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Abstract:

Over the past decade, electromagnetically-
transduced microelectromechanical systems (MEMS)
have garnered significant research interest due to
their scalability, self-sensing capabilities, and
ease of integration with external electronics and
associated hardware. The current work seeks
to build upon prior efforts in this area by ex-
ploring the linear and nonlinear dynamics of
coupled arrays of electromagnetically-actuated
microbeams. The first portion of the work de-
tails the ongoing development of a single input
- single output (SISO), multi-analyte resonant
mass sensor founded upon a globally-coupled array
of selectively-functionalized, electromagnetically-
actuated microbeams. The latter portion of the
work investigates how electromagnetically-actuated
microbeams can be used in conjunction with a pos-
itive feedback loop to develop functional oscillators
and associated arrays – essential components in a
variety of electromechanical signal processing and
computing systems.

1. Introduction:

Electromagnetically-transduced, resonant micro-
electromechanical systems (MEMS) have garnered
significant research interest over the past decade due
to their scalability, self-sensing capabilities, and ease
of integration with external electronics and associated
hardware [1–5]. In typical implementations, these de-
vices consist of a flexible structure with a current-
carrying wire loop patterned on its surface, which
is placed in an external magnetic field. The flow of
current through the current loop induces a Lorentz
force, which in turn provides a tunable form of actu-
ation. Likewise, the motion of the conductor through
the magnetic field induces a response-dependent elec-
tromotive force (emf), which can be used to directly
recover the response of the system, for feedback pur-
poses, or as a basis for electromagnetic coupling in
an oscillator array.

In 2006, Requa developed a class of
electromagnetically-actuated microcantilever res-

onators which had two wire loops patterned on the
device’s surface: one for actuation purposes and
another which was used to sense the emf resulting
from the interaction between the moving coil and an
external magnetic field [6–8]. Rhoads subsequently
studied the behavior of these resonators accounting
for large deformations and parametric excitations [9].
The present work seeks to build upon the technical
understanding developed in these efforts.

Although isolated microresonators have dominated
the MEMS application space, recent studies of cou-
pled arrays have demonstrated that the rich dy-
namical behaviors associated with these systems can
be exploited for practical gain (see, for example,
[10–12]). In this spirit, the current effort also
seeks to utilize the dynamic behavior of arrays of
electromagnetically-actuated microbeams in the de-
velopment of novel mass sensors and electromechan-
ical signal processing and computing elements.

The use of coupled MEMS devices for mass sens-
ing purposes has gained considerable attention since
the first experimental demonstrations of this tech-
nology by Spletzer and collaborators [13, 14]. In
these works, the authors showed the utility of us-
ing spatially-localized modes for the detection and
identification of multiple analytes. Building upon
this work, Gil-Santos and collaborators subsequently
exploited the deterministic and stochastic responses
of elastically-coupled cantilevers to improve the sen-
sitivity of such systems [15]. Likewise, in an ef-
fort to decrease the hardware requirements associ-
ated with multi-analyte sensing, DeMartini, Rhoads
and collaborators designed a single input - single out-
put (SISO) sensor which utilized an array of res-
onators, coupled through a common shuttle mass
[16, 17]. The first portion of this work investigates a
refinement of this latter technology based upon an ar-
ray of globally-coupled, electromagnetically-actuated
microcantilevers.

In 2000, Hoppensteadt and Izhikevich proposed the
use of arrays of MEMS oscillators in neurocomput-
ing [18]. Since then, considerable effort has focused
on the development of MEMS oscillators capable of
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serving as clocks, reference oscillators and basic com-
puting elements [19]. Despite this attention, compar-
atively little work has focused on the fabrication and
implementation of coupled oscillators using MEMS
devices and demonstrating the utility of synchroniza-
tion in small-scale systems (though there are a num-
ber of noteworthy theoretical efforts in this area, in-
cluding [20, 21]).

The accepted definition of an oscillator, or self-
excited system, is a system that has a limit cycle with
stable amplitude and neutrally stable phase (i.e. per-
turbations to the system will adjust the phase and not
the amplitude) [22]. Arrays of oscillators with vari-
ous forms of coupling have been studied extensively
in the generic literature [18, 20, 21, 23–30], but there
are still open questions in the field, specifically re-
lated to the synchronization of electromechanical ar-
rays embedded in a multiphysics environment. The
synchronization of microbeam oscillators is of inter-
est because the conditions under which synchroniza-
tion occurs are a direct reflection of the parameters
of the system and can be made to be independent
or dependent of the system’s initial conditions. Also,
while synchronization is complex, determining when
a system is synchronized is relatively simple, and thus
the arrays can be used for sensing, signal processing
and computing, amongst other applications [18, 30].

The second portion of the work deals with the dy-
namics of a single electromagnetically-actuated oscil-
lator and a two element, dissipatively-coupled oscil-
lator array. The analysis contained herein forms the
foundation for a study of the amplitude dynamics of
oscillator arrays, which are often ignored, but must
be considered when constructing oscillators from mi-
croscale resonators. The analysis also provides a
framework to study the dynamics of larger arrays
with potentially different forms of coupling and feed-
back.

The paper is organized as follows. Section
2 details the development of a nonlinear model
capable of describing the dynamics of a single
electromagnetically-actuated microcantilever. Sec-
tion 3 details the application of a linearized version of
this model to SISO, multi-analyte sensing. Sections
4 and 5 investigate the nonlinear model in the con-
text of isolated and coupled microbeam oscillators
respectively.

2. Modeling of a Single Electromagnetically-
Actuated Microbeam:

The device considered herein is a cantilevered beam
with an integrated current loop, placed in a uniform
permanent magnetic field ~B, whose orientation with
respect to the vertical reference measured in the coun-

Figure 1: Schematic diagram of the beam element
with a description of the variables used for modeling.

terclockwise direction is defined by α. Figure 1 shows
the beam element with the associated variables used
for modeling, while Fig. 2 shows the beam in three
dimensions and the orientation of the magnetic field.

Figure 2: Model of the beam in three dimensions.
The magnetic field ~B is oriented at an angle α with
respect to the vertical reference.

Assuming that the beam has a negligible rotational
inertia, the specific Lagrangian of the resonator can
be defined as

L̄ =
1

2

∫ l

0

ρA
[
u̇2 + v̇2

]
ds− 1

2
EIψ′2, (1)

where u, v and ψ are defined as in Fig. 1, ˙(•) and
(•)′ denote the derivatives with respect to the time
and the arc length variable s respectively, and ρ,
A, l, E and I represent the beam’s mass density,
cross-sectional area, undeformed length, elastic mod-
ulus and the cross-sectional moment of inertia respec-
tively.

Assuming that the neutral axis of the beam is inex-
tensible and applying the extended Hamilton’s prin-
ciple results in the following variational equation for
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the system:

δH = 0

= δ

∫ t2

t1

∫ l

0

{
L̄+

1

2
λ
[
1− (1 + u′)2 − (v′)2

]}
dsdt

+

∫ t2

t1

∫ l

0

(Quδu+Qvδv)dsdt,

(2)

where λ is a Lagrange multiplier introduced to main-
tain the inextensibility constraint and Qu and Qv are
the external non-conservative forces in the longitudi-
nal and transverse directions respectively. Based on
the geometry, the external non-conservative force in
the longitudinal direction is effectively a point force
at the tip and the non-conservative force in the trans-
verse direction is a combination of the force due to
damping and the electromagnetic point force at the
tip:

Qu = F1δ(s− l),
Qv = −cv̇ + F2δ(s− l).

(3)

Here, c is a specific viscous damping coefficient and
F1 and F2 are the external loads resulting from the
Lorentz force acting on the beam in the longitudinal
and transverse directions respectively. Using a third-
order Taylor series approximation for ψ and integrat-
ing Eqn. (2) successively by parts yields the equations
governing the longitudinal and transverse vibrations
of the system.

Solving for the Lagrange multiplier in the equa-
tion for longitudinal vibrations and substituting it in
the equation for the transverse vibration, along with
the expression for u resulting from the inextensibil-
ity constraint, yields a single equation governing the
transverse vibrations of the system. This equation
is nondimensionalized to reduce the number of free
parameters by introducing a scaling of the displace-
ment, arc length and time variables as follows:

v̂ =
v

v0
, ŝ =

s

l
, t̂ =

t

T
. (4)

Here, v0 is a characteristic displacement of the system
(the beam’s thickness or width), and

T =

√
ρAl4

EI
, ĉ =

cT

ρA
.

This yields a scaled distributed-parameter model for

the system as below.

∂2v̂

∂t̂2
+ ĉ

∂v̂

∂t̂
+
∂4v̂

∂ŝ4
+
v2

0

l2

(
∂2v̂

∂ŝ2

)3

+ 4
v2

0

l2
∂v̂

∂ŝ

∂2v̂

∂ŝ2

∂3v̂

∂ŝ3

+
v2

0

l2

(
∂v̂

∂ŝ

)2
∂4v̂

∂ŝ4
+

1

2

v2
0

l2
∂v̂

∂ŝ

∂2

∂t̂2

∫ ŝ

0

(
∂v̂

∂ŝ

)2

dŝ

+
1

2

v2
0

l2
∂2v̂

∂ŝ2

∫ ŝ

1

∂2

∂t̂2

∫ ŝ

0

(
∂v̂

∂ŝ

)2

dŝdŝ

+
l2

EI

∂2v̂

∂ŝ2

∫ ŝ

1

F1(t)δ(ŝ− 1)dŝ

+
3

2

v2
0

EI

(
∂v̂

∂ŝ

)2
∂2v̂

∂ŝ2

∫ ŝ

1

F1(t)δ(ŝ− 1)dŝ

=
l3

v0EI
F2(t)δ(ŝ− 1)

(5)

The external nonconservative forces acting on the
beam due to the interaction between the current loop
and the external magnetic field can be formulated us-
ing the Lorentz force model

~F (t) = i(t)

∫
d~l x ~B, (6)

where i(t) represents the current passing through the

integrated loop and d~l represents the length vector as-
sociated with a differential element of the loop. As-
suming the width of the current loop to be g, the
Lorentz force model provides the following approxi-
mation for the external non-conservative force:

~F (t) = F1(t)i + F2(t)j

= i(t)gB(cosαi + sinαj).
(7)

The complex distributed parameter model devel-
oped earlier can be reduced into a lumped mass ana-
log by decomposing the transverse displacement v̂
into its spatial and temporal components

v̂(ŝ, t̂) =

∞∑
i=0

wi(t̂)Ψi(ŝ), (8)

and projecting the result onto the first mode shape of
the system. This yields the final, lumped-parameter
equation of motion for the system, given by:

z′′ + εc̄z′ + [1 + ελ1i(τ)] z + [εk3 + ελ3i(τ)] z3

+ εβ(zz′2 + z2z′′) = εη1i(τ).
(9)

The system parameters included here are defined in
Table 1.

While the use of the Lorentz force model intro-
duced above ultimately leads to a relationship be-
tween the voltage input and the output displacement,
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Table 1: Definitions of the nondimensional parame-
ters used in Eqn. (9).

z = w(t̂)

ω2
0 =

∫ 1

0

ΨΨivdŝ

εc̄ =
ĉ

ω0

τ = ω0t̂

(•)′ =
∂(•)
∂τ

ω̂ = ωT

Ω =
ω̂

ω0

εk3 =
v2

0

l2ω2
0

(
4

∫ 1

0

ΨΨ′Ψ′′Ψ′′′dŝ+

∫ 1

0

ΨΨ′′3dŝ

+

∫ 1

0

ΨΨ′2Ψivdŝ

)
ελ1 =

gBl2 cosα

EIω2
0

(∫ 1

0

ΨΨ′′
∫ ŝ

1

δ(ŝ− 1)dŝdŝ

)

ελ3 =
3v2

0gB cosα

2EIω2
0

∫ 1

0

ΨΨ′2Ψ′′′
∫ ŝ

1

δ(ŝ− 1)dŝdŝ

εβ =
v2

0

l2

(∫ 1

0

ΨΨ′′
∫ ŝ

1

∫ ŝ

0

Ψ′2dŝdŝdŝ

+

∫ 1

0

ΨΨ′
∫ ŝ

0

Ψ′2dŝdŝ

)
εη1 =

gBl3 sinα

EIv0ω2
0

∫ 1

0

Ψδ(ŝ− 1)dŝ

the procedure fails to capture the relationship be-
tween the displacement and the induced electromo-
tive force (emf) associated with the system. The gen-
eration of a response-dependent emf is the principal
motivation behind using an electromagnetically actu-
ated microcantilever system and this can be derived
through a direct application of Faraday’s law [31].
The magnetic flux Φ(t) through any surface (with a
normal direction denoted by n̂) is given by:

Φ(t) =

∫∫
S

( ~B · n̂)dS

=

∫∫
S

B sinα sinψdS +

∫∫
S

B cosα cosψdS.

(10)

Applying third-order Taylor series approximations
and nondimensionalizing the equations, as in
Eqn. (4), yields an expression for the flux through
the surface. Using modal projection techniques as
before, the lumped-mass approximation of the flux is
given by:

Φ(t̂) =

[
Bg sinαv0

∫ 1

0

Ψ

∫ 1

0

Ψ′dŝdŝ

]
z

+Bg cosαl

∫ 1

0

Ψdŝ

+

[
Bg cosαv2

0

2l

∫ 1

0

Ψ

∫ 1

0

Ψ′2dŝdŝ

]
z2.

(11)

The induced emf on the beam, as given by Faraday’s
law is:

Vemf = −∂Φ(t)

∂t

= − 1

T

∂Φ(t̂)

∂t̂
.

(12)

Accordingly, the lumped-mass approximation for the
induced emf is given by:

Vemf =−
(
Bg sinαv0

T

∫ 1

0

Ψ

∫ 1

0

Ψ′dŝdŝ

)
ż

−
(
Bg cosαv2

0

lT

∫ 1

0

Ψ

∫ 1

0

Ψ′2dŝdŝ

)
zż

(13)

A brief examination of the equation of motion
[Eqn. (9)] and the expression for induced emf
[Eqn. (13)] reveals that when the magnetic field is
oriented in the vertical direction (α = 90◦), the
system is directly excited and the induced emf has
a purely linear relationship with the response. If
the magnetic field is oriented in the horizontal di-
rection (α = 0◦), the system has a pure parametric
excitation and a nonlinear relationship between
the induced emf and the response. Intermediate
orientations feature a complex relationship between
the parameters and considerably richer dynamics.

3. A Single Input - Single Output Mass
Sensor Based on a Globally-Coupled Array
of Electromagnetically-Actuated Microcan-
tilevers:

A schematic diagram of a representative array
of electromagnetically actuated microcantilevers is
shown in Fig. 3. The resonators are spaced such that
there is negligible elastic coupling between the res-
onators. The cantilevers in the array are frequency
mistuned by varying their lengths. A single wire loop
connects all of the resonators in series and the device
is placed in an external magnetic field. As a current
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Figure 3: Schematic diagram of an array of
electromagnetically-actuated microcantilevers with
an integrated current loop used to realize global cou-
pling. Note that Veff is the voltage that is supplied
to the array from the source after accounting for the
induced electromotive force.

is supplied through the loop, the Lorentz force causes
the device to move. The induced emf due to the mo-
tion of the resonator opposes the applied emf and
is sensed through the same loop. This frequency de-
pendent behavior from each of the resonator therefore
affects the behavior of all the other cantilevers. This
kind of a coupling is referred to here as global elec-
tromagnetic coupling. Note that by providing input
to the loop and sensing the effective voltage across
the loop, the device can operate as a single input -
single output system.

For present purposes, a linear variant of the model
developed in the preceding section is considered.
Specifically, the model considered here is expanded
from Eqn. (9) after accounting for the induced emf in
the system. To simplify analysis, the angular orien-
tation of the magnetic field α is assumed to be π/2
so that the parametric effects are negligible and di-
rect excitation effects are dominant. Accordingly, the
equation of motion is given by:

z′′ + ε(c̄− α2)z′ + z = εη1i(τ), (14)

where z, εc̄, ελ1 and εη1 have been defined as in Table
1 and

εα2 = − (Bg)2 sin2 αT

Zω0ρA

∫ 1

0

Ψ

∫ 1

0

Ψ′dŝdŝ. (15)

Note that the parameter Z included in these terms is
defined to be the effective impedance of the current
loop in the resonators. Extending the model to an
array of cantilevers, the equation of motion is trans-
formed to the following:

Mz′′ + Cz′ + Kz = η̄1̄η1̄η1 cos Ωτ. (16)

Here, M and K are diagonal matrices containing the
mass elements and the stiffness elements mi and ki

respectively, and z and η̄1̄η1̄η1 are the vectors containing
the displacement (zi) and amplitude of the forcing
term (η̄i) in each of the resonators respectively. Since
the expressions are normalized, the mass matrix is an
identity matrix. The damping matrix C is given by:

Cnxn = ε


c̄1 − α2 −α2 . . . −α2

−α2 c̄2 − α2 . . . −α2

...
...

. . .
...

−α2 −α2 . . . c̄n − α2

 . (17)

Table 2: Definitions of the nondimensional parame-
ters used in the equation of motion of an array of cou-
pled, electromagnetically-actuated microcantilevers.

ŝi =
s

li

T =

√
ρAnoml

4
nom

EInom

ω2
0 =

∫ 1

0

Ψ1Ψiv
1 dŝ

ĉi =
ciT

ρAi

εc̄i =
ĉi
ω0

ki =
EIiT

2

ρAil4iω
2
0

∫ 1

0

ΨiΨ
iv
i dŝ

τ = ω0t̂

(•)′ =
∂(•)
∂τ

ω̂ = ωT

Ω =
ω̂

ω0

ε(η̄1)i =
V giBT

2 sinα

ZρAiliv0ω2
0

∫ 1

0

Ψiδ(ŝi − 1)dŝi

ε(α2)i = − (Bgi)
2(sin2 α)T

Zω0ρAi

∫ 1

0

Ψi

∫ 1

0

Ψ′idŝidŝi

The parameters in the expression are defined in Table
2. Note that in both Table 2 and all subsequent
analysis, (•)nom refers to the properties of a nominal
resonator and (•)i refers to the properties of ith

resonator.
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3.1 Analysis:
The frequency response characteristics of an array

of electromagnetically-actuated microcantilevers can
be found using common techniques for the analysis of
linear vibrating systems [32]. To this end, a steady-
state solution for Eqn. (16) of the following form is
assumed:

z(τ) = z(iΩ)eiΩτ , (18)

where z(iΩ) is the amplitude vector given as a func-
tion of the normalized excitation frequency Ω. Sub-
stituting in Eqn. (16) and solving for the amplitude
vector yields,

z(iΩ) = Y−1(iΩ)η̄1̄η1̄η1, (19)

where, Y(iΩ) is the system’s impedance matrix which
is given by

Y(iΩ) = −Ω2M + iΩC + K. (20)

The nth component of the vector z(iΩ), that is,
[z(iΩ)]n represents the complex amplitude of the nth

cantilever in the array. Thus, the velocity of nth can-
tilever is given by iΩ[z(iΩ)]n. Accordingly, the out-
put voltage measured across the terminals (Fig. 3) is
given by

Vo = Vin +

N∑
p=1

α2iΩ[z(iΩ)]p. (21)

To study the behavior of the system, the output
voltage measured across the two terminals is plotted
as a function of the normalized excitation frequency.
The system considered for analysis is a 3-cantilever
array. For initial analysis, the beam dimensions are
assumed to be comparable to the device presented
in [9]. The dimensions and the material properties
are listed in Table 3. Note that the first cantilever
is assumed to be the nominal beam and the lengths
of other two cantilevers are modified from the length
of the first beam to introduce frequency mistuning
in the system. The width and thickness of all the
cantilevers are identical.

Figure 4 shows the normalized output voltage
Vo plotted against the normalized excitation fre-
quency. The frequency response shows three distinct
antiresonances in the response, corresponding to
each of the cantilever’s resonance frequencies. Thus,
by measuring the output voltage across the two
terminals, all the three resonance frequencies can be
captured. This would imply that by functionalizing
the three beams to detect three different analytes,
this system can be used as a single input - single
output, multi-analyte sensor [17].

Table 3: Dimensions and material properties used
to study the frequency response of a representative
electromagnetically-actuated microcantilever system.

Physical Parameter Value
Length of Beam 1 162 µm

Length of Beam 2 157 µm

Length of Beam 3 167 µm

Width 23.5 µm

Thickness 250 nm

Young’s Modulus (E) 159 GPa

Mass Density (ρ) 2330 kg/m3

Magnetic Field Strength (B) 1 T

Quality Factor (Q) 500

3.2 Design Considerations:

The factors that need to be considered when de-
signing a mass sensor based on an array of elec-
tromagnetically actuated cantilevers are the extent
of mechanical coupling between the resonators, the
spacing of the individual resonance frequencies and
the quality factors of the individual resonators in the
array. Mechanical coupling between the resonators
typically occurs when the beams are closely spaced
and affects the frequency response of the device. The
mass sensor described herein aims to take advantage
of only the electromagnetic coupling and hence the
resonators need to be spaced to avoid mechanical cou-
pling effects. This, in addition to ensuring adequate
spacing of the individual resonance frequencies, also
helps to ensure that the adsorption of a target analyte
affects only the natural frequency of the mass-loaded
resonator and that shifts in the aforementioned reso-
nance are easily detectable.

The quality factor of the individual resonators af-
fects the number of resonators that can be accommo-
dated in a given frequency bandwidth. For the device
described herein, the frequency bandwidth is the dif-
ference between the highest and the lowest resonance
frequencies of the individual resonators in the system.

Figure 5 shows the theoretical frequency response
of the resonator array before and after the addition
of analyte on the resonator with the lowest fre-
quency. A mass addition of 1% of the mass of the
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Figure 4: The measured normalized output volt-
age Vo (arbitrary units) of an electromagnetically-
actuated microcantilever array plotted against the
normalized excitation frequency Ω for the parameter
values shown in Table 3. The response shows three
distinct antiresonances corresponding to the coupled
natural frequencies of the system.

cantilever is assumed. The red curve corresponds to
the response of the sensor without the added mass
while the blue curve corresponds to the sensor with
the added mass. Note that the natural frequency of
the loaded cantilever is altered significantly, while
the resonant frequencies of the other cantilevers are
largely unchanged. Thus, by tracking the resonance
frequency shifts of individual resonators through the
common output, this technique can be used for the
detection of multiple analytes.

3.3 Sensor Metrics:

The minimum detectable mass or mass sensitivity
is an important metric used to compare the effec-
tiveness of a mass sensor against other comparable
platforms. The mass sensitivity of a single-degree-of-
freedom sensor is a function of mass responsivity and
frequency resolution, and is given by [33]:

δm ≈ R−1δω, (22)

where δm is the mass sensitivity of the sensor, δω is
the frequency resolution of the system and R is the
mass responsivity of the sensor.

Using a similar procedure, the mass sensitivity of
a multi-degree-of-freedom sensor can be expressed as
in [34]:

∆m ≈ R−1∆ωωω, (23)

where ∆m is a vector of mass sensitivities associated
with each of the microresonator, R is the responsiv-
ity matrix associated with the sensor and ∆ωωω is the
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Figure 5: The output normalized voltage Vo (arbi-
trary units) of an electromagnetically-actuated mi-
crocantilever array plotted against the normalized ex-
citation frequency Ω for the parameter values shown
in Table 3, with and without added mass. The red
curve corresponds to the sensor without the added
mass, while the blue curve corresponds to the sensor
with the added mass on the third cantilever (the can-
tilever with the lowest uncoupled natural frequency).
The natural frequency of the loaded cantilever is al-
tered significantly while the resonant frequencies of
the other cantilevers are largely unchanged, indicat-
ing that this sensor can be used as a single-input and
single-output device capable of detecting multiple an-
alytes.

vector of the frequency resolutions corresponding to
each of the resonators.

In a single-degree-of-freedom sensor, the mass re-
sponsivity is given by

R =
∂ωn
∂meff

, (24)

where ωn is the natural frequency of the sensor and
meff is the effective mass of the system, accounting
for the added mass due to the adsorption of the an-
alyte on the functionalized sensor surface. However,
in the coupled multi-degree-of-freedom sensor, when
mass adsorbs on one of the resonators, the resonance
frequencies of all the resonators are modified. There-
fore, the responsivity matrix is square and of order n
(the same as the number of resonators). Hence, the
mass responsivity of the sensor is a matrix, defined
by

Rij =
∂ωi
∂mj

, (25)

where ωi is the natural frequency of the ith res-
onator and mj is the effective mass of the jth res-
onator. In the particular case of electromagnetically-
actuated microresonators, the coupling is dissipative
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and hence, the damping matrix cannot be ignored.
Therefore, in Eqn. (25), ωi refers to the damped nat-
ural frequency of the system. A sensor with strong
mode localization would have a diagonally dominant
responsivity matrix [34].

For illustrative purposes, the device described in
Table 3 is considered here. The undamped and un-
coupled natural frequencies of the three resonators
are 12.712 kHz, 13.534 kHz and 11.962 kHz respec-
tively. In order to determine the responsivity of the
sensor, the damped, coupled natural frequencies of
the system are needed. These frequencies are ob-
tained by equating Eqn. (20) to zero and solving for
nontrivial solutions, that is,

|Y(iΩ)| = 0. (26)

Obtaining the damped natural frequencies symbol-
ically and using the result in Eqn. (25) yields the
responsivity matrix for the system:

Rij = 18 0.77 x 10−12 5.58 x 10−12

2.08 x 10−12 19.78 0.42 x 10−12

3.78 x 10−12 1.2 x 10−12 16.44

 Hz
pg

.

(27)

From Eqn. (27), it can be seen that, the diagonal ele-
ments are much larger than the off-diagonal elements.
This implies that a change in the natural frequency of
the ith resonator as a result of added mass on the ith

resonator is much higher than the change caused due
to the adsorption of mass on the other resonators.
Therefore, by functionalizing each of the cantilevers
to detect a different analyte and by detecting a given
resonator’s frequency shift, one can quickly identify
the given analyte.

The above analysis has clearly shown that the
proposed sensing technique is a viable method for
mass sensing. Building on these results, current
efforts are aimed at towards the experimental real-
ization of such a sensor. This includes the design and
fabrication of these devices, design of an associated
electrical measurement setup, characterization of the
sensor’s frequency response behavior both optically
and electrically, device functionalization and proof-
of-concept mass sensing experiments.

4. Isolated Electromagnetically-Actuated
Microbeam Oscillators:

As a first step to understand the dynamics of an
array of electromagnetically-actuated oscillators, the
dynamics of a single oscillator needs to be thoroughly
examined. To this end, this section deals with the dy-
namics of an isolated microbeam system. An analysis

…

Figure 6: Schematic diagram of an array of
electromagnetically-actuated microcantilevers oscil-
lators. Note that each microcantilever has two cur-
rent loops: one for actuation and one for sensing.
The voltages applied to the device for actuation are
of the form Vi = Vci +

∑N
i=1GciGiVemf i and the

sensed voltage is Vemf i, where subscript denotes the
corresponding microbeam.

of the equation of motion for a single microbeam os-
cillator provides insight on the effect of various sys-
tem parameters on the system’s dynamics and can
be easily extended to coupled arrays. Figure 6 shows
a schematic diagram of the device considered here.
The device is a minor modification from the device
shown in Fig. 3, with each beam having independent
actuation and sensing loops. With the introduction
of feedback in the system, the beam actuation can
be made to be dependent on the sensed emf, thus
making the array of microbeams self-sustaining. For
the case of a single microbeam, a positive feedback
control law of the following form is considered. Here,

i(τ) =
Vc
R

(28)

is the current in the actuation loop and

Vc = GVemf −KG3V 3
emf (29)

is the voltage supplied by the controller. The pa-
rameters of the control law are the resistance of the
actuation loop R, the gain applied to the emf G, and
a parameter used to control the amplitude of oscilla-
tor K. The lumped mass approximation of the emf
in terms of the nondimensional displacement is

Vemf = κ1z
′ + κ2zz

′,

κ1 = −Bg sinαv0

Tω0

∫ 1

0

Ψ

∫ 1

0

Ψ′dŝdŝ,

κ2 = −Bg cosαv2
0

lTω0

∫ 1

0

Ψ

∫ 1

0

Ψ′2dŝdŝ.

(30)
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The above control law, in conjunction with
Eqn. (9), yields the equation of motion for a mi-
crobeam oscillator (truncated to contain up to third-
order terms):

z′′ + (εc̄− Gκ1εη1

R
)z′ + z +

G(κ1ελ1 − κ2εη1)

R
zz′

+ εk3z
3 + εβ(zz′2 + z2z′′)

+
Gκ2ελ1

R
z2z′ +

KG3κ3
1εη1

R
z′3 = 0.

(31)

Equation (31) can be rewritten in the form of a Lien-
ard Equation, from which the existence of a stable
limit cycle can be studied:

z′′ + f(z, z′)z′ + g(z) = 0, (32)

where

f(z, z′) =
εc̄− γ1 + γ5z + γ3z

2 + εβzz′ + 8γ2
3 z′2

1 + εβz2
,

g(z) =
z + εk3z

3

1 + εβz2
.

(33)

The parameters in Eqn. (33) are expressed in Table
4.

Table 4: Definitions of the parameters used in
Eqn. (32).

γ1 =
Gκ1εη1

R

γ2 =
3G3Kκ3

1εη1

8R

γ3 =
Gκ2ελ1

8R

γ4 =
3εk3

8
− εβ

4

γ5 =
G(κ1ελ1 − κ2εη1)

R

The conditions under which at least one stable pe-
riodic solution exists are given by [35]:

1. There exists a > 0 such that f(z, z′) > 0, when
z2 + z′2 > a2;.

2. f(0, 0) < 0;

3. g(0) = 0, g(z) > 0 when z > 0, and g(z) < 0
when z < 0;

4. G(z) =

∫ 0

z

g(u) du→∞ as z →∞.

The first condition is satisfied as long as 8γ2/3 +
γ3 > εβ. The second condition is true if γ1 > εc̄. The
third and fourth conditions are satisfied as long as εk3

and εβ are positive. While this method guarantees
that at least one stable period solution exists, it does
not allow for any insight into the type of solution.
Assuming that G and K are not large, the system
can be considered to be a weakly nonlinear oscillator,
and therefore, the method of averaging can be used
[36]. Introducing a coordinate transformation of the
form

z(τ) = a(τ) cos[τ + φ(τ)],

z′(τ) = −a(τ) sin[τ + φ(τ)]
(34)

renders slow flow equations given by:

a′(τ) =
1

2
(γ1 − εc̄)a− (γ2 + γ3)a3 +O(ε2)

φ′(τ) = γ4a
2 +O(ε2).

(35)

This results in a steady-state response given by

a =

√
1
2a

2
0σ1

σ2 +
(

1
2σ1 − σ2

)
e−σ1τ

,

φ = φ0 +
γ4

2(γ2 + γ3)
ln[

2σ2(eσ1τ − 1) + σ1

σ1
],

(36)

where

σ1 = γ1 − εc̄,
σ2 = a2

0(γ2 + γ3),

and a0 and φ0 are the initial amplitude and phase.
Equation (36) clearly shows that in order to have a
stable limit cycle, γ1 > εc̄ and a0 > 0. Under these
conditions, the steady-state solutions are given by:

â = lim
τ→∞

a(τ) =

√
γ1 − εc̄

2(γ2 + γ3)
,

φ̂ = lim
τ→∞

φ(τ) = φ0 +
γ4

γ2 + γ3
ln[
a0

â
] + γ4â

2τ.

(37)

The steady-state amplitude â can be used to gener-
ate a bifurcation diagram of the system, which for
the parameters in Table 3 and α = π/2, is shown
in Fig. 7. Note that the trivial solution is the only
solution when γ1 < εc̄.

The equation for the steady-state phase shows
that the nonlinearities in the system cause the
frequency to be increased relative to the undamped
natural frequency and that there is a phase shift due
to the initial amplitude. The frequency shift can

Proceedings of 2011 NSF Engineering Research and Innovation Conference, Atlanta, Georgia Grant # 0846385



0 100 200 300 400

Feedback Gain HGL

S
te

a
d
y

S
ta

te
A

m
p
li

tu
d
e

Figure 7: Bifurcation diagram of the steady-state am-
plitude (arbitrary units) for the parameters in Table
3 and α = π/2.

be compensated for by adding a constant value to
the feedback, but then the Lienard Equation form of
the equation of motion would violate the conditions
under which at least one stable periodic solution
must exist. The averaged equations highlights two
other important features: First, K can be used to
control the steady-state amplitude, but K also could
be zero and still have stable oscillations; and second,
assuming all the parameters in γ1 are fixed except
for G and α 6= π/2, that G can be used to control
how quickly the system settles to the limit cycle.

5. Coupled Arrays of Electromagnetically-
Actuated Microbeam Oscillators:

The model for two coupled microbeam oscillators
can be developed by modifying the model for a single
microbeam oscillator. Here, a subscript denotes the
quantity associated with a given microbeam and the
control laws for the coupled microbeam oscillators are
given by:

i1(τ) =
Vc1 +GcGVemf2

R
,

i2(τ) =
Vc2 +GcGVemf1

R
.

(38)

Note that all other quantities not defined explicitly
are the same as in the case of a single microbeam
system. Assuming that the microbeams are identical
except for a small frequency mistuning δ, the aver-

aged equations for the coupled system are given by:

a′1(τ) =
1

2
(γ1 − εc̄)a1 − (γ2 + γ3)a3

1

−Gcγ3a1a
2
2 cos(2ψ) +

1

2
Gcγ1a2 cos(ψ) +O(ε2),

a′2(τ) =
1

2
(γ1 − εc̄)a2 − (γ2 + γ3)a3

2

−Gcγ3a
2
1a2 cos(2ψ) +

1

2
Gcγ1a1 cos(ψ) +O(ε2),

ψ′(τ) = −1

2
δ + γ4(a2

1 − a2
2) +Gcγ3(a2

1 + a2
2) sin(2ψ)

− 1

2
Gcγ1(

a1

a2
+
a2

a1
) sin(ψ) +O(ε2),

(39)

where ψ = φ1 − φ2. If the magnetic field is as-
sumed to be oriented vertically, then γ3 = 0 and
the averaged equations reduce to a set of equations
which have been previously studied [23–25]. Solu-
tions to Eqn. (39) can be either be symmetric and
phase locked (amplitudes are equal and ψ is con-
stant), asymmetric (amplitudes are not equal), ex-
hibit phase drift (ψ varies with time), or quenched
(amplitudes are zero). Prior work has shown that
the asymmetric solution is unstable [23]. Accordingly
the conditions under which the symmetric and phase
locked solution exists and is stable are the only ones
of interest here, as this is the only state that is syn-
chronized. The stable symmetric and phase locked
solution is governed by:

a2 =
2 (γ1 − ĉ) +

√
4G2

cγ
2
1 − δ2

4γ2
,

ψ = − sin−1

(
δ

2Gcγ1

)
, Gc > 0,

ψ = sin−1

(
δ

2Gcγ1

)
− π,Gc < 0,

(40)

where a = a1 = a2. This solution is stable every-
where when it exists. Thus, in the simplest coupled
oscillator array, the array is capable of producing a
single state, or pattern. The limitation with this
result is that the averaged equations are only valid
when the system is weakly nonlinear, or when G,
K, Gc and δ are small. So two arbitrary beams can
not necessarily be synchronized (i.e. δ can be large
or small) by increasing Gc. As δ increases however,
other forms of synchronization are possible [25].

For arrays with a larger numbers of oscillators, it
is possible that more than one pattern can be stable
and that the pattern the array converges to is de-
pendent on the initial conditions. As was shown in
[21], with three oscillators it is possible to have two
different synchronization states. Mendelowitz, et al
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considered a model of oscillators with and without
amplitude dynamics. In the specific case they stud-
ied, the ability for the system to exhibit two different
stable patterns was not lost when considering only
phase dynamics, but amplitude dynamics had to be
considered to determine the conditions under which
the patterns could exist.

Direct applications of this preliminary research
include mass sensing, electromagnetic signal process-
ing and other areas where small shifts in frequency
are directly exploitable for practical gain [30].
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