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Abstract—In this paper, we analyze the performance of es- (where N is the number of discrete modes) with juat
timation algorithms for discrete-time stochastic linear hybrid  Kalman filters. [11, [2], [3], [4] give various other hybrid
systems. The problem of being able to estimate both the discrete estimation algorithms and their applications.

and continuous states of a hybrid system given only the contin- .

uous output sequence is a )élifficultyone, gnd whilg algorithms While several researcher_s ([4]} [51, [6], [71, [81’ 9], [10]
[1], [2] exist for this purpose, little has been proved on the [11]) have analyzed hybrid estimators for special classes o
limitations of these algorithms, or even the dependence of their systems, general analysis techniques for the performaice o
performance on system parameters. We find necessary condi- hybrid estimation algorithms have not been investigated in
tions to guarantee the convergence of these hybrid estimation detail until now. Maybeck [1] gives qualitative reasonstioe

algorithms. We also derive expressions to determine bounds . . .
on the discrete mode detection delay. These conditions also performance of hybrid estimators and adds that no rigorous

provide a method to predict a priori which transitions in a  general proofs are available for the (asymptotic convesgpn
hybrid system are relatively easy to detect, as a function of properties of the hypothesis conditional probabilitiesthis
the system parameters. Finally, we validate our conditions and paper, we attempt to remedy this situation and successfully
predictions using first a simple yet illustrative 1-D example, and  gerjye conditions under which the hybrid estimates coreerg
then a more complex aircraft tracking example. . . .
exponentially to the exact hybrid states. We determine nec-
essary conditions for mode detection, sufficient condgion
for instantaneous mode detection, and bounds on the mode
Many complex systems can be modeled by hybrid systentetection delay. The results of our analysis also provide
with a number of discrete modes having different continuouigisight into determining which mode transitions arere
dynamics and discrete transition relations between theesod detectablgfaster convergence to true mode) than others and
The objective of hybrid estimation is to estimate both thalso improving the performance of hybrid estimators. We
mode and the continuous state of a hybrid system at ampmpare the performance of the MMAE algorithm with that
given time. Hybrid estimators usually consist of the comef the IMM algorithm which has been widely (and success-
bination of a bank of continuous state estimators (usualffglly) used in the area of multiple target tracking. We show
Kalman filters), designed for the different discrete modesnalytically why the IMM algorithm has better performance
and a hypothesis testing (mode selecting) algorithm. Thean the MMAE. For brevity, we omit proofs — they are
class of hybrid estimators analyzed in this paper addressesvailable upon request.
very challenging problem — that of mode detection and state
estimation given only the continuous system output data. Fo
hypothesis testing, it is then necessary to use the diffeen
in statistical properties (such as mean and covarianceéjeof t We consider a discrete-time stochastic linear hybrid syste
outputs from the different Kalman filters to choose the modfl2]
Iikely. mode.. . . 2k +1)
Hybrid estimation algorithms have been developed for H : { (k)
discrete-time stochastic linear hybrid systems in which th
discrete transitions are governed by finite-state Markowherek € N, z € R™, u € R andz € R” are the continuous
chains. The Multiple Model Adaptive Estimation Algorithm State, control input, and output variables respectivelye T
(MMAE) [1] is an algorithm in which, for hypothesis testing, indexi € {1,2,---, N'} represents the discrete state whose
the Kalman filter residuals are used to form likelihood funcevolution is governed by the finite state Markov chain
tions for the different modes, which are then useddaeptive .
weightsto find the most probable mode. A refinement of the plk +1) = Tu(k) 2)
MMAE, the Interacting Multiple Model Algorithm (IMM) wherell = {m;;} € RV*¥ is the mode transition matrix
[2], mixes the initial conditions of each of the Kalman fiker and (k) € RY is the mode probabilityat time k. The
at each time-step. The rationale behind this refinementevasdystem matricesd; € R"*", B; € R*»*!, andC; € RP*»
enable keeping information fronv? discrete time histories for i € {1,2,---, N} are assumed known. We denote the

I. INTRODUCTION

II. DISCRETETIME STOCHASTIC LINEAR HYBRID
SYSTEMS
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covariance of the initial state(kq) asmy € RY, and assume whereA;(k+1) := N (r;(k+1);0, S;(k+1)) is the likelihood
that the process noise; (k) and the measurement noisg¢k)  function .e., p(z(k+1)|m;(k+1), Z(k))) of modei, r; (k+

are uncorrelated, zero-mean white Gaussian sequences with= z(k + 1) — C;#;(k + 1) is the residual produced by
the covariance matriceB|w;(k)w;(k)T] = Q; € R®*™ and the Kalman filteri, S;(k + 1) € RP*? is the corresponding
Elv;(k)v;(k)T] = R; € RP*P respectively.E[] and ()7  residual covariance, anll'(a; b, c) is the probability at of a
denote expectation and matrix transpose respectivelys It mormal distribution with mean and covariance. p(m;(k +
assumed thab; (k) andv; (k) are both uncorrelated with the 1)|Z(k)) is the mode probability estimate at tinke+ 1. If
initial state, i.e.,E[x(ko)w;(k)T] = Elx(ko)vi(k)T] = 0. the mode transitions are governed by a finite Markov chain,

We defineZ(k) = {z(0),---,z(k)} as the measurement the mode probability estimate can be expressed by

sequence up to timk. Since the state evolution of a hybrid N

system has continuous trajectories as well as discretegump p(mi(k+1)|Z(k)) =Y map(mi(k)| Z(k))  (5)
1=1

we define a hybrid time trajectory:
Definition 1: (Hybrid time trajectory) A hybrid time tra- Thus, the weight (mode probability) is

jectory is a sequence of intervalgg, ki — 1][k1, ko — ANk +1) &
1]+ [ki, ki1 —1]--- wherek;(i > 1) is the time at which Jk+1 ;:L map(my (k)| Z (k 6
the i-th discrete state transition occurs. pl ) ek +1) ; oz O

In thi r ‘exponential convergen f a hybri ti- . o .
S, paper, by. exponential convergence of a hybrid es wherec(k + 1) is a normalization constant. The mode esti-
mator’ we mean: : . .
L ) . . . mate at timek is chosen to be the mode which has the max-
Definition 2: (Exponential convergence of a hybrid esti-.

mator) Given a hybrid systerfi with N discrete modes, we imum mode probability at_ that time. The T“Ode probability
say that a hybrid estimator is exponentially convergentsif i (?iepgnds not only on the finite Markov gham but also on t_he
likelihood produced by each Kalman filter. A probabilistic

discrete state estimate exhibits correct identificatiorthef . : . .
analysis of the sojourn time based purely on the discrete

dls_crete-state transmon. sequence Of. the c_)r|g|nal Sy st dé/namics of the hybrid system would suggest that the typ-
a finite number of steps; and at any given time, the continuou : oo :
|ﬁal sojourn time in any mode is very small. However, the

state estimate is unique, with a mean estimation error whic ) - . .
. . o assumption that a finite Markov chain models the discrete dy-
is exponentially bounded to zero across transitions.

namics well is not very realistic, since most physical hgbri
[1l. HYBRID ESTIMATION ALGORITHMS dynamical systems have longer sojourn times. We therefore
In this section, we consider a generic hybrid estimatioff€d {0 incorporate knowledge from the continuous dynamics
algorithm [1] for the discrete-time stochastic linear figbr (through the likelihood functions) while computing the reod

system (1)-(2). From Bayesian estimation [1], the contiraio probability. Thus, the accuracy of the mode probability is
state estimate is the conditional mean: affected greatly by the likelihood function. The state restie

4 is
t(k+1)=Flx(k+1)|Z(k+1 3
#(k+1) ”[x( )| (“ )] | (? Bk+1) =28, ailk+ D) [Am itk +1) -
Iés/teﬁ(g)-/)' be the conditional probability density function, SN rap(m(k)| Z (k)]
' N ; . ,
z(k), Z(k), m;(k (6)-(7) is referred to as the Multiple Model Adaptive Es-
p(x(k)|Z(k)) = Zp( ( )p(Z((k):)) E) timation (MMAE) algorithm [1]. In the MMAE, all indi-
i=1

vidual Kalman filters run independently at every time step.
wherem; (k) denotes the event that the mode at timis i.  (7) shows that the state estimate depends on the likelihood
Thus, the state estimate (3) is function; the performance of the hybrid estimator thus tlyea
N depends on the behavior of the likelihood function.
ik+1) = Zii(k+ Dp(mi(k+1)|Z(k+1))  (4) We now describe the general structure of the IMM algo-
rithm [2]. The IMM has the same structure as the MMAE
except that it has th#lixing/Interactingstep at the start of
; £ i the estimation process which adjusts the initial condgtion
1))dx(k+1) is the mode-conditioned state estimater0f + o each Kalman filter at the beginning of every time step,

1) given m;(k +1). &;(k + 1) is computed by the state \iing 5 weighted sum of the state estimates from the previous
estimator matched to mode Therefore, the state estimateje step, as shown in Fig. 1. The optimal hybrid estimator

(4) is a weighted sum oV mode-conditioned state estimates, hich minimizes the mean-square estimation error has to
produced by each Kalman filter with the weightm;(k +  yeep track of all the mode histories up to the current time,
1)|Z(k +1)). The weight is given by and the number of such histories grows exponentially with
Ai(k+ 1)p(m;(k+1)|Z(k)) time, making it impossible to implement in practice. The
p(z(k + 1)|Z(k)) IMM is a suboptimal algorithm which, at each time step,

=1

whered;(k+1) = [7_ a(k+1)p(z(k+1)|Z(k+1), m;(k+

p(mi(k+1)|Z(k+1)) =



Ailetlien), Pt Ralietlken), Palketiiet) quantities. We assume thdt— (I — K,;Cr)Ar] is invertible.

l l If mode i is the correct modei(= T), thenr; , = 0. If
‘ Mixing/Interacting ‘% wiket k1) 7;.. # 0 (Vj # i), then the correct mode can be detected.
] ] However, even if mode is not the correct mode & T'), the
s, Pyiclic) e ten), Polictlict) steady-state mean residual for made zero if the following
l is true: (I — KlCT)AAl — K;ACA; = OA(CTAAZ +
J— AC;Ar — AC;AA;) =0\ — K;Cr)AB; — K;AC;B; =
20— KF, AR zk) —>  KF, e ALK 0 /\(CTABZ + AC;Br — ACZABZ) = 0/\ Auiss = 0. This
means that if at least two models are identical and the cor-
o IP o " ip o responding control inputs are the same, then the steatly-sta

residuals of both the corresponding modes are zero. In this
case, the hybrid estimator will not work. In other words, the

Ao wode mutag R P g . performance of the hybrid estimation algorithm depends on
ol o) | RO PO T e T Pk the differences between the residuals which in turn ariza fr

uto 1 model differences and input differences. In the above con-
%(KIK), PAKIK): state estimate of Kalman fiter j at time k and its covariance dition, the first four equalities come from model differesace
oi(klK). P, (kk): mixed initial condltion for Kalman filter j at time k and the last equality comes from input differences. This sup
20k1K), P(KIK): combined state estimate and its covariance (output) ports Maybeck’s heuristic observation that the perforneanc
0 mode probabiliy at time k of the MMAE depends on a significant difference between
u(iJk): mixing probability at time k the residual characteristics [1].

A‘(k): likelihood function of Kalman filter j

Fig. 1. Structure of the IMM algorithm (two mode) from [13] B. Transient analysis for mode probability

A steady-state Kalman filter is assumed to be used as the
state estimator for each mode. For the sake of notational
simplicity, we defineyu; (k) := le\ilﬂ-il:ul(k —1). The

ondition for correct mode detection at timkes:

keeps information fromV2 mode histories (wheréV is the

number of modes) with lower complexity, by mixing thé

mode histories of the previous time step into inputs to th
estimators that produce th€ mode histories of the current )
time step. It thus performs nearly as well as more complex pr(k) > pi(k), Vi#T ®)
algorithms that keepV? mode histories [2]. Using u;i(k) = p(mi(k)|Z(k)) in (6), since A;(k) =
(2m) " "/2(8i| " expl—g7i(k) TS (K)) (S = ST > 0),

IV. PERFORMANCE ANALYSIS . )
) . ) wherer7 is the mean residual, (8) becomes
In this section, we first analyze the performance of the hy-

brid estimation algorithm (either the MMAE or the IMM) by 0 < 7p(k)T Sy rr (k) 9)
analyzing the steady-state mean residuals. Since theystead e |S;] ur (k)
state analysis gives only necessary conditions on theperfo < Ti(k)"S; 7i(k) +2In (|ST> +2In (,wT(k))

mance of hybrid estimation, we then analyze the transient
behavior of mode probabilities, which are functions of thd © detect the correct mode exactly for ahy: N, (9) must

likelihoods and therefore the residuals. hold for all k € N (Vi # T). If there is a time delayd() for
) _ correct mode detection when a mode transition into nide
A. Analysis for the steady-state mean residuals occurs at timék; (I € N*t), (9) holds fork € [k; + 07, ki11).

Motivated by Caputi [11], we derive the steady-state meakor the existence of afy (k) satisfying (9), using the prop-
residual for each modéfor the hybrid system (1)-(2). Using erties of the eigenvalues of positive definite matrices ,[15]

the notation in [14], we define: we derive the following:
AA = A — A Proposition 1: The correct mode can be detecteddin
A B'f o BT B Bf time steps after a mode transition at tirheif there exists
AC? o CT _ C,z dr € N* such that fork € [k;+ 07, k1) (1 € NT, Vi £ T),
a Loem T ’ . Condition 1 holds, and either Condition 2 or Condition 3 is
Au;,, = up,, —u;,, = khm ur(k) — khm u; (k) Tue

B, = Jim 8:(k) 1) 7R (k) + 2 (152 ) +1n (S23) ] > 0

¢, = Jlim Elei(k)] = lim Bl(z(k) - 2i(k))] 2) rr(k)T ST rr(k) < 7i(k)TST (k)

[Si ] wr (k)
where the subscripf’ € {1,---,N} represents the true 1+2[ln (\Sﬂ) +1n (;L;(k))]
mode. Following a procedure similar to the one adopted by 3) |7, (k)|* < Ammi(sil)ufi(kﬂp
Hanlon et al. [14], we can express the steady-state mean A"““”(SZT ) X = (k)
residual for modei (r;,.) in terms of the above defined BT {ln<\s}\) +1n(u;(k))}

3



Condition 3 is a sufficient condition only, and might be ahe following condition:

very conservative test for correct mode detection. However 5 267 —1) || - 9

it gives valuable insight into the performance of hybrid es- a(CrAr) o (Fr) ”eT(le) |L <15(k +0r)
timation. Fast mode detection is dependent not only on the +ac(L;)’c ([ F; G GY ]) (6r—-1) le;(k)II? (14)

magnitudes of the residuals produced by each Kalman filt i - .
b 9 | h idual b yn(s I % find o1 explicitly, we try a different approach. We can
ut also on the residual covariances. Alml —son s small - Gyernatively write the mean residual of the incorrect fiie
|S:]

and/or 5] is small, it is difficult for Condltlon 3 to hold time k; + o7, 7;(k; + dr) as:
and thus to detect the correct mode. Therefore, by checking —1 "
the eigenvalues and determinant®f’, we can tell which CrArF]"™"& (k) + Hf (ki + or — 1)

mode transitions are more detectable than the others. This+ CrAT[F" 2Gi&i(k) + - - + Gd (ki + 01 — 2)]
is similar to the idea of the observability grammian as a + CrAr[F)" 7 2Glu(k) + - - + Glu(k, + o7 — 2)]
measure of which states are more observable than others [16] Heu(ky + 07 — 1) (15)

If we consider the steady-state residual mean, Condition 3
becomeSVz ;A T, We denote the last four terms of (15) by(k; + 07 — 1) and

77,1 %H%HQ Ji (ki +67) = al|b; (ki + 67 — 2)||> + Bk, + 67). Using this
(15 g (P (10) in Condition 3 of Proposition 1 and combining it with (14),
@ L1 (IS I) + n(u,;s )] we get:

Therefore, if the asymptotic behavior of the residuals sat- Proposition 2: The correct mode can be detectgdtime
isfies (10) and the sojourn times are long enough for thgteps after a mode transition if Condition 1 of Proposition 1

residuals to converge to their steady-state values, then tholds and there existsr € N, 67 < k41 — ki, [ € NT,
MMAE is guaranteed to estimate hybrid states correctly. Vi # T, such that either of the following conditions is true.

C. Mode estimation delay 1) 5(CrAr)?a(Fr)* " Ver(k)|? < Bk + or)

2 T u 2(6r—1) | 2
In this section, we derive the mode estimation defay too(Li)°a ([ Fi G Gl D les (k)
using Condition 3 in Proposition 1. The mean residual of 2) o7 >1+ {2111 ["(F ))} } {~Ina
the correct filter at timés; + 6; (I € N*), wheni =T, is 1ol U(CTAT)} |:HGT(kl H} 1,
Fr(ky + 07) = CpAp[(I — KpCp)Ap)oT—tep(k;), where o(CrAT) l1es (ko)
er(k;) is the mean of the estimation error of the correct
filter at time k;. For the sake of notational simplicity, we

when J;(k; + 61) > 0.

Note: Although the actual value of

define _
2 [Si] b (ki+6T)

FT = (I — KTCT>AT 7Fi = (I —_ KiCT)AT ﬂ(kl + 6T) Amax (S |:1H <|S |) +1 (N (kl+5T)):|

H? = CrAA; + ACiAr — ACiAA, might be negative, its magnltude is usually not big because

Hu .— CpAB; +AC; By — AC,AB; it is in a logarithmic scale. Thusl;(k; + d7) > 0 is easily

Gl = (I — K;Cp)AA; — K;AC; Ay (11) satisfied.

G" = (I — K;Cr)AB; — K;AC;B; In addition, for a two-mode system, if we assume that the

L = [ CrAr H} H} | estimator converges between transitions and that the mode
At k; + 67, the correct filter has a (norm) mean residual fransition matrixII is diagonally dominant, we obtain the

1o following condition:
It + o)l = lICrAr P er(h)| (22) ¥

7 ~ Sr—1)2 Proposition 3: For a hybrid system with two discrete
< o(CrAr)o(Fr) ez (k) modes, the correct mode can be detedgedime steps after
where(-) denotes the maximum singular value. Similarly@ mode transition if there existy: € N*, 67 < ki1 — ki,
we can show that the norm of the mean residual of the€ N*, i # 7', such that

t filt tt dr—1) | _
incorrect filter at timek; + o1 is ag(Li)2g([ F oG GY ])2( r—1) Hei(kz)||2
I7i(ki +or)| = a(Li)llei(k + o0 — 1) (13) N 2 [m ( |Si |> n ( Tii )}
> o(L)e ([Fi G Gy |leuk) Amas(S7") S| L= mii
— (ST —
where ¢(-) denotes the minimum singular value, and > &(CrAr) 25(Fr)*m Y er (k)2 (16)
ei(k;) is the mean estimation error of the incorrect fil-Proposition 3 implies that if (16) is satisfied, then the mode
ter at timek,. We definea := Amin(S7Y) 40 B(k) = probability of the correct mode is definitely greater thamst
. = G :

5] () of the other modes afte¥- time steps after a mode transition
W {ln <|ST‘) +1In ( = k))] Substituting this along at time k;. Thus, the correct mode is detectéd time steps
with (15) and (13) in Condmon 3 of Proposition 1, we obtainafter a mode transition.
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D. Instantaneous Mode Estimation more detectable than the others. In addition, si@ge R;,

Assuming that the time between discrete transitions is sz and Rr are desigg pa(rsqrp)eters for the Kalman filters
mas (S7

ficient to allow the Kalman filters and mode probabilities toi and 7', we can make=«= <L small by adjusting these
converge, we follow a procedure similar to Section IV-C, angharameters (Kalman filteuning) and thus reduce the mode
obtain, for a system withlv modes (Vv > 2): estimation delay. Secondly, if the condition numbetfAr
Proposition 4: The correct mode is detected instantais close to 1, the second term in (17) becomes small. Thus,
neously if the following condition holds: we also say which mode is more easily estimated than the
ao(L)*c ([ F; Gf G ])2 ll&s(ky — 1) others bﬁ/icpkeﬁ‘king the condition number@f A for all T'.
. . 1 eT (R i 1 1
+,\,W2(s;1) [ln (Ilg;ll) 11 (:f ), Thirdly, 2751 must be smalii.e. the mean state estimation

errors produced by mode-mismatched Kalman filters should

= 2|5 2
> o(CrAr)*|ler(k — 1) be small (and close to the error produced by the correct

where (ZL) - is the smallest ratio of off-diagonal to di- Kalman filter).

J . .. .
agonal eléments in any row of tfé x N transition matrix. The mixing step was originally devised to reduce the com-

SOT“?‘ o_tjth_e exprfgssm_ni m_l_tﬁe precehdmg results n:;y 6‘Hl'exity of the algorithm, yet it also keeps the estimatiomes
pear intimidating at first sight. They are, however, a sooice ¢ ¢4 filter mismatch small. At the mixing step at each time

intuition on the performance of hybrid estimation algarit instant, the IMM shifts the initial conditions for each Kam

as will be explained in Section V. filter closer to the (correct) estimate computed by the IMM
E. Exponential convergence of hybrid estimators at the previous time step. Therefore the means of the state
Finally, to present a complete picture, we refer to the aL‘e_stimation errors produced by the incorrect Kalman filters

thors’ previous work [17], in which conditions were deriveg@'® close to that of the correct Kalman filter. The mode esti-
under which, given a diécrete decision timiethe sojourn mation delay of the IMM is therefore smaller than that of the

time (A) is long enough for the error convergence during thIMAE (which does not have this mixing mechanism), and
period of correct detection— &) to balance the divergence translates to better performance. Ma_ybeck [1] proposes two
of the error during the mode mismatch. The discrete decisid”l’fJI hoc methods to improve adaptability of't.h.e MMAE: en-
time in [17] is in fact the mode detection delay that we havéOrCIng a I_ower bound on the mo_de probabilities and adding
derived in the present work. Therefore, combining the th;eut_:lonmse to the the K_alman f||ter_ models. The IMM does
results, we can evaluate the performance of a given hybr th inherently. We now illustrate this through examples.
estimator and also find the minimum sojourn time required
in each mode to guarantee exponential convergence of the
mean square error.

VI. EXAMPLES

We first consider mode detection in a simple, one-
V. PERFORMANCE COMPARISONS dimensional system such as the one in [12]. The dynamics

We use the mode estimation delay as a performance metlfcOf the forma(k) = a;e(k — 1) + biu(k) +wi(k), y(k) =
for comparison of the MMAE and IMM algorithms since ciz(k) +vi(k), and u(k) = 5cos(2t/100), where the state

a small mode estimation delay usually corresponds to vegriables and model parameters are scalar, there are 2taiscr
small estimation error. Analyzing Condition 2 of Proposi-mOdes' and the input is deterministic and sinusoidal. We

tion 2, we can explain the performance of hybrid estima@Stimate the hybrid state sequence from the output sequence

tion algorithms qualitatively. For a small mode estimatior}'>'"Y both the MMAE and_ the IMM. We f'@ check fo_r_
delay, the following must be small i;(k + o) > O: Instantaneous mode detection at a switch using Proposition

(VT € {1,--- N}, Vi £T), 5. We thgn_ compute the _maximum mode detection delay

(or the minimum sojourn time needed to guarantee correct

110 A,,m,(Sgl) o a(CrAT) o llex (k)| mode detection) using Propositions 3 and 4. We perform this

2 Amin (S;71) & a(CrAr) 8 lle: (k)| experiment for various values of the model parameters and

(17) compare our predictions with the simulations (Table I-A¥. A

where modé€l” is the correct mode_after the mode transitione.XpeCted’ the IMM performs better_than the MMAE. Also,

. P Armaz(S7 1) since we only compute a conservative estimate of the mode
attimek; (I € NT). Firstly, ==*=-7_2 must be small. Here, . L . )

) Amin(S;7) detection delay, it is quite possible that the observedydsla
the pre-computed residual covariangeand the steady-state less than the computed bound (as in cases 2 and 3). Fig. 2

error covariance matrix’?* computed by Kalman TE?'Z shows the mode probabilities and estimates for case 2. The
satisfy the algebraic Riccati equation. Thefefo%g,‘:(s%l) reason for the difference in the performance of the MMAE
depends only on the system parametdrsC;, Q;, R; and and IMM algorithms is clear when we consider the estimation
Ar,Cr,Qr, Rr. Thus, by checking the residual covarianceerrors in Fig. 3. At the mode transition times, the errors of
matrices for each Kalman filter (which can be done withouthe matched and mismatched filters of the IMM are almost

any measurements), we can tell which mode transition equal, therefore the mode detection delay is small. In our



A. Two-Mode Example: MMAE and IMM Performance vs. Parameters (Monte Carlo Simulation, 100 trials)
) Instant Detection Mode detection delay Amas(S7H)
Case | Algorithm Mode Parameters T(S;l)
(b1 =b2=1) Condition Predicted Observed
al a2 cl c2 2 -1 1-2 o7 63 01 02 T=1 T=2
1 MMAE 095| 025| 1 0.80 | v/ X 0 2 0 2 0.48 2.09
IMM vV X 0 2 0 2
2 MMAE 0.85| 0.85| 0.80 | 0.2 X X 6 2 4 0 1.29 0.77
IMM X Vv 2 0 0 0
3 MMAE 095 | 085 | 1.0 040 | x X 10 2 5 1 1.13 0.89
IMM Vv Vv 0 0 0 0
B. Three-Mode Example: MMAE and IMM Performance vs. Parameters (Monte Carlo Simulation, 100 trials)
. Mode detection delay Amaz (87
Case | Algorithm Mode Parameters max T(S;l)
(b1 =ba =b3=1) Predicted Observed
al | a2 a3 cl c2 c3 07 | 65 | 65 | 01 | 02 | 03 | T=1 T=2 T=3
1 MMAE 12| 025| 095| 080 | 1.0 | 080 | 2 0 7 1 0 5 1.2 0.80 1.26
IMM 1 0 5 1 0 4
TABLE |

(A) TwO MODE AND (B) THREE MODE EXAMPLES

example, (17) simply reduces I%”I(isi) in the case of mode transitions are the easiest to detect, and validated ou

the IMM, and Table I-A shows that as predicted, the smallgiesults using simulated experiments. Most importantly, ou
the value of (17),the smaller the mode detection delay. THeSUlts give a mathematical yet intuitive explanation féryw
biggest advantage of this result is that given a system afi®e IMM algorithm achieves its high levels of performance
its error bounds, this gives us a way to determéneriori  in the estimation of stochastic linear hybrid systems.
transitions to which modes are the most detectable. Results VIII. A CKNOWLEDGEMENTS
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APPENDIX
AIRCRAFT KINEMATIC MODEL:
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wherex = [z1 @1 z2 @2]7 wherez; andxs are the position coordinates,

0 } (k) + v (k), (i € {CV,OT})

u = [u1 u2]T wherewu; andusy are the acceleration components. The
control input is given byucy = [0 0] in CV mode,ucr = [1.5 1.5]T

in CT mode,T is the sampling intervahy; is the process noise, and is  Fig. 4. Aircraft mode estimates by (top) IMM and (bottom) MMAEDQ
trial MC simulation results (mode CV = 0, mode CT = 1).
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the sensor noise. We choose an operating velocity of 1506sknot



