Fig. 2 as
obtained from the iterative solution. Note that with a uniform distribution these kernels simply reduce to A(s) and B(s), but
scaled by the number of oscillators. Consequently, for this distribution, the resonators near s¼0 ( =m m0) contribute most
significantly to the global self-consistency constants.

In Figs. 3 and 4 the amplitude and phase response functions are shown for various combinations of α and β. Specifically,
in Fig. 3 the response functions are shown for varying α with β = 10.00; in Fig. 4 the response functions are shown for
varying β with α = 4.00. As these coupling parameters change the amplitude response functions are primarily scaled by the
maximum response. In contrast, for different values of α and β the phase response function is uniformly shifted for all vales
of m, indicating that the global coupling introduces an additional phase shift of the resonator population relative to the
excitation.

With β = 0 the global coupling is purely dissipative, and the maximum amplitude is shown in Fig. 5a as the dissipative
coupling parameter α is varied. Note that the addition of this global coupling destabilizes the system, and for α α> ≈ 12.98cr

direct numerical simulation of the equations for the resonator population indicates the system is unstable. In contrast, α = 0
corresponds to purely reactive coupling, and the maximum amplitude is shown in Fig. 5b as the reactive coupling parameter
β is varied. The addition of such reactive coupling reduces the maximum amplitude of the response.

While the linear system admits an exact solution, for γ ≠ 0 no such closed-form expression exists. However, the am-
plitude and phase response functions can still be determined with the iterative solution. In Fig. 6 the amplitude and phase
response functions for the uniform distribution of resonators are shown for three different values of γ. As expected, γ < 0
corresponds to a softening response, so that near the resonant frequency the amplitude function is shifted to the left relative
to the linear system, while γ > 0 corresponds to a hardening system. As γ increases the frequency-amplitude shifts become
more significant, and can lead to bistability in the system response. Furthermore, as γ varies the maximum amplitude of the
response varies as well. This is in contrast to the response of a single resonator with cubic nonlinearity, in which the location
in m at which the maximum amplitude occurs shifts, but the value of Xmax remains constant.

In addition, the response of the system can be considered as the number of discrete resonators varies. In Fig. 7 the
response functions are shown for two uniform distributions, one with N¼20 and the second with N¼1000. We note that
the response of any individual resonator is similar for these two distributions, as the underlying integral equation given in
Eq. (14b) depends only on the values of ( )V W, defined by Eq. (16). As shown in Fig. 8, as N varies the values of the global
self-consistency constants V and W vary significantly for small N, before converging as N increases. The distribution function
Fig. 2. Coupling kernels (α = 2.00, β = 5.00, γ = 0, N¼100, iterative solution); (a) ρA , (b) ρB .



Fig. 3. Linear response functions, varying α (β = 10.00, γ = 0, N¼100); α = 0.0, α = 4.0, α = 8.0; (a) X, (b) Φ.

Fig. 4. Linear response functions, varying β (α = 4.00, γ = 0, N¼100); β = 0.0, β = 10.0, β = 20.0; (a) X, (b) Φ.

Fig. 5. Maximum response amplitude Xmax, varying coupling parameters (γ = 0, N¼100); iterative solution, direct numerical simulation;
(a) dissipative coupling (β = 0), (b) reactive coupling (α = 0).

Fig. 6. Nonlinear response functions, varying γ (α = 2.00, β = 5.00, N¼100, iterative solutions); γ = − 0.10, γ = 0, γ = 0.10; (a) X, (b) Φ.

Fig. 7. Response functions (α = 2.00, β = 5.00, γ = 0.05, iterative solutions); N¼1000, N¼20; (a) X, (b) Φ.
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ρN only approaches the uniform distribution as → ∞N . However, as observed in Fig. 8 the global self-consistency constants
show little variation above approximately N¼50, so that above this population size the discrete population behaves like a
continuum distribution. As N increases ( ) → ( − − )V W, 0.0286, 0.0824 for the parameters utilized herein.

4.2. Other distributions

Perhaps most importantly, the formulation and analytical framework presented herein allow for the consideration of



Fig. 8. Global self-consistency constants, varying N (α = 2.00, β = 5.00, γ = 0, iterative solutions); (a) V, (b) W.

Fig. 9. Global self-consistency constants (α = 2.00, β = 5.00, γ = 0, iterative solutions, 500 random distributions); (a) N¼20, (b) N¼500. The large point
indicates the values obtained from the uniform distribution of resonators.
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arbitrary distributions of resonators through the population density function ρ ( )s . As discussed above, the global coupling
influences the individual resonators only through the values of V and W, as determined by the self-consistency condition
given in Eq. (16). Hence, the iterative approach described above can be applied for any arbitrary resonator distribution.

For the discrete system, the population distribution is defined by the values of si defined in Eq. (4). A random distribution
of resonators is determined by choosing si over the interval ∈ [ ]s 0.80, 1.20i with equal probability. Each different dis-
tribution results in different values of ( )V W, , but recall that the values of these global self-consistency constants are de-
termined from the self-consistency condition given in Eq. (16). In Fig. 9, 500 different realizations of the aforementioned
distribution are shown for N¼20 and N¼500 discrete resonators. The spread in ( )V W, is more significant for N¼20 as
compared to N¼500 indicating that the stationary response is more sensitive to the population distribution for fewer
numbers of resonators. For reference the values obtained for the corresponding uniform continuum distribution of re-
sonators are also marked in each figure.

Finally, for a normal distribution of resonators, the global self-consistency constants are shown in Fig. 10 as the standard
deviation of the distribution s varies. Here, the resonator parameters si of the discrete distribution are chosen to equally
partition the cumulative normal distribution function. Note that in the limit σ → 0, each resonator in the population be-
comes identical and ( ) → ( − )V W, 0.1835, 0.0550 for the parameters utilized herein.
5. Conclusions and future work

This work presents a new analytical framework suitable for the analysis of large degree-of-freedom, coupled dynamical
systems, which is based upon a four-step process consisting of: (i) a discrete-to-continuous system transformation, with (ii)
the application of a perturbation method on the continuum representation, (iii) the use of an iterative numerical method to
solve the resulting integral equations, and finally, (iv) the interpretation of the results acquired from the continuous analog
or, following an additional transformation, the discrete representation. This methodology should provide utility in the
analysis of a wide variety of complex coupled dynamical systems, but is particularly amenable to the design and devel-
opment of coupled micro- and nanoresonator arrays, such as that explored herein, which commonly exhibit element-level
parameter variations, nonlinearity, and/or noise.
Fig. 10. Global self-consistency constants, iterative solutions, normal distribution varying s (α = 2.00, β = 5.00, γ = 0, N¼500); (a) V, (b) W.
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The analytical framework described in this work is suitable for use with linear and nonlinear systems. However, it is
important to note that for γ ≠ 0 the frequency response curves may exhibit bistability, so that for a given s Eq. (14b) admit
multiple solutions, and we purposefully avoid such parameter values in this work. When a given system of resonators
exhibits bistability, the state of an individual resonator may asymptotically approach a solution on either the upper or lower
branch. The global self-consistency constants V and W depend on the asymptotic state of the resonators; thus, to determine
these constants one must know the distribution of resonators across the multiple solutions. However, this asymptotic state
depends on the initial conditions and transient response of the system, which the perturbation method above cannot
address. Therefore, we only consider monostable resonators here, wherein the asymptotic state is unique. The aforemen-
tioned research questions surrounding the occurrence of bistability in large degree-of-freedom, coupled dynamical systems,
as well as experimental validation of the analytical results presented herein, will be the focus of future work.
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