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ABSTRACT

EXPLORING AND EXPLOITING RESONANCE IN

COUPLED AND/OR NONLINEAR

MICROELECTROMECHANICAL OSCILLATORS

By

Jeffrey F. Rhoads

Mass sensors utilizing resonant microelectromechanical systems (MEMS) have re-

cently garnered significant interest from the engineering research community. While

motivations vary, this interest is generally attributed to the fact that resonant mi-

crosensors offer the potential for increased mass sensitivity, in addition to all of

the benefits typically attendant to microelectromechanical devices, namely, minimal

power consumption, small size, seamless integration with existing integrated circuit

technologies, and comparatively low cost. Pertinent to the present study is the fact

that the majority of resonant microsensors utilize linear resonance structures. While

this approach offers unquestionable utility, because most uncoupled, linear microsen-

sors feature a single dominant degree-of-freedom and a single functionalized surface,

these devices are generally capable of detecting only a single analyte. Likewise, since

Lorentzian resonance structures are employed, sensor metrics are often constrained

by the devices’ scale and difficult to control independently.

The present study seeks to overcome the aforementioned limitations by examin-

ing the use of non-traditional microresonator architectures in resonant mass sensing

applications. Specifically, the work considers the design, modeling, analysis, and im-

plementation of (i) single input - single output (SISO), multi-analyte sensors based

on arrays of coupled microbeam oscillators, (ii) electrostatically-actuated microbeams

utilizing purely-parametric excitations, and (iii) resonant microcantilevers utilizing

magnetomotive transduction. Each of these systems is believed to be capable of



rendering simpler mass sensing systems and/or sensors with improved metrics.

The first portion of the present study considers the design and development of

a SISO, resonant mass sensor capable of detecting multiple target analytes. This

device, much like its traditional counterparts, employs linear resonance shifts to in-

dicate a detection event. Here, however, a coupled resonator architecture is used, in

conjunction with mode localization, to yield a comparatively-simpler, multi-analyte

sensor. While the present work details the sensor’s development from conception to

testing, particular emphasis is place on system modeling, analysis, and design.

The second portion of the work examines the use of electrostatically-actuated

microbeam systems with purely-parametric excitations. These devices, which utilize

symmetric electrostatic actuation, are of direct interest here, because they, unlike

their traditional variable-gap counterparts, feature a number of desirable frequency

response characteristics, including nearly-ideal stopband rejection, in addition to high

noise robustness and high mass sensitivity. In this investigation, particular emphasis

is placed on system modeling, nonlinear analysis, and device design.

The final portion of this dissertation focuses on resonant microcantilevers that uti-

lize electromagnetic actuation and sensing, or so-called magnetomotive transduction.

These devices have recently garnered increasing interest due to their scalability and

‘self-sensing’ capabilities, both of which are highly desirable in resonant mass sensing

applications. The first part of this investigation details the modeling, analysis, and

predictive design of a representative nonlinear device. This effort is intended to serve

as a precursor to the development of self-sensing, nonlinear resonant mass sensors.

The latter portion of the investigation examines (analytically and experimentally) the

implementation of parametric amplification in a linear, electromagnetically-actuated

microbeam system. This low-noise resonance amplification technique should facilitate

the development of self-sensing, linear mass sensors.
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CHAPTER 1

Introduction

Since the advent of the first electromechanical resonant gate transistor in mid-1965,

interest in resonant microelectromechanical systems (MEMS) has steadily increased

[1–3]. Though the devices still have not fully met early industrial expectations, re-

search advances over the past twenty years have allowed resonant microsystems to

emerge as viable alternatives to conventional electrical and mechanical resonators,

such as those based on integrated RLC circuits or vibrating quartz crystals, and,

ultimately, to become integral components in a number of emergent technologies,

including high-frequency signal filters [4–8], highly-sensitive chemical and biological

sensors [9–32], tactical-grade inertial sensors [33–39], and atomic force microscopes

(AFMs) [40–43]. While this wide applicability has undoubtedly generated some tech-

nical interest, the principal appeal of microresonators stems from the numerous ad-

vantages inherent to MEMS, namely, in comparison to their macroscale counterparts

they consume minimal power, occupy minimal space, are highly integrable with ex-

isting integrated circuit (IC) technologies, and, when bulk fabricated, can be realized

at comparatively low cost. Furthermore, these systems can be designed to feature

inherent nonlinearities and be widely tunable, both of which are highly desirable in

the context of the present study.

To date, the vast majority of research related to microresonators has focused on

isolated, single-degree-of-freedom (SDOF) oscillators that utilize a linear frequency

1



response structure. While these oscillators (described in greater detail in Section 1.1)

are well suited for applications such as radio-frequency (RF) signal filtering and mass

detection, they offer comparatively little flexibility (in both design and operation)

and are generally well understood by the MEMS research community. Accordingly,

the present work focuses on less traditional resonator implementations, namely those

based on coupled oscillators, oscillators with nonlinear frequency response structures,

and/or oscillators that are parametrically excited. These systems, with careful de-

sign, are believed to be capable of yielding performance metrics superior to their more

traditional counterparts, and could potentially supplant their directly-excited, linear

brethren in the near future. It is important to note that while the systems described

herein are believed to be novel, the present investigation of coupled and/or nonlinear

microelectromechanical (MEM) devices is by no means singular in nature. Accord-

ingly, Sections 1.2-1.4 briefly outline prior research in each of the aforementioned

areas (nonlinear microresonators, coupled microresonators, etc.). Following this re-

view, Section 1.5 presents information specific to resonant mass sensing, the proposed

application for the systems detailed herein. The chapter concludes in Section 1.6 with

a brief preview of the work’s subsequent chapters.

1.1 Linear Microresonators

Though, as noted above, investigations of microelectromechanical resonators began

as early as the mid-1960s, research in the area remained largely stagnant until the

late-1980s when electrostatically-actuated resonant microbridges and comb-driven mi-

croresonators [44–48], as well as dynamic-mode AFMs [40], first emerged. These sys-

tems triggered a bevy of research on resonant microsystems with linear and nonlinear

frequency response structures, respectively, that continues to this day.

Early investigations of linear microresonators primarily focused on electrostat-

ically actuated and sensed devices, specifically those utilizing interdigitated comb
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drives or parallel-plate capacitive structures [38, 44–49]. As microfabrication technolo-

gies matured, however, a multitude of linear devices based on alternative transduction

mechanisms emerged, including systems utilizing piezoelectric [4, 50, 51], piezoresis-

tive [38, 39, 52], electromagnetic [6, 53, 54], thermal [55–57], and optical [58, 59] ac-

tuation and/or sensing elements. Concurrent with this technological maturation

was a growth in application. Most notably, systems originally proposed for RF sig-

nal filtering and resonant mass sensing applications were adapted for use in inertial

sensing, pressure sensing, radiation sensing, magnetic field sensing, cooling (micro-

fans), resonant pumping (diaphragm pumps), and optical scanning systems (see Ref-

erences [38, 39, 49, 60–63] for a general overview of these systems).

The majority of modern microresonators, much like their earlier counterparts,

utilize harmonically-forced, linear resonators, which exhibit a Lorentzian frequency

response structure (see, for example, Figure 1.1). These devices are highly valued by

the MEMS community because they can be realized at small scales (resonators with

feature sizes on the order of a few nanometers have been produced – see, for example,

References [53, 64–66]) using comparatively simple geometries (typically prismatic

beams or thin plates) and have a frequency response structure which is dependent

on only three distinct parameters: the resonator’s natural frequency (ωn), quality

factor (Q), and normalized excitation amplitude. Though this simplistic approach

possesses unquestionable utility (the design, fabrication, and integration of linear

microresonators is projected to become a multi-billion dollar industry by the end

of the decade), the lack of flexibility attendant to these systems (due to the small

number of free design parameters and rigid Lorentzian frequency response structure)

constrains their ultimate potential.
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1.2 Nonlinear Microresonators

Nonlinearities in resonant microsystems generally arise from three distinct sources:

large structural deformations, displacement-dependent excitations, and tip/sample

interaction potentials, such as the Lennard-Jones potential, which arise in atomic force

microscopy [43]. As tip/sample interactions have received an abundance of attention

in both the physics and engineering communities, other sources of nonlinearity are

emphasized here.

Despite the fact that many MEMS devices feature inherent nonlinearities, nonlin-

ear frequency response structures traditionally have been avoided within the MEMS

research community. In fact, nonlinear microresonators have received meaningful at-

tention only within the past five to ten years. Early on, investigations of nonlinear

microresonators emphasized forced harmonic oscillators, typically planar comb-driven

devices, with nonlinearities arising from large elastic deformations. These devices ex-

hibited classical Duffing frequency response structures, which offered a number of at-

tendant benefits (e.g., lower sensitivity to damping), but were deemed to be inferior to

their Lorentzian counterparts for most applications [67]. Nonlinear, electrostatically-

actuated, variable-gap structures drew slightly more attention from the MEMS com-

munity, due to their highly tunable nature [68–73]; but, only recently, with the release

of a multitude of studies focusing on the nonlinear response of microsystems undergo-

ing large elastic deformations in the presence of multi-physics excitations, have nonlin-

ear microresonators garnered serious attention (see, for example, References [74–77]).

While motivations vary, this increase in attention is generally attributed to the broad

conclusion that while microresonators based on nonlinear frequency response struc-

tures are more difficult to design and analyze than their linear counterparts, they

offer a degree of tunability unattainable with a linear device and have the potential

to exhibit superior performance metrics. Furthermore, an appreciable understanding

of nonlinearity is essential to the future development of functional nanoresonators, as
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these devices operate in the presence of an elevated noise floor and lowered nonlinear

‘ceiling’ (i.e. they have a severely limited linear dynamic range) [70, 78].

1.3 Coupled Microresonators

Coupled microresonators have received significant attention in the MEMS community

since the early-1990s, but primarily within the context of RF signal filtering. Nguyen,

for example, showed as early as the mid-1990s that microelectromechanical (MEM)

analogs of RLC ladder filters could be constructed using finite-length chains of mi-

croresonators mechanically coupled in a nearest-neighbor configuration [5, 8, 79–82].

These systems were found to exhibit high-frequency, multi-resonance passbands with

effective quality factors orders-of-magnitude larger than those of their purely-electrical

or mechanical predecessors. Subsequent studies have expanded upon Nguyen’s work

by incorporating alternative coupling architectures, such as cyclic chains [83], as well

as alternative coupling mechanisms, including gap-dependent electrostatic coupling

[84–87].

In 2003, the effects of frequency mistuning and nonlinearity in coupled resonator

systems were systematically analyzed for the first time at the microscale. These

studies revealed that mistuning and/or nonlinear coupling could lead to the spa-

tial localization of energy (mechanical manifestations of Anderson localization) or

so-called localized modes [88–96]. Though these early investigations largely ignored

practical application, in late 2005, Speltzer, et al. demonstrated that spatially local-

ized modes can be advantageous in resonant mass sensing [97, 98]. The first portion

of the present work, namely Chapter 2, focuses on a related investigation, which was

completed concurrent with this study.

Before proceeding, it is prudent to note that other collective behaviors have re-

cently been identified and/or investigated in coupled microelectromechanical systems.

For example, Cross, et al. showed in 2004 that coupled, nonlinear microelectrome-
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chanical oscillators, under certain conditions, can synchronize [99, 100]. This col-

lective behavior, as the authors note, offers one potential method of overcoming

process-induced variations in coupled oscillator systems. In other work, Hoppen-

steadt and Izhikevich noted that certain collective behaviors predicted to occur in

coupled microresonator systems have the potential to serve as memory elements in

next-generation computing systems [101]. Though neither of these research directions

are directly considered herein, both should be considered plausible extensions of the

present work.

1.4 Parametrically-Excited Microresonators and Parametric

Amplification

Though they could be categorized with their time-invariant counterparts detailed

above, parametrically-excited microresonators, or microresonators with periodic,

time-varying coefficients, are reviewed independently here due to their prominence

in the latter portions of the present work. Parametric resonance in MEMS was first

reported by Turner, et al. in the late 1990s [102]. Since this initial investigation, para-

metric resonance has been identified and, ultimately, exploited in a wide variety of

microelectromechanical (MEM) resonators, including electrostatically-actuated tor-

sional, planar shuttle mass, and microbeam resonators [87, 103–118], optically-excited

disk resonators [119, 120], and piezoelectrically-excited microbeams [121]. Likewise,

such devices have been proposed for use in a wide variety of applications, includ-

ing resonant mass sensing, RF signal filtering/frequency-selective switching, scanning

probe microscopy, resonant microscanning, and inertial sensing (microgyroscopes).

Generally speaking, parametric resonance in MEMS is coveted due to the

nearly-ideal stopband rejection (non-resonant, noise floor response) attendant to a

parametrically-excited oscillator’s frequency response (see Figure 1.2 for a represen-
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tative nonlinear response). However, recent work has indicated that parametrically-

excited systems are also less sensitive to damping and more robust to additive noise

than their time-invariant counterparts [108, 111, 122], feature an extremely sharp re-

sponse roll-off [106], and offer a degree of tunability that is unmatched in MEMS [106,

107, 116]. As each of these benefits, as well as the fundamentals of parametrically-

excited systems, in general, are discussed at great length in prior work by the author,

additional details are omitted here. Those seeking additional background are referred

to References [107, 123–125].

While parametric excitation, in and of itself, is of interest in the present work, a re-

lated phenomenon of equal interest is mechanical-domain parametric amplification, or

the process of amplifying mechanical vibration (namely, a given system’s resonance)

with a time-varying pump. While this nearly-noise-free amplification approach has

been utilized for nearly a century in electrical and optical systems [126–128], the

technique wasn’t introduced into the mechanical domain until 1991, when Rugar

and Grütter showed that significant resonance amplification could be realized in a

piezoelectrically-base-excited cantilever by adding an electrostatic pump at twice the

beam’s natural frequency [129]. Though the study initially received little attention,

the explosion of MEMS research in the 1990s resulted in a number of subsequent

investigations, which showed that gains of more than 20 dB can be realized, via para-

metric amplification, in a wide variety of microelectromechanical systems, including

torsional microresonators [103, 130], electric force microscopes [131], optically-excited

micromechanical oscillators [132], micro ring gyroscopes [133], MEMS diaphragms

[134], coupled microresonators [135], and microcantilevers [136–139]. Similar work

has recently demonstrated that parametric amplification can be realized in macroscale

mechanical systems, as well [140, 141]. As detailed below, Chapter 6 demonstrates

the use of parametric amplification in an emerging class of microresonators, which

utilize magnetomotive transduction principles.
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1.5 Resonant Mass Sensing

While the microresonator systems described herein can be utilized in a wide range of

applications, the emphasis in the present work is on resonant mass sensing. Though

perspectives vary, the first application of microresonators in this context is generally

credited to either Thundat, et al., who in the early-1990s inadvertently discovered

that the natural frequency of a microcantilever changes with varying humidity [17,

142, 143], or Howe and Muller, who reported an integrated microbridge vapor sensor in

1986. Since these initial reports, resonant microsensors have received an appreciable

amount of attention in the chemistry, physics, and engineering communities and have

been proposed for use in a wide variety of chemical and biological sensing applications,

including those relating to public health and safety (e.g., in chemical detectors capable

of monitoring the environment for compounds such as mercury), medical research and

diagnostics (e.g., in detectors capable of identifying the presence of a certain protein

or strand of DNA), and national security and defense (e.g., in sensors capable of

detecting the presence of chemical and biological agents or explosive compounds) [11–

15, 18, 20–27, 29–32, 144–152]. While resonant microsensors offer all of the inherent

advantages of MEMS, they also offer the potential for higher mass sensitivity (a

quantification of the smallest change in mass that can be measured with a given

sensor) [11, 17, 20]. Of particular note is recent work by Yang, et al, which reported

the detection of zeptogram-scale mass particles with nanoscale beam resonators [152].

This performance dwarfs that of most, if not all, conventional competitors.

Pertinent to the present work is the fact that the vast majority of modern reso-

nant microsensors operate on a resonance tracking principle (the term is used loosely

here to describe the subsequently-explained phenomenon). That is, the resonant

frequency of the sensor, typically comprised of an isolated, single-degree-of-freedom

(SDOF) oscillator, is determined prior to implementation, and then during the course

of operation the location of this resonance is tracked (see Figure 1.1). As shifts in
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the resonant frequency are attributable to mass or stiffness changes in the oscillator,

caused by absorption, desorption, local stress stiffening, or a similar chemomechanical

process, these shifts can, in turn, be used to identify the presence of a target analyte

[11, 153, 154]. Unfortunately, since existing microsensors typically feature a single

dominant degree-of-freedom and a very limited number of analytes can be uniquely

detected with a single functionalized surface, sensors utilizing this approach are gen-

erally capable of detecting only a lone analyte or a class of closely related analytes.

Arrays of uncoupled linear oscillators, each individually functionalized for the detec-

tion of a specific analyte, have been implemented to overcome this limitation, but

the greater hardware and signal processing requirements associated with such sensors

lead to added expense and complexity [11]. As detailed below, Chapter 2 of this work

introduces a new single input - single output, coupled-array architecture, which facil-

itates multi-analyte detection, while avoiding most, if not all, of the aforementioned

limitations.

While the majority of research related to resonant mass sensors has focused on

linear resonator implementations, recent work has indicated that mass sensors based

on nonlinear frequency response structures may be capable of exhibiting higher sen-

sitivities [111, 155–157]. These nonlinear devices operate much like their linear coun-

terparts in that they utilize resonance shifts induced by a chemomechanical process

(itself initiated by the presence of a target analyte). Here, however, the system’s

bifurcation structure is actively exploited (see schematic in Figure 1.2). Specifically,

a given device is first driven slightly below an identified subcritical bifurcation point.

When a small amount of mass interacts with the resonator, the system transitions

across the subcritical instability, moving from a stable no-motion state to an unstable

no-motion state (in the case of a nonlinear parametrically-excited resonator). This

transition results in a larger response amplitude (a by-product of a jump bifurcation),

which can be directly correlated to an analyte detection event. While this approach
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Figure 1.1. Frequency response plots, (a) amplitude and (b) phase, for a linear reso-
nant mass sensor. Note that the induced resonance shift (approximately 20%) has been
exaggerated for illustrative purposes.
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Figure 1.2. A representative frequency response plot (resonator amplitude versus nor-
malized excitation frequency) for a nonlinear mass sensor based on parametric resonance
(solid lines indicate a stable steady-state response, dashed lines an unstable response). Note
that a small shift in the system’s natural frequency drives the system across the subcritical
pitchfork bifurcation causing a dramatic increase in the device’s response amplitude. This
increase can be directly correlated to an analyte detection event.

still utilizes resonance shifts in the course of sensing, because the detection event is di-

rectly correlated to a jump in response amplitude, in addition to a frequency shift, the

need for attendant frequency tracking/identification hardware, such as phase locked

loops, can be (at least partially) negated. As such, the approach potentially allows

for smaller, reduced power, chemical and biological detectors with higher sensitivi-

ties. As detailed below, Chapters 3 and 5 of the current work examine the behavior of

two distinct classes of microresonators that are believed to have promise as nonlinear

resonant mass sensors.

1.6 Dissertation Overview

As detailed above, the present work focuses on non-traditional microresonator im-

plementations, specifically those based on nonlinear, coupled, and/or parametrically-

excited oscillators, which are believed to have practical utility in resonant mass sens-

ing applications. Given the breadth of this research topic, particular emphasis is

placed on three distinct systems: (i) novel, single input - single output, multi-analyte
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sensors based on arrays of linear oscillators coupled in ‘master-slave’ configurations,

(ii) electrostatically-actuated microbeams utilizing purely-parametric excitations, and

(iii) resonant microcantilevers utilizing magnetomotive transduction. Completed re-

search related to each of these respective systems is briefly previewed below.

1.6.1 A Single Input - Single Output, Multi-Analyte Sensor

As stated in Section 1.5, the majority of chemical and biological sensors based on

resonant microstructures utilize isolated microresonators (capable of detecting a sin-

gle analyte) or dynamically-uncoupled resonator arrays. While the latter systems

facilitate the detection of multiple analytes with a single sensor, they are typically

multiple input - multiple output (MIMO) devices, and, thus, poorly suited for sys-

tem integration and, ultimately, analyte assessment. Chapter 2 of the present work

introduces a new class of single input - single output (SISO) resonant mass sensor

that is capable of simultaneously detecting multiple analytes. These sensors utilize

a coupled-resonator architecture, namely a ‘master-slave’ resonator configuration, in

conjunction with mode localization and resonance tracking (detailed above) to facil-

itate detection.

Chapter 2 of the present work outlines the results of a joint analytical and exper-

imental investigation of the aforementioned sensor. Following a brief introduction,

the work details the development of a simple, linear system model that is capable of

capturing the behavior of a representative device, and then proceeds with the analysis

of a desirable form of the system’s frequency response. The chapter then takes an

experimental turn with the examination of a series of experimental results obtained

from a first-generation sensor design. Pertinent system metrics, as well as relevant

design and integration issues, are subsequently discussed, and the chapter concludes

with an outline of ongoing research.
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1.6.2 Electrostatically-Actuated Microbeam Resonators with Purely-

Parametric Excitations

Though, as detailed above, the majority of electrostatically-actuated resonant mi-

crobeam systems reported to date have been based on linear resonance structures,

a number of recent studies have indicated that the performance metrics associated

with such devices can be dramatically improved by exploiting inherent system non-

linearities [68, 71, 104, 118, 158–160]. While a number of distinct mechanisms in these

systems can lead to nonlinearity, some of the most interesting nonlinear effects are

those generated by variable-gap electrostatic forces, which, due to their position-

dependent nature, generally lead to some combination of direct and/or nonlinear

parametric excitation [104, 160]. In a typical microbeam design these excitations arise

simultaneously, which renders a predictable response, but eliminates (or reduces) the

inherent benefits associated with purely-parametric excitations. In particular, known

benefits, such as nearly-ideal stopband attenuation, comparatively higher sensitivity,

and high noise robustness, are believed to be deteriorated (see, for example, Refer-

ences [106, 161]). Chapter 3 investigates a modified microbeam resonator design that

is intended to recover the aforementioned benefits through the implementation of a

novel electrode configuration. In particular, the chapter shows that through the use

of symmetric electrostatic actuation (as realized through the exploitation of a three

plate capacitor design) direct excitation (and certain parametric excitation) effects

which hinder device performance can be eliminated or at least reduced to largely

insignificant levels. This results in nonlinear microbeam systems that are well suited

for mass sensing.

Chapter 3 of the present work details the modeling and analysis of a representa-

tive nonlinear microbeam system with symmetric electrostatic actuation. The chapter

begins with the development of a distributed-parameter system model that is capa-

ble of adequately capturing the microsystem’s dynamics. This model is reduced to a
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comparatively-simpler, lumped-mass model using modal projection, and subsequently

analyzed using standard perturbation techniques. The chapter proceeds with a dis-

cussion of various design and implementation issues, and concludes with a brief look

at resonant mass sensing.

1.6.3 Electromagnetically-Actuated Microbeam Resonators

While the first two chapters of the present work focus on electrostatically-actuated mi-

crosystems, Chapters 4-6 focus on microresonators that utilize electromagnetic actua-

tion and sensing, or so-called magnetomotive transduction. Though these microscale

devices were reported in literature as early as 1994 [162, 163], electromagnetically-

actuated and sensed devices have garnered increasing interest in recent years, due

to their scalability (magnetomotive transduction is easily realized at the nanoscale)

and ‘self-sensing’ capabilities. Collectively, these traits have spurred the rapid im-

plementation of electromagnetically-actuated and sensed resonators in a number of

engineering applications [6, 53, 54, 164–170].

The present work focuses on electromagnetically-actuated (EMA) microresonators

that are implementable as linear or nonlinear resonant mass sensors, in isolated or

coupled-array device configurations. Specifically, the work emphasizes resonators sim-

ilar to those previously introduced in References [157, 171] and shown in Figure 1.3,

which consist of a silicon microcantilever actuated electromagnetically using a Lorenz

force (which is generated by the interaction between an external, chip-scale permanent

magnet and an integrated current loop) and sensed using an induced electromotive

force (emf) (which results from the movement of the integrated current loop through

the magnetic field). Particular architectures of interest include isolated, EMA mi-

crocantilevers undergoing large deflections (Chapter 5) and isolated, parametrically-

amplified, EMA microcantilevers (Chapter 6).

Chapter 4, the first chapter in the work concerned solely with electromagnetically-
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(a)

(b)

Figure 1.3. Representative electromagnetically-actuated microcantilevers. Note that the
microbeams incorporate two independent current loops – one for sensing and another for
actuation (Note that Figure 1.3b is from Reference [171]).
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actuated microbeams, focuses on system modeling. A spatiotemporal nonlinear sys-

tem model capable of accounting for large elastic deformations in the presence of

multi-directional Lorentz force excitations is derived, reduced to a comparatively-

simpler lumped-mass model through modal projection, and, ultimately, scaled and

nondimensionalized for analytical purposes. Using the results of Chapter 4, the work

continues in Chapter 5 with an examination of a representative microbeam system’s

nonlinear behavior. Given that previously-obtained experimental data indicated the

need for a higher-order nonlinear model than that previously described by the au-

thor in References [106, 107, 124], a fifth-order nonlinear model is used as the basis

of study. This model is systematically analyzed using the method of averaging, and

various frequency response structures, which are pertinent to the stated application,

are examined. Chapter 6 deviates from nonlinear analysis with an investigation of

parametric amplification. Though this amplification technique, as detailed above,

was previously implemented in a number of resonant microsystems, it proves to be

of particular use in electromagnetically-actuated systems, due to the inherent limi-

tations on drive current that exist in such systems, due to material breakdown and

device burnout thresholds.
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CHAPTER 2

A Single Input - Single Output,

Multi-Analyte Sensor

As noted in the introduction, this chapter of the work details a novel chemical and/or

biological sensor design that allows for the detection of multiple analytes using a sin-

gle sensor input and a single sensor output. Unlike their more conventional, isolated

counterparts, these devices utilize a coupled-system architecture in which a number

of frequency-mistuned microbeam resonators, each individually functionalized for the

detection of a specific analyte, are attached to a common shuttle mass (see Figure 2.1),

which, in turn, is used for both actuation and sensing (measurement readout) pur-

poses. Providing sufficient vibration localization in the set of mistuned oscillators,

this innovative architecture allows for frequency shifts in any, or all, of the individual

microbeams to be measured using solely the response of the common shuttle mass.

Accordingly, a single, single input - single output (SISO) device proves sufficient for

the detection of multiple target analytes.

This chapter specifically details an analytical and experimental investigation of

the SISO microsensor design described above (Note that the investigation was pre-

viously reported in References [172–174]). The chapter begins with a brief overview

of the device’s topology, and then proceeds with the derivation of a representative

lumped-mass system model and an analysis of a desirable form of the sensor’s fre-
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Figure 2.1. A scanning electron micrograph of a translational, SISO, multi-analyte sensor.
Key device features have been labeled for reference purposes as follows: the device’s shuttle
mass is labeled SM; the four individual microbeam oscillators are each labeled M; the
electrostatic comb drives are labeled CD; and each of the four folded beam flexures are
denoted with an S. Also note that the principal direction of motion is designated by the
included double-pointed arrow (From Reference [172]).

quency response. Experimental results, including those acquired from a simulated

mass detection event, are subsequently detailed, and the chapter concludes with a

brief examination of sensor metrics, a discussion of pertinent design and integration

issues, and a brief overview of ongoing and future work.

2.1 System Modeling

Though a variety of geometries can be developed based on the sensor topology de-

scribed herein, the translational design depicted in Figure 2.1 was selected for exam-

ination here due to its relative simplicity. As shown, this design consists of a single

shuttle mass (SM), which is suspended above the substrate by four folded beam flex-

ures in such a way that in-plane, unidirectional motion is dominant. Actuation is

provided electrostatically through one bank of interdigitated comb drives (CD), the
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Figure 2.2. A mass-spring-dashpot analog of the sensor topology depicted in Figure 2.1
(From References [172–174]). Note that the larger mass M represents the sensor’s shuttle
mass and the comparatively smaller masses m1, m2, etc. represent the microbeam oscilla-
tors.

second bank, though not presently utilized, can be used for sensing (measurement

readout). In final implementations, active sensing surfaces will be individually de-

posited on each of the four microbeam oscillators (M) (this number could easily be

expanded to facilitate the detection of a larger number of analytes), which are at-

tached to the common shuttle mass. It should be noted that each of these microbeams

deviate slightly in length to ensure ample separation of the coupled system’s resonant

frequencies, which is necessary to ensure sufficient localization.

Given the geometric complexity of the sensor design depicted in Figure 2.1, it

proves convenient for analysis to model the device using a simple lumped-mass analog,

such as that shown in Figure 2.2. Here the shuttle mass is represented by the larger

mass denoted M and the microbeams are represented by the comparatively smaller

masses designated m1, m2, etc., elasticity is captured by the linear spring elements

designated kb (for the primary system) and k1, k2, etc. (for the microbeams), and

intrinsic and extrinsic dissipation (arising primarily from aerodynamic effects, but also

including material dissipation) are captured by the linear dashpot elements designated
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cb (for the primary system) and c1, cb1, c2, cb2, etc. (for the microbeams). The net

electrostatic force, which is applied solely to the shuttle mass, is denoted by the forcing

term F (t). Though this topology is believed to be novel in the sensors community,

it is important to note that topologies akin to that presented here have been studied

in unrelated contexts, namely, broad-band noise control and vibration suppression

[175–177].

Using the lumped-mass model depicted in Figure 2.2, it can be shown that the

equations of motion governing the system depicted in Figure 2.1 are given by

Mẍ+
∑
i

mi (ẍ+ z̈i) +
∑
i

cbi (ẋ+ żi) + cbẋ+ kbx = F (t), (2.1)

mi (ẍ+ z̈i) + cbi (ẋ+ żi) + ciżi + kizi = 0, i = 1, . . . , N (2.2)

where zi is the relative displacement of the ith subsystem, given by

zi = yi − x, i = 1, . . . , N, (2.3)

N specifies the number of microbeam subsystems (active sensing elements) attached

to the shuttle mass, and x and yi represent the absolute displacements of the shuttle

mass and ith subsystem, respectively. Providing ample device thickness (approxi-

mately 10 µm or larger) and minimal fringe field effects, the applied electrostatic

force F (t), which appears in Equation (2.1), can be approximated by

F (t) =
ε0nhV

2(t)

g
, (2.4)

where ε0 represents the free space permittivity, n the total number of comb fingers

in the electrostatic comb banks, g the gap between adjacent comb fingers, and h

the device thickness. Given a harmonic voltage excitation with amplitude VA and

frequency ω, the resulting net force features both AC and DC components and takes

the form

F (t) =
ε0nhV

2
A

2g
(1 + cos 2ωt) = F0 (1 + cos 2ωt) . (2.5)
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The explicit appearance of the DC excitation can be resolved by redefining the dy-

namic variables x and zi by translation according to

x̂ = x− x̄ = x− F0
kb
, ẑi = zi. (2.6)

Nondimensionalizing the resulting displacements by a characteristic length of the

system x0 (e.g., the maximum allowable shuttle mass displacement, as limited by

the interdigitated comb drives – note that the selection of the characteristic length is

largely arbitrary due to the linear nature of the system) according to

u =
x̂

x0
, vi =

ẑi
x0

(2.7)

and the system’s excitation and natural frequencies by a characteristic frequency of

the system ω0 (chosen here to be the uncoupled natural frequency of the longest

microbeam) yields dimensionless governing equations given by

u′′+2ζbΛu
′ + Λ2u

= Γ cos Ωτ −
∑
i

m̂i
(
u′′ + v′′i

)
−
∑
i

2ζbiΥim̂i
(
u′ + v′i

) (2.8)

m̂i
(
u′′ + v′′i

)
+ 2m̂iζiΥiv

′
i + m̂iΥ

2
i vi = −2m̂iζbiΥi

(
u′ + v′i

)
i = 1, . . . , N (2.9)

with system parameters defined as in Table 2.1. This system of N + 1 equations can

be compiled into a standard matrix form given by

MX ′′ + CX ′ +KX = Φ(τ) (2.10)

for further analysis. Note that hereX represents a compiled state vector incorporating

the displacements of both the shuttle mass and the microbeam oscillators, M an

effective mass matrix incorporating inertial coupling terms, C an effective damping

matrix incorporating dissipative coupling terms, K an effective stiffness matrix, and

Φ(τ) an effective forcing vector, which is sparse except for the first element.
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Table 2.1. Nondimensional parameter definitions.

Parameter Description

τ = ω0t Nondimensional Time

Ω =
2ω

ω0
Nondimensional Excitation Frequency

(•)′ =
d(•)
dτ

New Derivative Operator

u =
x̂

x0
, vi =

ẑi
x0

Nondimensional Displacements

m̂i =
mi

M
Inertia Ratio:

ith Microbeam to Shuttle Mass

Λ =
ωb
ω0

=
1

ω0

√
kb
M

Frequency Ratio:

Isolated Shuttle Mass to Characteristic Value

Υi =
ωi
ω0

=
1

ω0

√
ki
mi

Frequency Ratio:

ith Isolated Microbeam to Characteristic Value

ζb =
cb

2
√
kbM

Damping Ratio:

Isolated Shuttle Mass

ζi =
ci

2
√
kimi

Damping Ratio:

ith Microbeam (Isolated from Ground)

ζbi =
cbi

2
√
kimi

Pseudo-Damping Ratio:

ith Microbeam (Partially Isolated from Shuttle)

Γ =
F0

Mx0ω
2
0

Nondimensional Excitation Amplitude
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2.2 Frequency Response Characteristics

Using the matrix equation developed in the preceding section, Equation (2.10), the

response of the sensor can be easily recovered using any one of the many techniques

common to linear systems theory (the impedance approach detailed in Reference [178]

was used in the preparation of this work). However, due to the large number of free

parameters present in this equation (4N + 4), a number of qualitatively distinct

responses, most of which are poorly suited for sensing, are readily obtainable. Ac-

cordingly, the present work emphasizes one particular form of the system’s frequency

response that is amenable to sensing. A qualitative representation of this response is

shown in Figure 2.3. Though a limited number of alternative responses will facilitate

sensing, they are presently believed to be inferior to that detailed here. Accordingly,

investigation of these alternatives is left for subsequent works.

Examination of the analytical frequency response plot shown in Figure 2.3 re-

veals several features of note. First, the response includes a dominant low-frequency

resonance (1) which occurs (approximately) at the resonant frequency

Ω0 ≈
1

ω0

√
kb

M +
∑N
i mi

. (2.11)

As modal analysis confirms, this resonance corresponds to a bulk, in-plane mode of

the system where both the shuttle mass and the attached microbeam oscillators move

essentially together as a lumped mass. Figure 2.4a, recovered from a finite element

analysis of the device verifies this modal behavior. The response also displays four

additional, higher-frequency resonances, which are labeled (A), (B), (C), and (D).

These resonances each occur at a frequency slightly greater than Υi, the rescaled,

isolated, microbeam natural frequencies, and correspond to in-plane localized modes

where appreciable displacements occur in only a single microbeam. This is confirmed

not only by the comparatively-larger resonant amplitudes shown in Figure 2.3a, but

also by the finite element results shown in Figure 2.4b. It is important to note that
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Figure 2.3. A desirable form of the frequency response, (a) amplitude and (b) phase, for
a representative sensor design (From Reference [172]). Note that the labeled resonances
correspond to the following modes: (1) A translational in-plane mode, (A, B, C, and D)
modes where energy is localized in one of the sensor’s microbeams. Also note that for clarity
only the phase of the shuttle mass response is shown.
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since these higher frequency microbeam resonances (corresponding to modes where

energy is largely confined in a single microbeam) induce a measurable resonance in

the shuttle mass’ response, resonance shifts induced by chemomechanical processes

on any, or all, of the microbeams are detectable using only the shuttle mass’ response.

Accordingly, sweeping the excitation frequency of the system Ω through a frequency

range that includes Υ1, ..., ΥN allows for the detection of up to N distinct analytes,

providing that each microbeam oscillator is properly functionalized.

In order to achieve the desired features in the shuttle mass’ frequency response

(depicted in Figure 2.3), the system’s parameters must be systematically chosen. To

this end, details on the selection of inertia ratios (m̂i) and frequency ratios (Υi/Λ), as

well as the amplitude of the AC voltage excitation applied to the electrostatic comb

drives (VA), which is incorporated into the nondimensional parameter Γ, are detailed

here.

Careful selection of the system’s frequency ratios (Υi/Λ) is required to ensure am-

ple separation between all of the microsensor’s resonances, including those associated

with out-of-plane modes, which are not captured by the lumped-mass model used in

this work. To this end, the following guidelines must be observed throughout the

course of design: (i) To avoid interactions between the system’s low frequency reso-

nance [labeled (1)] and the resonances associated with the localized modes [labeled

(A)-(D)], the system’s frequency ratios (Υi/Λ) must be specified to be greater than,

and well separated from, unity. Failing to meet this criterion results in a contamina-

tion of the resonance peaks associated with the localized modes in the proximity of

resonance (1), which can negate the successful detection of analytes using the corre-

sponding microbeams, especially in the presence of additive noise. (ii) To avoid the

potential formation of a multi-resonance passband, each Υi/Λ value must be distinct

and well separated from all other frequency ratios. Failing to meet this criterion can

result in a number of indistinct resonances, which hinders the detection of individual
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(a)

(b)

(c)

Figure 2.4. Mode shapes of the sensor as recovered using computer-based finite element
methods (From Reference [172]). (a) The first mode of the sensor: a bulk in-plane mode
where the shuttle mass and microbeam oscillators move nearly in unison, essentially as a
lumped mass. (b) The seventh mode of the sensor: an in-plane, localized mode where move-
ment, and thus energy, is largely confined in a single microbeam. (c) The third mode of the
sensor: an out-of-plane torsional mode. Note that the resonant frequencies corresponding
to each of these modes are detailed in Table 2.3.
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resonance shifts, and ultimately negates multi-analyte detection. (iii) Each uncoupled

microbeam frequency (Υi), must be well separated from the resonant frequencies as-

sociated with both out-of-plane modes and higher frequency, in-plane modes to avoid

situations akin to those detailed above in case (i), where the resonances associated

with the localized microbeam modes become contaminated by other system reso-

nances. Note that since the lumped-mass model presented here captures only the

first five in-plane modes of the system, finite element results similar to those shown

in Figure 2.4 are requisite for design. Before proceeding, it should also be noted

that the amount of damping present in the system greatly impacts each of the de-

sign criterion detailed above. Specifically, in low damping environments the system’s

resonance peaks can be placed in much closer proximity than they can be in low-Q

(comparatively higher damping) environments. Accordingly, the amount of damping

present in the system, not only constrains frequency ratio selection, but also limits

the number of functionalized microbeams that can be integrated with the system and

thus the number of distinct analytes that can be uniquely detected.

Selection of the system’s inertia ratios (m̂i) is primarily used to control the relative

coupling strength between the microbeam oscillators and the sensor’s shuttle mass.

Accordingly, these ratios, in conjunction with the system’s frequency ratios, are used

to control the extent of localization in the coupled system’s response [179]. For

the sensing principles discussed here, strong mode localization is necessary to ensure

efficient mass sensing. This is attributable to the fact that while mass and/or stiffness

changes in a single microbeam lead to shifts in all of the coupled system’s resonances,

in the presence of strong mode localization these mass and/or stiffness changes induce

a markedly larger shift in the resonance associated with the altered oscillator. This,

in turn, allows for the rapid identification of a given resonance shift’s source (namely,

the particular microbeam, which having undergone a chemomechanical process, has

had its mass and/or stiffness altered) and may ultimately facilitate automated analyte
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identification.

Given the linear nature of the sensor design detailed here, manipulation of the

AC excitation voltage amplitude (VA) is used primarily to control the relative mag-

nitude of the shuttle mass’ response. As it is desirable to operate in ambient pressure

(low-Q) environments, harmonic signals with large excitation amplitude are generally

desirable. Caution must be taken, however, to ensure that these amplitudes do not

lead to nonlinear resonance structures or device burn-outs.

2.3 Experimental Results: First-Generation Sensors

For proof of concept, a translational device of the type outlined in Section 2.1 was

designed, fabricated, and tested experimentally. A scanning electron micrograph of

the resulting device is shown in Figure 2.1. The device was fabricated on a silicon-

on-insulator (SOI) wafer with a ≈20 µm device layer. The process flow included

a lithographic step for pattern definition, a deep silicon etch using a deep reactive

ion etcher (DRIE), an O2 reactive ion etch (RIE) for polymer removal, and finally a

hydrofluoric acid wet etch to remove the silicon dioxide beneath the oscillator [180].

For this experiment one set of the interdigitated comb drives was used for elec-

trostatic actuation and the response of the shuttle mass was measured using a single

beam laser vibrometer (Polytec) [181]. Since the vibrations of interest occurred in-

plane (perpendicular to the laser beam), a 45◦ mirror was cut into the silicon next to

the shuttle mass using a focused ion beam. The output from the vibrometer, which

is directly proportional to velocity, was sent to a vector signal analyzer (Hewlett

Packard 89410A) to obtain the frequency response of the shuttle mass. By actuating

the device with a 6.2 V AC signal in 275 mTorr vacuum and sweeping frequency, the

response of the shuttle mass shown in Figure 2.5 was obtained. The experimental

response contains the desired spectral features shown in Figure 2.3 [namely the reso-

nances designated (1), (A), (B), (C), and (D)], as well as some that were not predicted
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Figure 2.5. Experimentally-obtained frequency response for the sensor depicted in Fig-
ure 2.1 actuated with a 6.2 V AC signal in 275 mTorr pressure (From References [172–174]).
Note that the labeled resonances correspond to the following modes: (1) Bulk in-plane mode,
(2, 3) out-of-plane modes, (A, B, C, and D) modes where energy is localized in the sensor’s
microbeams. The resonant frequencies associated with each of these modes are tabulated
in Table 2.2.

.

Table 2.2. A comparison between the system’s experimental and theoretical (FEA) res-
onant frequencies. Note that the discrepancy shown below is believed to be caused by
uncertainties in the device’s material properties and thickness.

Mode Experimental FEA Percent

Value (Hz) Value (Hz) Error

Bulk Translational Mode 8002 8478 5.9%

First Out-of-Plane Mode 20660 22893 10.8%

Second Out-of-Plane Mode 35877 40335 12.4%

First Localized Mode 38301 41435 8.2%

Second Localized Mode 42206 45608 8.1%

Third Localized Mode 46112 49594 7.6%

Fourth Localized Mode 49882 53808 7.9%

Third Out-of-Plane Mode — 59226 —
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with the lumped-mass model. The desired spectral features in the experimental re-

sponse are the low frequency resonance (1), which occurred at approximately 8 kHz,

corresponding to the bulk in-plane mode, and the higher frequency responses (A)-

(D), occurring between approximately 38 kHz and 50 kHz (with a spacing of about

4 kHz), corresponding to the localized microbeam modes (Figure 2.4b illustrates one

localized microbeam mode). All in-plane modes of oscillation were verified using stro-

boscopic imagining equipment from Polytec. The modes that were not predicted by

the lumped-mass model, (2) and (3), occurring at approximately 20 kHz and 36 kHz,

were predicted by three-dimensional finite element simulations [Figure 2.4c shows

the characteristic shape of mode (3)] and correspond to out-of-plane modes. Note

that frequency data corresponding to all of the system’s resonance is tabulated in

Table 2.2. Also note that since resonance (3) occurred close to resonance (A), there

was a reduction in the resonant amplitude of (A). Due to the inherently small na-

ture of the localized mode amplitudes, any further reduction in amplitude could be

detrimental to the signal to noise ratio and therefore the performance of the sensor in

practical implementation. Future sensors should be (and indeed have been) carefully

designed such that all unwanted modes are sufficiently separated from the modes of

interest.

To simulate mass detection the frequency response of the shuttle mass was

recorded before and after the deposition of a small patch of platinum onto the highest

frequency microbeam. The platinum patch (shown in Figure 2.6), deposited using a

focused ion beam, measured 1.57 × 5.10 × 0.22 µm and had an approximate mass of

38 pg. (Note, this patch was added to the tip of the microbeam so that the effective

stiffness was largely unaffected.) The responses of the shuttle mass measured before

and after deposition (zoomed in on the four resonances corresponding to the localized

microbeam modes) are shown in Figure 2.7. It is apparent that resonance (D), the

localized mode of the highest frequency microbeam (the mass loaded microbeam),
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Figure 2.6. A scanning electron micrograph of the platinum patch added to the shortest
microbeam (From References [172–174]). The inset, which was used for measurement pur-
poses, shows a closer view. The patch measures approximately 1.57 x 5.10 x 0.22 µm in
size and has a mass of approximately 38 pg, as computed volumetrically.

.

has been altered much more than resonances (A)-(C). The markedly larger shift in

the mass loaded microbeam resonance as compared to the unloaded microbeam res-

onances is a direct result of vibration localization. A higher resolution sweep near

resonance (D), shown in Figure 2.8, reveals a shift of 124 Hz. Performing the same

high resolution sweep near resonance (C), shown in Figure 2.9, reveals a much smaller

shift of 3 Hz, which is 40 times smaller than that of the loaded microbeam. Again, due

to strong mode localization, the resonance shift associated with the loaded microbeam

was significantly larger than that of the unloaded microbeams.

2.4 Sensor Metrics

In order to quantify the performance of the device presented here, and ultimately

facilitate comparison between it and other resonant mass sensors, a few representative
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Figure 2.7. Experimentally-obtained frequency response for the sensor depicted in Fig-
ure 2.1 actuated with a 12.2 V AC signal in 275 mTorr pressure (From References [172–174]).
Note that the added-mass loading introduces shifts in each of the system’s resonances, the
largest of which occurs in resonance (D), which corresponds to the localized mode of the
corresponding beam. Here, and in Figures 2.8 and 2.9, individual data points have been
removed for clarity.
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Figure 2.8. Experimentally-obtained frequency response near resonance (D) for the sensor
depicted in Figure 2.1 actuated with a 12.2 V AC signal in 275 mTorr pressure (From Refer-
ences [172–174]). Note that the mass loading introduces a resonance shift of approximately
124 Hz.
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Figure 2.9. Experimentally-obtained frequency response near resonance (C) for the sensor
depicted in Figure 2.1 actuated with a 12.2 V AC signal in 275 mTorr pressure (From Refer-
ences [172–174]). Note that the mass loading introduces a resonance shift of approximately
3 Hz.
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metrics are considered. An approach akin to that presented in Reference [182] is

adopted and extended to accommodate the system’s multiple degrees of freedom.

For mass sensors, the most pertinent performance metric is a measure of the

smallest added mass that can be accurately detected using the given device, or the

sensor’s so-called mass sensitivity. In the case of resonant devices, this measure can be

represented as the product of two independent metrics: mass responsivity (actually

its inverse), which quantifies the extent to which a system’s resonant frequency will

change with a small mass addition; and frequency resolution, which specifies the

smallest frequency shift that can be accurately measured in the presence of noise and

uncertainty. Assuming that sensor/analyte interactions result solely in mass addition

(the subsequent discussion can be easily extended to account for stiffness changes in

applications where stiffness contributions are non-negligible), the mass sensitivity of

a SDOF mass sensor can be approximated by

∂m ≈ S−1∂ω0, (2.12)

where S is the device’s mass responsivity and ∂ω0 is the system’s frequency resolution.

For the multi-degree-of-freedom (MDOF) sensor detailed here this can be extended

to account for N resonance shifts induced by up to N mass changes. This results in

a mass sensitivity vector, ∆m, given by

∆m ≈ S−1∆ω, (2.13)

where S represents the square (i× j) mass responsivity matrix, which is composed of

elements that quantify the shift in ith resonance of the system due to mass addition

at the jth oscillator, and the vector ∆ω dictates the frequency resolution associated

with each of the system’s resonances.

The mass responsivity matrix S associated with the device shown in Figure 2.1 can

be partially compiled using the experimental results detailed in the previous section.

For example, the (5,5) element of the matrix, corresponding to the mass responsivity
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of resonance (D) with respect to a mass addition to the highest frequency microbeam,

can be computed to be 3.3 Hz/pg. Similarly, the mass responsivity associated with

resonance (C) computed with respect to a mass addition on the highest frequency

microbeam, which corresponds to the matrix’s (4,5) element, can be shown to be

approximately 0.1 Hz/pg. Extending this procedure through further experimentation

will reveal a diagonally-dominant mass responsivity matrix. This can be attributed to

the localized nature of the response, which, as detailed in the previous section, leads

to significantly larger shifts in the resonances associated with the localized modes

of the mass loaded microbeams (as compared to those shifts induced solely through

coupling).

It is important to note that though the experimentally-determined mass responsiv-

ity of the mass loaded microbeam is comparable to other reported values for resonant

multi-analyte sensors, these values are significantly lower than those reported for sen-

sors based on isolated microresonators [9, 11, 152]. Though much of this difference can

be attributed to the larger scale of the devices considered here and can be rectified

through device scaling, it is important to note that the mass responsivities of these

devices (and microsensors based on coupled system architectures, in general) will al-

ways be slightly inferior to those of other microsensors (i.e. those based on isolated

microresonators). This is due to the inter-oscillator coupling, which manifests itself

in the off-diagonal terms of the responsivity matrix, which in the presence of added

mass leads to small shifts in each of the system’s resonances, not just that associated

with the localized mode of the altered beam. Current design studies, the results of

which will be (and are being) incorporated into second-generation devices, are aimed

at minimizing these off-diagonal terms while still allowing for the measurement of the

response of a common shuttle mass that supports the individual sensor elements.

Despite the fact that thermomechanical noise, absorption-desorption noise, tem-

perature fluctuations, and other factors known to contribute to a system’s frequency
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resolution have been studied in the context of SDOF resonant mass sensors (see, for

example, References [182, 183]), to the best of the author’s knowledge, the impact

of these effects in coupled oscillator systems has thus far not been considered. As

such, present understanding facilitates, at best, a conservative estimate of the fre-

quency resolution(s) associated with the sensor/experimental setup described herein.

Currently, the frequency resolution is believed to be limited by the resolution of the

spectrum analyzer/laser vibrometer system detailed in Section 2.3 and thus a con-

servative frequency resolution estimate of 1.5 Hz, which is significantly larger than

the smallest frequency shift measurable with the experimental setup, is assumed for

each of the system’s resonances. This results in sub-picogram mass sensitivities for

the sensor in its current experimental configuration. In final device implementations,

however, additional hardware components, such as phase locked loops, may apprecia-

bly alter this resolution. As such, ongoing studies are aimed at extending the results

of Reference [182] to MDOF devices in hopes of refining this approximation.

2.5 Design and Integration Issues

Though the preliminary results detailed thus far in the present work (obtained from

a first-generation device) are believed to be a positive indication of the feasibility of

the SISO, multi-analyte sensor, a number of design and integration issues must still

be addressed prior to the implementation of these devices. The following subsections

detail the most pertinent issues.

2.5.1 Response Measurement

A fundamental issue that must be addressed in the design of any SISO, multi-analyte

sensor is the method of response measurement. In the present work, all of the included

data was recovered optically through laser vibrometry. However, for most applications

this laboratory-based technique is impractical. An obvious alternative is to utilize the
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unused sets of electrostatic comb drives incorporated in the first-generation device

design in a capacitive detection scheme. However, the capacitance differences induced

by the displacement of the shuttle mass, even during near-resonant operation, are of

insufficient magnitude (approximately 0.4 fF) to be accurately measured with off-chip

electronics. On-chip CMOS electronics may facilitate the detection of these small

differential capacitances, but the exploitation of alternative transduction mechanisms

is likely a more practical approach. Presently, the author is considering the integration

of piezoelectric or magnetomotive elements into future generation designs. Both of

these techniques yield readily-attainable, response-proportional voltages and have

been successfully integrated in micro- and nano-scale devices in other contexts [164,

184].

2.5.2 System Integration

Highly intertwined with the design issues detailed in the previous section is the in-

tegration of the resonant microsensor with integrated or external circuitry capable

of measuring the resonance shifts induced in the system’s response during analyte

detection. Currently, phase locked loops are exploited for such purposes, but it is

not readily apparent that such circuits will suffice (or be efficient) for MDOF sys-

tems that exhibit multiple resonance shifts. Ongoing research is aimed at examining

this approach, as well as a number of alternatives, including the post-processing of

acquired data using computer algorithms.

2.5.3 The Inclusion of Additional Sensing Elements

Though the device design described in Section 2.3 is capable of detecting up to four

distinct analytes, full exploitation of the SISO, multi-analyte sensor concept requires

the inclusion of additional sensing elements (microbeams). Accordingly, future gen-

erations of SISO sensors are slated to incorporate ten or more uniquely functionalized

37



microbeams. While this increased value of N is readily obtainable with careful de-

sign, it is important to note that there are practical constraints on the number of

microbeams implementable in a single sensor. Specifically, given a non-resonant fre-

quency window of bandwidth B, the number of microbeam resonances (and thus the

number of microbeams) that can fit within the specified band, can be approximated

by

Nmax ≈
BQnom
ωnom

, (2.14)

where ωnom and Qnom represent the nominal frequency (e.g. the mean resonant fre-

quency of the localized microbeam modes) and quality factor (e.g. the mean Q value,

computed with respect to half-power points) associated with the coupled microbeam

resonances, respectively. In the event that Nmax proves insufficient for a given ap-

plication, it may be possible to exploit multiple non-resonant frequency bands. This,

however, will require extremely careful design and relatively tight constraints on both

geometric and material property uncertainty.

2.5.4 Environmental Issues

Though the first-generation device examined herein operated successfully in a partial

vacuum environment (275 mTorr), simulated mass detection proved unsuccessful at 1

atm. While mass sensing in partial vacuum may be suitable for some applications, the

vast majority will require that the device operate in ambient pressures. Accordingly,

future generations of SISO, multi-analyte sensors must be designed to operate in

ambient environmental conditions. In the present device, fluid pumping between the

microbeam oscillator and the sidewalls of the device’s substrate is believed to be the

primary limiting factor. This can likely be remedied in future-generation devices

through device scaling, the removal of excess substrate material, and geometrical

reconfiguration. More radical changes, including the use of alternative geometries

and/or the application of feedback control [185] or parametric amplification [129],
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may be worth consideration if these changes prove insufficient.

2.5.5 Surface Functionalization

As detailed in Section 2.3, mass addition was realized in this work via the depo-

sition of a small platinum patch on one of the sensor’s microbeams. However, in

implementation the system’s microbeam oscillators will have to be functionalized

with chemically-selective surface layers. Given the considerable amount of research

that has focused on the development of chemically-active surfaces for use in micro-

cantilever sensors (see, for example, References [12, 142, 145, 151, 186]), the present

intent is to adopt one of the many previously developed functionalization schemes in

next-generation, SISO devices to realize the detection of multiple analytes.

2.6 Ongoing Research: Second-Generation Devices

In an attempt to overcome some of the design and integration issues detailed above,

a second generation of SISO, multi-analyte sensors is current being developed. This

new generation of devices is founded upon the design principles delineated in previous

sections, but utilizes suspended microchannels with internal flow-through, as well.

This innovative approach, as detailed in References [22–24], not only negates many

of the issues associated with low-Q operation and external functionalization, but also

allows for fluid-based bio-molecular detection (in addition to conventional chemical

sensing), which can be highly beneficial in a variety of medical research applications.

Figure 2.10 depicts a preliminary second-generation device design. Though not

explicitly depicted, this device features both internal flow-through (i.e. isolated mi-

crofluidic channels) and magnetomotive transduction (i.e. electromagnetic actuation

and sensing). Collectively, these additional design elements are expected to alleviate

most, if not all, of the concerns expressed in Section 2.5. Not surprisingly, the in-

clusion of suspended microchannels also leads to added complexity in design. This
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Figure 2.10. Schematic of a representative second-generation, SISO, multi-analyte sensor
design. Note that the sensor utilizes internal flow-through in a manner similar to the devices
detailed in References [22–24]. Also note that fluid inlets are labeled FI, fluid outlets FO,
flexural supports S, functionalized microbeams M, and shuttle mass SM.

.

complexity is principally manifested in the placement/selection of a given sensor’s

resonant frequencies. Unlike, the system shown in Figure 2.1, which can be designed

using back-of-the-envelope calculations, the device depicted in Figure 2.10 requires

the iterative use of computer-based finite element techniques (or a shape and size

optimization scheme). Figure 2.11 and Table 2.3 detail the carefully-tailored modal

behavior of the device depicted in Figure 2.10, which was developed using the afore-

mentioned iterative design process (and is currently being fabricated and tested).

Note that equally-spaced and well-isolated localized modes have been (nearly) real-

ized. While this design represents a positive first step towards the successful im-

plementation of the second-generation devices briefly detailed here, an appreciable

amount of work remains. Foremost amongst the various unresolved design issues are

the effects of fluid-induced internal moments and shear forces, internal fluid damp-

ing, and pressure-induced stiffening. These issues, amongst a number of others, are

currently being investigated.
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(a) Translational Out-of-Plane Mode (b) Torsional Out-Of-Plane Mode

(c) First Localized Mode (d) Sixth Localized Mode

(e) Torsional Out-Of-Plane Mode (f) Higher-Order Localized Mode

Figure 2.11. Representative mode shapes, recovered through the use of finite element
methods, for the device shown in Figure 2.10. Note the localized nature of the modes
depicted in (c), (d), and (f). Also note that the other four low-frequency, localized modes
are not depicted here for the sake of brevity.

.
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Table 2.3. Natural frequencies of the first ten mode shapes of the device depicted in
Figure 2.10. Note that these were recovered using computer-based finite element methods.

Mode Natural Frequency (Hz)

Translational Out-of-Plane Mode 8577

Torsional Out-of-Plane Mode 10163

First Localized Mode 28592

Second Localized Mode 31084

Third Localized Mode 33611

Fourth Localized Mode 36231

Fifth Localized Mode 38817

Sixth Localized Mode 41559

Torsional Out-of-Plane Mode 46000

First Higher-Order Localized Mode 78847
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CHAPTER 3

Electrostatically-Actuated Microbeams

with Purely-Parametric Excitations

As briefly detailed in the introduction, the general goal of this chapter is to provide

a brief, yet thorough, analysis of electrostatically-actuated microbeams with purely-

parametric excitations. Specifically, the chapter examines the response characteristics

of nonlinear, parametrically-excited microbeam systems that are believed to have

practical utility as resonant mass sensors. The chapter begins in Section 3.1 with

the presentation of a continuous system model for a microbeam driven by symmetric

electrostatic actuation. In Section 3.2, this spatiotemporal model is subsequently

reduced to a comparatively-simpler lumped-mass analog using modal projection. In

Sections 3.3 and 3.4 the pull-in and nonlinear frequency response behaviors of the

system are considered, and the chapter concludes in Section 3.5 with a brief discussion

of pertinent design and integration issues.

3.1 A Continuous System Model for a Single Microbeam

To facilitate the development of an accurate lumped-mass model, a continuous system

model, derived from ‘first principles’, is first considered. While a variety of such

models have been proposed in literature, that presented in References [68, 158, 160],

based on previous aeroelastic plate models developed in References [187] and [188],
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Figure 3.1. A schematic of a special case of the proposed microbeam system (From
Reference [105]). Note that in this special case the beam is actuated by three electrode
pairs, two of which provide DC excitation while the third provides AC excitation.

is used as a basis of study here.

Assuming that the microbeam system of interest can be accurately modeled as a

suspended, fixed-fixed beam (the work is easily extendable to cantilevered systems)

actuated using an external electrostatic force (see Figure 3.1), the equation of motion

governing the beam’s transverse displacement, w(x, t), can be written as [68, 158, 160]

EI
∂4w

∂x4 + ρA
∂2w

∂t2
+ c

∂w

∂t
−

[
N +

EA

2l

∫ l

0

(
∂w

∂x

)2
dx

]
∂2w

∂x2 = fes(x, t), (3.1)

with boundary conditions

w(0, t) = 0, w(l, t) = 0,
∂w

∂x

∣∣∣∣
(0,t)

= 0,
∂w

∂x

∣∣∣∣
(l,t)

= 0, (3.2)

where E and ρ (the Modulus of Elasticity and density, respectively) represent the

elastic material’s properties, I defines the second moment of area, c delineates the

viscous damping coefficient, N delineates the uniform applied axial force (a byproduct

of microfabrication), and fes(x, t) represents the electrostatic actuation force per unit

length. Given that the electrostatic interaction between the beam and the multiple

electrodes (see Figure 3.1) can be modeled as a parallel-plate capacitor with a single

moving plate, the attractive electrostatic actuation force per unit length, fes can be

approximated by

fes(x, t) =
P∑
i

1

2
ε0b

[
V 2
i (t)

(d− w)2
−

V 2
i (t)

(d+ w)2

]
[H (x− ai)−H (x− bi)] (3.3)
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where

H (x− ϕ) =


1 x ≥ ϕ

0 x < ϕ

, (3.4)

ε0 represents the free space permittivity, and Vi(t) represents the actuation voltage

applied to the ith electrode.

To facilitate analysis it proves convenient to nondimensionalize Equation (3.1) in

a manner similar to that presented in References [68, 158, 160]. Accordingly, both the

transverse displacement, w, and spatial coordinate, x, are normalized by characteristic

lengths of the system, the gap width and beam length, respectively, according to

ŵ =
w

d
(3.5)

and

x̂ =
x

l
, (3.6)

and time is nondimensionalized by a characteristic period of the system according to

t̂ =
t

T
, (3.7)

where

T =

√
ρbhl4

EI
=

√
12ρl4

Eh2 . (3.8)

Likewise, the input voltages are normalized by a characteristic voltage of the system,

VC (for example, the DC static pull-in voltage), according to

V̂i(t̂) =
Vi(t̂)

VC
. (3.9)

This procedure results in a new equation of motion, given by

∂4ŵ

∂x̂4 +
∂2ŵ

∂t̂2
+ ĉ

∂ŵ

∂t̂
−
[
N̂ + α1Γ(ŵ, ŵ)

] ∂2ŵ

∂x̂2

= α2

P∑
i

V̂ 2
i (t̂)

[
1

(1− ŵ)2
− 1

(1 + ŵ)2

] [
H(x̂− âi)−H(x̂− b̂i)

]
,

(3.10)
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Table 3.1. Operator and parameter definitions corresponding to the equation of motion
presented in Equation (3.10).

Parameter/Operator

Γ
[
f1(x̂, t̂), f2(x̂, t̂)

]
=

∫ 1

0

∂f1
∂x̂

∂f2
∂x̂

dx̂

ĉ =
cl4

EIT
N̂ =

Nl2

EI

âi =
ai
l

b̂i =
bi
l

α1 = 6

(
d

h

)2

α2 =
6ε0l

4VC
2

Eh3d3

with boundary conditions given by

ŵ(0, t̂) = 0, ŵ(1, t̂) = 0,
∂ŵ

∂x̂

∣∣∣∣
(0,t̂)

= 0,
∂ŵ

∂x̂

∣∣∣∣
(1,t̂)

= 0. (3.11)

Note that the parameters and operators that appear in these equations are defined

in Table 3.1.

As the form of the forcing presented in Equation (3.10) is difficult to analyze

directly, it proves convenient to approximate the spatially-dependent portion of the

forcing, through a truncated Taylor series expansion, according to[
1

(1− ŵ)2
− 1

(1 + ŵ)2

]
∼= 4ŵ + 8ŵ3. (3.12)

This results in a new approximative equation of motion, which is valid for ‘small’ ŵ,

of the form

∂4ŵ

∂x̂4 +
∂2ŵ

∂t̂2
+ ĉ

∂ŵ

∂t̂
−
[
N̂ + α1Γ(ŵ, ŵ)

] ∂2ŵ

∂x̂2

= α2

P∑
i

V̂ 2
i (t̂)

(
4ŵ + 8ŵ3

) [
H(x̂− âi)−H(x̂− b̂i)

]
.

(3.13)

Note that in contrast to a single electrode system, only odd powered electrostatic

terms appear in this equation of motion. Additionally, it should be noted that
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the Taylor series approximation proves fairly accurate even in the presence of very

small geometric asymmetries (e.g. those on the order of manufacturing tolerances),

which could give rise to even powered terms and, in turn, small direct excitation and

quadratic nonlinear parametric effects (See Section 3.4 for additional details).

As the electrodes shown in Figure 3.1 are capable of providing AC and/or DC exci-

tation (or perhaps both in an obvious extension not considered directly in this work),

it proves convenient to separate the electrostatic terms present in Equation (3.13).

This results in a modified equation of motion of the form

∂4ŵ

∂x̂4 +
∂2ŵ

∂t̂2
+ ĉ

∂ŵ

∂t̂
−
[
N̂ + α1Γ(ŵ, ŵ)

] ∂2ŵ

∂x̂2

=α2

Q∑
m

V̂ 2
m

(
4ŵ + 8ŵ3

) [
H(x̂− âm)−H(x̂− b̂m)

]
+ α2

R∑
n

V̂2
n(t̂)

(
4ŵ + 8ŵ3

) [
H(x̂− ân)−H(x̂− b̂n)

]
.

(3.14)

Note that here terms of the form V̂ 2
m arise from DC actuation and those of the form

V̂2
n(t̂) arise from AC actuation. Using this continuous system model a lumped-mass

model can be easily formulated.

3.2 Formulation of the Lumped-Mass Model

Though the system model shown in Equation (3.14) is sufficient for some analyses, the

system’s pull-in behavior and nonlinear response can be adequately characterized us-

ing a comparatively-simpler lumped-mass model. Accordingly, the system’s spatially-

dependent dynamic variable, ŵ(x̂, t̂), is decomposed using the system’s mode shapes,

namely,

ŵ(x̂, t̂) =
∞∑
i

Ai(t̂)φi(x̂). (3.15)

Unfortunately, this results in a set of coupled nonlinear ordinary differential equations,

which are cumbersome and of limited applicability (given the approximative nature
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of most MEMS models). As such, it proves convenient to develop the nonlinear

lumped-mass equation of motion from a linear analog of the modal equation, namely,

φivi − ω2
i φi = 0, (3.16)

wherein the applied axial load is assumed to be negligible (N̂ = 0). As realistic values

of N̂ (as given, for example, in Reference [68]) yield minimal distortion in the N̂ = 0

linear mode shapes (especially the first, which is used extensively in this work) this

proves to be a valid assumption.

Given that first mode behavior should be dominant during operation, the modal

expansion presented in Equation (3.15) can be approximated by a single term. Sub-

stituting the resulting mode (normalized through the inner product operator) into

Equation (3.14) and projecting the result back onto the first mode (through the inner

product operator) yields a final lumped mass model of the form

Ä+ ĉȦ+

[∫ 1

0
φivφdx̂− N̂

∫ 1

0
φ′′φdx̂

]
A

+

−4α2

Q∑
m

V̂ 2
m

∫ b̂m

âm
φ2dx̂− 4α2

R∑
n

V̂2
n(t̂)

∫ b̂n

ân
φ2dx̂

A
+

[
−α1Γ(φ, φ)

∫ 1

0
φ′′φdx̂

]
A3

+

−8α2

Q∑
m

V̂ 2
m

∫ b̂m

âm
φ4dx̂− 8α2

R∑
n

V̂2
n(t̂)

∫ b̂n

ân
φ4dx̂

A3 = 0.

(3.17)

where

˙(•) =
d(•)
dt̂

, (3.18)

and

(•)′ =
d(•)
dx̂

. (3.19)

To ensure harmonic excitation, the driving voltage,V̂n(t̂), is taken to be

V̂n(t̂) = V̂n
√

1 + cos ω̂t̂ = V̂n
√

1 + cosωt (3.20)
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where applicable [102]. Following this substitution, Equation (3.17) is rescaled to

account for small damping and small electrostatic excitation (assumptions that are

typically valid for MEMS resonators, especially those with high-Q). Likewise, the sum

of the nonlinear mechanical stiffness, which is generally hardening, and the nonlinear

electrostatic stiffness, which is generally softening, is considered small, for reasons

explained in Section 3.4, and a nondimensional scaling parameter, ε, is introduced to

facilitate analysis. This results in a final lumped-mass model of the form

z′′ + 2εζz′ + (1 + εν1 + ελ1 cos Ωτ) z + ε (χ+ ν3 + λ3 cos Ωτ) z3 = 0, (3.21)

with parameters defined as in Table 3.2. Interestingly enough, this lumped-mass

model is nearly identical to that previously considered by the author in the analysis of

microelectromechanical oscillators driven by non-interdigitated comb drives [106, 107].

Accordingly, the results of previous works, namely, References [106, 107], are exploited

throughout this chapter, especially in Section 3.4 where the microbeam’s dynamic

response is considered.

Though the lumped-mass model developed above is sufficient for most analyses,

an alternative model based on a least-squares curve fit of the electrostatic force may

prove more desirable in studies where the accuracy of the truncated Taylor series

approximation is insufficient or in studies where the operating regime for a given

device (in terms of displacement) is well known. As their name implies, these al-

ternative models can be developed by fitting the spatially-dependent portion of the

exact electrostatic force (in this case after modal truncation and projection) to a cubic

function of displacement over a specified displacement operating regime, while enforc-

ing a specified linear force constraint (as realized by manipulating the Scoefficients

contained in ν1, λ1, ν3, and λ3). The net result of such an approach, as detailed

in Figure 3.2, is an improvement in the approximate force model over the specified

range of displacement. For example, the least-squares model fit over a displacement

domain bounded by plus or minus one-half of the gap width yields a maximum error
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Table 3.2. Operator and parameter definitions corresponding to the equation of motion
presented in Equation (3.21). Note that the prime operator has been redefined.

Parameter/Operator

z = A

ω2
0 =

∫ 1

0
φivφdx̂− N̂

∫ 1

0
φ′′φdx̂

(•)′ =
d (•)
dτ

, τ = ω0t̂

Ω =
ω̂

ω0
, 2εζ =

ĉ

ω0

εν1 =

−4α2

Q∑
m

V̂ 2
m

∫ b̂m

âm
φ2dx̂− 4α2

R∑
n

V̂2
n

∫ b̂n

ân
φ2dx̂∫ 1

0
φivφdx̂− N̂

∫ 1

0
φ′′φdx̂

ελ1 =

−4α2

R∑
n

V̂2
n

∫ b̂n

ân
φ2dx̂∫ 1

0
φivφdx̂− N̂

∫ 1

0
φ′′φdx̂

ε (χ+ ν3) =

−α1Γ(φ, φ)

∫ 1

0
φ′′φdx̂− 8α2

Q∑
m

V̂ 2
m

∫ b̂m

âm
φ4dx̂− 8α2

R∑
n

V̂2
n

∫ b̂n

ân
φ4dx̂∫ 1

0
φivφdx̂− N̂

∫ 1

0
φ′′φdx̂

ελ3 =

−8α2

R∑
n

V̂2
n

∫ b̂n

ân
φ4dx̂∫ 1

0
φivφdx̂− N̂

∫ 1

0
φ′′φdx̂
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Figure 3.2. Force inaccuracy considered in terms of displacement (limited range) for
the various approximative force models (From Reference [105]). Note that as expected,
the models produced by curve fitting the electrostatic force over a specified displacement
domain exhibit the least error over the given domain.

of about 2.5%, approximately one-fourth of that produced by the truncated Taylor

series model. Though such a difference may have minimal consequence with regard

to introductory studies, similar to that detailed herein, future studies may benefit

from the improvement in accuracy produced by such an approach, especially in cases

where global dynamic phenomena (e.g. dynamic pull-in) are of principal concern.

Before proceeding with a discussion of the microbeam system’s dynamic response,

it proves prudent to briefly detail the operating range wherein the system model and

attendant analysis (forthcoming) are believed to be sufficiently accurate for predictive

design and, conversely, where limitations in the model and analysis constrain their

applicability. To facilitate this discussion, a qualitative phase plane which captures

the global behavior of the system, is included in Figure 3.3. Note that the effective

DC contribution due to both DC (V̂m) and AC (V̂n) voltage effects has been included

within the plot, but AC (V̂n) voltage effects that directly lead to an effective AC
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z

z’

Figure 3.3. A qualitative phase plane for the proposed microbeam system (From Ref-
erence [105]). Note that only the effective DC electrostatic term (incorporating both DC
voltage and some AC voltage effects) is included; inclusion of the AC term would yield
perturbations in the solution trajectories shown. Also note that the system model and
attendant response analysis, limited by force truncation and perturbation methods, respec-
tively, are believed to be valid only in a local operating region akin to that shaded here.

contribution (and, in turn, to a distortion of the included solution trajectories) have

been omitted. In other words, effects due to the term designated ν1 (which depends

on both V̂m and V̂n) have been included, while those effects due to λ1 (which depends

on only V̂n) have been neglected.

Constraints relating to the system model can be generally attributed to the trun-

cation of the Taylor series expansion of the electrostatic force model. Since this

truncation requires a magnitude constraint on ŵ, the system model is accurate only

for a limited range of z. Accordingly, the model should only be applied to the predic-

tive design of devices operating in a displacement range bounded by a conservative

fraction of the system’s gap width – an operating range that is similar to that of

most electrostatic sensors and actuators. Constraints relating to the included analy-

sis, discussed in further detail throughout the chapter, can be generally attributed to

the nature of the perturbation technique employed. In particular, the local averaging
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technique employed in Section 3.4 is applicable only to the local dynamics contained

within the heteroclinic cycle (connecting the two saddle points) depicted in Figure 3.3.

The analysis of system responses near or outside of this orbit, and thus the analysis

of phenomena like dynamic pull-in, would be better facilitated by more global tech-

niques such as those presented in previous works, including References [189, 190]. In

light of the limitations detailed above, a conservative qualitative operating region,

completely enclosed by the heteroclinic cycle and bounded by a conservative fraction

of the system’s gap width, is highlighted in Figure 3.3. Within this region, the model

and analysis detailed herein should be sufficiently accurate to allow for the predictive

design of the proposed devices.

3.3 Pull-In Behavior

Though the impetus of the present study is to explore the nonlinear behavior of

a symmetrically-actuated, parametrically-excited microbeam system, as with any

electrostatically-actuated MEMS device, it is imperative that the system’s pull-in

behavior be considered as well. Accordingly, the static pull-in behavior of the system

is considered in this section and the dynamic pull-in behavior is discussed, albeit

briefly, in the forthcoming section, following a discussion of the system’s nonlinear

response.

Perhaps the most common ‘failure mode’ considered in the design of

electrostatically-actuated MEMS devices is static pull-in (see, for example, Refer-

ences [160, 191–194]). That is, the operating condition (or conditions in the case of

multiple inputs) that leads to destabilization of the system’s static operating point.

This failure in the proposed parametrically-excited microbeam system is caused by

the presence of an electrostatic load in excess of the system’s static load bearing ca-

pacity. Analytically, this equates to the presence of a negative net linear stiffness in

the system’s equation of motion. Alternatively, from a bifurcation point of view, the
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point at which the failure occurs corresponds to a pitchfork bifurcation in which the

stable central equilibrium is destabilized through a merging with the symmetric pair

of unstable equilibria. For the system in question here, it is easily shown that the

criterion for pull-in is given by

∫ 1

0
φivφdx̂−N̂

∫ 1

0
φ′′φdx̂−4α2

Q∑
m

V̂ 2
m

∫ b̂m

âm
φ2dx̂−4α2

R∑
n

V̂2
n

∫ b̂n

ân
φ2dx̂ = 0. (3.22)

This expression, in contrast to those associated with most MEM devices, is dependent

on both the DC and AC actuation voltages. This can be directly attributed to the

form of the excitation used to generate a purely-harmonic excitation.

To explore the static pull-in behavior of the proposed system in further detail,

consider the system detailed in Table 3.3 actuated by a single electrode pair (actuated

by a single DC voltage input) that spans the beam’s length. This system is governed

by a static equation of the form[∫ 1

0
φivφdx̂− N̂

∫ 1

0
φ′′φdx̂− 4α2V̂

2
0

∫ 1

0
φ2dx̂

]
A

+

[
−α1Γ(φ, φ)

∫ 1

0
φ′′φdx̂− 8α2V̂

2
0

∫ 1

0
φ4dx̂

]
A3 = 0.

(3.23)

Evoking the fact that pull-in occurs when the net linear stiffness becomes negative,

it can be shown that the system should exhibit pull-in at approximately 32.3 V. As

shown in Figure 3.4, this prediction is entirely compatible with the behavior governed

by Equation (3.23). In fact, due to the enforcement of a linear force constraint in

the previously proposed curve fitting techniques, the predicted static pull-in voltage

is identical in all three system models developed in the present work (as evident from

Figure 3.4).

While the preceding example details the pull-in behavior of a single electrode pair

system actuated via a DC voltage, a more relevant example for present purposes is a

microbeam system with multiple electrostatic actuation voltages (AC and DC). These

systems feature an effective ‘pseudo-static’ pull-in (the term is used informally here

54



-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

0 5 10 15 20 25 30 35

DC Actuation Voltage (V)

M
ax

im
um

 N
or

m
al

iz
ed

 D
is

pl
ac

em
en

t
Cubic Truncation
+/- 1/3 Cubic Fit
+/- 1/2 Cubic Fit

Figure 3.4. Static deflection behavior of the proposed microbeam system as predicted via
cubic truncation of the forcing and via curve fitting (From Reference [105]).

Table 3.3. Parameter values for a representative microbeam system.

Parameter Values

E = 158GPa

ρ = 2300 kg
m3

l = 150µm

h = 1µm

b = 10µm

d = 1µm

N = 100µN
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to designate the operating condition(s) that results in a loss of stability for the triv-

ial solution) behavior that depends on the both the system’s AC and DC actuation

voltages. Accordingly, pull-in is not governed by a point in a single input parameter

space, but rather a curve in a two parameter input space that depends on the electrode

geometry of the proposed system. To examine this further, consider a three electrode

pair system (similar to that depicted in Figure 3.1), which exhibits a newly defined

electrode characteristic δ = 0.10, where δ is defined as half the nondimensional length

of the center (AC) electrode. Again, noting that pull-in will occur when the effective

linear stiffness becomes negative, the two parameter ‘pseudo-static’ pull-in curve de-

picted in Figure 3.5 can be developed. As Figure 3.5 indicates, ‘pseudo-static’ pull-in

is expected for all input voltage combinations that exceed the predicted threshold. To

verify this, the system governed by Equation (3.21) was simulated and the respective

pull-in points, depicted in Figure 3.5, were recovered. As evident from the figure, the

predicted pull-in conforms quite well with (and is conservative with respect to) the

simulated results, and while there is some discrepancy for larger AC voltages, this

can likely be attributed to dynamic effects. It should be noted that while pull-in is

predicted for all operating conditions beyond the curve presented, collapse is possible

for operating conditions below the curve as well. This is dictated by the nature of

the system’s nonlinear response and the excitation frequency of the AC voltage input

(as described in Section 3.4).

3.4 Dynamic Response

With the static pull-in behavior of the system characterized, attention can turn to-

wards the focus of the present chapter: the microbeam system’s dynamic response,

the nature of which is perhaps best characterized through the equation of motion

presented in Equation (3.21). As noted in Section 3.2, this model is identical in form

to that considered by the author in previous works, but incorporates distinct system
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parameters [106, 107]. Accordingly, interested readers are directed to Reference [107]

for detailed information beyond that presented here (including a detailed analysis of

the various nonlinear solutions’ existence and stability).

As noted in Section 3.2, the equation of motion presented in Equation (3.21)

is based on the assumption of ‘small’ excitation and damping. Likewise, the sum

of the hardening nonlinearity, due to mechanical stiffness effects, and the softening

nonlinearity, due to electrostatic stiffness effects, is assumed to be small (as achieved

through manipulation of the DC bias voltage). This assumption is put in place

to distinguish the response of the proposed system from that of electrostatically-

actuated resonators dominated by nonlinear mechanical effects. Systems of this type

exhibit a nonlinear response that is largely unaffected by electrostatic nonlinearities

and thus their response is generally compatible with mechanically-hardening nonlinear

oscillators with linear parametric excitation, a topic that has been covered extensively

in nonlinear vibrations literature (see, for example, Reference [195]).

To analyze the equation of motion presented in Equation (3.21) it proves conve-

nient to utilize the method of averaging. Likewise, as damping has a minimal effect

on the qualitative nature of the system’s nonlinear response, it proves convenient to

set ζ = 0. Note that the effects of small damping are discussed in some detail in

Reference [107].

To facilitate averaging, a standard constrained coordinate transformation given

by

z(τ) = a(τ) cos

(
Ωτ

2
+ ψ(τ)

)
, (3.24)

z′(τ) = −a(τ)Ω
2

sin

(
Ωτ

2
+ ψ(τ)

)
, (3.25)

is first introduced. Likewise, as near resonant behavior is of principal interest, a

detuning parameter, σ, given by

σ =
Ω− 2

ε
, (3.26)
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is incorporated. Separating the equation that results from substitution, as well as the

state variable constraint equation, in terms of amplitude and phase, and averaging

the result over the period 4π/Ω, results in the system’s averaged equations, which are

given by

a′ =
1

8
aε
[
−8ζ +

(
2λ1 + a2λ3

)
sin 2ψ

]
+O

(
ε2
)
, (3.27)

ψ′ =
1

8
ε
[
3a2 (χ+ ν3) + 4ν1 − 4σ + 2

(
λ1 + a2λ3

)
cos 2ψ

]
+O

(
ε2
)
. (3.28)

Using Equations (3.27) and (3.28), the steady-state behavior of the microbeam

system can be recovered by setting (a′, ψ′) = (0, 0) and solving for the steady-state

values of a and ψ. This process yields a trivial solution and three non-trivial solution

branches, the first two of which have amplitudes and phases (note that phases shifted

by a multiple of π equate to the same physical response) given by

a1 = ±

√
4σ + 2λ1 − 4ν1
3 (χ+ ν3)− 2λ3

, ψ1 =
π

2
, (3.29)

and

a2 = ±

√
4σ − 2λ1 − 4ν1
3 (χ+ ν3) + 2λ3

, ψ2 = 0. (3.30)

Generally speaking, these two sets of solution branches are quite similar to those seen

in a simple nonlinear oscillator, in that the sign of the term under the square root

sign dictates their existence with respect to the forcing frequency (detuning). How-

ever, their relationship to the system’s overall nonlinear characteristic, is somewhat

unique. In particular, due to the differing denominators of each response branch, a

single effective nonlinearity, which captures the system’s nonlinear behavior, cannot

be obtained. Rather multiple effective nonlinearities are required, which reveal the

system’s nonlinear nature only when collectively considered. To verify this, two effec-

tive nonlinearities are defined, as taken from the denominators of a1 and a2, according

to

η1 = 3 (χ+ ν3)− 2λ3 (3.31)
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and

η2 = 3 (χ+ ν3) + 2λ3. (3.32)

As brief analysis reveals, the structure of the system’s frequency response differs with

the signs of η1 and η2. In particular, for η1 > 0 and η2 > 0 the system locally

exhibits a hardening nonlinearity, for η1 < 0 and η2 < 0 a softening nonlinearity,

and for η1 > 0 and η2 < 0 and η1 < 0 and η2 > 0 mixed nonlinearities wherein the

response branches bend toward or away from one another near resonance [106, 107].

To summarize this result the nonlinear nature of the response can be characterized

through consideration of the γ3 - λ3 parameter space shown in Figure 3.6. Here γ3,

the effective nonlinear stiffness coefficient, is defined according to

γ3 = χ+ ν3. (3.33)

and λ3 represents the nonlinear parametric excitation amplitude.

While the signs of η1 and η2 largely dictate the nature of the system’s nonlinear

frequency response, the third solution branch, with amplitude given by

a3 = ±

√
−2λ1
λ3

, (3.34)

can play a significant role as well. However, since the third solution branch’s exis-

tence is dependent on the sign of λ1/λ3, a term that will be positive for most viable

configurations of the present system, these solutions are largely unobtainable. Ac-

cordingly, only three topologically distinct frequency responses are obtainable here,

namely, responses which exhibit hardening, softening, or mixed (response branches

bending away from one another) nonlinear characteristics (corresponding to Regions

IV - VI in Figure 3.6).

To explore the proposed system’s nonlinear response further, consider again the

three electrode pair system that was introduced in the preceding section. According

to the aforementioned results, the proposed system should be able to exhibit one of
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Figure 3.6. The γ3 - λ3 parameter space (From References [105, 107]). Those regions
designated I and VI exhibit hardening (or quasi-hardening) nonlinear characteristics, those
designated III and IV exhibit softening (or quasi-softening) nonlinear characteristics, and
those designated IIa, IIb, Va, and Vb exhibit mixed nonlinear characteristics. The devices
in question are expected to operate only in the regions designate IV, Va, Vb, and VI. Note
that the line included on the plot represents the trajectory followed by the proposed system
under a fixed DC voltage of 5 V and a fluctuating AC voltage.
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three distinct frequency response structures, as determined by where in the nonlinear

parameter space (or in the corresponding two parameter input voltage space, shown

in Figure 3.5) the system lies. This is confirmed by Figures 3.7-3.9, which show

the system’s nonlinear response at three distinct operating conditions in the afore-

mentioned parameter space. As predicted, Figure 3.7 depicts a classical hardening

frequency response, Figure 3.9 depicts a classical softening frequency response, and

perhaps more interestingly, Figure 3.8 depicts a frequency response wherein the non-

trivial response branches bend away from one another near resonance (note that the

latter of these responses may prove problematic in implementation, as certain input

frequencies lead to unbounded responses – this, however, may be reconcilable through

the inclusion of higher order nonlinearities). As evident from Figures 3.7-3.9, each

of these responses display desirable characteristics. Perhaps most notably, they each

exhibit a stable, non-resonant zero response, which in implementation corresponds

to nearly ideal stopband rejection, as well as rapid response roll-off. Both of these

characteristics are highly desirable in microresonators.

While the results detailed above are a positive indication of the flexibility of the

proposed microbeam system, especially with regard to the potential implementation

of softening or hardening devices on the same geometrical platform, it is important

to point out the study’s limitations. First, while softening behavior is analytically

predicted to exist for certain operating conditions, this operating regime lies close

to the predicted ‘pseudo-static’ pull-in point. Accordingly, the system is operating

in a regime where a priori assumptions begin to break down, most notably due to

the presence of O(1) electrostatic effects. As such, softening regimes may be quite

difficult to realize in practical applications. While simulations can provide some

clarification of this issue, those completed to date have not yielded definitive results

(softening responses have been found for the system design considered herein, but a

wide variety of designs have not yet been considered), as such simple experimental
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Figure 3.7. Analytically produced frequency response for a representative oscillator ex-
cited with 5 V DC and 10 V AC (From Reference [105]). Note the hardening nonlinear
characteristic. Also note that here and in Figures 3.8 and 3.9 solid lines indicate a stable
response and dashed lines an unstable response.
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Figure 3.8. Analytically produced frequency response for a representative oscillator excited
with 28 V DC and 10 V AC (From Reference [105]). Note the mixed nonlinear characteristic.
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Figure 3.9. Analytically produced frequency response for a representative oscillator ex-
cited with 40 V DC and 10 V AC (From Reference [105]). Note the softening nonlinear
characteristic.

studies will likely be needed to provide definitive evidence of the softening regime.

Another limitation of the results presented here is that they are based on an

approximate force model. While this model is well suited for characterizing local

behavior, it does not accurately capture large-amplitude nonlinear frequency response

behavior or global system failures, such as those associated with dynamic pull-in.

Additionally, the system model does not account for force imbalances arising from

either manufacturing imperfections or non-uniform residual stresses. To ensure proper

operation, a numerical simulation of a lumped-mass analog of the system presented

here was constructed in SimulinkTM. The simulation incorporated precise models

of the system’s linear elastic restoring force and electrostatic restoring and driving

forces (no expansions or truncations were used) and an approximative model of the

system’s nonlinear elastic restoring force. Additionally, asymmetries in the force

model, arising from electrostatic or elastic imbalance, were introduced, to ensure that
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they did not compromise operation. In general, the results proved quite promising.

Though desirable response features, such as absolute stopband rejection, began to

deteriorate in the presence of asymmetries, the hardening region proved to be quite

robust, with amplitudes and bifurcation points remaining largely invariant (i.e. they

shift both in frequency and amplitude by only a small percent), even in the presence

of fairly large asymmetries (up to ten percent gap asymmetry or, in the case of elastic

asymmetry, ten percent static offset). The softening region proved significantly less

robust, but even it featured little degradation in the presence of asymmetries on the

order of a few percent, which is about all that can be expected given the proximity

of this operating condition to ‘pseudo-static’ pull-in.

3.5 Design Considerations

As evident from the results of the preceding sections, the proposed microbeam sys-

tem offers some flexibility for future nonlinear resonant sensor designs. However,

inherent to this flexibility are some design complications. In particular, unlike clas-

sical parametrically-excited MEM oscillators whose response can be manipulated via

various system parameters, which themselves can be varied in a largely independent

manner through the design of the comb drives, the behavior of the system in question

is tied to a relatively small number of parameters which, when altered, affect both

linear and nonlinear response characteristics. In light of this, this section attempts

to summarize the aforementioned issues in a manner that may prove useful in the

practical design of such devices.

Of utmost importance with any resonant MEMS device, be it a sensor or filter, is

the location and width of the system’s resonance. Since the proposed system is based

on parametric resonance, this is analogous to the classical problem of positioning and

orientating a parametrically-excited system’s ‘wedge of instability’, or more specifi-

cally, locating and specifying the width of the unstable region of the system’s trivial
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solution (see, for example, References [106, 107, 195]). For the device in question, this

is done by dictating two distinct quantities: the system’s purely mechanical natural

frequency, which is dependent on the geometry of the microbeam, as well as the axial

load in the structure (which is dependent on the nature of the fabrication process

amongst other things), and the system’s linear electrostatic force, which is largely

dependent on the geometric configuration of the electrodes and the magnitude of the

system’s input voltages. Noting this, it can be shown that for the undamped system

the instability region is bounded by the critical frequency (detuning) values of

σ = ν1 ±
λ1
2
, (3.35)

and centered about the frequency (detuning) value of

σ = ν1, (3.36)

as outlined in Reference [107]. As evident from Table 3.2, these critical frequency val-

ues, and thus the center frequency as well, are largely dependent on the input voltages

of the system (in terms of both location and relative distance). This dependence is

confirmed by Figure 3.10, which depicts the system’s wedge of instability, for two

different DC voltages, in the VAC - Ω parameter space. Similarly, it can be shown

that the electrode configuration, as manipulated through the geometric parameter δ

(a relative measure of the length of the AC electrode), plays a significant role. In

particular, increasing δ produces results consistent with increasing the AC actuation

voltage and decreasing the DC actuation voltage for a fixed-δ system.

As highlighted in the previous section, the characteristic form of the system’s

nonlinearity, and thus the device’s mode of nonlinear operation, is dependent on the

system’s location in the nonlinear parameter space depicted in Figure 3.6, which, in

turn, is dependent on the nonlinear mechanical and electrostatic characteristics of the

system in question. This is further verified by Figure 3.11, which shows a rudimentary

design chart for characterizing this nonlinear parameter effect in terms of the input
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Figure 3.10. Linear instability wedges for the undamped microbeam system actuated at
0 V DC and 30 V DC, respectively (From Reference [105]). The system’s zero response is
unstable inside of the wedges and stable outside of the wedges. Note that as the DC voltage
is increased the instability wedge shifts to the left in the parameter space.
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voltages and the design parameter δ. As expected, changing the relative size of the

electrodes leads to a relative weighting of the appropriate term in the force model,

as previously seen in the course of linear design. Accordingly, the nonlinear behavior

of the proposed system and the location and width of its linear instability region are

highly entwined.

In light of the interdependent nature of the design problem associated with the mi-

crobeam system detailed herein, the following iterative strategy is proposed for use in

the course of design. To begin, the device’s nonlinear mode of operation (most likely

hardening, but potentially softening) and allowable operating voltage ranges should

be specified. This, in turn, results in approximate magnitude constraints on the rel-

ative electrode size and nonlinear mechanical properties of the microbeam. These

constraints, in conjunction with a specified purely-mechanical natural frequency (or

alternative geometric constraint), can be used to generate a geometric design of the
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device in question. The width of the resulting instability zone can then be verified

to ensure conformity with the desired characteristic, and the system’s ‘pseudo-static’

(and potentially dynamic) pull-in voltages can be computed to ensure proper de-

vice operation. System parameters can then be iteratively ‘tuned’ until the system’s

behavior closely matches the desired system behavior.

For reference purposes, it should be noted that the sample device presented in

this work was developed via the design strategy detailed above. For this special case,

it was desirable to feature a device which exhibited hardening, softening, and mixed

nonlinear responses over a practical range of AC and DC voltages, in this case ap-

proximately 0 - 50 V. Noting this, viable ranges for δ, α1, and α2 were computed.

Using these ranges, in conjunction with a nondimensional, purely-mechanical natural

frequency target (somewhere on the order of 25, which corresponds to approximately

2.5 MHz) and realistic geometric constraints based on fabrication limitations (e.g. a

1 µm minimum feature size), a potential beam geometry (i.e. l, b, t, d, and δ) was

produced (details of which can be found in Table 3.3). Since a specific bandwidth was

not needed and pull-in was found to occur outside of, or near the limits of, the voltage

operating range, iteration was not needed. However, the beam configuration associ-

ated with this particular design problem did not appear to be over-constrained and

thus bandwidth or pull-in correction via iterative ‘tuning’ would have been possible,

as is generally believed to be the case.

3.6 Nonlinear Resonant Mass Sensing

Though, as detailed above, nonlinear frequency responses with softening character-

istics are theoretically obtainable with a given symmetrically-actuated microbeam,

the robustness of these nonlinear structures is, at best, sub-optimal. Accordingly,

nonlinear resonant mass sensors (such as those detailed in Section 1.5) based on

microbeams with purely-parametric excitations should utilize hardening frequency
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response structures. While these structures are adequate for quantitative analyte

assessment (as they feature readily-computable, albeit complex, response amplitude

to added mass relationships), because they lack well defined jump bifurcations (at

least on the left hand side of their frequency responses), they have limited applica-

bility as high-sensitivity detectors. Given that an ideal nonlinear mass sensor should

be capable of both qualitative and quantitative assessment, ongoing research is fo-

cused on alternative transducer designs, namely those detailed in the preceding and

forthcoming chapters.
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CHAPTER 4

Electromagnetically-Actuated Microbeam

Resonators: Introduction and Modeling

As detailed in the introduction, electromagnetically-actuated (EMA) microresonators

are believed to have significant potential in a number of engineering applications, in-

cluding mass sensing. As this potential is inherently tied to the predictability of a

given resonator’s behavior, the present chapter emphasizes the systematic modeling

of the large amplitude oscillations of a representative device. To begin, a spatiotem-

poral model for the EMA microresonators depicted in Figure 1.3 is developed using

classical beam theory. Through the use of modal projection, this distributed model

is reduced to a comparatively-simpler lumped-mass model, which is subsequently an-

alyzed in Chapters 5-6 using standard perturbation methods and bifurcation theory.

It should be noted that though the system model developed herein was derived specif-

ically for the aforementioned microsystems, the chapter’s results are amenable to a

variety of parametrically-excited cantilever systems, the analyses of which rarely, if

ever, consider the effects of nonlinear parametric excitations (a notable exception is

Reference [196]).

71



Figure 4.1. Beam element with variable descriptions.

4.1 Formulation of a Distributed-Parameter Model

Given that the electromagnetically-actuated microcantilevers of interest here have

been shown (in experiments) to exhibit moderately large response amplitudes near

parametric resonance, the distributed-system model used to capture their dynamic

behavior must allow for large elastic deformations [171]. As such, the nonlinear,

energy-based approach introduced in References [197, 198] and subsequently revisited

in Reference [199] is adopted here.

Assuming that the microbeam resonators of interest are uniform and have negli-

gible rotational inertias (the latter assumption is justified by the slenderness of the

microbeam systems of interest), the specific Lagrangian of a given oscillator can be

approximated by

L̄ =
1

2
m
(
u̇2 + v̇2

)
− 1

2
D
(
ψ′
)2
, (4.1)

where m and D represent the device’s specific mass and flexural stiffness, respectively,

and u, v, and ψ are defined as in Figure 4.1. Noting this, and further assuming that

the neutral axis of the beam is inextensible, and thus that

(
1 + u′

)2
+
(
v′
)2

= 1, (4.2)

results in a governing variational equation for the system, derived from extended
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Hamilton’s principle, given by

δH = 0 = δ

∫ t2

t1

∫ l

0

{
L̄+

1

2
λ
[
1−

(
1 + u′

)2 − (v′)2]} dsdt
+

∫ t2

t1

∫ l

0
(Quδu+Qvδv) dsdt,

(4.3)

where l and s represent the beam’s total length and arc length variable, Qu and Qv

represent the planar, non-conservative forces in the u and v directions, respectively,

and λ represents a Lagrange multiplier introduced to maintain the inextensibility con-

straint. Integrating this equation by parts successively, while enforcing the kinematic

constraint relating the angle ψ to the planar displacements,

tanψ =
v′

1 + u′
, (4.4)

yields the equations governing longitudinal and transverse dynamics, as well the sys-

tem’s boundary conditions:

Gu
′ =

[
Aψ

∂ψ

∂u′
+ λ

(
1 + u′

)]′
= mü−Qu, (4.5)

Gv
′ =

[
Aψ

∂ψ

∂v′
+ λv′

]′
= mv̈ −Qv, (4.6)

{
−Guδu−Gvδv +Huδu

′ +Hvδv
′
}∣∣∣∣l

0
= 0. (4.7)

Note that here and throughout the remainder of the work, Aψ, Hu, and Hv are given

by

Aψ =
∂2L̄

∂t∂ψ̇
+

∂2L̄

∂s∂ψ′
− ∂L̄

∂ψ
, (4.8)

Hϕ =
∂L̄

∂ψ′
∂ψ

∂ϕ′
, ϕ = u, v. (4.9)

In order to decouple Equations (4.5) and (4.6) and ultimately obtain a single

equation of motion for the system, the Lagrange multiplier must be extracted from

Equation (4.5). To facilitate this, fifth-order Taylor series approximations for both u
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and ψ, resulting from the kinematic and inextensibility constraints, are introduced,

namely,

u(s, t) ≈ −1

2

∫ s

0

(
v′
)2
ds− 1

8

∫ s

0

(
v′
)4
ds, (4.10)

ψ = v′
(

1 +

(
v′
)2

6
+

3
(
v′
)4

40
+H.O.T.

)
≈ v′ +

(
v′
)3

6
+

3
(
v′
)5

40
. (4.11)

Note that these higher-order expansions are adopted here due to the fact that a third-

order, symmetric-potential, nonlinear model is incapable of qualitatively characteriz-

ing the nonlinear behavior reported in Reference [171]. While fifth-order expansions

are expected to suitably capture the system’s dynamics, in reality, an asymmetric

model may be required. Ongoing experimentation is aimed at resolving this issue.

Assuming ideal cantilever boundary conditions, specifically,

u(0, t) = 0, v(0, t) = 0, v′(0, t) = 0, (4.12)

Gu(l, t) = 0 Gv(l, t) = 0, Hv −
Huv

′

1 + u′

∣∣∣∣
s=l

= 0, (4.13)

and that the longitudinal non-conservative force Qu is accurately represented by a

single point load applied at the endpoint of the beam (or more accurately an infinites-

imal distance away – an idealization used here to avoid incorporating the force in the

system’s boundary conditions), defined by

Qu = F1(t)δ(s− l), (4.14)

where δ represent the Dirac delta function, results in an approximate Lagrange mul-

tiplier given by

λ ≈ −Dv′v′′′ −D
(
v′
)2 (

v′′
)2 −D

(
v′
)3
v′′′ − 1

2
m

∫ s

l

∂2

∂t2

∫ s

0

(
v′
)2
dsds

− 1

8
m

∫ s

l

∂2

∂t2

∫ s

0

(
v′
)4
dsds− 1

4
m
(
v′
)2 ∫ s

l

∂2

∂t2

∫ s

0

(
v′
)2
dsds

−
∫ s

l
F1(t)δ (s− l) ds− 1

2

(
v′
)2 ∫ s

l
F1(t)δ (s− l) ds

− 3

8

(
v′
)4 ∫ s

l
F1(t)δ (s− l) ds.

(4.15)
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Substituting this value back into Equation (4.6), defining the specific mass m and the

flexural stiffness D according to

m = ρA, D = EI, (4.16)

where ρ, A, E, and I represent the device’s mass density, cross-sectional area, Modulus

of Elasticity, and cross-sectional moment of inertia, respectively, and further assuming

that the transverse non-conservative force is given by

Qv = F2(t)δ(s− l)− cv̇, (4.17)

where c represents the specific viscous damping coefficient, results in a fifth-order

approximation of the system’s equation of motion:

ρA
∂2v

∂t2
+ c

∂v

∂t
+ EI

∂4v

∂s4
+ EI

(
∂2v

∂s2

)3
+ 4EI

(
∂v

∂s

)(
∂2v

∂s2

)(
∂3v

∂s3

)
+ 6EI

(
∂v

∂s

)2(∂2v

∂s2

)3
+ 8EI

(
∂v

∂s

)3(∂2v

∂s2

)(
∂3v

∂s3

)
+ EI

(
∂v

∂s

)2(∂4v

∂s4

)
+ EI

(
∂v

∂s

)4(∂4v

∂s4

)
+

1

2
ρA

∂2v

∂s2

∫ s

l

∂2

∂t2

∫ s

0

(
∂v

∂s

)2
dsds

+
1

2
ρA

∂v

∂s

∫ s

0

∂2

∂t2

(
∂v

∂s

)2
ds+

∂2v

∂s2

∫ s

l
F1(t)δ (s− l) ds

+
1

8
ρA

∂2v

∂s2

∫ s

l

∂2

∂t2

∫ s

0

(
∂v

∂s

)4
dsds

+
1

8
ρA

∂v

∂s

∫ s

0

∂2

∂t2

(
∂v

∂s

)4
ds

+
3

4
ρA

(
∂v

∂s

)2(∂2v

∂s2

)∫ s

l

∂2

∂t2

∫ s

0

(
∂v

∂s

)2
dsds

+
1

4
ρA

(
∂v

∂s

)3 ∫ s

0

∂2

∂t2

(
∂v

∂s

)2
ds

+
3

2

(
∂v

∂s

)2(∂2v

∂s2

)∫ s

l
F1(t)δ (s− l) ds

+
15

8

(
∂v

∂s

)4(∂2v

∂s2

)∫ s

l
F1(t)δ (s− l) ds

= F2(t)δ (s− l) .

(4.18)

75



Figure 4.2. Schematic of the beam with non-conservative force contributions.

To reduce the number of free parameters in Equation (4.18), a consistent scaling of

the displacement and time variables is introduced. Specifically, the vertical displace-

ment v and the arc length variable s are scaled by a characteristic displacement of the

system v0 (e.g. the beam’s thickness or width) and undeformed length l, respectively,

according to

v̂ =
v

v0
, ŝ =

s

l
, (4.19)

and time is scaled by a characteristic period of the system T according to

t̂ =
t

T
, (4.20)

where

T =

√
ρAl4

EI
. (4.21)

Introducing a new nondimensional damping coefficient ĉ, defined by

ĉ =
cT

ρA
, (4.22)

and invoking the Dirac delta identity

δ(ax) =
1

a
δ(x), a > 0 (4.23)
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reveals a scaled, distributed-parameter model for the system given by
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∂ŝ2

∫ ŝ
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(4.24)

Though, theoretically, the behavior of the system can be directly recovered from

this equation of motion, the practicality of this approach is questionable. As such,

the model presented in Equation (4.24) is used to develop a consistent lumped-mass

model, which is amenable to analysis.

4.2 Formulation of a Lumped-Mass Model

To facilitate nonlinear analysis and ultimately predictive design, the governing par-

tial differential equation presented in Equation (4.24) can be reduced to a system

of nonlinear ordinary differential equations using modal projection. Specifically, the

dynamic variable v̂(ŝ, t̂) can be expanded using the system’s mode shapes Ψi(ŝ) ac-
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cording to

v̂(ŝ, t̂) =
∞∑
i=1

wi(t̂)Ψi(ŝ). (4.25)

Given the dominance of first mode behavior in the experimental studies completed

to date, a truncated, single-mode expansion proves sufficient for analysis, namely,

v̂(ŝ, t̂) = w(t̂)Ψ(ŝ). (4.26)

As the system’s non-conservative forces and nonlinearities are subsequently assumed

to be ‘small’ and, in practice, lead to minimal distortion of the system’s mode shapes,

the first assumed mode can be recovered from the linear differential equation

Ψiv − w2Ψ = 0, (4.27)

with boundary conditions

Ψ(0) = 0, Ψ′(0) = 0, Ψ′′(1) = 0, Ψ′′′(1) = 0. (4.28)

Though additional mode shapes and/or mode shapes accounting for the applied axial

load F1(t) could be included in the above expansion to increase the accuracy of the

lumped-mass model, the slight improvement that results is largely negated by the

added complexity of the analysis, as well as the general uncertainty associated with

resonant microsystems.

Prior to the final derivation of the EMA microbeam’s lumped-mass model, it also

proves convenient to expand the system’s applied non-conservative forces in terms of

physical parameters. As these forces (apart from a small contribution arising from

viscous damping) result from the interaction between an external permanent magnet

and a current loop integrated into the microbeam oscillator, they can be approximated

using the Lorentz force model

~F (t) = i(t)

∫
d~l × ~B, (4.29)
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where i(t), d~l, and ~B represent the current passing through the integrated loop,

the length of a differential element of the loop, and the magnetic field, respectively.

Assuming a two harmonic AC drive current with an additional DC component (which

could be used for frequency tuning) this results in a non-conservative force model of

the form

~F (t) = F1(t)i + F2(t)j

= (iDC + i1 cosωt+ i2 cos 2ωt) gB (cosαi + sinαj) ,

(4.30)

where g represents the width of current loop and α specifies the orientation of the

magnetic field (assumed to be uniform and unidirectional) with respect to a vertical

reference (measured in the counterclockwise direction). Introducing this model, as

well as the state variable expansion detailed above, into Equation (4.24) and pro-

jecting the resulting equation back onto the first mode through the use of an inner

product operator results in the final, lumped-mass equation of motion for the system

given by

z′′ + 2εζz′ + (1 + ελ1 cos Ωτ + εγ1 cos 2Ωτ) z

+ (εχ3 + ελ3 cos Ωτ + εγ3 cos 2Ωτ) z3 + εβ
(
z′2z + z2z′′

)
+ (εχ5 + ελ5 cos Ωτ + εγ5 cos 2Ωτ) z5 + εν1z

3z′2 + εν2z
4z′′

= εη0 + εη1 cos Ωτ + εη2 cos 2Ωτ.

(4.31)

System parameters that appear in this equation are defined in Appendix A.

4.3 Induced Electromotive Force

While the equation of motion detailed above adequately characterizes the current-

input/displacement-output behavior of the system of interest, it fails to characterize

how the acquired displacement is converted back into an electrical signal. Given that

the principal motivation for utilizing magnetomotive transduction is that a response-

dependent electromotive force (emf) can be readily obtained from a given device, it is
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prudent to proceed with the derivation of the exact relationship that exists between

the system’s dynamic response and the induced emf voltage. This relationship is

obtained here through a direct application of Faraday’s Law [200, 201].

Noting that the magnetic flux Φ(t) through a surface is given by

Φ(t) =

∫ ∫
S
( ~B · n̂)dS, (4.32)

where n̂ represents a unit vector normal to the enclosed surface and dS represents a

differential area element on the surface, the flux passing through a given microbeam

resonator can be shown to be

Φ(t) =

∫ ∫
S
B sinα sinψdS +

∫ ∫
S
B cosα cosψdS, (4.33)

where B, α, and ψ are defined as above. Expanding this flux in terms of the angle

ψ, substituting as appropriate, and truncating the result yields an approximate flux

given by

Φ(t) ≈ Bg sinα

∫ l

0
v′ds+Bg cosα

∫ l

0

(
1− v′2

2
− v′4

8

)
ds. (4.34)

Substituting the nondimensional parameters detailed in Section 4.1 into this expres-

sion and projecting the result onto the system’s first mode shape Ψ, results in a

‘lumped-mass’ approximation for the flux:

Φ(t̂) =Bg sinαv0

∫ 1

0
Ψ

∫ 1

0
Ψ′dŝdŝz +Bg cosαl

∫ 1

0
Ψdŝ

+
Bg cosαv2

0
2l

∫ 1

0
Ψ

∫ 1

0
Ψ′2dŝdŝz2 +

Bg cosαv4
0

8l3

∫ 1

0
Ψ

∫ 1

0
Ψ′4dŝdŝz4.

(4.35)

The induced emf can be directly recovered from this approximation through the use

of Faraday’s Law, namely,

Vemf = −∂Φ(t)

∂t
= −∂Φ(t)

∂t̂

∂t̂

∂t
. (4.36)

This results in a closed-form expression for the induced emf, which is given by

Vemf = κ1ż + κ2zż + κ4z
3ż, (4.37)
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where

κ1 = −Bg sinαv0
T

∫ 1

0
Ψ

∫ 1

0
Ψ′dŝdŝ,

κ2 = −
Bg cosαv2

0
lT

∫ 1

0
Ψ

∫ 1

0
Ψ′2dŝdŝ,

κ4 = −
Bg cosαv4

0
2l3T

∫ 1

0
Ψ

∫ 1

0
Ψ′4dŝdŝ.

(4.38)

Brief examination of Equation (4.37) reveals a handful of noteworthy characteris-

tics. First, if the external magnetic field is oriented vertically (i.e. α = 0◦), the induced

emf has a purely-nonlinear dependence on the system’s dynamic response. Likewise,

if the external magnetic field is oriented horizontally (i.e. α = 90◦), the induced emf is

directly proportional the system’s velocity. Intermediate orientations, unfortunately,

feature a relatively complex emf/dynamic response relationship. Depending on the

exact orientation and geometry of interest, this may hinder emf-based measurement

readout. Ongoing experimentation utilizing and comparing both induced-emf and

laser vibrometry outputs are aimed at rectifying some of the issues associated with

the measurement readout of systems with arbitrary field orientations.
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CHAPTER 5

Electromagnetically-Actuated Microbeam

Resonators: Nonlinear Behavior

Though the equation of motion detailed in the previous chapter, Equation (4.31),

is similar in form to those previously considered by the author in References [105–

107], the nonlinear, parametrically-excited system must be revisited here due to the

addition of fifth-order nonlinearities (which, as previously noted, are required to fully

explain all of the system behaviors recorded to date). As this represents a nontrivial

extension of prior work, the analysis contained herein begins anew, despite a partial

overlap with the work detailed in References [106, 107].

5.1 Derivation of the System’s Averaged Equations

Given that systems with purely-parametric excitations are likely to have the most

desirable nonlinear frequency response characteristics, especially for applications akin

to resonant mass sensing, the present investigation focuses on resonator configurations

in which the magnetic field is oriented in the vertical direction (i.e. α = 0◦). This

special case eliminates the direct forcing terms which appear in the system’s equation

of motion (i.e., ηi = 0, i = 0, 1, 2), due to their dependence on sinα. Additionally,

for the sake of analysis, all nonlinear, forcing, and damping parameters which appear

in the parametrically-excited system’s equation of motion are subsequently assumed
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to be ‘small’ (as denoted by the presence of the book-keeping parameter ε). This

assumption, which is typically valid for MEMS resonators operating in lightly-damped

environments (see, for example, Reference [107]), greatly simplifies analysis.

Due to the highly-nonlinear nature of Equation (4.31), a standard perturbation

technique, the method of averaging, is utilized for analysis. To facilitate this approach,

a constrained coordinate change is first introduced into Equation (4.31):

z(τ) = a(τ) cos [Ωτ + ψ(τ)] , (5.1)

z′(τ) = −a(τ)Ω sin [Ωτ + ψ(τ)] . (5.2)

In addition, to capture the system’s near-resonant behavior, a frequency detuning

parameter σ is introduced, which is given by

σ =
Ω− 1

ε
. (5.3)

Substituting each of these expressions into Equation (4.31), separating the resulting

equation and the constraint equation in terms of amplitude and phase, and averaging

each over one period of the oscillator’s response (2π/Ω) yields the ‘slow-flow’ equations

that govern the system’s behavior. To order ε, these averaged equations are given by

a′ =
1

64
aε
[
−64ζ +

(
16γ1 + 8γ3a

2 + 5γ5a
4
)

sin 2ψ
]

+O(ε2), (5.4)

ψ′ =
1

64
ε

[
8a2 (3χ3 − 2β) + 4a4 (5χ5 + ν1 − 5ν2)− 64σ

+
(
16
(
γ1 + a2γ3

)
+ 15a4γ5

)
cos 2ψ

]
+O(ε2).

(5.5)

For reference purposes, note that higher-order perturbation methods, though tradi-

tionally utilized for systems with higher-order nonlinearities, have not been utilized

here due to the nature of the system’s scaling, which was carefully chosen to ensure

that the net electromagnetic force appeared at O(ε) without the use of amplitude ex-

pansions. This approach, though slightly unconventional, was justified experimentally

in Reference [107], amongst others.
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5.2 Steady-State System Behaviors

With the averaged equations detailed above in hand, the system’s steady-state be-

havior can be recovered by setting the left hand sides of Equations (5.4) and (5.5)

equal to zero and solving for the steady-state amplitudes and phases. Given that

the system’s nonlinear behavior is of principal interest here and that this behavior

is largely unaffected by damping, damping is assumed to be negligible (i.e. ζ = 0).

Readers interested in the effects of small damping are referred to Reference [107].

Setting (a′, ψ′) = (0, 0) reveals that the EMA microresonator has a trivial solution

(with indeterminant phase) and four pairs of physically-realizable, nontrivial solutions

given, in terms of amplitude and phase, by

ā1 = ±2

√√√√−ν3,1 +
√
ν3,12 − ν5,1(γ1 − 4σ)

ν5,1
, ψ̄1 = 0, (5.6)

ā2 = ±2

√√√√−ν3,1 −
√
ν3,12 − ν5,1(γ1 − 4σ)

ν5,1
, ψ̄2 = 0, (5.7)

ā3 = ±2

√√√√−ν3,2 +
√
ν3,22 + ν5,2(γ1 + 4σ)

ν5,2
, ψ̄3 =

π

2
, (5.8)

ā4 = ±2

√√√√−ν3,2 −
√
ν3,22 + ν5,2(γ1 + 4σ)

ν5,2
, ψ̄4 =

π

2
. (5.9)

Note that each ± pair of these solutions, as well as solutions with magnitude π

phase shifts, represent the same physical response. Furthermore, note that here and

throughout the remaining portions of this chapter, ρ3 and ρ5 are used to represent

the system’s third- and fifth-order mechanical nonlinearities (incorporating inertial

terms), given by

ρ3 = 3χ3 − 2β, ρ5 = 5χ5 + ν1 − 5ν2, (5.10)

and ν3,1, ν3,2, ν5,1, and ν5,2 are used to represent the system’s third- and fifth-order
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effective nonlinearities, which are given by

ν3,1 = ρ3 + 2γ3, ν3,2 = ρ3 − 2γ3, (5.11)

ν5,1 = 4ρ5 + 15γ5, ν5,2 = 4ρ5 − 15γ5. (5.12)

Each of these parameters prove critical in characterizing the system’s steady-state

behavior.

Though not directly pertinent to the present study, it is also worth noting that

under certain conditions the system examined herein can feature two additional

constant-amplitude solution pairs of amplitude

ā5 = ± 2√
5

√√√√−γ3 +
√
γ2
3 − 5γ1γ5

γ5
, (5.13)

ā6 = ± 2√
5

√√√√−γ3 −
√
γ2
3 − 5γ1γ5

γ5
. (5.14)

As these solutions are not realizable with current device designs, further discussion is

omitted. It should be noted, however, that the inclusion of alternative transduction

mechanisms and/or the use of nonuniform beam geometries could potentially lead

to the emergence of these solutions (see, for example, the electrostatically-actuated,

comb-driven devices detailed in Reference [107]). As this, in turn, could lead to

detrimental changes in the system’s qualitative behavior, care must be taken to avoid

these solutions in the course of design.

Before proceeding with a thorough examination of the system’s qualitative behav-

ior and its dependence on the third- and fifth-order effective nonlinearities detailed

above, it is prudent to briefly analyze the stability of the system’s steady-state so-

lutions. For present purposes, the local stability of the system’s response can be

determined by considering the linear behavior of the system’s averaged equations

near each of the aforementioned steady-state solutions.
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Defining a composite state vector X(τ) according to

X(τ) =

a(τ)
ψ(τ)

 (5.15)

and a composite steady-state solution vector X̄ according to

X̄ =

 ā
ψ̄

 , (5.16)

the local, linearized equation of motion for the system can be rewritten as

Y ′(τ) = J(X̄)Y (τ), (5.17)

where Y (τ) represents the state vector’s deviation from the steady state, namely,

Y (τ) = X(τ)− X̄, (5.18)

and J represents the Jacobian matrix of the averaged equations evaluated at the

steady state. Using Equation (5.17), the stability of the various responses can be

directly deduced by computing the eigenvalues of the Jacobian J at the respective

steady-state.

To simplify stability analysis, the system’s eigenvalues can be characterized using

the trace and determinant of the 2×2 Jacobian detailed above [202]. Specifically, the

eigenvalues can be expressed in terms of the trace, T , and the determinant, ∆, as

Λ1,2 =
1

2

(
T ±

√
T 2 − 4∆

)
. (5.19)

For the undamped case under consideration here, the trace of the Jacobian for each

of the steady-state responses is zero (T = 0), and thus for nontrivial eigenvalues only

two generic equilibrium types are possible: saddles (unstable) and centers (marginally

stable). As such, the type of equilibrium that exists depends solely on the sign of

the determinant ∆. Specifically, when ∆ > 0 the equilibrium is a center, and when
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∆ < 0 the equilibrium is a saddle. The remaining case, ∆ = 0, corresponds to the

degenerate case of two identically zero eigenvalues, and, as such, is used here only to

identify where changes in stability occur.

Utilizing the criteria outlined above, the stability of the five solutions of interest

(the trivial solution and the four physically-consistent solution pairs) can be deter-

mined. In particular, it can be shown (with a conversion to Cartesian coordinates)

that the trivial solution exists as a saddle point for all frequencies (detuning values)

between σ1 and σ2, where

σ1,2 = ±γ1
4
, (5.20)

and as a center elsewhere. Similarly, a1 and a2 can be shown to have critical detuning

values of σ1 and σ3, where

σ3 =
−ν3,12

4ν5,1
+
γ1
4
, (5.21)

and a3 and a4 can be shown to have critical detuning values of σ2 and σ4, where

σ4 =
−ν3,22

4ν5,2
− γ1

4
. (5.22)

As each of these critical detuning values, as well as the sign of the Jacobian’s determi-

nant in between, is dependent on numerous system parameters, a number of distinct

stability configurations exist. Rather than delineating each of these configurations

here, the cases are detailed below as part of an examination of the system’s frequency

response.

5.3 Nonlinear Frequency Response Structures

As evident from Equations (5.6)-(5.9), the qualitative behavior of the system detailed

herein is not dependent on a single effective nonlinearity, but rather a set of effective

nonlinearities, which collectively dictate the nature of the system response. In Chap-

ter 3 and Reference [107], the author examined similar behavior in the context of a

third-order, parametrically-excited system using a simple, nonlinear parameter space
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investigation. Though a similar approach is adopted here, the addition of fifth-order

nonlinearities requires a hierarchical analysis.

Generally speaking, the third-order effective nonlinearities detailed in Equa-

tion (5.11) dictate the system’s nontrivial behavior in the vicinity of the pitchfork

bifurcations that occur at σ1 and σ2. In particular, selecting system parameters such

that ν3,1 > 0 and ν3,2 > 0 results in a frequency response structure with third-order

hardening characteristics and selecting ν3,1 < 0 and ν3,2 < 0 results in a frequency

response structure with third-order softening characteristics. Clearly, under certain

conditions, ν3,1 and ν3,2 can be selected to have opposite signs. Under these conditions

the system exhibits ‘mixed’ nonlinear characteristics, wherein the response curves ini-

tially bend away from one another. (Note that in certain, physically-inconsistent cases

these curves bend toward one another. The response is significantly more complicated

in these cases, however, as one or more constant amplitude solutions also exist.)

To summarize the results outlined above, it proves convenient to utilize the upper

half-plane of third-order nonlinear parameter space shown in Figure 5.1a, as identify-

ing the oscillator’s location within this parameter space allows for the rapid prediction

of the system’s qualitative behavior (at least to third-order). (Note that as detailed in

Section 5.4, the EMA microbeam resonators detailed herein are not expected to op-

erate in the lower half-plane of the parameter space, wherein the previously-detailed,

constant-amplitude solutions exist.) For example, noting that an unforced system

initially lies on the positive portion of the ρ3 axis reveals that the resonator, in the

absence of excitation, exhibits third-order hardening characteristics. This position is

not fixed, however, as adding an effective AC excitation allows the oscillator’s location

in the third-order parameter space to translate in the vertical direction, thus allowing

the system’s third-order behavior to transition to a mixed response. Likewise, adding

an effective DC excitation allows the oscillator’s location to translate in the horizontal

direction, thus facilitating transitions to softening or mixed third-order responses.
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Figure 5.1. (a) Third- and (b) fifth-order nonlinear parameter spaces corresponding to
the system detailed in Equation (4.31). Note that the labeled data points correspond to
the various cases delineated in Table 5.1, as well as the frequency response plots shown in
Figures 5.2-5.9.
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While the resonator’s third-order nonlinearities dictate the immediate post-

pitchfork-bifurcation behavior of the system, the fifth-order effective nonlinearities

dictate the system’s ‘global’ frequency response behavior (as limited, of course, by

the nonlinear model and perturbation technique employed) and facilitate the unfold-

ing of the system’s behavior in situations where the system’s third-order effective

nonlinearities are near zero. In particular, selecting the system parameters such that

ν5,1 > 0 and ν5,2 > 0 results in a frequency response with fifth-order hardening

characteristics and selecting ν5,1 < 0 and ν5,2 < 0 renders a frequency response with

fifth-order softening characteristics. Likewise, under certain conditions, ν5,1 and ν5,2

can be selected to have opposite signs. This leads to frequency response structures

with ‘mixed’ nonlinear characteristics, wherein the response curves eventually bend

away from one another, potentially leading to globally unbounded responses. (Note

that the term ‘globally unbounded’ is used loosely herein to designate the fact that

some initial conditions result in an unbounded response. ‘Globally bounded’ is used

to designate the fact that all initial conditions lead to a bounded response.)

As with the third-order nonlinearities, it proves convenient to utilize the upper

half-plane of the fifth-order nonlinear parameter space, shown in Figure 5.1b, in order

to characterize the qualitative behavior of the system’s global frequency response. As

the system behavior within this parameter space, as well as its dependence on effective

AC and DC excitations, is largely akin to that described above in the context of the

system’s third-order nonlinearities, further discussion is omitted.

In order to display each of the qualitatively distinct frequency responses that can

be recovered for the equation of motion detailed in Equation (4.31), a number of

representative cases, detailed in Table 5.1 and by the data points in Figure 5.1, are

subsequently considered. Note that while most of these cases are readily obtainable

using a given EMA microcantilever design, additional responses have been included

for the sake of completeness (largely to assist those working on related problems).
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Table 5.1. Parameter values used to produce the frequency response plots shown in Fig-
ures 5.2-5.9.

Case γ1 ρ3 γ3 ρ5 γ5
A 0.1 0.1 0.025 1 0.1

B 0.1 0.1 0.025 1 0.5

C 0.1 0.1 0.025 -1 0.5

D 0.1 0.1 0.025 -1 0.1

E 0.1 0.1 0.075 1 0.1

F 0.1 0.1 0.075 1 0.5

G 0.1 0.1 0.075 -1 0.5

H 0.1 0.1 0.075 -1 0.1

Furthermore, note that only those cases in the first quadrant of the third-order pa-

rameter space are included. The behavior of oscillators operating in the second quad-

rant, namely those operating with large, negative, DC tuning biases, can be easily

determined through symmetry arguments.

The frequency response plots corresponding to data points A-H in Table 5.1 and

Figure 5.1 are included in Figures 5.2-5.9. As the vast majority of these plots include

responses that are qualitatively distinct from one another, each is considered in turn.

The frequency response plot shown in Figure 5.2, representative of all systems

with ν3,1 > 0, ν3,2 > 0, ν5,1 > 0, and ν5,2 > 0 and corresponding to Case A, clearly

depicts a classical hardening response. That is, the system’s nontrivial response

branches both result from pitchfork bifurcations (one supercritical and one subcriti-

cal) occurring at σ1 and σ2, respectively, and bend to the right, ultimately yielding a

globally bounded system response. The response shown in Figure 5.3, representative

of all systems with ν3,1 > 0, ν3,2 > 0, ν5,1 > 0, and ν5,2 < 0 and corresponding

to Case B, is slightly more complicated. Here, the response incorporates all of the

features detailed above for Case A, but also an additional saddle-node bifurcation at

σ4. This additional bifurcation point not only leads to a destabilization of the left

branch, but also causes the branch to bend to the left yielding a globally unbounded

system response. Figure 5.4, corresponding to Case C, depicts a response qualitatively
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Figure 5.2. Frequency response plot corresponding to Case A. Note that here, and in
Figures 5.3-5.12, solid lines are used to indicate a stable response. Likewise, dashed lines
are used to indicate an unstable response.

equivalent to that seen in Case B, despite the fact that the sign of ρ5 has changed.

Though counterintuitive, this is consistent with the system’s stated dependence on

the fifth-order effective nonlinearities, and is thus included only for the sake of com-

pleteness. The final frequency response plot realizable for positive values of ν3,1 and

ν3,2, designated Case D, is depicted in Figure 5.5. Here, due to the fact that both ν5,1

and ν5,2 are negative, each of the system’s nontrivial branches undergo saddle-node

bifurcations, at σ3 and σ4 respectively, yielding a globally bounded response, wherein

both response branches ultimately bend to the left in a softening-like manner.

Figures 5.6-5.9, corresponding to Cases E-H, are representative of systems with

mixed third-order nonlinearities, that is systems with ν3,1 > 0 and ν3,2 < 0. The

first response in this series, designated Case E and representative of systems with

ν5,1 > 0 and ν5,2 > 0, is shown in Figure 5.6. Here, as expected, the system has two

nontrivial branches – the result of pitchfork bifurcations at σ1 and σ2, respectively
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Figure 5.3. (a) Frequency response plot corresponding to Case B. (b) The system’s fre-
quency response in the proximity of σ = −0.025.
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Figure 5.4. (a) Frequency response plot corresponding to Case C. (b) The system’s fre-
quency response in the proximity of σ = −0.025.
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Figure 5.5. Frequency response plot corresponding to Case D.

– that initially bend away from one another. However, in this case, the left branch

undergoes a saddle-node bifurcation at σ4, which not only stabilizes the branch, but

also causes it to bend to the right, ultimately yielding a globally stable, hardening-like

system response. Figures 5.7 and 5.8, corresponding to Cases F and G, respectively,

are representative of systems with ν5,1 > 0 and ν5,2 < 0. Here, neither of the

nontrivial branches undergo additional bifurcations, and thus these branches which

initially bend away from each other continue to do so for all values of detuning. The

last response in the series, designated Case H and corresponding to systems with

ν5,1 < 0 and ν5,2 < 0 is shown in Figure 5.9. Here, as with all other frequency

responses in this series, the responses branches initially bend away from one another.

However, at σ3 the right branch undergoes a saddle-node bifurcation, which not only

stabilizes it, but also causes it to bend to the left, yielding a softening-like response.
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Figure 5.6. (a) Frequency response plot corresponding to Case E. (b) The system’s fre-
quency response in the proximity of σ = −0.025.
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Figure 5.7. Frequency response plot corresponding to Case F.
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Figure 5.8. Frequency response plot corresponding to Case G.
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Figure 5.9. Frequency response plot corresponding to Case H.

5.4 The Response of a Representative EMA Microbeam Sys-

tem

While the preceding section provides a comprehensive overview of the qualitatively-

distinct frequency response structures that can be realized with a given

electromagnetically-actuated microbeam system, it does not clearly delineate how

these responses depend on various system parameters and excitation signals. In light

of this, the present section examines the frequency response behavior of a represen-

tative parametrically-excited EMA microbeam (see Table 5.2 for details). Note that

for present purposes, the impedance of the microbeam system is assumed to be of

sufficient magnitude that the induced emf does not appreciably impact the system’s

excitation signal. The behavior of ‘self-coupled’ systems, wherein the emf does ap-

preciably alter the drive current, is briefly considered in Chapter 7.

Using the results of Section 5.2, the behavior of the representative microbeam

system delineated in Table 5.2 can be systematically recovered. As this behavior is
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Table 5.2. Parameter values, obtained from a representative microcantilever, used to
produce the frequency response plots shown in Figures 5.10-5.12.

Physical Parameter Value

Width 23.5 µm

Length 162 µm

Thickness 250 nm

Young’s Modulus (E) 159 GPa

Mass Density (ρ) 0.1 kg/m3

Magnetic Field Strength (B) 1 T

qualitatively dependent on the magnitudes of iDC and i2, the present discussion is

framed in the context of varying drive currents.

Figure 5.10 depicts the frequency response structure of an electromagnetically-

actuated microbeam excited with comparatively small drive amplitudes, namely, iDC

= 0.0 mA and i2 = 1.0 mA. As expected, this operating condition, much like its

unforced counterpart, renders a hardening response, similar to Case A, wherein both

of the system’s nontrivial response branches bend to the right. As increasing the

amplitude of the system’s AC drive current (i2) from this operating point yields

purely-vertical translations in both of the nonlinear parameter spaces presented in

Figure 5.1, the qualitative response depicted in Figure 5.10 is maintained with in-

creasing AC current until the system bifurcates at the ν3,2 = 0 threshold, or approx-

imately i2 = 4.68 mA. Here the frequency response depicted in Figure 5.11, which

was produced using drive currents of iDC = 0.0 mA and i2 = 6.0 mA, first emerges.

This response, similar to Case E, features hardening-like global behavior, wherein

both response branches eventually bend to the right (following an additional saddle

node bifurcation on the left nontrivial branch). Further increasing the system’s AC

drive current (i2) from this operating point again yields purely-vertical translations

in both of the nonlinear parameter spaces depicted in Figure 5.1. Accordingly, the

qualitative response depicted in Figure 5.11 is maintained with increasing AC current

until the system bifurcates again at the ν5,2 = 0 threshold, or i2 = 69.2 mA. Here the
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Figure 5.10. Frequency response plot corresponding to the representative microbeam
system (see Table 5.2) operated with iDC = 0.0 mA and i2 = 1.0 mA.

frequency response structure shown in Figure 5.12, which was produced using drive

currents of iDC = 0.0 mA and i2 = 80.0 mA, emerges. This response, similar to Case

F, features a globally unbounded frequency response, wherein the nontrivial response

branches bend away from one another. Generally speaking, this response, which will

undoubtedly be bounded in practice by higher-order nonlinearities, is believed to be

of limited practical utility.

While the preceding discussion details each of the qualitatively-distinct frequency

response structures that can be obtained by fixing iDC and varying i2, it is important

to note that the DC bias current can be changed independently or concurrently,

as well. This not only allows for linear frequency tuning, but also facilitates the

emergence of additional, distinct nonlinear frequency response structures. Rather

than delineating each of these new structures, of which there are many, here, suffice

it to note that a number of qualitatively-distinct response can be realized by varying

each of the two drive currents provided that the buckling instability and burnout

100



0

0.4

0.8

1.2

1.6

2

-0.18 -0.14 -0.1 -0.06 -0.02 0.02 0.06 0.1 0.14 0.18

σ

a

Figure 5.11. Frequency response plot corresponding to the representative microbeam
system (see Table 5.2) operated with iDC = 0.0 mA and i2 = 6.0 mA.
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Figure 5.12. Frequency response plot corresponding to the representative microbeam
system (see Table 5.2) operated with iDC = 0.0 mA and i2 = 80.0 mA.
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thresholds are not exceeded.

5.5 Exploiting Nonlinear Frequency Response Structures for

Mass Sensing

In light of the results detailed in Section 5.4, it is prudent to revisit the stated appli-

cation for the EMA microsystems detailed herein, namely, resonant mass sensing. As

detailed in the introduction, resonant mass sensors that utilize nonlinear frequency re-

sponse structures ideally exploit sharp transitions in amplitude, that occur at a given

instability point. While both subcritical and supercritical pitchfork bifurcations can

lead to such transitions, sub-critical pitchfork bifurcations offer greater utility, be-

cause jump bifurcations are often attendant to this instability. In light of this, the

most desirable frequency response structures for mass sensing are likely akin to that

depicted in Figure 5.11 (Note that due to the large number of parameters associated

with these systems, frequency response structures similar to those described herein

are perhaps best realized though guess and check design techniques or more advanced

iterative procedures). This response not only features a subcritical instability, but

also exhibits an additional saddle-node bifurcation, which renders a hardening-like

frequency response. Collectively, these features not only allow for qualitative analyte

assessment, as a jump in amplitude can be equivocated with an analyte detection

event, but also quantitative assessment, as post-bifurcation changes in amplitude can

be used to quantify the mass or concentration of target analyte present.

To quantify the aforementioned jump in amplitude, as well as its sensitivity to

changes in the detuning parameter σ, it is helpful to revisit Equations (5.8) and (5.9).

Using these expressions, quick computation reveals that the change in amplitude near

the subcritical instability at σ2, provided ν3,2 < 0, is given by

a = 2

√
−2ν3,2
ν5,2

. (5.23)
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Likewise, the sensitivity of the response amplitude near the instability, as computed

with respect to the detuning parameter σ, is given by

∂a

∂σ
=

√
−2ν5,2
ν3,23 . (5.24)

Though ideally it would be best to maximize each of these quantities, there is clearly

a trade-off that must be considered during design. As this design consideration is

dependent on the application of interest (namely, whether quantitative or qualitative

assessment has priority) further discussion is omitted here.

Before proceeding, it is important to note that the performance of the mass sen-

sors detailed herein, much like that of their linear counterparts detailed in Chapter 2,

is heavily dependent on the amount and type of noise present during the course of

operation. In linear systems, additive and multiplicative noise affects a given device

by constraining the accuracy with which a given frequency shift can be measured (the

system’s so-called frequency resolution). In nonlinear devices, however, additive and

multiplicative noise affects the location of the aforementioned jump bifurcation. Re-

cent work by collaborators, in addition to others, has attempted to quantitatively

characterize the effects of this noise in nonlinear, parametrically-excited systems

[156, 203]. However, a deeper understanding must be sought prior to final sensor

implementation.
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CHAPTER 6

Electromagnetically-Actuated Microbeam

Resonators: Parametric Amplification

As noted in the introduction, since the publication of Rugar and Grütter’s seminal

work in 1991 [129], parametric amplification, the process of amplifying a time-varying

signal with a parametric pump, has been demonstrated in a wide variety of resonant

microtransducers (see, for example, References [103, 130–138]). Despite the breadth

of this research, to the best of the author’s knowledge, parametric amplification has

not been successfully implemented in EMA resonators. Given that these devices ex-

ploit induced electromotive forces (emf) for sensing, which can be several orders of

magnitude smaller than the drive signal (typically 10 µV or below), the need for

on-chip, low-noise response amplification in electromagnetically-sensed microsystems

is paramount. In light of this, the present chapter investigates the implementation

of degenerate, mechanical domain parametric amplification in EMA microsystems,

specifically, resonant microcantilevers similar to that shown in Figure 1.3. The re-

alization of low-noise response amplification in these systems should facilitate their

eventual implementation as linear resonant mass sensors.

Using the results of Chapter 4, the present investigation begins in Section 6.1 with

the development of a consistent lumped-mass model for the amplified microcantilever

system. In Section 6.2, this model is analyzed using the method of averaging and
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pertinent system metrics are recovered. The chapter concludes in Section 6.3 with an

examination of preliminary experimental results which (partially) validate the work’s

analytical findings.

6.1 Model Development

Since parametric amplification is, generally speaking, a linear phenomenon, a trun-

cated variant of the system model presented in Equation (4.24), namely,

∂2v̂

∂t̂2
+ ĉ

∂v̂

∂t̂
+
∂4v̂

∂ŝ4
+

l2

EI

∂2v̂

∂ŝ2

∫ ŝ

1
F1(t)δ (ŝ− 1) dŝ =

F2(t)l
3

v0EI
δ (ŝ− 1) (6.1)

can be used as a basis of study. Here, however, an alternative form of the Lorentz

force given by

~F (t̂) = F1(t̂)i + F2(t̂)j

=
[
i1 cos(ω̂t̂+ φ) + i2 cos 2ω̂t̂

]
gB (cosαi + sinαj) ,

(6.2)

must be used. Note that current components with frequency ω̂ are used here, in

conjunction with the obliquely oriented magnetic field, to provide a direct excita-

tion to the system. Similarly, current components with frequency 2ω̂ are used, in

conjunction with the obliquely oriented magnetic field, for parametric pumping. Fur-

thermore, note that this specific force model, which includes a strict 2:1 excitation

frequency ratio and a relative phase term, is utilized due to the present study’s focus

on degenerate parametric amplification. This phase-sensitive amplification technique

is emphasized here because it, in theory, is noise free down to the quantum mechan-

ical level [129, 136, 204]. Investigations of non-degenerate parametric amplification,

which is phase-independent and does not require the strict frequency constraint, but

is known to yield additional noise, are left to subsequent works.

Given that a lumped-mass model proves sufficiently accurate for the present anal-

ysis, the dynamic variable v̂(ŝ, t̂) appearing in Equation (6.1) can be decomposed, as
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before, into its spatial and temporal components using the microbeam’s first mode

shape Ψ(ŝ), which is derived from the beam’s simplified spatial eigenvalue problem

Ψiv − ω2
iΨ = 0, (6.3)

with boundary conditions

Ψ(0) = 0, Ψ′(0) = 0, Ψ′′(1) = 0, Ψ′′′(1) = 0, (6.4)

according to

v̂(ŝ, t̂) = w(t̂)Ψ(ŝ). (6.5)

(Note that here, as before, an axial force component can be added to the modal

equation to yield a more accurate mode shape approximation. This additional term

is neglected here, because the axial force produces minimal distortion in the system’s

first mode shape.) Projecting the decomposed governing equation back onto the

system’s first mode shape through the use of an inner product operator results in a

final lumped-mass equation of motion for the system given by

z′′ + 2εζz′ + [1 + ελ1 cos(Ωτ + φ) + εγ1 cos 2Ωτ ] z

= εη1 cos(Ωτ + φ) + εη2 cos 2Ωτ.

(6.6)

System parameters corresponding to this equation are defined in Table 6.1.

6.2 Steady-State Amplifier Response

As the equation of motion detailed above is linear, an analytical expression for the

system’s response can be derived using conventional state transition techniques. How-

ever, as this solution method requires the use of an infinite (Peano-Baker) series, both

qualitative analysis and predictive design benefit from an alternative approach. Ac-

cordingly, the present work utilizes a standard perturbation technique, the method of

averaging, to derive a closed-form (approximate) solution. To facilitate this approach,
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Table 6.1. Nondimensional parameter definitions corresponding to Equation (6.6). Note
that ε represents a ‘small’ parameter introduced for the sake of analysis.

Parameter

z = w(t̂)

τ = ω0t̂, (•)′ =
d(•)
dτ

ω̂ = ωT, Ω =
ω̂

ω0

ω2
0 =

∫ 1

0
ΨΨivdŝ

εζ =
ĉ

2ω0

ελ1 =
i1gBl

2 cosα

EIw2
0

∫ 1

0
ΨΨ′′

∫ ŝ

1
δ (ŝ− 1) dŝdŝ

εγ1 =
i2gBl

2 cosα

EIw2
0

∫ 1

0
ΨΨ′′

∫ ŝ

1
δ (ŝ− 1) dŝdŝ

εη1 =
i1gBl

3 sinα

EIv0ω
2
0

∫ 1

0
Ψδ (ŝ− 1) dŝ

εη2 =
i2gBl

3 sinα

EIv0ω
2
0

∫ 1

0
Ψδ (ŝ− 1) dŝ
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a constrained coordinate change, given by

z(τ) = X(τ) cos (Ωτ) + Y (τ) sin (Ωτ) ,

z′(τ) = −X(τ)Ω sin (Ωτ) + Y (τ)Ω cos (Ωτ) ,

(6.7)

and a frequency detuning parameter σ, defined by

σ =
Ω− 1

ε
, (6.8)

are introduced into Equation (6.6). Separating the equation that results from substi-

tution, as well as the state variable constraint equation, in terms of X ′ and Y ′, and

averaging over one period of the oscillator’s response (2π/Ω) yields a pair of averaged

equations governing the system’s behavior:

X ′ = −1

4
ε (γ1Y + 4σY + 4ζX − 2η1 sinφ) +O(ε2),

Y ′ = −1

4
ε (γ1X − 4σX + 4ζY − 2η1 cosφ) +O(ε2).

(6.9)

Using this set of equations, the transducer’s steady-state behavior can be recovered

by setting (X ′, Y ′) = (0, 0) and solving for the dynamic variables X and Y . This

yields a steady-state solution given, in terms of amplitude and phase, by

ā = 2

√√√√η2
1
[
γ2
1 + 16(ζ2 + σ2) + 8γ1 (σ cos 2φ− ζ sin 2φ)

][
γ2
1 − 16(σ2 + ζ2)

]2 , (6.10)

ψ̄ = arctan

[
(γ1 − 4σ) sinφ− 4ζ cosφ

(γ1 + 4σ) cosφ− 4ζ sinφ

]
, (6.11)

where

ā =
√
X̄2 + Ȳ 2, ψ̄ = arctan

Ȳ

X̄
. (6.12)

Using this closed-form expression for the amplifier’s response amplitude, the gain

of the system can be recovered. For present purposes, this amplifier metric is defined

according to

G =
āpump on
āpump off

=
ā

ā|γ1=0
, (6.13)
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which at σ = 0 yields

G(σ = 0) = 4ζ

√
γ2
1 + 16ζ2 − 8γ1ζ sin 2φ

(γ2
1 − 16ζ2)2

. (6.14)

Before proceeding with an analytical examination of the amplifier’s performance,

it is important to note that due to the potential for parametric resonance in the mi-

croscale amplifier, robust operation requires that the system function below the res-

onator’s Arnold tongue or ‘wedge of instability’: a threshold which dictates the onset

of parametric resonance (for additional details see, for example, References [125, 195]).

For this particular system, the equation governing the aforementioned threshold can

be directly recovered from the denominator of Equation (6.12), namely,

γ2
1 − 16(σ2 + ζ2) = 0. (6.15)

This conditions results in a maximum allowable value for the system’s pump ampli-

tude, γ1, given by

γ1,crit = 4

√
σ2 + ζ2. (6.16)

Note that for reference purposes, a set of representative Arnold tongues (recovered for

various levels of damping) are depicted in Figure 6.1. For the sake of completeness,

it is also worth noting that higher-order instability regions can also be utilized for

amplification. However, as these wedges are more difficult to locate experimentally,

particular emphasis is placed here on the primary instability region (i.e. near σ = 0).

With a maximum bound on γ1 established, the resonant amplifier’s qualitative

behavior can be readily characterized. Figure 6.2, for example, depicts the system’s

frequency response for γ1 values of 0 (unpumped), 0.01, and 0.02. As evident, with in-

creasing pump amplitude the normalized resonant amplitude increases from unity to

approximately 1.33 to 2. Though these gains are appreciable, Figure 6.3 verifies that

significantly larger gains are obtainable as the pump amplitude approaches γ1,crit,

which is 0.04 for this particular example. Specifically, the figure shows a monotonic
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Figure 6.1. The system’s Arnold tongue/‘wedge of instability’ near σ = 0. Note that ro-
bust amplification requires that the system operate below the parametric resonance thresh-
old.

increase in gain with increasing pump amplitude, with the gain approaching infinity

as γ1 approaches γ1,crit (as the parametric instability is reached). Likewise, gains

approaching infinity can realized by fixing γ1 and increasing ζ until the parametric

instability and pump value coincide. Though these large, multiple-order-of-magnitude

gains are promising, it is important to note that both system uncertainties and nonlin-

earities can hinder the realization of extremely large gains in micromechanical devices

(though gains on the order of 4 are experimentally realized in the following section).

Before proceeding with an experimental investigation of the parametric amplifiers

described herein, it is important to note the phase-dependent nature of the system

gain given in Equation (6.14). Figure 6.4 graphically depicts this dependence. As evi-

dent, as the relative excitation phase φ is varied, the system gain changes appreciably,

with maximum gains being realized for relative phase angles of -45◦ (and 180◦ mul-

tiples) and minimum gains being realized for relative phase angles of 45◦ (and 180◦
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Figure 6.2. Frequency response curves (theoretical) corresponding to three different pump
amplitudes (values of γ1). Note that the responses have been normalized such that the peak
amplitude of the unpumped system is unity. Also note that here and in Figures 6.3-6.4
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Figure 6.3. Amplifier gain (theoretical) plotted versus pump amplitude for an oscillator
operating at σ = 0 with φ = −45◦. Note that the pump amplitude has been normalized
such that the parametric resonance threshold occurs at unity.
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Figure 6.4. Response amplitude (theoretical) versus phase plot. Note that the response
has been normalized such that the amplitude at φ = 0◦ is unity. For this plot γ1 = 0.02.

multiples). Clearly the former case is ideal for most scenarios, namely, those where

robust amplification is desired. The latter case, however, may provide an effective

means of truncating undesirable resonances in some microstructures.

6.3 Experimental Results

In order to verify the analytical results presented in the preceding section, a se-

ries of silicon microcantilevers, similar to that shown in Figure 1.3, were fabricated

(additional details can be found in References [157, 171]). A representative device,

measuring 23.5 µm wide by 162 µm long by 250 nm thick, with a first natural fre-

quency of approximately 40.82 kHz, was then mounted on a test-rig containing an

integrated NdFeB permanent magnet (1 T), oriented such that α = 15◦ (to ensure

a strong parametric pump), and placed in a partial-vacuum environment (an ambi-

ent pressure of approximately 35 mT was recorded). The parametrically-amplified
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Figure 6.5. Frequency response curves (experimental) obtained for three different pump
amplitudes. Note that this relative phase configuration leads to resonance amplification.

system was then driven with a 0.5 V harmonic signal (V1) and tested using a wide

range of pump amplitude (V2) and relative excitation phase (φ) settings. Prelimi-

nary results acquired during the course of experimentation are summarized below.

Note that voltage inputs were used in place of current inputs solely for experimental

convenience.

Figures 6.5 and 6.6 depict the frequency response behavior of the EMA microcan-

tilever system with two distinct relative phase values (unfortunately, as the relative

phases appear to have shifted, through experimentation, the exact values of φ here

are unknown). As evident, the first excitation signal resulted in appreciable am-

plifier gains. Likewise, the second excitation signal resulted in truncated resonant

amplitudes. Though quite preliminary, these results are believed to be a positive in-

dication of the feasibility of parametric amplification in electromagnetically-actuated

microsystems.

Figure 6.7 depicts the experimental gain/phase relationship that was recovered
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Figure 6.6. Frequency response curves (experimental) obtained for three different pump
amplitudes. Note that this relative phase configuration leads to resonance truncation.

from the EMA microbeam actuated by a signal with identifiable relative phase infor-

mation. Though the location of the minimum gain is shifted slightly from the value

predicted in Figure 6.4, the trends exhibited by the two plots are quite similar.
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CHAPTER 7

Conclusions and Directions for Future

Work

This dissertation examines the use of coupled, nonlinear, and/or parametrically-

excited microelectromechanical oscillators in resonant mass sensing applications.

Specifically, the work considers the behavior of (i) single input - single out-

put, multi-analyte mass sensors based on coupled array architectures (Chapter 2),

(ii) electrostatically-actuated microbeams driven with purely-parametric excitations

(Chapter 3), and (iii) electromagnetically-actuated and sensed microbeam systems

(Chapters 4-6). Not surprisingly, given this breadth of coverage, a number of distinct

conclusions can be drawn from the work. Rather than recapitulating each of these

points, which are detailed at some length in the preceding chapters, here, the dis-

sertation’s major contributions are outlined below in Section 7.1. This is followed in

Section 7.2 by a brief overview of ongoing and future work.

7.1 Contributions of the Work

In the broadest sense, the investigation detailed herein serves to further the gen-

eral understanding of resonant mass sensors based on coupled, nonlinear, and/or

parametrically-excited microresonators. In the course of realizing this goal, however,

a number of specific contributions have been made to the fields of nonlinear dynamics,
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vibrations, and MEMS. These contributions are detailed on a topical basis below.

• Chapter 2 of the work summarizes the design and development of a promising

new class of resonant microsensors. The key feature of these devices is that

they exploit vibration localization in a set of functionalized, frequency-mistuned

microbeam resonators, each coupled to a common shuttle mass, to facilitate the

detection of multiple analytes using a single sensor input (actuation signal) and a

single sensor output (measurement readout). This novel SISO approach, in turn,

facilitates the development of reduced power, highly integrable microsensors

with performance metrics comparable to their more conventional counterparts.

• Chapter 3 of the work details the modeling, analysis, and design of a new

class of electrostatically-actuated microbeams with purely-parametric excita-

tions. These devices utilize symmetric electrostatic actuation to negate direct

and/or even-powered, nonlinear parametric excitations. While this approach

facilitates the realization of superior frequency response characteristics, typical

device configurations render hardening frequency response structures, which are

deemed to be poorly suited for the application at hand: resonant mass sensing.

• Chapters 4-6 of the work detail the modeling and analysis of nonlinear and

parametrically-amplified, electromagnetically-actuated microresonators. These

devices are well suited for resonant mass sensing because they are highly scalable

and offer a ‘self-sensing’ capability (i.e. they produce a response-related electro-

motive force). Chapter 4 of the work summarizes the development of the first

consistent, nonlinear, lumped-mass model for an electromagnetically-actuated

microbeam system driven by nonlinear parametric excitations. This model is

subsequently analyzed in Chapter 5 using standard perturbation methods and

bifurcation theory. Frequency response structures that are well suited for nonlin-

ear resonant mass sensing are identified and practical design issues are noted as

appropriate. The technical portion of the work then concludes in Chapter 6 with
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Figure 7.1. A schematic of the proposed multi-analyte sensor.

a demonstration of parametric amplification in an electromagnetically-actuated

microresonator. Taken collectively, these endeavors create a firm foundation

for future analytical and experimental investigations of electromagnetically-

actuated microtransducers.

7.2 Future Work

While a number of areas for future work have been identified throughout the course of

this dissertation, a select number of research directions are believed to be of particular

importance. These topics include:

• Single Input - Single Output, Multi-Analyte Sensors with Internal Flow-

Through: As detailed in Section 2.6, many of the issues associated with the

first generation of SISO resonant mass sensors, including ambient operation

and functionalization, can be overcome by incorporating internal microfluidic

channels in the resonator’s microbeams. Unfortunately, while recent work has

made some headway in this direction (see Section 2.6), fabrication constraints

are currently limiting further sensor development. Accordingly, future work is
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aimed at refining the process flows needed to overcome this technical impedi-

ment.

• Experimental Verification of the Nonlinear Behaviors Exhibited by

Electromagnetically-Actuated Microbeam Resonators: As detailed in Sec-

tion 5.4, electromagnetically-actuated microbeam resonators are believed to be

capable of exhibiting extremely rich nonlinear frequency response structures.

However, before the results of Chapter 5 can be truly utilized in the design

of nonlinear resonant mass sensors, the behaviors predicted to occur in these

systems, as well as the system model itself, must be experimentally verified.

Ongoing experimentation is currently focused on verifying both the nonlinear

model and its associated behaviors. This research is intended to serve as a

precursor to the development of functional, nonlinear, resonant mass sensors

based on electromagnetically-actuated microresonators.

• Self-Coupled Electromagnetically-Actuated Microbeams: As detailed in Sec-

tion 5.4, the analyses presented in Chapters 5 and 6 were based on the as-

sumption that the drive signal provided by the electromagnetically-actuated

resonator’s current source remained invariant in the presence of a time-varying

electromotive force (emf). While this assumption is a good first approximation

for most microsystems, in some resonators the induced electromotive force may

lead to ‘self-coupling’, that is, a drive current which is dependent on the dynamic

response of the system. Given the form of the induced electromotive force de-

tailed in Section 4.3, this, in turn, could potentially yield parametrically-excited

systems with even nonlinearities (asymmetric potentials). As comparatively lit-

tle is known about such systems, a wealth of information could be recovered

through a systematic theoretical and experimental analysis.

• Coupled Electromagnetically-Actuated Microbeam Arrays: Though isolated,

‘self-coupled’, electromagnetically-actuated microbeams are of direct interest,
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arrays of electromagnetically-actuated resonators, coupled through a common

current loop, may be of greater utility. For example, a single input - single

output, multi-analyte resonant mass sensor could be realized by coupling a

number of frequency-mistuned resonators through a common current loop (see

Figure 7.1). Such a device would offer all of the benefits attendant to the sensor

highlighted in Chapter 2, but would not require the use of an additional shuttle

mass oscillator, and thus would be much simpler to design. From a more general

standpoint, devices coupled via a common current loop would also facilitate the

analysis of collective behaviors, such as localization, in systems with all-to-all

coupling. As the majority of studies completed to date on all-to-all coupling

have been analytical in nature, experimental research in this area could have a

meaningful impact.

• Characterization of Sensitivity in Coupled and/or Nonlinear Resonant Mass

Sensors: As detailed in Chapter 2, mass sensitivity is a well defined quantity

for an uncoupled, linear sensor. However, this pertinent performance metric is

ill-defined, at best, in coupled and/or nonlinear resonant mass sensors. Accord-

ingly, future work is aimed at developing a uniform definition for this metric.

This task requires not only the identification of the system’s mass responsiv-

ity, that is, how much the resonator’s natural frequency or response amplitude

changes with a given change in mass, but also an identification of the system’s

frequency resolution, that is, how small of a frequency shift can be accurately

measured in the given resonator in the presence of noise and system uncertainty.
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APPENDIX A

Parameter Definitions

The following definitions correspond to the parameters included in Equation (4.31).

z = w(t̂) (A.1)
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ŵ

w0
(A.4)

εζ =
ĉ
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1

∫ ŝ
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