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In conventional implementations, resonant chemical and biological sensors exploit
chemomechanically-induced frequency shifts, which occur in linear systems, for analyte detection.
In this letter, an alternative sensing approach, based upon dynamic transitions across saddle-node
bifurcations is investigated. This technique not only has the potential to render improved sensor
metrics but also to eliminate frequency tracking components from final device implementations. The
present work details proof-of-concept experiments on bifurcation-based sensing, which were
conducted using selectively functionalized, piezoelectrically-actuated microcantilevers. Preliminary
results reveal the proposed sensing technique to be a viable alternative to existing resonant sensing
methods. © 2011 American Institute of Physics. �doi:10.1063/1.3574920�

Microcantilever-based chemical and biological sensors
offer distinct utility in a wide variety of applications, includ-
ing medical diagnostics, environmental safety, and national
security, due to their small size, low power consumption,
high sensitivity, and comparatively low cost.1–3 In conven-
tional implementations, resonant sensors utilize
chemomechanically-induced shifts in linear natural fre-
quency for mass detection, which result from the adsorption/
absorption of a target analyte onto/into a selectively func-
tionalized surface layer and a corresponding change in
effective mass or stiffness. This change in frequency can be
directly correlated with an analyte detection event or used
indirectly to determine the relative concentration of a target
analyte in a test environment.4

Although the aforementioned linear sensing approach of-
fers distinct utility, recent research has shown that improved
sensor metrics may be achieved by exploiting nonlinear,
near-resonant behaviors. For example, Dai et al.5 recently
highlighted the benefits of tracking a system’s nonlinear
resonant frequency in mass detection. Likewise, Younis,
Turner, and their respective collaborators, have highlighted
the benefits of sensors, which actively exploit amplitude
shifts resulting from dynamic operation near an electrostatic
pull-in and parametric instability, respectively.6,7 The present
letter seeks to build upon these prior endeavors through the
development of a simple, bifurcation-based sensing ap-
proach, which not only has the potential to render improved
sensor metrics but also to facilitate sensing in microscale and
nanoscale resonators that are sensitive to ambient pressure
�effective damping� levels or exhibit a limited dynamic
range.8

Microscale resonators operating in a nonlinear regime
commonly exhibit a Duffing-like frequency response charac-
teristic near the first natural frequency, which features mul-
tiple steady-state solutions, hysteretic behavior, and two
saddle-node �fold� bifurcations �Fig. 1�. A change in the nor-
malized excitation frequency of the system �the excitation

frequency normalized by the linear natural frequency� caused
by either sweeping the excitation frequency or a change in
the natural frequency �due to the adsorption of mass on the
resonator�, when operating near these saddle-node points re-
sults in a sudden change in the response amplitude. The inset
in Fig. 1 shows the result of a frequency sweep near the
lower saddle-node bifurcation for a Duffing-like resonator
with softening behavior. Here, as the system crosses the
saddle-node bifurcation point, due to an increase in the nor-
malized excitation frequency �decrease in the resonator’s
natural frequency�, the amplitude jumps from the lower so-
lution branch to the upper solution branch �note that while
the location of saddle-node bifurcations is a function of
damping, the existence of this jump behavior is largely inde-
pendent of the quality factor associated with the system, pro-
vided the device is operating in air�. Thus, much like a shift
in resonant frequency, this abrupt change in near-resonant
amplitude can be exploited for sensing purposes.
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FIG. 1. �Color online� Frequency response of a Duffing-like resonator with
softening nonlinearity. Points A and B represent saddle-node bifurcations.
Note that as the system transitions from point A� to point A, there is a
sudden jump in response amplitude �the inset shows, schematically as tran-
sients are not highlighted, the time response when the system moves across
the bifurcation point�. This transition can be induced by chemomechanical
shifts in the resonator’s natural frequency and can be directly correlated with
a mass detection event.

APPLIED PHYSICS LETTERS 98, 153510 �2011�

0003-6951/2011/98�15�/153510/3/$30.00 © 2011 American Institute of Physics98, 153510-1

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://apl.aip.org/apl/copyright.jsp

http://dx.doi.org/10.1063/1.3574920
http://dx.doi.org/10.1063/1.3574920
http://dx.doi.org/10.1063/1.3574920


The present letter discusses the development of a
bifurcation-based sensing approach based on amplitude
shifts that occur across saddle-node bifurcations that exist in
the dynamic response of piezoelectrically-actuated microcan-
tilevers. These devices are well suited for resonant mass
sensing given their inherent self-sensing capabilities9 and
maturity in force sensing and scanning probe microscopy
contexts.10

Commercially available Veeco DMASP probes, initially
designed for scanning probe microscopy applications, were
selected as a test bed in this letter. These devices consist of a
silicon cantilever and an integrated piezoelectric layer, incor-
porating a ZnO layer sandwiched between two Au/Ti elec-
trodes. To facilitate mass sensing, the cantilevers were poly-
merically functionalized, using inkjet printing technology.11

Specifically, a microinkjet printing process with thermal-
actuation enabled drop formation12 was used to functionalize
the beams with poly-4 vinyl pyridine—a polymer well suited
for methanol sensing.13 Figure 2 shows a scanning electron
micrograph �SEM� image of a Veeco DMASP probe post-
functionalization.

The employed experimental setup consisted of a scan-
ning laser Doppler vibrometer �SLDV� �used for optical
readout in this proof-of-concept letter�, a custom-designed,
environmental test chamber, and associated test hardware
�Fig. 3�. Variations in the pressure of the carrier gas at the
inlet of the bubbler, the temperature of the liquid in the bub-
bler, and the flow rates at the mass flow controllers were
used to produce a wide range of analyte/carrier gas concen-

trations within the test chamber, inside of which the func-
tionalized microcantilevers had been placed. The entire
setup, including the excitation and recording of the fre-
quency response characteristics of the beam, was controlled
via a LabVIEW interface.

Using the laser Doppler vibrometer, the frequency re-
sponse of the functionalized beams were recovered. Fre-
quency sweeps were performed at a variety of rates ranging
from quasistatic to highly nonstationary, and at a variety of
actuation voltage levels, to characterize the nonlinear behav-
ior of the devices. Figure 4 shows the response of a repre-
sentative device for a sweep period of 1600 s at 18 Vpp. As
evident, saddle-node bifurcations are present in both the for-
ward and reverse sweeps, along with a clear softening, hys-
teretic behavior. The saddle-node bifurcation frequencies
were mapped as a function of the frequency sweep rates and
excitation voltage levels, thus enabling the choice of an ap-
propriate operating condition for the mass sensor.

To validate the performance of the probes and test cham-
ber, the microcantilevers were first subjected to a series of
conventional, linear mass sensing trials. Methanol/nitrogen
gas mixtures were supplied for various periods of time and
the system was periodically purged with nitrogen to ensure
the successive adsorption and desorption of methanol mol-
ecules onto the functionalized surface. As the molecules ad-
sorbed on the surface, the natural frequency of the devices
decreased and as the molecules desorbed, the natural fre-
quency increased, indicating a mass-dominated chemome-
chanical process.14

To study the change in bifurcation frequency as a func-
tion of the applied mass, the device was subjected to a se-
quence of adsorption and desorption cycles and the saddle-
node bifurcation frequency during the forward sweep was
identified at each step. Figure 5 shows a representative plot
of the saddle-node bifurcation frequency as a function of
time, plotted with the flow rate of the target analyte. This
trial was performed with a concentration setting of 1.18% by
mass of analyte in the carrier gas mixture �as specified at the
mass flow controllers�. As evident, the bifurcation frequency
decreased at an approximate rate of 0.125 Hz/s as the mass
was adsorbed onto the surface and increased at an approxi-
mate rate of 0.076 Hz/s as the analyte desorbed. This trend
matched that previously seen with the linear natural fre-
quency.

FIG. 2. SEM of a Veeco DMASP probe functionalized with poly-4 vinyl
pyridine.
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FIG. 3. �Color online� Schematic diagram of the experimental apparatus
showing the chemical test setup and the SLDV.
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FIG. 4. �Color online� Frequency response of the system resulting from
forward and reverse sweeps for an excitation voltage of 18 Vpp and a 1600
s sweep period.
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Using the results of the aforementioned procedure as a
benchmark, an operating point for each device was selected
based on that particular device’s bifurcation frequency. The
operating point was typically a few Hertz below the saddle-
node bifurcation frequency. The device was then driven at
this constant frequency and the near-resonant amplitude of
the device was recorded via the laser vibrometer. As the
analyte/carrier gas mixture was injected into the test cham-
ber, the bifurcation frequency decreased below the set fre-
quency at which the system was operating and the response
amplitude abruptly jumped from the low-amplitude state to
the high-amplitude state, signaling a detection event. Figure
6 shows a representative plot of the response amplitude ver-
sus time for a concentration of 0.67% by mass of the analyte/

carrier gas concentration �as specified at the mass flow con-
trollers�. The set frequency here was specified to be 30 Hz
less than the bifurcation frequency. The positive detection
event report here has been repeated with different devices
and at different concentration levels, with few, if any, false
positives and negatives having been observed to date.

The representative experimental results highlighted in
Figs. 5 and 6 clearly show that bifurcation-based mass sen-
sors founded upon abrupt transitions in near-resonant ampli-
tude that take place across saddle-node bifurcations are fea-
sible. Furthermore, the letter demonstrates that with sensor
calibration and exploitation of the devices’ self-sensing ca-
pability, the proposed technique eliminates the need for com-
plex frequency tracking hardware, as only amplitude moni-
toring or thresholding is required, and thus simplifies final
device implementations. Note that to properly estimate the
sensitivity of bifurcation-based sensors detailed herein, a pre-
cise estimation of the saddle-node frequency is required. The
experimental determination of this frequency is limited by
the stochastic nature of the switching process,15 the rate of
the frequency sweep, and resistive heating in the piezoelec-
tric element. Current efforts are aimed at characterizing this
sensitivity, optimizing sensor metrics, and exploiting the de-
vices’ inherent self-sensing capability in an integrated device
architecture.
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FIG. 5. �Color online� The sensor’s bifurcation frequency, and the flow rate
of methanol, plotted as a function of time. Note that as the mixture is
supplied to the chamber the bifurcation frequency decreases. As desorption
occurs, the bifurcation frequency increases.
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FIG. 6. �Color online� The sensor’s response amplitude plotted as a function
of time. As the target analyte is added, the bifurcation frequency decreases
rendering a sudden jump in response amplitude. This jump in amplitude
signals a detection event.
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