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EXPOSITION OF A NEW THEORY ON THE MEASUREMENT
OF RISK1
BY DANIELBERNOULLI
?1. EVERSINCEmathematicians first began to study the measurement of risk
there has been general agreement on the following proposition: Expected values
are computed by multiplying each possible gain by the number of ways in which it
can occur, and then dividing the sum of these productsby the total numberof possible
cases where, in this theory, the consideration of cases which are all of the same
probability is insisted upon. If this rule be accepted, what remains to be done
within the framework of this theory amounts to the enumeration of all alternatives, their breakdown into equi-probable cases and, finally, their insertion into
corresponding classifications.
?2. Proper examination of the numerous demonstrations of this proposition
that have come forth indicates that they all rest upon one hypothesis: since
there is no reason to assume that of two persons encounteringidentical risks,2 either
1 Translated from Latin into English by Dr. Louise Sommer, The American University,
Washington, D. C., from "Specimen Theoriae Novae de Mensura Sortis," Commentarii
AcademiaeScientiarumImperialis Petropolitanae,Tomus V [Papers of the Imperial Academy
of Sciences in Petersburg,Vol. V], 1738, pp. 175-192. Professor Karl Menger, Illinois Institute of Technology has written footnotes 4, 9, 10, and 15.
EDITOR'SNOTE: In view of the frequency with which Bernoulli's famous paper has been
referred to in recent economic discussion, it has been thought appropriate to make it more
generally available by publishing this English version. In her translation Professor Sommer
has sought, in so far as possible, to retain the eighteenth century spirit of the original. The
mathematical notation and much of the punctuation are reproduced without change.
References to some of the recent literature concerned with Bernoulli's theory are given at
the end of the article.
TRANSLATOR'S NOTE: I highly appreciate the help of Karl Menger, Professor of Mathematics, Illinois Institute of Technology, a distinguished authority on the Bernoulli problem,
who has read this translation and given me expert advice. I am also grateful to Mr. William
J. Baumol, Professor of Economics, Princeton University, for his valuable assistance in
interpreting Bernoulli's paper in the light of modern econometrics. I wish to thank also
Mr. John H. Klingenfeld, Economist, U. S. Department of Labor, for his cooperation in the
English rendition of this paper. The translation is based solely upon the original Latin text.
BIOGRAPHICAL NOTE: Daniel Bernoulli, a member of the famous Swiss family of distinguished mathematicians, was born in Groningen, January 29, 1700and died in Basle, March
17, 1782. He studied mathematics and medical sciences at the University of Basle. In 1725
he accepted an invitation to the newly established academy in Petersburg, but returned to
Basle in 1733where he was appointed professor of physics and philosophy. Bernoulli was a
member of the academies of Paris, Berlin, and Petersburg and the Royal Academy in
London. He was the first to apply mathematical analysis to the problem of the movement
of liquid bodies.
(On Bernoulli see: Handworterbuchder Naturwissenschaften, second edition, 1931, pp.
800-801; "Die Basler Mathematiker Daniel Bernoulli und Leonhard Euler. Hundert Jahre
nach ihrem Tode gefeiert von der Naturforschenden Gesellschaft," Basle, 1884 (Annex to
part VII of the proceedings of this Society); and Correspondancemath6matique. . ., edited
by Paul Heinrich Fuss, 1843 containing letters written by Daniel Bernoulli to Leonhard
Euler, Nicolaus Fuss, and C. Goldbach.)
2 i.e., risky propositions (gambles). [Translator]
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should expect to have his desires more closely fulfilled, the risks anticipated by each

must be deemedequalin value.No characteristicof the personsthemselvesought
to be taken into consideration;only those matters should be weighed carefully
that pertain to the terms of the risk. The relevantfindingmight then be made
by the highest judges establishedby public authority. But really there is here
no need for judgment but of deliberation,i.e., rules would be set up whereby
anyone could estimatehis prospectsfrom any risky undertakingin light of one's
specificfinancialcircumstances.
?3. To make this clearit is perhapsadvisableto considerthe followingexample: Somehowa very poor fellow obtains a lottery ticket that will yield with
equal probability either nothing or twenty thousand ducats. Will this man
evaluate his chance of winning at ten thousand ducats? Would he not be illadvised to sell this lottery ticket for nine thousandducats?To me it seems that
the answeris in the negative. On the other hand I am inclinedto believe that a
rich man would be ill-advisedto refuse to buy the lottery ticket for nine thousandducats. If I am not wrongthen it seems clear that all men cannot use the
same rule to evaluate the gamble. The rule establishedin ?1 must, therefore,
be discarded.But anyone who considersthe problemwith perspicacityand interest will ascertain that the concept of value which we have used in this rule
may be definedin a way which rendersthe entire procedureuniversallyacceptable without reservation.To do this the determinationof the value of an item
must not be based on its price, but rather on the utility it yields. The price of
the item is dependentonly on the thing itself and is equal for everyone; the
utility, however, is dependent on the particularcircumstancesof the person
makingthe estimate. Thus there is no doubt that a gain of one thousandducats
is more significantto a pauperthan to a rich man though both gain the same
amount.
?4. The discussionhas now been developed to a point where anyone may
proceedwith the investigationby the mere paraphrasingof one and the same
principle.However, since the hypothesis is entirely new, it may nevertheless
requiresome elucidation.I have, therefore,decidedto explainby examplewhat
I have explored.Meanwhile,let us use this as a fundamentalrule: If the utility
of each possible profit expectation is multiplied by the number of ways in which it
can occur, and we then divide the sum of theseproductsby the total numberof possible
cases, a mean utility3 [moral expectation] will be obtained, and the profit which
correspondsto this utility will equal the value of the risk in question.

?5. Thus it becomesevident that no valid measurementof the value of a risk
can be obtainedwithout considerationbeing given to its utility, that is to say,
the utility of whatevergain accruesto the individualor, conversely,how much
profit is requiredto yield a given utility. Howeverit hardly seems plausibleto
make any precise generalizationssince the utility of an item may change with
circumstances.Thus, though a poor man generally obtains more utility than
does a rich man from an equal gain, it is neverthelessconceivable,for example,
3 Free translation of Bernoulli's "emolumentum medium," literally: "mean utility."
[Translator]
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that a rich prisonerwho possessestwo thousandducats but needs two thousand
ducats more to repurchasehis freedom,will place a highervalue on a gain of
two thousand ducats than does another man who has less money than he.
Though innumerableexamplesof this kind may be constructed, they represent exceedingly rare exceptions. We shall, therefore, do better to consider
what usually happens, and in order to perceive the problem more correctly
we shall assume that there is an imperceptiblysmall growth in the individual's wealth which proceeds continuously by infinitesimalincrements. Now
it is highly probable that any increase in wealth, no matter how insignificant,
will always result in an increase in utility which is inversely proportionateto the
quantity of goods already possessed. To explain this hypothesis it is necessary to

definewhat is meant by the quantityof goods.By this expressionI mean to connote food, clothing, all things which add to the conveniencesof life, and even
to luxury-anything that can contributeto the adequate satisfaction of any
sort of want. There is then nobodywho can be said to possessnothingat all in
this sense unless he starves to death. For the great majority the most valuable
portion of their possessionsso definedwill consist in their productivecapacity,
this term being taken to includeeven the beggar'stalent: a man who is able to
acquireten ducats yearly by beggingwill scarcelybe willing to accept a sum of
fifty ducats on conditionthat he henceforthrefrainfrom begging or otherwise
trying to earn money. For he would have to live on this amount, and after he
had spent it his existencemust also come to an end. I doubt whethereven those
who do not possessa farthingand are burdenedwith financialobligationswould
be willing to free themselvesof their debts or even to accept a still greatergift
on such a condition. But if the beggar were to refuse such a contract unless
immediatelypaid no less than one hundredducatsand the man pressedby creditors similarlydemandedone thousandducats, we might say that the formeris
possessedof wealth worth one hundred,and the latter of one thousandducats,
though in commonparlancethe formerowns nothing and the latter less than
nothing.
?6. Having stated this definition,I returnto the statement made in the previous paragraphwhichmaintainedthat, in the absenceof the unusual,the utility
resulting from any small increase in wealth will be inversely proportionateto the
quantity of goods previously possessed. Considering the nature of man, it seems to

me that the foregoinghypothesisis apt to be valid for many peopleto whomthis
sort of comparison,can be applied. Only a few do not spend their entire yearly
incomes.But, if amongthese, one has a fortunewortha hundredthousandducats
and anothera fortuneworth the same numberof semi-ducatsand if the former
receivesfrom it a yearly incomeof,five thousandducats while the latter obtains
the same numberof semi-ducatsit is quite clearthat to the formera ducat has
exactly the same significanceas a semi-ducatto the latter, and that, therefore,
the gain of one ducat will have to the formerno highervalue than the gain of a
semi-ducatto the latter. Accordingly,if each makes a gain of one ducat the
latter receivestwice as much utility from it, having been enrichedby two semiducats. This argumentapplies to many other cases which, therefore,need not
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be discussedseparately.The propositionis all the more valid for the majority
of men who possessno fortuneapart from their workingcapacity which is their
only source of livelihood.True, there are men to whom one ducat means more
than many ducats do to others who are less rich but more generousthan they.
But since we shall now concernourselvesonly with one individual (in different
states of affluence)distinctionsof this sort do not concernus. The man who is
emotionally less affected by a gain will support a loss with greater patience.
Since, however,in special cases things can conceivablyoccur otherwise,I shall
first deal with the most generalcase and then develop our specialhypothesisin
orderthereby to satisfy everyone.
Q~~~~~~~~~~
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?7. Therefore,let AB represent the quantity of goods initially possessed.
Then after extendingAB, a curve BGLS must be constructed,whose ordinates
CG, DH, EL, FM, etc., designateutilities correspondingto the abscissas BC,
BD, BE, BF, etc., designatinggains in wealth. Further,let m, n, p, q, etc., be
the numberswhich indicate the numberof ways in which gains in wealth BC,
BD, BE, BF [misprintedin the originalas CF], etc., can occur.Then (in accord
with ?4) the moralexpectationof the risky propositionreferredto is given by:
PO = m.CG + n.DH + p.EL + q.FM +
m +n + p +q + -**

Now, if we erect AQ perpendicularto AR, and on it measureoff AN = PO, the
straightline NO - AB representsthe gain which may properlybe expected, or
the value of the riskypropositionin question. If we wish, further,to know how
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large a stake the individualshould be willing to venture on this risky proposition, our curve must be extendedin the opposite directionin such a way that
the abscissaBp now representsa loss and the ordinate po representsthe correspondingdecline in utility. Since in a fair game the disutilityto be sufferedby
losing must be equal to the utility to be derived by winning,we must assume
that An = AN, or po = PO. Thus Bp will indicatethe stake more than which
personswho considertheir own pecuniarystatus should not venture.
COROLLARY I

?8. Until now scientists have usually rested their hypothesison the assumption that all gains must be evaluated exclusivelyin terms of themselves,i.e.,
on the basis of their intrinsicqualities,and that these gains will always produce
a utility directly proportionateto the gain. On this hypothesis the curve BS
becomes a straight line. Now if we again have:
PO = m.CG + n.DH + p.EL + q.FM +
P0m+n+
p+q+ ..
and if, on both sides, the respectivefactorsare introducedit followsthat:
BP

m.BC + n.BD + p.BE + q.BF +
m+n+
p+q+
*

which is in conformitywith the usually accepted rule.
COROLLARY II

?9. If AB wereinfinitelygreat,even in proportionto BF, the greatestpossible
gain, the arc BM may be consideredvery like an infinitesimallysmall straight
line. Again in this case the usual rule [for the evaluationof risky propositions]
is applicable,and may continueto be consideredapproximatelyvalid in games
of insignificantmoment.
?10. Having dealt with the problemin the most generalway we turn now to
the aforementionedparticularhypothesis,which, indeed, deserves prior attention to all others.First of all the natureof curvesBS must be investigatedunder
the conditionspostulatedin ?7. Since on our hypothesis we must considerinfinitesimallysmall gains, we shall take gains BC and BD to be nearly equal, so
that their differenceCD becomesinfinitesimallysmall. If we draw Gr parallel
to BR, then rH will representthe infinitesimallysmall gain in utility to a man
whose fortuneis AC and who obtains the small gain, CD. This utility, however,
shouldbe relatednot only to the tiny gain CD, to whichit is, other things being
equal, proportionate,but also to AC, the fortune previouslyowned to which it
is inversely proportionate. We therefore set: AC = x, CD = dx, CG = y, rH =
dy and AB = a; and if b designates some constant we obtain dy = bdx or y =
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x

b log -. The curve sBS is thereforea logarithmiccurve, the subtangent4of which
is everywhereb and whose asymptote is Qq.
?11. If we now comparethis result with what has been said in paragraph7,
it will appear that: PO = b log AP/AB, CG = b logAC/AB, DH

=

b logAD/AB

and so on; but since we have
PO

m.CG + n.DH + p.EL + q.FM +
m +n + p +q +

it follows that
AE + qb log AF
AB +
AD + pb log AB
AB + nb log AD
log AC

APB=(b
b log AAP

**

)

(m+n+p+q+
and therefore
AP

= (AC..AD

AEP.AF

.

..)l/+n+p+q+

and if we subtractAB from this, the remainingmagnitude,BP, will represent
the value of the risky propositionin question.
?12. Thus the precedingparagraphsuggeststhe followingrule:Any gain must
be added to thefortune previouslypossessed, then this sum must be raised to the power
given by the numberof possible ways in which the gain may be obtained;these terms
should then be multiplied together.Then of this product a root must be extractedthe
degree of which is given by the number of all possible cases, and finally the value
of the initial possessions must be subtractedtherefrom;what then remains indicates
the value of the risky proposition in question. This principle is essential for the

measurementof the value of risky propositionsin various cases. I would elaborate it into a completetheory as has been done with the traditionalanalysis,
were it not that, despite its usefulnessand originality,previousobligationsdo
not permitme to undertakethis task. I shall therefore,at this time, mentiononly
the moresignificantpointsamongthose whichhave at firstglanceoccurredto me.
4 The
-

(x

-

tangent to the curve y = b log - at the point xo, log-)
a

a

is the liney

-

b log-

=

a

xo). This tangent intersects the Y-axis (x = 0) at the point with the ordinate

xo

b log --b.
a

The point of contact of the tangent with the curve has the ordinate b log

-

a

So also does the projection of this point on the Y-axis. The segment between the two points
on the Y-axis that have been mentioned has the length b. That segment is the projection
of the segment on the tangent between its intersection with the Y-axis and the point of
contact. The length of this projection (which is b) is what Bernoulli here calls the "subtangent." Today, by the subtangent of the curve y = f(x) at the point (xo , f(xo)) is meant
the length of the segment on the X-axis (and not the Y-axis) between its intersection with
the tangent and the projection of the point of contact. This length is f(xo)/f'(xo). In the
case of the logarithmic curve it equals xolog .-]Karl Menger.
at
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?13. First, it appearsthat in many games, even those that are absolutelyfair,
both of the playersmay expect to suffera loss; indeed this is Nature's admonition to avoid the dice altogether.... This follows from the concavity of curve
sBS to BR. For in makingthe stake, Bp, equal to the expectedgain, BP, it is
clear that the disutility po which results from a loss will always exceed the expected gain in utility, PO. Althoughthis result will be quite clearto the mathematician, I shall neverthelessexplain it by example,so that it will be clear to
everyone.Let us assumethat of two players,both possessingone hundredducats,
each puts up half this sum as a stake in a game that offersthe same probabilities
to both players. Under this assumptioneach will then have fifty ducats plus
the expectationof winning yet one hundred ducats more. However, the sum
of the values of these two items amounts, by the rule of ?12, to only
(501.1501)' or -v50.150, i.e., less than eighty-seven ducats, so that, though
the game be played under perfectlyequal conditionsfor both, either will suffer
an expected loss of more than thirteen ducats. We must strongly emphasize
this truth, althoughit be self evident: the imprudenceof a gamblerwill be the
greaterthe largerthe part of his fortunewhich he exposesto a game of chance.
For this purposewe shall modify the previousexampleby assumingthat one of
the gamblers,before putting up his fifty ducat stake possessed two hundred
/io50.250, which is
ducats. This gamblersuffers an expected loss of 200 than
six
ducats.
much
greater
not
?14. Since, therefore,everyone who bets any part of his fortune, however
small, on a mathematicallyfair game of chance acts irrationally,it may be of
interest to inquire how great an advantage the gamblermust enjoy over his
opponentin orderto avoid any expectedloss. Let us again considera game which
is as simple as possible, definedby two equiprobableoutcomesone of which is
favorableand the other unfavorable.Let us take a to be the gain to be won in
case of a favorableoutcome,and x to be the stake whichis lost in the unfavorable
case. If the initial quantity of goods possessedis a we have AB = a; BP = a;
PO = b log a + a (see ?10), and since (by ?7) po = PO it followsby the nature
of a logarithmic curve that Bp =

a

.

+ a

Since however Bp represents the stake

x, we have x = ae + a a magnitudewhichis always smallerthan a, the expected
gain. It also follows from this that a man who risks his entire fortune acts like
a simpleton,howevergreat may be the possiblegain. No one will have difficulty
in being persuadedof this if he has carefully examined our definitionsgiven
above. Moreover, this result sheds light on a statement which is universally
accepted in practice:it may be reasonablefor some individualsto invest in a
doubtfulenterpriseand yet be unreasonablefor others to do so.
?15. The procedurecustomarilyemployed by merchantsin the insuranceof
commoditiestransportedby sea seemsto merit specialattention.This may again
be explainedby an example.Suppose Caius,5a Petersburgmerchant,has pur$ Caius is a Roman name, used here in the sense of our "Mr. Jones." Caius is the older
form; in the later Roman period it was spelled "Gaius." [Translator]
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chased commoditiesin Amsterdamwhich he could sell for ten thousandrubles
if he had them in Petersburg.He thereforeordersthem to be shippedthere by
sea, but is in doubt whetheror not to insurethem. He is well awareof the fact
that at this time of year of one hundredships which sail from Amsterdamto
Petersburg,five are usually lost. However,there is no insuranceavailablebelow
the price of eight hundredrubles a cargo, an amount which he considersoutrageouslyhigh. The questionis, therefore,how much wealth must Caius possess
apart from the goods under considerationin orderthat it be sensiblefor him to
abstain from insuringthem? If x representshis fortune,then this togetherwith
the value of the expectation of the safe arrival of his goods is given by
10(X

+

101)95X5

(X

+

00)'9x

in case he abstains. With insurance

he will have a certainfortune of x + 9200. Equating these two magnitudeswe
get: (x + 10000)19x= (x + 9200)20or, approximately,x = 5043. If, therefore,
Caius, apart from the expectation of receiving his commodities,possesses an
amount greater than 5043 rubles he will be right in not buying insurance.If,
on the contrary,his wealth is less than this amount he shouldinsurehis cargo.
And if the question be asked "What minimumfortune should be possessedby
the man who offersto providethis insurancein orderfor him to be rationalin
doing so?" We must answerthus: let y be his fortune,then

~ (y -9200)=y
~
=
2A/(y+~ 800)19.
or approximately,y = 14243, a figure which is obtained from the foregoing
without additionalcalculation.A man less wealthy than this would be foolish
to provide the surety, but it makes sense for a wealthierman to do so. From
this it is clear that the introductionof this sort of insurancehas been so useful
since it offers advantagesto all persons concerned.Similarly,had Caius been
able to obtain the insurancefor six hundredrubles he would have been unwise
to refuseit if he possessedless than 20478 rubles,but he wouldhave acted much
too cautiouslyhad he insuredhis commoditiesat this rate when his fortunewas
greater than this amount. On the other hand a man would act unadvisedlyif
he were to offerto sponsorthis insurancefor six hundredrubleswhen he himself
possessesless than 29878 rubles.However,he would be well advised to do so if
he possessedmorethan that amount.But no one, howeverrich,wouldbe managing his affairsproperlyif he individuallyundertookthe insurancefor less than
five hundredrubles.
?16. Another rule which may prove useful can be derived from our theory.
This is the rule that it is advisableto divide goods which are exposedto some
dangerinto severalportionsratherthan to risk them all together.Again I shall
explain this more precisely by an example. Semproniusowns goods at home
worth a total of 4000 ducats and in addition possesses 8000 ducats worth of
commoditiesin foreigncountriesfromwherethey can only be transportedby sea.
However,our daily experienceteaches us that of ten ships one perishes.Under
these conditionsI maintain that if Semproniustrusted all his 8000 ducats of
goods to one ship his expectationof the commoditiesis worth 6751 ducats. That
20

is
V120009.40001

-

4000.
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If, however,he were to trust equal portionsof these commoditiesto two ships
the value of his expectationwould be
.800018.4000-4000,
%12O081

i.e., 7033 ducats.

In this way the value of Sempronius'prospectsof successwill growmore favorable the smallerthe proportioncommittedto each ship. However,his expectation
will never rise in value above 7200 ducats. This counselwill be equally serviceable for those who invest their fortunes in foreign bills of exchangeand other
hazardousenterprises.
?17. I am forcedto omit many novel remarksthough these would clearlynot
be unserviceable.And, thougha personwho is fairlyjudiciousby naturalinstinct
might have realizedand spontaneouslyapplied much of what I have here explained, hardly anyone believed it possible to define these problemswith the
precisionwe have employedin ourexamples.Sinceall ourpropositionsharmonize
perfectlywith experienceit wouldbe wrongto neglect them as abstractionsresting upon precarioushypotheses.This is furtherconfirmedby the followingexample which inspiredthese thoughts, and whose history is as foliows:My most
honorablecousin the celebratedNicolasBernoulli, Professorutriusqueiuris6at
the Universityof Basle, once submittedfive problemsto the highlydistinguished7
These problemsare reproducedin the workL'analyse
mathematicianMontmort.8
sur les jeux de hazardde M. de Montmort,p. 402. The last of these problemsruns
as follows:Peter tossesa coin and continuesto do so until it shouldland "heads"
whenit comesto theground.He agreesto givePaul one ducatif he gets "heads"on
the veryfirst throw,twoducatsif he getsit on the second,four if on the third,eight
if on thefourth,and so on, so thatwith eachadditionalthrowthenumberof ducats
he mustpay is doubled.Supposewe seekto determinethevalueof Paul's expectation.
My aforementionedcousin discussedthis problemin a letter to me asking for
my opinion.Although the standardcalculationshows9that the value of Paul's
expectation is infinitely great, it has, he said, to be admitted that any fairly
reasonableman would sell his chance, with great pleasure,for twenty ducats.
The accepted method of calculation does, indeed, value Paul's prospects at
infinitythoughno one wouldbe willingto purchaseit at a moderatelyhigh price.
6 Faculties of law of continental European universities bestow up to the present time the
title of a Doctor utriusque juris, which means Doctor of both systems of laws, the Roman
and the canon law. [Translator]
7 Cl., i.e., Vir Clarissimus, a title of respect. [Translator]
8 Montmort, Pierre Rdmond, de (1678-1719).The work referred to here is the then famous
"Essai d'analyse sur les jeux de hazard," Paris, 1708. Appended to the second edition,
published in 1713, is Montmort's correspondencewith Jean and Nicolas Bernoulli referring
to the problems of chance and probabilities. [Translator].
9 The probability of heads turning up on the lst throw is 1/2. Since in this case Paul
receives one ducat, this probability contributes 1/2. 1 = 1/2 ducats to his expectation. The
probability of heads turning up on the 2nd throw is 1/4. Since in this case Paul receives 2
ducats, this possibility contributes 1/4.2 = 1/2 to his expectation. Similarly, for every
integer n, the possibility of heads turning up on the n-th throw contributes 1/2n.2f- = 1/2
ducats to his expectation. Paul's total expectation is therefore 1/2 + 1/2 + * + 1/2 +
and that is infinite -Karl Menger.
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If, however, we apply our new rule to this problem we may see the solution and
thus unravel the knot. The solution of the problem by our principles is as follows.
?18. The number of cases to be considered here is infinite: in one half of the
cases the game will end at the first throw, in one quarter of the cases it will
conclude at the second, in an eighth part of the cases with the third, in a sixteenth part with the fourth, and so on.10 If we designate the number of cases
through infinity by N it is clear that there are 12N cases in which Paul gains
one ducat, 14N cases in which he gains two ducats, 18N in which he gains four,
Y16N in which he gains eight, and so on, ad infinitum. Let us represent Paul's
fortune by a; the proposition in question will then be worth
_V7(a

+

1)N/2. (a

+

2)N/4.
=

4)N/8.

+

(a

(a +

8)NI16

V f(aV+)(a

X/(a

a..

-

a

+ 4)IY(a

+ 8)

-

a.

?19. From this formula which evaluates Paul's prospective gain it follows
that this value will increase with the size of Paul's fortune and will never attain
an infinite value unless Paul's wealth simultaneously becomes infinite. In addition we obtain the following corollaries. If Paul owned nothing at all the value
of his expectation would be

which amounts to two ducats, precisely. If he owned ten ducats his opportunity
would be worth approximately three ducats; it would be worth approximately
four if his wealth were one hundred, and six if he possessed one thousand. From
this we can easily see what a tremendous fortune a man must own for it to
make sense for him to purchase Paul's opportunity for twenty ducats. The
amount which the buyer ought to pay for this proposition differs somewhat
from the amount it would be worth to him were it already in his possession.
Since, however, this difference is exceedingly small if a (Paul's fortune) is great,
10Since the number of cases is infinite, it is impossible to speak about one half of the
cases, one quarter of the cases, etc., and the letter N in Bernoulli's argument is meaningless. However, Paul's expectation on the basis of Bernoulli's hypothesis concerning evaluation can be found by the same method by which, in footnote 9, Paul's classical expectation
was determined. If Paul's fortune is a ducats, then, according to Bernoulli, he attributes
a+ 2n-'
. If the probability of this gain is 1/2n, his
to a gain of 2n-1 ducats the value b log
a

expectation is b/2n log a+2

.

Paul's expectation resulting from the game is therefore

a + 2n-1
b
a + 2
a+ 1 b
b
+**+ ***+-2nlog
+-4log
2-log
2n
a
4
2
at
at
-b log [(a + 1)1/2 (a + 2)1/4".....(a + 2n-1)1/2.
What addition D to Paul's fortune has the same value for him? Clearly, b log
equal the above sum. Therefore
D = (Ca+

-Karl Menger.

1)1/2(a

+

2) /14_.... (a

+ 2n-1)1/2n...

-a.

b]-

+
a

log a.
must
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we can take them to be equal. If we designatethe purchaseprice by x its value
can be determinedby means of the equation
V<(a+ 1-x)

.V
-(za

+ 2-x)

. </(a + 4-x)

...

. V(a + 8-x)

and if a is a large numberthis equationwill be approximatelysatisfiedby
x =Y

+1./a+2.

Va/e+

4.

Ya/+

8 *-a

.

After having read this paper to the Society" I sent a copy to the aforementioned
Mr. Nicolas Bernoulli, to obtain his opinion of my proposedsolution to the difficulty
he had indicated. In a letterto me written in 1732 he declaredthat he was in no way
dissatisfied with my proposition on the evaluation of risky propositions when applied
to the case of a man who is to evaluate his own prospects. However, he thinks that
the case is different if a third person, somewhat in the position of a judge, is to
evaluate the prospects of any participant in a game in accord with equity and justice. I myself have discussed this problem in ?2. Then this distinguished scholar
informed me that the celebratedmathematician, Cramer,"2had developeda theory
on the same subject several years beforeI producedmy paper. Indeed I havefound
his theory so similar to mine that it seems miraculous that we independentlyreached
such close agreement on this sort of subject. Thereforeit seems worth quoting the
words with which the celebratedCramer himself first described his theory in his
letter of 1728 to my cousin. His words are as follows:'3

"PerhapsI am mistaken,but I believe that I have solved the extraordinary"
problemwhichyou submittedto M. de Montmort,in your letter of September9,"
1713, (problem5, page 402). For the sake of simplicityI shall assumethat A"
tosses a coin into the air and B commitshimself to give A 1 ducat if, at the"
first throw, the coin falls with its cross upward;2 if it falls thus only at the"
secondthrow,4 if at the thirdthrow,8 if at the fourththrow,etc. The paradox"
consists in the infinite sum which calculationyields as the equivalent which"
A must pay to B. This seems absurdsince no reasonableman would be willing"
to pay 20 ducats as equivalent.You ask for an explanationof the discrepancy"
between the mathematical calculationand the vulgar evaluation. I believe"
that it results from the fact that, in their theory,mathematiciansevaluate"
money in proportionto its quantity while, in practice,people with common"
sense evaluate money in proportionto the utility they can obtain from it. The"
mathematicalexpectationis renderedinfinite by the enormousamount which"
I can win if the coin does not fall with its crossupwarduntil ratherlate, perhaps"
at the hundredthor thousandththrow. Now, as a matter of fact, if I reason"
as a sensibleman, this sum is worthno moreto me, causesme no morepleasure"
11Bernoulli's paper had been submitted to the Imperial Academy of Sciences in Petersburg. [Translator]
12 Cramer, Gabriel, famous mathematician, born in Geneva, Switzerland (1704-1752).
[Translator]
13The following passage of the original text is in French. [Translator]
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"and influencesme no more to accept the game than does a sum amounting
"only to ten or twenty million ducats. Let us suppose, therefore, that any
"amountabove 10 millions,or (forthe sake of simplicity)above 224= 166777216
"ducats be deemed by him equal in value to 224 ducats or, better yet, that I
"can never win more than that amount, no matter how long it takes beforethe
"coinfalls with its crossupward.In this case, my expectationis M . 1 + M .2 +
".4'.+F

25.224

+

2 .224 +

27.224

M

+

+

y

+

y

+

"(24 times) * * + M + Y4 + X + * = 12 + 1 = 13. Thus, my moral ex"pectationis reducedin value to 13 ducats and the equivalent to be paid for
"it is similarlyreduced-a result which seems much more reasonablethan does
"renderingit infinite."
Thus far14 the expositionis somewhatvagueand subjectto counterargument.
If it, indeed,be true that the amount225 appearsto us to be no greaterthan 224,
no attentionwhatsoevershouldbe paid to the amountthat may be won after the
throwI am certainto
twenty-fourth
throw,since just beforemakingthetwenty-fifth
endup withno less.than 224 _ 1,15 an amountthat,accordingto this theory,may be
consideredequivalentto 224. Thereforeit may be said correctlythatmy expectation
ik only worthtwelveducats,not thirteen.However,in viewof thecoincidencebetween
authorand my own, theforethe basic principledevelopedby the aforementioned
not
intended
to
be
taken
to
invalidatethatprinciple.I referto the
going is clearly
men
should
evaluate
moneyin accordwith the utility
ptopositionthat reasonable
I
state
avoid
this to
leadinganyonetojudge thatentiretheory
theyderivetherefrom.
what
Cl. C."6Cramerstates,expressingin thefollowing
adversely.And thisis exactly
mannerpreciselywhatwe wouldourselvesconclude.He continuesthus:"7
"The equivalentcan turn out to be smalleryet if we adopt some alternative
"hypothesison the moralvalue of wealth. For that which I have just assumed
"is not entirely valid since, while it is true that 100 millionsyield more satis"factionthan do 10 millions,they do not give ten times as much. If, for example,
"we supposethe moralvalue of goods to be directlyproportionateto the square
"root of their mathematicalquantities, e.g., that the satisfactionprovidedby
"40000000 is double that provided by 10000000, my psychic expectation
"becomes

;W2'Il+ XV2+

Y

4+

YI6\/+

*

2-

1

V2

"Howeverthis magnitude is not the equivalent we seek, for this equivalent
"need not be equal to my moral expectationbut should rather be of such a
"magnitudethat the pain caused by its loss is equal to the moral expectation
"of the pleasureI hope to derivefrommy gain. Therefore,the equivalentmust,
14From here on the text is again translated from Latin. [TranslatorJ
1I This remark of Bernoulli's is obscure. Under the conditions of the game a gain of
224 - 1 ducats is impossible.-Karl Menger.
16To be translated as "the distinguished Gabriel." [Translator]
17 Text continues in French. [Translator]
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= 2.9 ***, which"
4
is consequentlyless than 3, truly a triflingamount,but nevertheless,I believe,"
closerthan is 13 to the vulgarevaluation."
on our hypothesis,amountto (2-

=

(6

-
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