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Modeling and Analysis of an
Optically-Actuated, Bistable
MEMS Device
Bistable microsystems have drawn considerable interest from the MEMS/NEMS research
community not only due to their broad applicability in commercial applications, such as
switching, but also because of the rich dynamic behavior they commonly exhibit. While a
number of prior investigations have studied the dynamics of bistable microsystems, com-
paratively few works have sought to characterize their transient behavior. The present
effort seeks to address this through the modeling and analysis of an optically-actuated,
bistable MEMS switch. This work begins with the development of a distributed-parameter
representation for the system, which is subsequently reduced to a lumped-mass analog
and analyzed through the use of numerical simulation. The influence of various system
and excitation parameters, including the applied axial load and optical actuation profile,
on the system’s transient response is then investigated. Ultimately, the methodologies
and results presented herein should provide for a refined predictive design capability for
optically-actuated, bistable MEMS devices. [DOI: 10.1115/1.4005080]

1 Introduction

As their name suggests, bistable systems feature two, coexistent
stable states. Depending on the system’s energy level, a given
bistable device can oscillate about one of its two states and decay,
switch one or more times between states then decay, or exhibit sto-
chastic behavior, such as stochastic resonance [1,2]. In the me-
chanical domain, research related to bistable systems stems largely
from early investigations of structural buckling and post-buckled
dynamics. Recent, yet representative, works include those of
Emam [3], which considered the complex, quasi-periodic and cha-
otic response of post-buckled beams, Chen and Liao [4], which
studied the dynamics of a post-buckled beam under the influence
of an impact load at the end, and Yabuno and Tsumoto [5], which
explored the transient behavior of a buckled beam in the presence
of a high-frequency direct excitation. In the context of micro- and
nanoscale systems, bistable devices have garnered significant inter-
est not only due to their rich dynamics, but also due to their broad
applicability in commercial applications, such as switching and
microfluidics (see, for example, Refs. [6–8]). Representative of
works in this area are the collective efforts of Saif and collabora-
tors [9–11], which the present work seeks to build upon, the work
of Qin [8], which considered the dynamics of an electrothermally-
actuated, bistable MEMS device, and, more recently, the works of
Krylov and collaborators, which considered the bistable behavior
of electrostatically-actuated MEMS structures operating near pull-
in and/or snap-in [12,13].

The bistable MEMS device of interest is a long slender beam,
clamped at both ends, which is connected to an actuator that pro-
vides an axial compressive load (see Fig. 1) [9]. In this system, as
the compressive force is increased beyond a critical load the beam
buckles (the response bifurcates), yielding two coexistent stable
configurations and an intermediate unstable state, which is often
analogous to the device’s unbuckled configuration. In prior work,
Sulfridge and collaborators modeled the static response of this rep-
resentative microscale system, after it had buckled in the first
mode [10,11]. Building upon this, successive efforts by the same
research group considered optically-induced switching, realized
via the application of an external laser pulse, and the impact of

system nonlinearities. These works explained the switching
between bistable states through the use of numerical simulations,
and their behavioral predictions were subsequently verified
experimentally.

Although the dynamics of the bistable system of interest were
previously investigated in Ref. [11], the analytical approaches uti-
lized in that work have some limitations. First, the previously
developed model is based upon a lumped-mass representation,
which itself was based on a previously developed static model.
Additionally, the work assumed that the beam buckles only in the
first mode of a clamped-clamped beam, which might not always be
the case in practical applications where intermediate boundary con-
ditions may be present. In light of these limitations, the objective of
this work is to develop a refined model for the system of interest,
which can be subsequently used to characterize the bistable devi-
ce’s transient response under various forcing conditions and, ulti-
mately, to efficiently predict switching times. To this end, this work
begins with the development of a distributed-parameter model for
the bistable system suitable for the analysis of both buckling and
post-buckling dynamics. An optical actuation force is then
appended to this model and the switching behavior of the device is
studied for various optical actuation profiles. The work concludes
with a brief summary and an overview of ongoing and future work.

2 System Modeling

The particular bistable system of interest, previously considered
in Ref. [11], is shown in Fig. 1. This system consists of a rectangu-
lar beam (the line segment between points A and B) with dimen-
sions 1000 lm � 100 lm � 5 lm, which is anchored at both ends
and buckled by a compressive force provided by the comb-driven
actuator connected at B. The known actuator force contributes to
the displacement of both the buckled beam and the actuator
springs. The laser source, which provides the transverse actuation
(switching) force, is designated by L. For analytical purposes, this
system can be simplified to the model depicted in Fig. 2. The mod-
eling procedure is similar to the one followed in Refs. [14,15].

In Fig. 2, Fðs; tÞ represents the transverse external force applied
on the beam. This force is used to switch between stable states af-
ter the onset of buckling. M represents the mass of the actuator,
and P represents the force provided by the actuator. Note that this
model neglects the effects of damping on the actuator. If q;A;E; I,
and l represent the mass density, cross-sectional area, elastic
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modulus, area moment of inertia, and length of the beam respec-
tively, and u and w represent the displacements in the longitudinal
and transverse directions respectively, the kinetic and the potential
energies associated with the beam can be written as

T ¼ 1

2

ðl

0

qA _u2 þ _w2
� �

ds

U ¼ 1

2

ðl

0

EIðw0Þ2ds

(1)

where, ð _�Þ and ð�Þ0 represent temporal and spatial derivatives
taken with respect to the variables t and arc length variable s
respectively, and w represents the kinematic constraint relating
the transverse and longitudinal deformations to the beam’s angu-
lar deflection and is given by

tan w ¼ w0

1þ u0
(2)

The Lagrangian of the system is defined as

L ¼ T � U þ 1

2
k 1� ð1þ u0Þ2 � w02
h i

where k is a Lagrange multiplier introduced to maintain the inex-
tensibility constraint. The known external load from the actuator,
the restoring force in the spring, and the inertia of the actuator is
modeled as non-conservative force contributions, according to

Peff ¼ �P� Kuðs; tÞdðs� lÞ �M€uðs; tÞdðs� lÞ (3)

where, K and M represent the stiffness and the mass of the actuator
respectively. Accounting for the damping and the transverse actua-
tion load as non-conservative forces and employing extended Ham-
ilton’s principle yields two equations governing the longitudinal

and transverse vibrations of the system. Imposing the inextensibility
constraint, solving for the Lagrange multiplier in the equation for
longitudinal motion, and substituting the result renders the equation
of motion governing the transverse vibrations of the system:

qA €wþ C _wþ EIwiv þ Pw00
ðs

l

dðs� lÞdsþ EIðw00Þ3

þ 4EIw0w00w000 þ EIðw0Þ2wiv þ 3
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2
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� K
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ðs

l
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0

ðw0Þ2dsdðs� lÞds

�M
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w00
ðs

l

@2

@t2

ðs

0

ðw0Þ2dsdðs� lÞds ¼ Fðs; tÞ (4)

Equation (4) can be nondimensionalized by scaling the spatial
variable with respect to the undeformed length of the beam, the
beam displacements with respect to a characteristic length w0 (for
example the beam’s thickness), and the time variable with respect
to a characteristic period of the system’s response, namely,

ŝ ¼ s

l
; ŵ ¼ w

w0

; t̂ ¼ t

T
(5)

where

T ¼
ffiffiffiffiffiffiffiffiffi
qAl4

EI

r

This yields a final distributed parameter model for the system
given by

€̂wþ ĉ _̂wþ ŵiv þ 4n2p2 P
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Fðŝ; t̂Þ (6)

where

ĉ ¼ CT

qA
; Pcr ¼

4n2p2EI

l2

Note that the critical Eulerian buckling load associated with the
system, Pcr, can be derived following the procedure outlined in
Ref. [16].

The distributed-parameter model developed above can be
reduced to a lumped-mass analog by decomposing the displace-
ment variable ŵ into its spatial and temporal components accord-
ing to

ŵ ¼ zðt̂ÞUðŝÞ

and projecting the result onto a single mode shape. This results in
a final governing equation of motion for the system given by

m€zþ c _zþ k1zþ k3z3 þ anðz _z2 þ z2€zÞ ¼ gðt̂Þ (7)

with nondimensional parameters defined as in Table 1.

Fig. 2 Diagram of the simplified device representation used
for modeling

Fig. 1 Schematic diagram of the bistable microsystem of
interest
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The static buckled mode shapes associated with the system of
interest (see Fig. 3) can be explicitly obtained by dropping the
time-varying terms in Eq. (6) and solving the resulting spatial dif-
ferential equation:

Uiv þ P̂U00 � w2
0lK

2EI
U00
ð1

0

ðU0Þ2dŝ ¼ 0 (8)

with

P̂ ¼ Pl2

EI

and associated boundary conditions given by,

U ¼ 0 and U0 ¼ 0 at ŝ ¼ 0

U ¼ 0 and U0 ¼ 0 at ŝ ¼ 1
(9)

Given that
Ð 1

0
ðU0Þ2dŝ is constant for a particular mode, the general

solution of Eq. (8) can be expressed as,

U ¼ c1 þ c2sþ c3 cosð
ffiffiffi
k
p

sÞ þ c4 sinð
ffiffiffi
k
p

sÞ (10)

where

k ¼ P̂� w2
0lK

2EI

� �
Q

and Q ¼
Ð 1

0
ðU0Þ2dŝ. Substituting Eq. (10) into Eq. (9) and solving

the resulting algebraic equations yields the following characteris-
tic equation:

2� 2 cos
ffiffiffi
k
p
�

ffiffiffi
k
p

sin
ffiffiffi
k
p
¼ 0 (11)

The solutions of Eq. (11) can be classified into two varieties:
those corresponding to symmetric modes and those corresponding
to asymmetric modes. These modes appear in alternating pairs
with increasing k. The first two solutions corresponding to asym-
metric modes are 80:763 and 238 :718, respectively. Using these
values of k, the asymmetric mode shape of the system can be eval-
uated to be

U ¼ bn

1ffiffi
k
p sin

ffiffiffi
k
p
� 1

1� cos
ffiffiffi
k
p þ s

"

�
1ffiffi
k
p sin

ffiffiffi
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p
� 1

1� cos
ffiffiffi
k
p

 !
cos

ffiffiffi
k
p

s� 1ffiffiffi
k
p sin

ffiffiffi
k
p

s

#
(12)

The coefficients bn can be explicitly evaluated by using the rela-
tionship between k and Q. For symmetric modes, the values of k
are given by 4n2p2, where n is an integer. The corresponding sym-
metric mode shapes are given by

U ¼ 1

2
bn 1� cosð2npsÞ½ � (13)

where,

bn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P̂� 4n2p2

1
2

w2
0
lK

2EI

� �
n2p2

vuut
Using these equations, the nondimensional parameters associated
with the equation of motion can be explicitly evaluated.

The optical actuation force utilized for switching can be mod-
eled using the theories of classical physics. Maxwell predicted
that since light possesses momentum, if light is absorbed or
reflected by a body, it exerts a pressure on that body. The resulting
force is given by Ref. [10]

F ¼ 2W

c
(14)

where W is the power of the (laser) source and c is the speed of
light. In the context of MEMS, the scaling of an optical actuation
force compares well with that of electrostatic forces. However,
using a laser pulse as an actuation force does have some limita-
tions, namely, diffraction, collimation, and local heating [10]. For
example, no surface is completely reflective and hence, some
amount of energy must be absorbed into a system being excited
by an external laser pulse. This causes some degree of local heat-
ing. Previous works have considered the use of local heating as an
actuation (switching) mechanism (see, for example, Refs.
[17,18]). In this work, following Sulfridge et al. [19], the pressure
exerted by the incident radiation is considered to be quite signifi-
cant compared to heating effects, and therefore, radiation pressure
is assumed to be the only external force acting on the device that
is capable of inducing switching.

3 Analysis

The static post-buckled behavior of the system can be studied
by neglecting the time derivatives and forcing in Eq. (7). Analysis
of the resulting equation, after projection onto the first symmetric

Fig. 3 Static buckled mode shapes associated with the system
of interest. The red (solid) and green (dotted) lines represent
the first and second symmetric modes of the system, and the
blue (dashed) line represent the first antisymmetric mode of the
system.

Table 1 Nondimensional Parameters for the Governing Equa-
tion of Motion

m ¼
ð1
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U2dŝ
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U2dŝ
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1
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buckling mode, reveals classical supercritical pitchfork behavior
(see Fig. 4). Thus, static buckling behavior can be sufficiently cap-
tured by the model.

Though multi-mode approximations are commonly used to
describe the dynamic behavior of buckled systems, in the case of
a buckled beam with a transverse actuation force applied at the
midpoint, the system’s higher modes do not contribute appreci-
ably to the accuracy of the solution [20]. Accordingly, a single
symmetric mode approximation is used to investigate the post-
buckling dynamics of the bistable system of interest. The dynam-
ics of this system largely depend on how large the applied axial
load is in comparison to the critical buckling load associated with
the system. In order to study this effect, the phase plane associated
with the system for two different initial conditions and two differ-
ent axial loads is considered. Figure 5(a) shows the phase plane
for the system when the axial load is 1% higher than the critical
buckling load, and Fig. 5(b) shows the phase plane for the system
when the axial load is 5% higher than the critical buckling load of
the beam. It can be seen from these phase planes that there are
two stable solutions (spiral points) corresponding to the extreme

Fig. 4 Static behavior of the beam at its first symmetric buck-
ling mode. The beam shows a supercritical pitchfork behavior
with the zero solution becoming unstable and two additional
stable solutions arising as the axial load is increased beyond
the critical Eulerian load. Solid lines represent stable solutions,
while dashed lines represent the unstable solution of the
system.

Fig. 5 Phase plane for the buckled beam in its first symmetric
buckling mode, when the load is (a) 1% and (b) 5% higher than
the critical load of the system. There are two stable spirals at
(61,0) and a saddle point at (0,0). Note that the following nomi-
nal values are used for all simulations unless otherwise stated.
The mass of the actuator (M) is about 10 times the mass of the
beam, K 5 1000 and c 5 0.1.

Fig. 6 Basins of attraction for the two stable configurations of
the system buckled in its first mode when the load is (a) 1% and
(b) 5% greater than the critical load. Note that the blue areas
represent the basin of attraction for the stable point (-1,0) and
the white area represents the basin of attraction for the stable
point (1,0).
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positions of the beam and one unstable solution (saddle point) cor-
responding to the unbuckled configuration. A small perturbation
in the operating condition of the beam gives rise to oscillations in
the system. Due to the presence of damping, in most situations the
system settles down onto one of its stable states. Of particular
note is the fact that for the same initial condition, depending on
the value of the applied axial load (and hence, the maximum dis-
placement of the beam), the response of the system may be funda-
mentally different.

To study the effect of small perturbations on the system, the
basins of attraction associated with the system have been plotted.
Figure 6(a) shows the basins of attraction for the case where the
axial load is 1% higher than the critical load, and Fig. 6(b) shows
the same for the case where the buckling load is 5% higher than
the critical load. It can be seen that the basins of attraction quanti-
tatively change as the compressive load is increased, with each of
the respective lobes changing in size but largely maintaining
shape.

To examine the effects of viscous damping, the basins of attrac-
tion have been plotted (Fig. 7) for the cases where the axial load
is 1% higher than the critical load, and the viscous damping coef-
ficient is 10% of the value used in Fig. 5. It can be seen that vis-
cous damping plays a significant role in determining the size of
the basin lobes, which, in turn, determines the amount of energy
required for the beam to switch from one stable state to another.
As expected, at lower damping levels, less energy is needed to
switch the system to the other stable state. It is also worthwhile
noting that as the initial conditions move farther from the stable
state, the system has a higher probability of exhibiting multiple
transitions or bouncing between the stable states. Finally, it should
also be noted that for any given forcing amplitude or pulse time,
there exists a threshold value of damping above which the system
does not exhibit multiple transitions. By adopting a procedure
similar to that utilized above, the effects of the mass of the actua-
tor on the basins of attraction can also be studied. Figure 8 shows
the basins of attraction of the system for the cases where the buck-
ling load is 1% and 5% higher than the critical load and the mass
of the actuator is 1.5 times the nominal value used in Fig. 5. As
evident, as the mass of the actuator increases, the shape of the
lobes significantly deform, which in turn, changes the minimum
actuation energy required and, thus, the minimum actuation time
required for switching.

Using the above results as a benchmark, the transient (switch-
ing) behavior of the system can be investigated through the use of
forward-time numerical simulation. For present purposes, the
beam is initially considered to be in the stable position (-1,0) and
to have an axial compressive load 0.5% higher than the critical
load for buckling. The viscous damping is assumed to be the same
as in Figs. 5 and 6. A simple pulse is then applied. Figure 9 shows
the response of the system for a simple laser pulse (5 mW power)
applied for 0.4 ms and 0.8 ms, respectively. As evident, the sys-
tem switches to the other stable state for the pulse of 0.8 ms, but
not for the pulse of 0.4 ms. Similarly, Fig. 10 shows the response
of the system when a half-sine wave shaped laser pulse is applied
for 0.4 ms and 0.8 ms respectively. Here, as with the simple pulse,
the system switches from one stable state to the other for a pulse
0.8 ms in duration, but not for the 0.4 ms pulse. It is, however, to
be noted that even though the pulse times are the same, the dy-
namics of the system is different from the dynamics when simple
pulse is used for activation. This is indicative of the fact that the

Fig. 7 Basins of attraction for the two stable configurations of
the system buckled in its first mode when the load is 1% greater
than the critical load. c 5 0.01 and all other parameters are as in
Fig. 5. Note that the blue areas represent the basin of attraction
for the stable point (21,0) and the white area represents the ba-
sin of attraction for the stable point (1,0).

Fig. 8 Basins of attraction for the two stable configurations of
the system buckled in its first mode when the load is (a) 1% and
(b) 5% greater than the critical load. The mass of the actuator is
1.5 times the nominal value used in Fig. 5, and all other parame-
ters are the same. Note that the blue areas represent the basin
of attraction for the stable point (21,0), and the white area rep-
resents the basin of attraction for the stable point (1,0).
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switching dynamics is a function not only of pulse duration and
amplitude but of the pulse profile itself.

To compare the effectiveness of various pulse profiles in optical
switching, two test cases are analyzed, namely, the simple pulse
and the half-sine wave pulse noted above. Figure 11 highlights the
relationship between (nondimensional) pulse widths and (nondi-
mensional) switching times, as measured after the pulse has been
removed, for each actuation profile for two different optical power
levels and an axial load that is 0.5% higher than the critical load.
Note that the pulse widths are kept constant here, and the ampli-
tudes of the pulses have been adjusted so that both pulses are of
equal energy. The dashed lines correspond to the same energy
level, as do the solid lines. It can be seen that the behavior is qual-
itatively invariant, but the pulse with a higher power has a reduced
switching time for the same actuation time. In addition, it must
also be noted that the settling times initially decrease and then

increase as more energy is supplied to the system. This is attribut-
able to the fact that the system can switch multiple times or oscil-
late excessively about a single stable position at higher energies.
Accordingly, both the force and the duration of the force become
critical in the design of optically-actuated bistable systems. Note
that as the pulse width is increased, the system may possess very
rich dynamic behaviors; however, in order to preserve the optimal
switching behavior, the analysis has been limited to the pulse
times shown in Fig. 11.

Figure 12 highlights the relationship between (nondimensional)
pulse widths and (nondimensional) switching times, as measured
after the pulse has been removed, for each actuation profile for
two different values of compressive axial load. Note that the pulse

Fig. 9 Response of the system when actuated by a simple
pulse input (5 mW) for 0.4 ms (red) and 0.8 ms (blue). The sys-
tem is initially at the state (21,0). It switches to the other stable
state for the pulse of width 0.8 ms, but not for the pulse width of
0.4 ms.

Fig. 10 Response of the system when actuated by a half-sine
pulse input (5 mW) for 0.4 ms (red) and 0.8 ms (blue). The sys-
tem is initially at the state (21,0). It switches to the other stable
state for the pulse of width 0.8 ms but not for the pulse of width
0.4 ms.

Fig. 11 Relationship between switching times and pulse
widths for a simple pulse input and a half-sine wave input for
two different pulse amplitudes when the axial load is 0.5%
higher than the critical load of the beam. The pulse amplitudes
are designed such that both of the inputs are of equal energy.
The switching time is defined to be the time taken by the system
to settle in the stable state (1,0), starting from the (21,0) config-
uration, after the removal of the pulse.

Fig. 12 Relationship between switching times and pulse widths
for a simple pulse input and a half-sine wave input for two differ-
ent values of critical load at the same excitation level (5 mW).
The pulse amplitude are such that both the inputs are of equal
energy. The switching time is defined here to be the time taken
by the system to settle in the stable state (1,0), starting from the
(21,0) configuration, after the removal of the pulse.
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widths were kept constant here and the amplitudes of the pulses
have been adjusted so that both pulses are of equal energy. The
solid lines and the dashed lines represent cases when the axial load
is higher than the critical load by 0.3% and 0.5%, respectively.
The dashed lines both correspond to the same energy level, as do
the solid lines. As evident, for a constant energy pulse, there exists
regions where the switching times associated with simple pulse
inputs are smaller than those recovered with half-sine inputs and
vice versa. As the axial load increases, these trajectories remain
qualitatively alike but shift towards the right. This results in
increased minimum actuation times and increased switching times.

Figure 13 shows the relationship between the (nondimensional)
pulse widths and the (nondimensional) switching times for a sim-
ple pulse input for different values of the actuator mass (note that
for ease of representation, a nondimensional term, mass ratio has
been introduced. It is the ratio of the actuator mass considered to
the nominal value of the actuator mass defined in Fig. 5), for an
axial load that is 0.5% higher than the critical load. It can be seen
that as the actuator mass increases, the system with a higher actua-
tion mass has higher switching times for the same actuation time.
Additionally, it is also notable that the minimum actuation time
required for switching also increases with the actuator mass.

By extrapolating the methodologies detailed herein, the dynam-
ics of the beam undergoing buckling in higher modes can be
investigated. Preliminary analysis reveals that for loads compara-
tively higher than the critical buckling load, the system can ex-
hibit rather complex dynamic behaviors. The onset of this
complex behavior appears to have a nontrivial dependence on
multiple system parameters, including damping and actuator
mass, and, thus, will be addressed in a separate study.

4 Conclusions and Future Directions

In conclusion, this work considered the modeling and analysis
of the post-buckled dynamics of a representative, bistable MEMS
device optically-actuated by an external laser pulse. Through the
use of forward-time numerical simulation, the impact of various
system and excitation parameters, including applied axial load

and optical actuation profile, on the transient behavior (switching
times) of the representative device have been investigated. The
methodologies and results presented herein should provide for a
refined predictive design capability for small-scale bistable devi-
ces. It is important to note that the efforts described here are still
in their infancy. Ongoing work is aimed at incorporating refined
modal approximations, experimentally verifying predicted behav-
iors, and extending the predictions to device-specific applications.
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tor mass (note that in this figure, mass ratio is the ratio of the
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when the axial load is 0.5% higher than the critical load of the
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state (1,0), starting from the (21,0) configuration, after the re-
moval of the pulse.
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