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Abstract—We report the first quantitative study of inten-
sity noise induced in line-by-line pulse shaping in response to
time-varying changes in the comb frequency offset. Controllable
comb linewidth broadening is synthesized through frequency
dithering of a continuous-wave laser that is fed to a phase mod-
ulator. An electrical spectrum analyzer is used to examine the
current power spectra of shaped time-domain intensity waveforms
subject to comb frequency noise. A theoretical model predicting
a 20 dB/decade scaling relation between the dither-induced noise
and the frequency dither amplitude is presented. A numerical sim-
ulation method capable of predicting the precise form of the RF
power spectrum in the presence of optical frequency dithering is
explained. Two line-by-line shaping cases are considered in detail.
Experimental data are in excellent agreement with the simulated
results down to frequency dithers of a few tenths of a percent of
the comb spacing. Tolerances to laser frequency fluctuations are
given for several simple pulse shaping examples. The effect of
pulse shaper parameters is also discussed.

Index Terms—Optical arbitrary waveform generation, optical
frequency comb, optical pulse shaping, signal analysis.

I. INTRODUCTION

F OURIER transform optical pulse shaping is a well-es-
tablished technique, in which user-defined time-domain

waveforms are generated via manipulation in the spectral
domain [1]. Recently, we have demonstrated line-by-line pulse
shaping, in which the intensity and phase of each spectral line
of an input pulse train (frequency comb) are independently
controlled [2], [3]. In line-by-line shaping, the spectral reso-
lution of a shaper is made finer than the repetition frequency,
leading to shaped waveforms extending throughout the full
time period between initial input pulses. Compared to previous
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pulse shaping works in which spectral lines were addressed
only in groups, this constitutes an important step toward true
optical arbitrary waveform generation.

As a consequence of line-by-line shaping, waveform contri-
butions from overlapping adjacent pulses interfere coherently,
resulting in a new source of time-domain waveform noise
sensitive to variations in the comb offset frequency [2].
Thus, characterization of waveform intensity noise induced
by fluctuations of the laser frequency (effective linewidth)
and understanding of the resulting requirements for the fre-
quency stability of the laser source become important issues
in line-by-line pulse shaping. Different laser systems ex-
hibit different ranges of frequency fluctuations. For example,
mode-locked lasers generating combs of frequencies stabilized
down to subhertz linewidths have resulted in revolutionary
advances in optical frequency metrology [4] and optical carrier
envelope phase control [5], [6]. However, these self-referenced
mode-locked lasers typically operate at repetitions rates of

1 GHz and below, with line spacing too narrow for most
pulse shapers to cleanly resolve. Frequency combs from high
repetition rate sources such as harmonically mode-locked fiber
lasers often suffer from supermode noise leading to frequency
instabilities on the many hundred megahertz or even gigahertz
scale, which lead to serious pulse shaping noise in line-by-line
pulse shaping [2]. Some examples of frequency-stabilized
( megahertz linewidth) high repetition rate mode-locked
fiber lasers and external-cavity semiconductor lasers have
been demonstrated, but only with complicated control and/or
compromised frequency tuning ability [7], [8]. Monolithic
semiconductor mode-locked lasers are capable of generating
high-repetition-rate pulses, with linewidths ranging from a few
kilohertz to a few megahertz, increasing for higher repetition
rates and often suffering from frequency chirps [9]. Frequency
combs generated via phase modulation of a continuous-wave
(CW) laser [10]–[12] have also been employed in line-by-line
pulse shaping experiments [3], [13]–[17]. Such phase-mod-
ulated (PM) CW (PMCW) combs have an offset frequency
determined by a CW laser, with a linewidth (of order 10 kHz in
our experiments) intermediate between that of self-referenced
mode-locked lasers and harmonically mode-locked lasers.

In a previous report, we performed a quantitative investiga-
tion of waveform changes in line-by-line pulse shaping induced
due to static shifts of the optical comb frequency offset [18].
This work exploited the fact that with a PMCW comb, the fre-
quency offset of individual lines is controlled by the input CW

0018-9197/$25.00 © 2009 IEEE

Authorized licensed use limited to: Purdue University. Downloaded on October 15, 2009 at 10:49 from IEEE Xplore.  Restrictions apply. 



662 IEEE JOURNAL OF QUANTUM ELECTRONICS, VOL. 45, NO. 6, JUNE 2009

laser and decoupled from the pulse generation process. This pro-
vides a degree of control not yet readily available from most
high repetition rate (e.g., 2.5–10 GHz) mode-locked sources [7],
[8]. By shifting the CW laser center frequency, the frequencies
of all the comb lines are shifted accordingly, while leaving the
relative powers, spacing, and phases of the lines unchanged.
Relatively large static frequency offsets (up to 50%) were in-
tentionally introduced in [18], so the impact on the generated
time-domain waveforms could be clearly observed using a sam-
pling oscilloscope. Our results showed that the amplitude of
waveform changes due to optical frequency shifts at the input
to a line-by-line shaper depends on the temporal position within
the output waveform.

In practical laser systems, however, frequency fluctuations
are time-dependent and occur with different amplitudes. In
the current paper, we report a quantitative study of inten-
sity noise induced in line-by-line pulse shaping in response
to time-varying or dynamic changes in the comb frequency
offset. In particular, we dither the comb offset frequency to
controllably broaden the bandwidths of comb lines to values
between 0.1% and 10% of the comb spacing. In this scheme,
the frequency variations of different comb lines are completely
correlated. This situation is relevant for lasers that are locked in
repetition rate but not in offset frequency, such as most harmon-
ically mode-locked lasers. The effect of such dynamic optical
frequency shifts is characterized by measuring the resulting RF
spectra via an electrical spectrum analyzer (ESA), which gives
improved sensitivity as compared to the sampling oscilloscope
measurements of [18].

It is worth noting that for the case of mode-locked lasers lim-
ited by quantum noise sources, the pulse timing and the overall
phase (as opposed to the offset frequency) are considered to be
the fundamental pulse parameters that fluctuate in response to
noise [19], [20]. Due to the pulse timing fluctuations, which
change the comb spacing, the comb lines at the edges of the
spectrum are expected to exhibit greater frequency fluctuations
than those near the carrier frequency. Although such effects are
not considered in the current study, in principle, it should be
possible to simulate fluctuations in the comb spacing by intro-
ducing modulation or fluctuations into the RF frequency driving
the phase modulator of our PMCW source.

We have developed a theoretical model and a computational
methodology that reliably and quantitatively predict the ob-
served RF spectra as a function of synthesized optical linewidth;
and we test our model by comparing with two experimental
examples of line-by-line pulse shaping. Our current study
provides a linkage between the variance of the comb offset
frequency and the resulting variance introduced in the time-do-
main waveforms after line-by-line pulse shaping. From our
results, the tolerance of line-by-line shaping to laser linewidth
can be determined for different cases of pulse shaping. We note
that although pulse shaping usually provides a large number
of degrees of freedom, here we consider very simple shaped
waveforms. This is similar to our philosophy in [15], where
consideration of simple shaped waveforms provided insight
into requirements for spectral resolution and power extinction
ratio in line-by-line pulse shaping (but without consideration of
fluctuations). The intent here is to use simple shaped waveforms

Fig. 1. Schematic of comb line filtering from an optical frequency comb with
line spacing of � and time-varying comb offset variation �����. (a) Single-
line filtering case. (b) Two-line filtering with spacing of �� . Effective shaper
filter functions are shown as dotted traces. Filter center frequency � is denoted
by the dashed line. Corresponding time-domain intensities for (c) single-line
and (d) two-line with � � � filtering cases under static comb offsets of {0%,
10%, and 20%} are shown using the method reported in [18]. In (c) and (d), the
arrows indicate the waveform evolutions with increasing offsets. The dashed
squares denote waveforms for one period � � ��� . Initial pulse locations
are at integer multiples of T. The dotted line denotes temporal position of T/2.
Maximum time-domain intensity variations happen at temporal position of T/2,
as explained using the time-domain point of view in [2].

to develop waveform fidelity metrics relevant to time-dependent
optical frequency fluctuations. The machinery that we develop
may also be applied to specific cases of complex pulse shaping
as desired.

The remainder of this paper is organized as follows.
In Section II, we discuss two very simple line-by-line pulse
shaping examples that will be studied in our frequency dithering
experiments. In Section III, we describe our experimental setup
and measurement system limitations. Section IV presents a
simple theoretical model for the RF power spectrum induced
by optical frequency fluctuations and describes a numerical
method whereby RF spectra may be computed quantitatively.
In Section V, experimental RF spectra are presented and com-
pared to the calculations. In Section VI, we discuss simulation
results that provide insight into the effect of pulse shaper
parameters such as spectral resolution. Section VII ends with
the conclusion.

II. TEST WAVEFORMS

Two simple line-by-line pulse shaping operations sensitive to
the frequency comb offsets are illustrated in Fig. 1 [15], [18].
Fig. 1(a) schematically depicts filtering of a single line from
an optical frequency comb with lines spaced by repetition fre-
quency , while Fig. 1(b) depicts selection of two lines with
one intermediate line blocked and with an adjustable relative
phase applied to one of the selected lines. The frequency po-
sitions of the comb lines can be expressed as [5]

(1)

where m are large integers, denotes a static comb frequency
offset, and is an additional time-varying offset frequency
introduced in our experiments. As explained in [18], only
the relative frequency offset relative to the features of the
pulse shaping mask will be important for this investigation.
In Fig. 1(a) and (b), the corresponding shaper filter functions
are shown as dotted traces. The center frequency (dashed
line) of the filter function serves as a frequency reference.
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Fig. 1(c) and (d) shows the calculated time-domain intensity
waveforms for single-line and two-line filtering cases,
respectively, with static comb offsets of {0%–20%} in 10%
per increment. The calculation method will be described in
Section III and is also reported in detail within [18].

For single-line filtering shown in Fig. 1(a) and (c), the wave-
forms evolve from a constant intensity CW signal to a strongly
modulated waveform under comb frequency offset. For the two-
line filtering at case shown in Fig. 1(b) and (d), the wave-
form initially consists of two equal intensity peaks per pe-
riod (it is periodic at 2 ), but under increasing frequency
offset one of the two pulses per period loses intensity. The phase
of one of the lines can be shifted by a controllable amount to
allow further investigations on noise contributed through pulse
shaping. In both cases, the waveforms vary most strongly at tem-
poral positions where adjacent input pulses provide equal con-
tributions, and hence, interference most effectively. This occurs
exactly between the original pulses (at ), consistent with
previous experimental observations [2]. Note that ideally both
optical intensity waveforms selected for study should have no
corresponding frequency component in their RF spectra
when the frequency offset is zero. Hence, one may expect the
RF spectra in the vicinity of to respond sensitively to ei-
ther static frequency offsets or a time-varying frequency dither
introduced in our experiments. In practice, both finite extinc-
tion ratio and finite spectral resolution in the pulse shaper lead
to a finite amplitude for the harmonic in the RF spectrum
even without frequency offset or dither. Nevertheless, investiga-
tion of these simple waveforms will provide new and quantita-
tive insight into time-dependent pulse shaping noise introduced
through fluctuations of the comb offset frequency.

III. EXPERIMENTAL SETUP

Fig. 2(a) shows the schematic experimental setup. A 1-kHz-
linewidth CW laser (Koheras Adjustik) with intra-cavity piezo-
electric transducer (PZT) is phase-modulated by a lithium nio-
bate phase modulator (PM: 12.5 GHz bandwidth, V
at 10 GHz) driven at repetition frequency
( V peak to peak) by the clock signal from a bit-error-
rate test (BERT: Agilent N4901B). The driving frequency is set
to precisely map the spectral line spacing of the resultant fre-
quency comb to the pixel spacing of the pulse shaper. A si-
nusoidal signal is used to provide controllable comb linewidth
broadening with dithering frequency kHz. The
resulting PMCW comb is sent to a reflective 9.15-GHz line-by-
line shaper, similar to that described in detail within [15]. Dis-
crete comb lines are diffracted by the grating and focused by a
lens with 1000 mm focal length. A 2 128 pixel liquid crystal
modulator (LCM) array is placed just before the lens focal plane
to independently control both amplitude and phase of individual
spectral lines. A mirror is placed at the minimum focusing plane,
leading to double-pass geometry, with all the spectral lines re-
combined into a single fiber and separated from the input via an
optical circulator. Amplitude manipulation is realized by LCM
control and the polarization extinction of the polarization beam
splitter (PBS) in the recombination path back into the collimator.

For a grating-based free-space pulse shaper, the effective fre-
quency-domain filter function that characterizes its re-

Fig. 2. (a) Experimental setup using a PMCW laser frequency comb with
repetition frequency of � . PM: phase modulator; �����: controllable comb
linewidth broadening; PS: pulse shaper; OSA: optical spectrum analyzer;
Scope: 50-GHz bandwidth sampling scope. (b) Optical spectrum of the PMCW
comb. Line numbered {0} denotes the CW laser frequency. Line {�1} is
intrinsically � out of phase. (c) Single-line filtering after the shaper. (d)
Two-line filtering with spacing �� after the shaper. Line {�1} is applied
with phase control � to examine shaping effects. � � � for the figure shown.
In (c) and (d), filtered comb lines are shown using bold traces; experimental
(dotted) and fitted (solid) filter functions are plotted for both cases.

sponse as a linear filter can be obtained by convolving the pro-
grammable spatial masking function M(x) defined by the LCM
with the Gaussian intensity profile of a single optical frequency
beam

(2)

where is the Gaussian beam radius (half-width at of in-
tensity) and is the spatial dispersion with units centimeter per
radian per hertz [1]. In the experiment, the frequency lines have
a 9.15 GHz spacing, with each line having a Gaussian spatial
profile of radius m. Each LCM pixel has a 100 m
width and a corresponding frequency span of 4.575 GHz; there-
fore, frequency lines are centered on every second LCM pixel
(using two LCM pixels to control each line). Our line-by-line
shaper has cm rad/s and a full-width at
half-maximum spectral resolution of 2.6 GHz. Such resolution
ensures observation of temporal overlapping contributions from
adjacent pulses. After pulse shaping, optical intensity is con-
verted to photocurrent by a 20 GHz photodetector and measured
using a 50-GHz bandwidth sampling scope and an electrical
spectral analyzer.

Fig. 2(b)–(d) shows optical spectra obtained without fre-
quency dithering using an optical spectrum analyzer (OSA:
Ando 6317B) with 0.01 nm resolution. Fig. 2(b) shows the
resulting PMCW comb spectrum without any intensity/phase
control from the shaper. The comb lines used in this paper
are highlighted by the dashed square and numbered from 2
through 2. Comb line frequencies are defined relative to the
CW laser frequency, marked by the arrow. All the lines between
{ 2 and 2} are in phase, except for line { 1}, which is shifted
by , as measured using the method reported in [21]. Filtered
comb lines are shown using bold traces in Fig. 2(c) and (d).
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(dotted traces) are experimentally acquired using an
amplified spontaneous emission source as input to the shaper.
Fitted (solid traces) are also plotted for both cases.
Fig. 2(c) shows the experimental spectrum of single-line fil-
tering (only line {1} selected). Fig. 2(d) shows the two-line
filtering at case, where lines { 1} and {1} are selected
by the shaper and with line {0} suppressed. In Fig. 2(c) and (d),
the small imperfectly suppressed lines are due to the finite
power extinction ratio ( 20 dB). In our experiments, two razor
blades are used to block the deselected spectral portions from
both ends for improved power extinction ratio ( 30 dB). Finite
power extinction ratio is governed by two main parameters:

and the polarization extinction ratio of the shaper. This
is more apparent in Fig. 2(d), where the suppression of line
{0} is limited by 20 dB. In fitting for experimental ,
finite extinction ratio is taken into account by giving a nonzero
amplitude, for example, ( 20 dB in power) for
pixels controlling line {0}. Similarly, in simulating the slightly
asymmetric experimental lineshape function in Fig. 2(c), we set
M(x) to small but different nonzero values on either side of se-
lected line in order to best fit the experimental data. The effects
of these unsuppressed peaks on our waveform measurements
will be discussed in later sections.

The effective width broadening of the comb lines in our ex-
periments is achieved by applying an amplified sinusoidal signal
from a function generator at kHz dithering frequency
to the PZT. We controllably broaden the comb lines through the
relation

(3)

where is the maximum frequency dithering amplitude, V is
the root-mean-square voltage of the applied sinusoidal signal
in volts, controlled through varying the gain of a linear elec-
trical amplifier. Measurement of the linewidth broadening is
performed using a conventional heterodyne beating setup [22].
The dithered CW laser field is combined through an optical cou-
pler with a second CW laser field (HP 81680A, linewidth of
16 MHz). Beat signals are detected using a 20-GHz-bandwidth
photodetector (DET) and measured with an electrical spectrum
analyzer (ESA: Agilent 8565EC with 30 Hz to 50 GHz) in max-
imum-hold function for 30 s. Fig. 3(a) shows the heterodyne
beating results for 6 and 30 V (rms) applied to the PZT of
CW1, resulting in total linewidth broadening of 0.21 and
1.08 GHz, respectively. The relation determined from
the heterodyne beatings with CW2 is plotted in Fig. 3(b). The
heterodyne results show a linear response; the effective comb
linewidth broadening is determined through

(4)

where the units of and V are gigahertz and (rms) volts, re-
spectively. Thus, by frequency dithering laser CW1 and then
feeding it into the PM setup, we are capable of controllably
and simultaneously broadening all the comb lines for a PMCW
comb.

As an example of time-dependent intensity noise introduced
through frequency fluctuations (dither), Fig. 4 shows data
acquired using the fast oscilloscope. In this example, two-line

Fig. 3. (a) Heterodyne beating results for 6 and 30 V (rms) applied to the
PZT. (b) Relation between frequency dithering amplitudes �� � and applied
rms voltage (V) to the PZT.

Fig. 4. 50 overlaid sampling scope traces with dithering amplitude of 10 and
3% (compared to the 9.15 GHz comb spacing) for two-line filtering with phase
control � � ����� ��� ��	�� applied to line {�1} shown in Fig. 3(d). T/2
positions are marked using the dashed lines.

filtering (lines { 1, 1} selected) is applied with a phase shift
of either or applied to line { 1}. The figure
consists of 50 overlaid sampling scope traces with frequency
dither amplitudes of either 10% or 3%, relative to the 9.15-GHz
comb spacing. Temporal delays are referenced to the cosine
waveform peaks obtained by first selecting only lines {0, 1}.
Ripple in the intensity of different peaks is caused by imperfect
suppression of deselected lines. Note that line { 1} as gener-
ated via the phase modulation already has a phase shift. Thus,
programming the LCM , as in Fig. 4(b), corrects the
phase and brings the waveform peaks to zero delay. Fig. 4(b)
with 10% dither amplitude clearly illustrates our expectation
that larger intensity noise is observed at T/2 (marked by the
dashed lines) than at zero-time position. As for Fig. 4(a), since
all peaks are equally spaced from T/2 and zero, they have the
same noise amplitude. Time-domain intensity noise clearly
decreases when the dithering amplitude is reduced. However,
reduction in noise amplitude is difficult to assess from the
scope traces for dithering amplitudes less than 6%. Therefore,
for more sensitive characterization of waveform noise induced
through frequency dithering, in the rest of the paper, we use an
ESA as our preferred diagnostic tool.

To be capable of distinguishing the optical frequency modula-
tion to amplitude modulation (FM–AM) noise induced through
pulse shaping, one needs to know whether the laser itself gen-
erates FM–AM noise. Therefore, we calibrate our measurement
system and provide direct comparisons using the following two
setups without the phase modulator: in configuration 1, the CW
laser is measured directly on an ESA after the photodetector
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Fig. 5. ESA measurements centered at � � �� kHz with dithering amplitude
� �� � ����� �� and ���, compared to the 9.15-GHz comb spacing, for
configurations 1 (a) and 2 (b). System noise floor (dotted trace) is determined
with no optical input power to the photodetector. In both figures, the traces are
obtained by maximum holding the ESA for 5 min with resolution bandwidth of
3 Hz. Noise peak values are indicated. (c) Noise peak values for configuration
1 (triangle) and 2 (dot) and fitting curves against dither amplitudes are plotted.
Data fitting reveals a 20 dB/decade scaling relation.

with variable optical attenuator in between; while in configura-
tion 2, the CW laser is sent to the shaper with single-line filter
as shown in Fig. 2(c) and measured. Optical power into the pho-
todetector is 3.5 dBm in both configurations.

Fig. 5 shows the ESA measurements centered at dithering
frequency kHz. Fig. 5(a) and (b) shows ESA traces
with a dithering amplitude and ,
relative to the 9.15-GHz comb spacing, for configurations 1
and 2, respectively. The system noise floor, determined with no
input power into the photodetector, is also plotted within the
dithering-off figures. As expected, the laser intrinsically gen-
erates FM–AM noise peaks [Fig. 5(a)]. However, in both fig-
ures, noise peaks at are evidently higher for configuration
2, revealing extra noise attributed to pulse shaping effects. For
closer examinations, Fig. 5(c) shows the noise peak values for
configuration 1 (triangle) and configuration 2 (dot) along with
linear fitting curves for various dither amplitudes. Here, we note
two observations: 1) for dithering amplitudes of – ,
configuration 2 gives a roughly 7.5 dB extra noise peak for all
dithering amplitudes and 2) the wings of the peaks for config-
uration 2 show a broadening that is not observed in configura-

tion 1. To test the origin of these observations, we programmed
the shaper for unity transmission for all pixels (no filtering). We
observed that the amplitudes of the noise peaks reduced to the
same values as configuration 1. This confirms that the increased
amplitude in the noise peaks is a filtering effect. We also ob-
served that the broadening of the wings remains even when the
pulse shaper is programmed for unity transmission for all pixels.
Therefore, we attribute the broadened wings to low-frequency
mechanical vibrations that affect free space to fiber coupling
within our fiber-coupled pulse shaper. Data fitting in Fig. 5(c)
reveals a 20 dB/decade relation, which will be explored in the
following sections. For dithering amplitudes smaller than 0.4%,
noise peaks depart from the fitting curve in both configurations.
This may indicate residual amplitude noise arising from modu-
lation of the PZT that persists even at low dither amplitudes.

IV. THEORETICAL MODEL AND NUMERICAL METHOD

A. Theoretical Model

Here, we present a theoretical derivation to characterize
comb frequency dither-induced noise of line-by-line shaped
waveforms using an ESA. In the spirit of [23], we first define
the waveform intensity as

(5)

where denotes the ideal, fluctuation-free pulse train,
denotes the first derivative of the waveform after the line-by-line
shaper with respect to frequency fluctuation , and de-
notes waveform variations due to other noise mechanisms. Here
we first note that both and are periodic waveforms
with a same periodicity of .

When waveform variations due to amplitude and timing jit-
ters are also taken into account, we can express the waveform as

(6)
where and denote the amplitude and timing jitter
terms, respectively. The output detector current is obtained by
convolving the waveform intensity with the impulse response
function of the photodetector

(7)

Under the assumption of a small timing jitter and when ,
, and are uncorrelated zero-mean functions, we can

express the power correlation function of the optical waveform
as

(8)

where the represents the derivative with respect to time.
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The current power spectrum with frequency dithering mea-
sured on an ESA is therefore expressed as [23]

(9)

Here denotes convolution. , , , ,
and denote the baseband frequency response of ,

, , , and obtained through the Fourier
transform relation, respectively.

Disregarding the term with the products of and
, we obtain

(10)

At this point we provide several comments related to (10):
1) Both and consist of a sequence of RF

harmonics at frequencies .
2) The frequency dithering terms grow as , and thus,

follows a 20 dB/decade scaling relation with respect to
the amplitude of the frequency dithering function.

3) Our analysis applies to a general dithering function .
However, in our experiment, the frequency dithering is
applied using a time-domain sinusoidal function (fre-
quency ), and thus, consists of delta functions
at . Hence, the frequency dithering intro-
duces new peaks into the measured ESA spectrum at

with respect to the harmonics at .
4) We can thus quantify the waveform fluctuation due to

frequency offset variation by introducing the normalized
variance as

(11)

Assuming negligible (or separable) amplitude and
timing jitter, the normalized variance can be obtained
through the photocurrent power spectrum by the fol-
lowing notation

(12)

Here, the powers of the unperturbed harmonic peaks
are integrated over the ESA resolution bandwidth

for each harmonic, while the contributions to
the noise power are integrated over a specified
frequency range between and for all har-
monics. Evidently, one would require ;
the value of will depend on the highest frequency
content of the dithering signal, but is evidently less than

. Since the waveform may change in a compli-
cated way with offset frequency variation, we may ob-
tain more information by looking at contributions to nor-
malized variance from a particular harmonic (single k
value at a time). In this manner, we may obtain an esti-
mate of the quantity

(13)

The frequency-dither-induced noise associated with the
kth harmonic is normalized to a desired pth
(where ) harmonic peak of the unperturbed signal

and the variance of the offset frequency fluctua-
tion. Thus, the factor (with unit of decibels relative
to the carrier per hertz) gives the proportionality con-
stant linking the output intensity waveform variation of
the kth RF harmonic to the variance of the offset fre-
quency, normalized to the pth RF harmonic of the shaped
intensity waveform without frequency noise. This con-
stant is actually independent of the form of the power
spectral density of the frequency offset fluctuations, but
does depend on harmonic number and the line-by-line
shaper filter function. In the following sections, we com-
pute this constant for the special case of a sinusoidal fre-
quency offset dithering and confirm our computations by
experiments.

5) From (10), it is noted that both the harmonics of the
unperturbed waveform as well as those associated with
waveform derivatives with respect to frequency-offset
fluctuations are affected by amplitude and timing jitters
in a similar way. For our special case of a single-tone
dithering signal, the harmonics at and the dither
terms arising at have the same line shape, as
will be presented in Section V.

6) Higher order terms not included in the current anal-
ysis can lead to additional noise peaks in the RF spec-
trum, e.g., at frequencies , which follow a
40 dB/decade scaling relation with respect to frequency
dithering amplitude and so forth.

B. Numerical Method

Here, we explain our numerical method for calculating the
ESA current power spectrum under frequency dithering. The
flow of the method is outlined in Fig. 6(a). Our numerical ap-
proach is capable of obtaining the higher order terms described
in the previous section. First, we define two time variables: a
fast time variable t (with its corresponding fast frequency de-
noted as ) on the scale of pulse repetition, and a slow time
variable (with its corresponding slow frequency denoted as

) on the time scale of frequency dithering. Next, frequency
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Fig. 6. (a) Flow chart of the numerical method. (b) Calculated current power spectrum for the single-line filtering case with 10% dithering amplitude, showing
beats from dc to �� and � to � � �� . Noise peak values at � , � , and � � � are labeled � �� �, � �� �, and � �� � � �, respectively. �
denotes the power ratio between � �� � and � �� � � �. (c) Simulated relationship of � �� � � � and � �� � to various dithering amplitudes.

variations within one dithering period are numer-
ically sampled using evenly spaced temporal points with
time interval given by

(14)

where denotes the jth static comb frequency offset value
at time .

Using the comb line amplitudes and filter functions ob-
tained through fittings in Fig. 2(b), corresponding output fields

for the jth sampling point are derived through the
relation [18]

(15)

The corresponding output time-domain envelope function is
obtained by inverse Fourier-transforming the output field with
respect to the fast frequency scale

(16)

Waveform intensities are obtained by equating
. The intensities are similar to what are shown in

Fig. 1(c) and (d) for each static frequency offset value .
For each , the Fourier-series coefficients are calculated
(for the fast frequency scale) using the waveform within one
period ( , as shown within the dashed rectangle in
Fig. 1(c)and (d)) to obtain the complex RF amplitude spectrum

.
From , the complex amplitudes of each RF spec-

tral component of interest are extracted and stored in a
matrix , in such a way that the first column

of records the dc values, the second column corre-
sponds to , the third column corresponds to and so
forth. In this critical step, we physically separate the two time
scales, so that the values of each column of
thus represent the time-domain evolution of the complex ampli-
tude of the mth harmonic of within one dithering cycle, in
the slow dithering time scale . Now, by performing a Fourier
transform on with respect to and taking the abso-
lute value squared, we arrive at the final current power spectrum
array

(17)

Along the mth column, the jth value denotes the noise peak
of the ESA current power spectrum separated by from

. In order to obtain accurate results, N should be made
large enough so that and do not change
abruptly from one to the next. Comparison among results
reveals that N greater than 100 is sufficient, making our method
computationally efficient and tractable. Note that our numerical
method is also applicable when multiple dithering tones are
present simultaneously.

Resulting calculated beat signals from and
are shown in Fig. 6(b) for the single-line

filtering case [experimental condition as shown in Fig. 2(c)]
with a 10% sinusoidal dithering amplitude. Power peak values
at frequencies of are denoted here as

and throughout the rest of the
paper, respectively. The powers are normalized to
[ in (13)] and are in units of decibels relative to the
carrier. For the ideal single-line filtering case with infinite
shaper spectral resolution, the time-domain waveform should
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consist of a constant intensity waveform. In the current power
spectrum, there should be no observable beat signals at .
However due to finite power extinction of the line-by-line
shaper in practice, e.g., due to finite spectral resolution and
imperfect polarization control by the LCM, one must take
the unsuppressed intensity peaks into account, resulting in a
34 dB contrast between the dc and beat. By observation,
the beat signal at is almost as large as . This is not
surprising: in the ideal case, where comb line amplitudes and
filter function are perfectly symmetric (even function) about the
filter frequency center , the first derivative term in (8) van-
ishes, resulting in peaks only at even multiples of . However,
asymmetry caused by intrinsic variations in the line-to-line
phase/amplitude of PMCW combs introduces the odd multiples
of experimentally. dB denotes the power ratio
between and with a 10% dither ampli-
tude. Fig. 6(c) shows the simulation results of
and against different dithering amplitudes, normalized
to value with 10% dither amplitude. remains
nearly constant. The prediction of a 20 dB/decade variation
[discussion point 2) following (10)] in from
our theoretical model is confirmed. From this 20 dB/decade
relation, we can find the factor for this shaping example by
using the relation MHz and obtain
a value of 191.16(dBc/Hz).

These simulations are carried out using our current exper-
imental pulse shaper parameters. We note here that specific
values obtained for the dither-induced noise peaks will depend
on the pulse shaper parameters, namely, LCM pixel spacing
and the spectral resolution. If desired, our model can be applied
to predict the effect of other pulse shaper settings by simply
changing the masking function and spectral resolution as
defined in (2). Some examples of shaper parameter effects are
presented in Section VI.

V. EXPERIMENTAL RESULTS AND DISCUSSIONS

A. Single-Line Filtering

We first examine the validity of our numerical model with
only line {1} selected. Fig. 7 shows the results with dithering
amplitude of 10%, and average optical power of 1.5 dBm
into the photodetector. ESA measurements of , ,
and are shown in Fig. 7(a) and (b), respectively.
Calculated noise peak values shown in Fig. 6(b) are normal-
ized to experimental value. Experimental and calcu-
lated noise peak values are given within the figures and are in
good agreement. Experimentally, a (ratio between
and value of 10.64 dB is obtained, in close agree-
ment to the calculated value of 11.93 dB. The slight discrepancy
can be attributed to the asymmetry of the experimental filter
function.

Comparing Fig. 7(a) with (b), a clean spectrum is obtained
in Fig. 7(a), while there are numerous extra noise peaks ob-
served in Fig. 7(b). Fig. 7(c) shows maximum hold traces with
10% dithering amplitude, dithering turned off, and the system
noise floor. The trace with dithering off reveals the extra noise
pedestals are due to amplitude and timing jitter, which we at-
tribute to the BERT driving the phase modulator. As derived

Fig. 7. Single-line filtering experimental results with � �� � ���. (a)
ESA measurement of� �� �with 300 Hz span. (b) ESA measurement of current
power spectrum from � to � � � . In (a) and (b), experimental � �� �
and � �� �� � values are compared to calculated results. (c) Maximum hold
traces with 10% dithering and no dither, along with system noise floor. In all
measurements, ESA resolution bandwidth of 3 Hz is used.

Fig. 8. Experimental (symbols) and theoretical (lines) values of � �� �,
� �� �, and � �� � � � against � for single-line filtering.

in (10) and pointed out in subsequent discussion point 5), one
should thus expect the dithering noise peak to show
the same line shape as the beat. This point is indeed justi-
fied within Fig. 7(b) and (c).

Fig. 8 shows the experimental results (symbols) of ,
, and values for various dithering ampli-

tudes along with calculated results (lines) using our numerical
method. For these data, the span of the ESA is 300 Hz with res-
olution bandwidth (RBW) of 3 Hz. Noise peak values are av-
eraged from 20 acquisitions, each with a sweep time of 10 s.
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TABLE I
EXPERIMENTAL AND CALCULATED NOISE PEAK VALUES FOR TWO-LINE FILTERING AT 2� WITH ���� � ���. PHASE CONTROL OF � � ��� ���� �	� ��

ARE APPLIED TO LINE {�1} FOR INVESTIGATION OF PHASE-SHAPING-CONTRIBUTED INTENSITY NOISE. THE CALCULATED PEAK VALUES ARE NORMALIZED

TO THE EXPERIMENTAL 2� PEAK AND GIVEN IN dB. EXPERIMENTAL PEAKS ARE ACQUIRED USING ESA RESOLUTION BANDWIDTH OF 3 Hz. 
 , AND 


REPRESENT THE CONTRAST RATIOS BETWEEN THE PEAKS AT � TO � � � AND �� to �� � � , RESPECTIVELY

Experimental results are in nice agreement to our calculations.
We first note that remains nearly a constant throughout;
thus, provides a direct measure of comb frequency dither
amplitude. From the results of and , experi-
mental data are consistent with the 20 dB/decade relation, as an-
ticipated for above 0.4%. In our experiment, the effect
of the comb frequency dithering can be directly discerned down
to 36.6 MHz (0.4%) dither amplitude. From the 20 dB/decade
scaling relation, we may extrapolate to predict the noise contri-
bution from smaller frequency variations.

B. Two-Line Filtering at

In contrast to the single-line filtering case, where only in-
tensity control is applied by the shaper, here we extend our
investigation to the impact of frequency dithering on line-by-
line shaped waveforms. In this part, we
show our experimental results with lines { 1 and 1} selected.
In different experiments, the phase of line { 1} is controlled
by the line-by-line shaper with values . Mea-
surement settings are the same as for the single-line filtering
case, but with an input average optical power of 1.0 dBm into
the photodetector. To better prove the validity of our theoret-
ical model, Table I summarizes the experimental and calculated
noise peak values, with a dithering amplitude of 10%. Calcu-
lated peak values are normalized to the experimental peak value
at . Excellent agreement is reached between the three ex-
perimental and calculated data sets. The peaks at frequencies

are given. ,
and denote the contrast ratios between the peaks at to

and to , respectively.
Using the results shown in Table I, we observe the following:

from the contrast ratios , one can grasp how suscep-
tible the waveforms are to frequency dithering and to a good ex-
tent how the waveforms evolve. The larger the noise peaks and
the smaller the contrast, the greater the impact the frequency
dither has on that particular RF frequency component. For ex-
ample, for all three phase values, is greater than 35 dB, while

values are of the order of 13 18 dB. The actual noise peak
values at vary by 12.30 dB as phase control value

is changed from to 0. This indicates that the waveforms
tend to undergo a repetition rate change from the initial
waveform to a waveform periodicity, with this tendency
exhibited most strongly for phase control. This can be

attributed to the field contribution from line {0}, which partici-
pates in the waveform generation with a weighting that depends
on the frequency dithering amplitude. This finding is consistent
with our previous report [18]. It is evident that the phase control
has significant impact on the RF peaks at and ,
but not on the other peaks (consistent with time-domain traces
shown in Figs. 1 and 4). This is highlighted using the bold frame
within Table I. These results are in good accord with the qual-
itative predictions provided by our time-domain picture in [2].
The linkage is elaborated in the following paragraph.

To support our arguments, Fig. 9 shows the experimental ESA
measurements over frequency ranges with
10% dithering amplitude for the three phase control values. Cor-
responding calculated intensities and the magnified intensity
peaks with {0 (solid), 10 (dotted)}% static frequency shifts are
plotted. From our time-domain picture (static shift analysis), we
anticipate greater intensity variations (waveform noise) showing
up at T/2 points compared to 0 and T points. From the figures
showing the magnified peaks, this point is indeed well taken.
The case [Fig. 9(a)] shows the decreased peaks at odd
multiples of T/2 but stationary peaks at 0 and T, contributing to
a stronger RF component when dithering is on. Thus, the
dithering result yields a largest noise peak value at ,
indicating that this waveform is most susceptible to frequency
dither and the change in waveform is most sensitive in its
RF component. For case [Fig. 9(c)], calculated intensity
with 10% static frequency shift shows all the peaks are equally
decreased, since the intensity peaks are displaced an equal dis-
tance between 0 and T/2. The RF harmonic of this wave-
form is therefore less prone to frequency dithering, so the noise
peak at is 12.30 dB less as compared to the
case.

The relationships of against dithering ampli-
tudes with different phase controls are conducted using the same
method as for one-line filtering case, shown in Fig. 10(a). Exper-
imental data are shown using symbols while calculated values
are depicted using lines. The experimental data for both

fit the 20 dB/decade scaling all the way down to
0.2% dither and show 3 dB difference caused by phase con-
trol. For , the experimental data adhere to the theoret-
ical line only between {1% and 10}% with a 13 dB differ-
ence compared to case, but deviate from the ideal curve
for smaller dithering amplitudes. This finding is confirmed with
multiple attempts. Possible reason is that, for case, beat
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Fig. 9. Two-line filtering at �� with � �� � ���: Experimental ESA traces from � to � � � with resolution bandwidth of 3 Hz. Phase control
of � � ���	
� �����
� 	� ���
� is applied to line {�1} for investigation of shaper-contributed intensity noise. Corresponding intensities with {0 (solid), 10
(dotted)}% static frequency shift and the expanded view on the intensity peaks are shown. As an aid to the eye, dashed lines denote the temporal positions as aid
to the eye of peaks in the intensity waveforms.

signals are much lower than the other two phase values, leading
to more vulnerability to system limitations. For and

cases, the achieved sensitivity of 0.2% is better than the
single-line filtering case. Note that the waveform design with

(corresponding to the proposed waveform shown in
Fig. 1(d), with intrinsic phase of line { 1} compensated by
the shaper) is predicted to yield high sensitivity for monitoring
of frequency fluctuations [18]. This is verified by our experi-
ments. Using the definition in (13) and our data values, we can
obtain of { 205.02, 208.21, 217.22} (dBc/Hz) and
of { 214.37, 214.55, 216.61} (dBc/Hz) for phase values

, respectively.
Now, we investigate the effect when a static comb frequency

bias is provided. Comb line frequencies relative to the filter
function are now

(18)

where denotes the frequency of PMCW comb line {0}
that is aligned to the center of the shaper filter function. In prac-
tice, is provided by mounting the LCM on a translational
stage and shifting it (and thus, the filter function) perpendicular
to the optical axis.

Fig. 10(b) shows the relationship of against dif-
ferent using two-line filtering with applied to line
{ 1} as an example. Experimental data are shown with sym-
bols for of {0%, 20%, and 30}% along with theoretical values
shown using lines. All experimental data show a 20 dB/decade
relation to varying . is offset vertically by
5.5 and 9.6 dB for bias values of 20% and 30%, respectively,
relative to the case of zero bias. With a 30% frequency bias,
our data match the simulation results down to 0.12% frequency
dither (10.98 MHz). For this example, we note the much im-
proved sensitivity to offset frequency variations (by 50 times)
as compared to our previous static offset analysis, where we

Fig. 10. Experimental results of � �� � � 
 against � for two-line fil-
tering at �� . (a) Data are shown with symbols for phase control values � �
��� ���� 	� �� along with theoretical values shown using lines. (b) Filter
frequency bias results with � � �. Experimental data are shown with symbols
for bias positions of {0%, 20%, and 30%} along with theoretical results shown
using lines. Extrapolations of the 20 dB/decade scaling relation to the system
sensitivity (dash-dotted line) are also used to find the shaper tolerance to laser
linewidth.

used sampling scope data to discern the effect of frequency
shifts of roughly 500 MHz and above [18].
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TABLE II
LIST OF NOISE PEAKS WITH 10% DITHERING AMPLITUDE FOR MINIMUM SPOT RADIUS � � ���� �� ��� 	�� �m AND EXTINCTION RATIO (ER) OF

{20, 40} dB TO LINE {0}

Fig. 11. Effects of shaper parameters on frequency dither noise through simulation: using 2-line filtering at 
� with � � � case as example.
LCM pixel size of 100 �m is fixed. (a)–(c) ���� � for the three radii with �� � 
� dB. (d) � �� � �  against dithering amplitude for
� � ����solid� �� �dashed� and 	� �dotted� �m.

In Fig. 10(b), we have extended the theoretical calculations
(lines) for each of the three bias values down to our current
system sensitivity of 134 dBm/Hz, shown as the dash-dotted
line, by using the 20 dB/decade scaling relation. The intersec-
tions give the minimum linewidths for which shaping intensity
noise induced by frequency dither is above the measurement
sensitivity. For these examples the minimum linewidths are
{94.2, 37.5, and 23.8} kHz for {0, 20, and 30}% comb fre-
quency bias shifts, respectively. These minimum linewidth
values provide another metric of pulse shaping sensitivity to
frequency fluctuations. We note that this sensitivity varies from
waveform to waveform. However, our approach identifies a
metric that can be used to compare the sensitivity to frequency
noise to intensity noise conversion for different waveforms in
line-by-line shaping.

VI. EFFECT OF SHAPER PARAMETERS

In this part, we use our numerical simulation method to
explore how shaper parameters affect sensitivity to frequency
dithering. The shaper parameters under concern are power
extinction ratio and shaper spectral resolution. As shown in (2),
finite extinction ratio is incorporated through nonzero M(x);
while shaper spectral resolution is dominated by the minimum
spot radius at the focal plane. Better spectral resolution is
achieved by having smaller .

We choose the case of 2-line filtering with for our
discussion. Here, the pixel spacing is kept fixed at 100 m
(conforming to the LCM we are using) while is varied.
Table II lists the noise peak values with 10% dithering ampli-
tude, m and an extinction ratio of
20 and 40 dB for line {0}, respectively. With a better extinction
ratio (40 dB), the harmonic peak at is suppressed by

20 dB, providing higher waveform fidelity. For better resolu-
tion (smaller ), dither-induced noise peaks at , ,
and are reduced, but harmonic peaks at and

are unaltered. These aspects can be understood from the
for the three radii shown in Fig. 11(a)–(c). With a

smaller , the resulting more closely resembles the
rectangular mask function M(x) defined by the LCM [18]. The
resulting wider, flatter passband makes the shaped waveform
less vulnerable to frequency dithering, at least for small dither
amplitudes. Also, for smaller the edges of the pulse shaper
transmission bands grow sharper. For sufficiently large dither
amplitudes, these sharp transmission edges begin to be felt. The
effect may be seen in Fig. 11(d), which shows simulated noise
peak amplitudes against dithering amplitude for
the three radii values. For m,
adhere to the 20 dB/decade relation. However, for m
the slope gradually changes with increasing dither amplitude
from 20 dB ( 2.5% dither amplitude) to 40 dB (2.5% to 5%)
to 60 dB ( 5%).

These results reveal better extinction ratio and finer spectral
resolution are favored in line-by-line shaping, at least in the situ-
ation considered here where spectral masking is performed with
a pixelated spatial light modulator with close to 100% fill factor.
Smaller beam radius (better spectral resolution) makes wave-
forms less sensitive to frequency fluctuations, at least in most
cases of practical interest where frequency fluctuations will be
relatively small compared to comb spacing.

VII. CONCLUSION

In summary, we have demonstrated the first quantitative in-
vestigation of noise introduced by small time-varying optical
comb frequency offsets into waveforms generated via line-by-
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line pulse shaping. Deterministic variations of the offset fre-
quency are obtained by frequency dithering of a continuous-
wave laser that is fed into a phase modulator. This results in a
controllable effective linewidth broadening. An electrical spec-
trum analyzer is used to examine the current power spectra of
time-domain intensity waveforms subject to frequency dithering
of the input. A theoretical model predicting a 20 dB/decade
scaling relation between the fundamental dither-induced noise
peak and the frequency dither amplitude is presented. A nu-
merical simulation method capable of predicting the precise
form of the RF power spectrum in the presence of optical fre-
quency dithering is explained. Two specific simple examples of
line-by-line shaping, where either a single line or a pair of lines
are selected from the comb, are considered in detail. Experi-
mental data are in excellent agreement with the simulated re-
sults down to frequency dithers of a few tenths of a percent (a
few tens of megahertz, since the comb line frequency spacing
is 9.15 GHz), more than an order of magnitude improvement in
sensitivity as compared to our previous report. Our results may
also be used to predict the contribution of offset frequency vari-
ations to pulse shaping noise even for smaller frequency vari-
ations. Furthermore, our approach shows how to calculate the
proportionality between the variance of the frequency fluctua-
tions and the resulting time-domain waveform variance for gen-
eral frequency fluctuation noise spectra.

It is worth noting that the amplitude of pulse shaping intensity
noise induced by a certain level of offset frequency fluctuations
depends on the specific pulse shaping filter function. This,
in turn, depends both on the masking function programmed
into the pulse shaper and the spectral resolution of the pulse
shaper optics. Here, for the most part, we looked at results for
a pulse shaper using a spatial light modulator made of pixels
with 100% fill factor and with pixel spacing corresponding
to 4.575 GHz at a 2.6 GHz optics-limited spectral resolution,
corresponding to the parameters of our line-by-line pulse
shaping experimental apparatus. The effect of different pulse
shaper spectral resolutions was explored through simulation.
Within the parameter range considered, improved spectral reso-
lution reduces waveform noise induced from optical frequency
fluctuations.
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