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ABSTRACT
This work investigates the impact of asymmetric

cross-sectional geometry on the near-resonant response of
electrostatically-actuated silicon nanowires. The work demon-
strates that dimensional variances of less than 2% qualitatively
alter the near-resonant response of these nanosystems, rendering
a non-Lorentzian frequency response structure. Theoretical and
experimental results demonstrate that this effect is independent
of material properties and device boundary conditions and can
be easily modeled using a two-degree-of-freedom system. Proper
understanding of this phenomenon is believed to be essential
in the characterization of the dynamic response of resonant
nanotube and nanowire systems and thus the predictive design
and development of such devices. Practical applications of the
devices of interest include electrostatic force gradients and mass
sensing, both of which can advantageously leverage the unique
frequency response structure attendant to these systems.

1 INTRODUCTION
Process variability in the fabrication of high-aspect ra-

tio nanostructures, such as silicon and metallic nanowires,
commonly results in asymmetric cross-sectional geometry
and orientation based differences in effective stiffness. As
such, when these structures are implemented as functional

∗Address all correspondence to this author.

resonators in a lightly-damped environment, they tend to exhibit
a non-Lorentzian structure which is characterized by two local
resonances not a classical single-peak, near-resonant response.
This enrichment stems from the fact that resonators with circular
or regular hexagonal cross sections have orthogonal modes of
vibration which occur at identical frequencies; in the presence
of geometric irregularity these resonance peaks split, yielding
nearly-orthogonal modes with distinct frequencies. Given that
the majority of applications proposed for resonant nanowire
systems, such as radio-frequency signal processing [1, 2],
mass sensing [3, 4], quantum-level detection, and electric field
gradient sensing [5, 6], have, to date, relied on a Lorentzian
frequency response structure (a notable exception is [3]), proper
understanding of this resonant mode splitting is believed to be
essential in the characterization of the dynamic response of
resonant nanosystems, and ultimately the predictive design and
development of these devices.

This paper details the modeling, analysis, and experimental
characterization of resonant mode splitting in electrostatically-
actuated silicon nanowires. Section 2 highlights the development
and subsequent analysis of a two-degree-of-freedom, lumped-
mass model which satisfactorily describes experimentally-
observed behavior. Sections 3 and 4 then continue with a dis-
cussion of recent experiments and acquired results. The work
concludes in Section 5 with a brief summary and a discussion of
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FIGURE 1. OPTICAL IMAGE OF THE ELECTROSTATICALLY-
ACTUATED SILICON NANOWIRE SYSTEM.

FIGURE 2. DIAGRAM ILLUSTRATING THE EFFECT OF VIEW-
ING ANGLE AND ELECTRIC FIELD ANGLE. THE GEOMETRIC
PARAMETERS a AND b ARE ALSO SHOWN. U IS THE MEA-
SURED DISPLACEMENT, WHICH IS THE PROJECTION OF THE
X AND Y DISPLACEMENTS WITH RESPECT TO VIEWING AN-
GLE.

future work.

2 MODELING
As noted in the introduction, resonant mode splitting

does not occur in devices with circular or regular hexagonal
cross sections, because the orthogonal modes of vibration
occur at identical frequencies. However, in the presence of
geometric irregularity these resonance peaks split, yielding
nearly-orthogonal modes with distinct natural frequencies. Pre-

TABLE 1. GEOMETRIC PARAMETERS FOR THE FREQUENCY
RESPONSE OF THE FIRST BENDING MODE OF A CAN-
TILEVERED SILICON NANOWIRE.

A =
3ab
4

β l = 1.875104

Ix =
5a3b
128

Iy =
5ab3

96

FIGURE 3. SCHEMATIC DIAGRAM OF THE TWO-DEGREE-
OF-FREEDOM MODEL.

vious work by Nelis et al. [7] considered the linear dynamics of
a geometrically-asymmetric nanowire operating in the presence
of thermal noise and presented a model which satisfactorily
described the dynamic response of 24 different nanowires
with various boundary conditions and suspended lengths. This
work seeks to extend these results to electrostatically-actuated
systems.

As shown in Fig. 2, the hexagonal shape of a nanowire’s
cross section can be parameterized by the peak to peak distance
a, and the width perpendicular, b. The undamped natural fre-
quencies of the split mode can then be recovered by modeling
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the systems as a continuous beam in lateral vibration

fx,y =
(β l)2

2π

√
EIx,y

ρAl4 . (1)

Here, β l is a non-dimensional quantity which is dependent on
boundary condition and mode number, ρ is the mass density, A
is the cross-sectional area, Ix and Iy are the moments of inertia
for each direction and E is Young’s modulus. For the parame-
terized system of interest here, A, Ix and Iy are given as in Table 1.

It is worth noting that if a and b are parameterized such that
the cross section is a regular hexagon, the frequencies for both di-
rections are identical. If the cross section is irregular fx and fy are
distinct. The split in natural frequencies can be represented by a
mistuning metric which is solely a function of cross-sectional
geometry:

δ =
2( fx − fy)

fx + fy
=

2
√

3a−4b√
3a+2b

. (2)

The nanowire itself can be modeled as a linear two-degree-of-
freedom uncoupled system, as shown in Fig. 3. It is assumed
here that the damping, Cx and Cy, and forces due to thermal noise
excitation, FxT H and FyT H , are equal, while the spring constants,
Kx and Ky, and forces due to electrostatic actuation, FxES and
FyES, are distinct. When this system is non-dimensionalized,
these assumptions result in a functional relationship between
natural frequency and quality factor given by:

fx

fy
=

ωx

ωy
=

Qx

Qy
=

(1+δ/2)
(1−δ/2)

, (3)

where ωx and ωy are the angular natural frequencies and Qx and
Qy are the quality factors of the system. This results in the fol-
lowing transfer functions relating displacement to force per unit
mass,

Zx =
X
F̂x

=
1

ω2
n

(
−r2 + ir

Q +(1+δ/2)2
) , (4)

Zy =
Y
F̂y

=
1

ω2
n

(
−r2 + ir

Q +(1−δ/2)2
) , (5)

where

r =
σ
ωn

. (6)

Here, σ and r are the excitation frequency and normalized
excitation frequency, respectively, Q is a nominal quality factor,
ωn is the mean natural frequency, and F̂x and F̂y are the force
per unit mass applied to the system. Note that both equations of
motion are identical if there is no mistuning.

Controllable actuation is necessary to design useful
nanoscale systems. Electrostatic actuation is straightforward to
implement in practice and provides sufficient force to actuate
a silicon nanowire into resonance. Actuation via an external
electrode (probe) results in an electrostatic force per unit mass

F̂ES =
FES

M
≈ γc

(g− z)2 [VDC +VAC sin(σ t)]2, (7)

where M is the effective mass of the system, g is the static gap
between the electrode and nanowire, z is the nanowire displace-
ment, σ is the excitation frequency, γc is a constant which is a
function of the effective mass and the electrical and geometric
properties of the nanowire and probe, VDC is the amplitude of the
applied DC bias, and VAC is the amplitude of the applied AC exci-
tation. Note that Coulomb’s Law shows that electrostatic force is
proportional to the charge over the separation squared so no ge-
ometric assumptions are required. Given the extent of linearity
observed in experiments it is reasonable to take the Taylor series
expansion of Eqn. (7) with respect to z/g = 0 which leads to

F̂ES ≈
γc

g2 [VDC +VAC sin(σt)]2. (8)

Experimental Considerations
In order to compare the system model to experimental data it

is necessary to include the effects of viewing angle. The viewing
angle arises from the random cross-sectional orientation of the
wire with respect to the out-of-plane, experimentally-observable
direction. When the displacements are measured, only the
projection of the displacement in the out-of-plane direction can
be resolved. This is illustrated in Fig. 2.

The orientation of the nanowire with respect to the substrate
is unknown because the nanowires were grown on one substrate,
dissolved in isopropyl alcohol, and then randomly dispersed
onto a different substrate. If the nanowires had been grown and
not reapplied, the viewing angle would be the same for all wires
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because they would have remained oriented in crystal planes
determined by the substrate.

The transfer function that takes the viewing angle α into
account is given by

U = X sin(α)+Y cos(α). (9)

In the case of thermal noise actuation, no phase data is recovered,
so the magnitude of U is used

U = |X sin(α)+Y cos(α)|. (10)

Because the electric field gradient can be oriented in any direc-
tion relative to the planes of vibration of the nanowire, the vari-
able θ is introduced, which defines the nominal electric field ori-
entation. The viewing angle α rotates the expression for force
into the reference frame of the split modes

F̂xES =
sin(α −θ)γc

g2 [VDC +VAC sin(σ t)]2, (11)

F̂yES =
cos(θ −α)γc

g2 [VDC +VAC sin(σt)]2. (12)

This leads to an overall expression for the frequency response of
the wires is given by

U = Zx sinα(F̂xT H + F̂xES)+Zy cosα(F̂yT H + F̂yES). (13)

Note that only in the presence of large excitation voltages will
the thermal noise term be negligible.

Figure 4 shows how variations in the field orientation
change the observable response of the system. Likewise, Fig. 5
highlights how variations in mistuning affect the frequency
response of the system. Note that as the mistuning is decreased
the peaks move closer together, and the system converges upon
a single peak Lorentzian response.

It is prudent to note that the laser spot used to measure the
displacement is approximately ten times larger than the diameter
of the nanowire. Accordingly only a fraction of the signal is
returned to the SLDV, which results in a measured displacement
smaller than the actual displacement:

U = k[Zx sinα(F̂xT H + F̂xES)+Zy cosα(F̂yT H + F̂yES)]. (14)

FIGURE 4. THEORETICAL FREQUENCY RESPONSE RECOV-
ERED FOR VARYING FIELD DIRECTIONS. THE UTILIZED PA-
RAMETERS ARE NOTED IN TABLE 2.

Here the parameter k is used in model fitting to capture mismatch
between the predicted displacement and the actual displacement.

3 EXPERIMENTAL SET-UP AND PROCEDURE
Silicon nanowires were synthesized using the nanocluster-

catalyzed vapor-liquid-solid method. In this process, growth is
realized through the use of 150 nm gold nanocluster catalysts
in conjunction with a silicon reactant (silane), P-type dopant
(boron), and hydrogen carrier. Following synthesis, the wires
were removed from the growth substrate via sonication and
dissolved into isopropyl alcohol. The silicon nanowires were
then deposited via dropper onto a silicon substrate. Nanowires
along the edge of the substrate with cantilevered boundary
conditions were measured. Note that the nanowires are anchored
solely by near-field forces. The positions of the probes are re-
configurable, but the position was held fixed for all data sets. The
configuration of the probes and the nanowire are shown in Fig. 1.

The system of interest is a silicon nanowire 150 nm in nom-
inal diameter and nearly 20 µm in length, which is suspended in
a cantilevered fashion. This nanowire has natural frequencies of
506.8 kHz and 571.2 kHz for the first pair of bending modes.
The wire was actuated using a tungsten DC probe with a tip
diameter of 7 µm and a gap of approximately 4.5 µm. The
ground probe was placed near the wire on the silicon substrate.
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FIGURE 5. THEORETICAL FREQUENCY RESPONSE RECOV-
ERED FOR VARIOUS VALUES OF MISTUNING. THE PARAME-
TERS UTILIZED ARE NOTED IN TABLE 2. THE GRADIENT DI-
RECTION IS SPECIFIED AS 57 DEGREES.

FIGURE 6. SCHEMATIC DIAGRAM OF MEASUREMENT SET-
UP AND EQUIPMENT.

The device was excited using an Agilent 33250A 80 MHz
arbitrary signal generator. The set-up and procedure are very
similar to the one used by Yu et al. [8], except a scanning
laser Doppler vibrometer (SLDV) was used to measure dis-
placements, as in [9], rather than a scanning electron microscope.

FIGURE 7. EXPERIMENTAL FREQUENCY RESPONSE RECOV-
ERED FROM 5 DISTINCT TRIALS WITH AN EXCITATION SIG-
NAL OF 1 V AC, 250 mV DC.

The wire was excited with a biased sine sweep from 450 kHz
to 600 kHz. Data acquisition was triggered by the start of the
sweep, and each block of time series data contained a full fre-
quency sweep. The non-resonant noise floor remained constant
across all of the voltage cases. Each trial had 100 blocks of time
data, which were averaged to recover the frequency response
function. Each case was repeated 5 times. Applied DC volt-
ages ranged from 0 V to 5 V. AC voltages ranged from 0 V to
2.5 V. Thermal spectra were recovered before and after each AC
voltage step, and after changing the focus of the laser spot on the
SLDV. The frequency response of the reference voltage signal
and the nanowire displacement were recorded.

4 RESULTS
For each excitation case, the response recovered from

each of the five trials were very consistent, as shown in Fig. 7.
Figures 8 and 9 depict how the observed response changes with
DC bias or AC excitation. As expected increasing AC or DC
voltage increases the magnitude of the response in a manner
consistent with the applied electrostatic actuation. No frequency
tuning was found in this system due to the small ratio of z
over g. Note that for the smallest excitation case presented in
this paper, the system was excited 1 dB above the noise floor
with 250 mV AC and 100 mV DC. The largest case, 2.5 V AC
and 3.75 V DC, excited the system 14.5 dB above the noise floor.
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FIGURE 8. EXPERIMENTAL FREQUENCY RESPONSE RECOV-
ERED FOR A FIXED AC VOLTAGE OF 2.5 V AND SEVERAL
CASES OF DC BIAS.

Two parameter fits were performed on the experimental
results. Thermal noise data was used to recover system prop-
erties such as viewing angle, quality factor, and mistuning,
as these were constant regardless of the level of excitation in
this experiment. These parameters were then incorporated into
the electrostatic model, and the field orientation and excitation
magnitude were subsequently found.

The model from Eqn. (10) was used for fitting the thermal
noise, where the scaling k, natural frequency ωn, mistuning δ ,
viewing angle α , and quality factor Q, were free parameters.
Since there was no coherent phase information, only the magni-
tude was used. It is expected that the fit near the anti-resonance
is not ideal due to the proximity of the noise floor, but the near
resonant response fits the experimental results very well, as
shown in Fig. 10.

The nominal field direction specified by θ , and the scaling
were the free parameters for fitting the electrostatically-actuated
cases. The effect of the thermal noise actuation was removed
by subtracting the thermal spectra from the electrostatically-
actuated cases. To perform the fit, the transfer function was
found by dividing the experimental displacement with the refer-
ence AC signal and the DC bias. Due to distortion caused by the
sharp transitions in the excitation as well as windowing effects,
the frequency range where the fit was applied was limited from

FIGURE 9. EXPERIMENTAL FREQUENCY RESPONSE RECOV-
ERED FOR A FIXED DC VOLTAGE OF 2.5 V AND SEVERAL DIF-
FERENT AC VOLTAGES.

FIGURE 10. EXPERIMENTAL FREQUENCY RESPONSE RE-
COVERED WITH THERMAL NOISE EXCITATION, AND THE
CORRESPONDING FIT.

470 kHz to 590 kHz. In the model from Eqn. (14), the scaling
parameter, and the probe angle parameter were allowed to vary,
while quality factor, mistuning, natural frequency, and viewing
angle were fixed at the values denoted in Table 2. A very simple
model effectively captured the relevant dynamic response of this
system. Additional degrees of freedom or nonlinear parameters
were not required.
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TABLE 2. SYSTEM PARAMETERS RECOVERED FROM FIT-
TING THE EXPERIMENTALLY-RECOVERED THERMAL RE-
SPONSE.

Q = 128.5 k = 0.3225

α = 1.295 rad ωn = 2π ·538,540
rad
sec

δ = 0.1180

FIGURE 11. EXPERIMENTAL FREQUENCY RESPONSE FUNC-
TION AND THE ANALYTICAL FIT FOR THE CASE 2.5 V AC,
100 mV DC.

Applications
In general, thermal noise actuation of silicon nanowire

resonators is of great benefit, because it allows for intrinsic
system identification without the addition of non-ideal effects
attributable to actuation. When actuation is subsequently uti-
lized, the actuation itself can be identified using the parameters
previously recovered from the thermal model. Fig. 11 shows the
results of the fit.

FIGURE 12. FIT PARAMETERS FOR GRADIENT DIRECTION
WITH 95% CONFIDENCE INTERVALS.

In addition, though the response structure detailed herein is
nonclassical, recent results have demonstrated its utility in mass
sensing [3]. In this work the authors make use of amplitude
changes and relative frequency changes to not only quantify how
much mass is on a nanowire cantilever, but also where it is phys-
ically located. Likewise, this frequency response structure can
be used to identify the orientation of an applied electric field. As
shown in Fig. 12, this technique was utilized in this work to de-
termine that the effective electric field direction was oriented at
approximately -130 degrees (referenced as in the model).

5 CONCLUSIONS AND FUTURE WORK
This work investigated the impact of asymmetric

cross-sectional geometry on the near-resonant response of
electrostatically-actuated silicon nanowires. This work specif-
ically demonstrated that dimensional variances of less than
2% qualitatively alter the near-resonant response of these
nanosystems, yielding a non-Lorentzian frequency response
structure. Proper understanding of this structure is believed to
be essential in the characterization of the dynamic response of
resonant nanotube and nanowire systems and thus the predictive
design and development of such devices. Practical applications
of the devices of interest include electrostatic force gradient and
mass sensing, both of which can advantageously leverage the
unique frequency response structure of these systems. Ongoing
work is aimed at modeling the dynamics of this type of system
in the presence of parametric excitation.
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