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Accurate control of two-level systems is a longstanding problem in quantum mechanics. One such
quantum system is the frequency-bin qubit: a single photon existing in superposition of two discrete
frequency modes. In this Letter, we demonstrate fully arbitrary control of frequency-bin qubits in a
quantum frequency processor for the first time. We numerically establish optimal settings for multiple
configurations of electro-optic phase modulators and pulse shapers, experimentally confirming near-unity
mode-transformation fidelity for all fundamental rotations. Performance at the single-photon level is
validated through the rotation of a single frequency-bin qubit to 41 points spread over the entire Bloch
sphere, as well as tracking of the state path followed by the output of a tunable frequency beam splitter, with
Bayesian tomography confirming state fidelities F ρ > 0.98 for all cases. Such high-fidelity trans-
formations expand the practical potential of frequency encoding in quantum communications, offering
exceptional precision and low noise in general qubit manipulation.
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Introduction.—The precise, coherent manipulation of the
spectrotemporal properties of light has facilitated a plethora
of applications, ranging from radio-frequency arbitrary
waveform generation and optical communications [1,2],
to coherent control of chemical reactions [3,4] and extreme
nonlinear optics [5,6]. Throughout these developments,
Fourier-transform pulse shaping has played a central role,
enabling arbitrary spectral filters that can shape optical
fields on femtosecond timescales [7,8]. Concurrently, the
Fourier dual process of electro-optic modulation has been a
staple in fiber optics, functioning as “temporal filters” that
multiply an input field in the time domain with phase
patterns for applications such as optical communication [9]
or frequency comb generation [2,10]. The value of complex
time-frequency control extends beyond classical optics to
photonic quantum information processing (QIP) as well,
with demonstrations of temporal shaping [11], spectral
coding [12], wave packet modulation [13,14], spread
spectrum [15], electro-optic time lensing [16], and high-
dimensional quantum state reconstruction [17–19] on
single photons and entangled photon pairs.
These successes have inspired the development of a

complete QIP paradigm based on pulse shapers, modu-
lators, and frequency-bin encoding [20]. Drawing on
arguments from linear-optical quantum computation
(LOQC) [21], the “quantum frequency processor” (QFP)
approach has been shown scalable in principle, and a
collection of gates comprising a universal set have been
realized experimentally [22–25]. Such scaling arguments
prove crucial in establishing ultimate feasibility, yet leave

many smaller—though highly practical—questions un-
answered. For example, the fully arbitrary rotation of a
single qubit represents a fundamental capability for any
two-level system, enjoying a long history as a textbook
example in quantum mechanics [26,27]. Yet neither a
Solovay-Kitaev construction [28] in terms of basic gates,
nor general resource bounds, reveals the optimal construc-
tion of general two-mode unitaries, particularly when
subject to practical resource constraints.
In this Letter, we answer this important question through

theoretical analysis and experimental verification of arbi-
trary single-qubit gates in frequency-bin encoding. Our
numerical simulations obtain three-element QFP configu-
rations capable of any unitary operation with fidelity FW ≥
0.9999 utilizing single-tone modulation only; by either
adding a second harmonic or cascading an additional pulse
shaper and modulator pair, such operations achieve success
probabilities PW > 0.95 or PW > 0.999, respectively. We
reinforce these findings experimentally, synthesizing fre-
quency-bin unitaries with performance in close agreement
with theory. Finally, we highlight their use at the single-
photon level in the rotation of a fixed input to arbitrary
points on the Bloch sphere, obtaining output state fidelities
F ρ > 0.98 with respect to the ideal. Our results represent
the first full tomography of arbitrarily rotated frequency-bin
qubit states, establishing resource guidelines for future
systems and providing tools for fundamental applications
in communications and coherent control.
Problem formulation.—A frequency-bin qubit can be

represented as a single photon in a superposition of two

PHYSICAL REVIEW LETTERS 125, 120503 (2020)

0031-9007=20=125(12)=120503(6) 120503-1 © 2020 American Physical Society

https://orcid.org/0000-0003-4009-0787
https://orcid.org/0000-0003-3305-1165
https://orcid.org/0000-0002-9229-1444
https://orcid.org/0000-0002-1334-8183
https://orcid.org/0000-0001-9650-4462
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.125.120503&domain=pdf&date_stamp=2020-09-14
https://doi.org/10.1103/PhysRevLett.125.120503
https://doi.org/10.1103/PhysRevLett.125.120503
https://doi.org/10.1103/PhysRevLett.125.120503
https://doi.org/10.1103/PhysRevLett.125.120503


frequency modes, or bins, described by annihilation (cre-
ation) operators â0 (â†0) and â1 (â†1) centered at frequency
ω0 and ω1, respectively. A pure qubit state may be
expressed as jψi ¼ ðc0â†0 þ c1â

†
1Þjvaci, where jvaci is

the vacuum state and jc0j2 þ jc1j2 ¼ 1. Logical basis states
follow as jni ¼ â†njvaci (n ∈ f0; 1gÞ. Any 2 × 2 unitary
operating on these modes can be parametrized as [29]

Uðθ;φ; λÞ ¼
� cos θ

2
−eiλ sin θ

2

eiφ sin θ
2

eiðφþλÞ cos θ
2

�
; ð1Þ

where θ ∈ ½0; π�, φ ∈ ½0; 2πÞ, and λ ∈ ½0; 2πÞ. Considering
this as taking the inputs â0 and â1 to outputs b̂0 and b̂1,
this implies that the output state coefficients, jϕi ¼
ðd0b̂†0 þ d1b̂

†
1Þjvaci, satisfy ðd0d1Þ ¼ Uðc0c1Þ.

This mathematical formulation applies generally to
any qubit system. The nuances of the QFP approach
appear, though, when describing (i) the bins ω0

and ω1 as embedded within a comb spaced at Δω
(ωn ¼ ω0 þ nΔω; n ∈ Z) and (ii) the transformation on
all modes b̂m ¼ P

n Vmnân as characterized by an alter-
nating series of electro-optic phase modulators (EOMs)
driven with ð2π=ΔωÞ-periodic waveforms and pulse
shapers applying arbitrary phases to each bin. As modeled,
V is unitary over the entire countably infinite collection
of bins, though the 2 × 2 submatrix in the computational
space—call this W ¼ ðV00

V10

V01

V11
Þ—may or may not prove

unitary, due to coupling into adjacent bins. While an
apparent disadvantage of the QFP in this case (particularly
when compared to the isolated modes of alternative
frequency-bin approaches [30–35]), this natural coupling
between many bins facilitates multiphoton interference
between all underlying modes as required for LOQC.
Moreover, by cascading additional pulse shapers and
EOMs and employing more complex modulation patterns,
such adjacent-bin coupling can be fully compensated
for, to realize smaller-dimensional gates with unity effi-
ciency [20,36].
Within this overall framework, considerable progress has

been made on a subset of Uðθ;φ; λÞ: the phase-only gate
Uð0;φ; λÞ and the Hadamard H ¼ Uðπ=2; 0; πÞ, with
the former requiring only a single pulse shaper, and the
latter realizable with an EOM-pulse shaper-EOM
QFP [22,23]. These considerations engender optimism
for experimental realization of arbitrary U, yet they do
not answer the practical questions of explicit construction,
nor elucidate the procedures involved in reconfiguring a
given QFP for all possible unitaries.
Numerical simulations.—For our simulations, we focus

on pure-sinewave electro-optic modulation (either one
or two tones), and QFPs with three or five elements.
Limitation to odd-numbered QFPs follows from previous
observations that adding a pulse shaper on either side of a
QFP improves neither fidelity nor success probability, for

any target operation. In fact, these remarks can be made
rigorous in the present case of a single-qubit operation.
Suppose that a particular QFP configuration realizes the
gate W ¼ gUðθ; 0; 0Þ (unitary up to an overall constant).
Then, as derived in Sec. I. of Ref. [37], the same QFP can
actualize the gate gUðθ;φ; λÞ by delaying the rf signals
applied to the first and last EOM and adding linear phases
to the first and last pulse shaper (or the single pulse shaper
in a three-element QFP).
This finding implies that, for the purpose of establishing

performance under system constraints, one need only
concentrate on Uðθ; 0; 0Þ numerically. We emphasize that,
while similar, these phase degeneracies prove fundamen-
tally more significant than those resulting from the freedom
to set a phase reference. As argued in Ref. [39] and invoked
below in our own characterization procedure, the preroga-
tive to define the “in-phase” condition across modes at the
input and output planes of an optical multiport simplifies
the process of extracting Vmn. However, such phase
reference flexibility does not imply the physical equiv-
alence of operations that differ by this reference. For
example, if one defines the reference so that the QFP
realizes Uðθ; 0; 0Þ, modifying the transformation to
Uðθ;φ; λÞ produces measurable differences in the output
state, impacting any subsequent operations downstream.
Accordingly, the relationship between phase and EOM
delay discussed here is not just the establishment of a
reference: it gives a means to realize a ðφ; λÞ combination
for any reference definition.
To benchmark the performance of single-qubit gates

synthesized on the QFP, we randomly generate 150
samples of θ ∈ ½0; π�, and numerically find the solutions
Uðθ; 0; 0Þ for three different scenarios (see Fig. 1): three-
element QFP driven by (i) one or (ii) two rf tones, and
(iii) five-element QFP driven by single tone [37]. Case (i) is
the baseline QFP which we have utilized in previous
experiments [22–24], while cases (ii) and (iii) describe
the two most immediate upgrades; (ii) has been explored in
a limited context for a frequency-bin qutrit operation [22],
while (iii) has so far required too many resources for
implementation. Yet all three are realizable with standard,
commercially available components. We then assess the
performance of W with respect to the desired U according
to gate success PW ¼ TrðW†WÞ=2 and fidelity FW ¼
jTrðW†UÞj2=ð4PWÞ metrics, where PW describes the
probability of a photon remaining in the computational
space, and FW defines the quality of the operation [40].
Our goal is to maximize PW while constraining FW ≥
0.9999 [37].
Figure 1 plots the simulation results. PW shows a

strong dependence on θ, suggesting that those unitaries
with small θ are easier to realize. This matches our intuition
as the identity and phase-only gates (θ ¼ 0) can be realized
without any EOM, while gates like Pauli X and Y (θ ¼ π)
require proper engineering of the mixing process such that
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the photon can be completely hopped to the opposite bin.
Additionally, the results indicate that gate performance can
be significantly boosted by introducing either an additional
rf harmonic [Fig. 1(b), PW > 0.95] or extra components
[Fig. 1(c), PW > 0.999]. Here, we experimentally focus on
the setup in Fig. 1(a) due to equipment availability—i.e.,
insufficient rf amplifier bandwidth for (ii), lack of EOMs,
and pulse shapers for (iii).
Gate characterization.—Figure 2 provides a schematic

of the experimental setup. A high-frequency rf oscillator
generates 25-GHz sinusoidal voltages to drive both EOMs
[41], where their amplitudes and delays are set with manual
phase shifters and attenuators. Meanwhile, the optimized
spectral phase pattern is programmed onto the QFP shaper.
Experimentally, we select 21 out of the 150 previous
solutions from Fig. 1(a). To investigate whether each gate
performs as anticipated, we utilize a coherent-state-based
characterization approach [22,39] by probing our QFP with
an electro-optic frequency comb. As a result, we are able to

reconstruct the mode-transformation matrix W and com-
pute the experimental FW and PW , as shown in Fig. 1(a).
All measured gate fidelities are above 0.9993 (except for
one, unexplained outlier), and the success probabilities
track closely the theoretical prediction.
Arbitrary state rotation.—The previous tests confirm

synthesis of arbitrary frequency-qubit operations, when
viewed in terms of optical modes. Yet in the context of
photonic QIP, these mode transformations are valuable
insofar as they enable high-fidelity operations on quantum
states. Accordingly, we explore these gates at the single-
photon level, focusing specifically on their ability to
convert a fixed input to an arbitrary output state. We can
then assess the quality of this manipulation by performing
quantum state tomography (QST) on the output photon.
Following the QFP with a set of projective measure-

ments, we reconstruct its density matrix (ρ̂) through QST
and compute the state fidelity with respect to the ideal
output state jϕi via F ρ ¼ hϕjρ̂jϕi. (Note the change in
definition from the Hilbert-Schmidt fidelity FW utilized
for matrix characterization.) We prepare a single-photon-
level source by attenuating a continuous-wave laser at
frequency ω0 to ∼106 counts=s (1=10 of the detector
saturation level) prior to the QFP. Since neither the QFP
operation nor QST involve multiphoton interference, the
results of a weak coherent state are fully equivalent to
those of true single photons at the same average flux.
To show that we can bring this input state, j0i ¼ â†0jvaci, at
the north pole of the Bloch sphere, to any arbitrary state
within the whole sphere, we choose 11 values of θ ∈ ½0; π�
and assign a few different φ to each, amounting to a total
of 41 gates to implement. The ideal output state is
jϕi ¼ cosðθ=2Þj0i þ eiφ sinðθ=2Þj1i.
For single-qubit QST [37], we perform three Pauli

measurements (Z, X, and Y) to project the output state
onto the eigenvectors jti (six in total): fj0i; j1i; j�i;
j � iig. Measuring in Z, X, and Y is equivalent to applying
1, H, and HS† prior to computational-basis projection,

FIG. 2. Experimental setup for arbitrary frequency-qubit
operations and state measurement. Insets show an example
unitary rotation for an input state jψi ¼ 0.6j0i − 0.8j1i and
ðθ;φ; λÞ ¼ ð0.7π; 0.55π; 0.25πÞ, with tomography represented
in terms of projections onto each axis. Here j�i ∝ j0i � j1i
and j � ii ∝ j0i � ij1i.

FIG. 1. Optimized success probability of single-qubit gate Uðθ; 0; 0Þ for different QFP configurations. (a) Three-element QFP, single-
tone modulation (including experimental results). (b) Three-element QFP, two-tone modulation. (c) Five-element QFP, single-tone
modulation. Enlarged plots for (b) and (c) detail the high-probability regions for each case.
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where S ¼ ð1
0
0
iÞ. Z measurement demultiplexes the photons

by color with a wavelength-selective switch (WSS), and
records the counts in j0i and j1i with superconducting
nanowire detectors. For the H required for tomography, we
implement a simpler probabilistic Hadamard gate based on
a single EOM, with a sinusoidal rf voltage chosen for equal
mixing probability between ω0 and ω1 [37,42]. We precede
this EOM with another pulse shaper to apply the S† gate
and block any residual photons outside of the single-qubit
space after the QFP. For each measurement setting, we
record the counts over 1 s, then subtract the average
detector dark counts and obtain a final dataset D ¼
fN0; N1; Nþ; N−; Nþi; N−ig with all outcomes for sub-
sequent tomographic analyses.
For reconstruction, we employ Bayesian mean estima-

tion [43], an advanced tomographic technique which avoids
unjustifiably low-rank estimates and furnishes natural error
bars. We parametrize the density matrix ρ̂ðxÞ and sample a
posterior distribution πðxÞ ∝ LDðxÞπ0ðxÞ with multino-
mial likelihood LDðxÞ ¼ pN0

0 pN1

1 pNþþ pN−− pNþi
þi p

N−i
−i , where

pt ≡ htjρ̂ðxÞjti is the probability of measuring the state jti
given the proposed state ρ̂ðxÞ. We adopt the parametriza-
tion, prior distribution π0ðxÞ, and sampling procedure
recently proposed in Ref. [44], obtaining R ¼ 1024 density

matrix samples ρ̂r for each tomographic dataset, from
which we estimate the fidelity according to the mean
and standard deviation of the values of the individual
samples (F r ¼ hϕjρ̂rjϕi).
Figure 3 depicts the QST results. We map the ideal

output states and the retrieved Bayesian samples onto the
Bloch sphere [Fig. 3(a)]. Three of the transformations are
highlighted in the enlarged inset, where the Bayesian
samples follow the ideal states closely. This suggests strong
agreement between the design and experimental imple-
mentation, confirmed by Bayesian mean state fidelities
above 98% across all gates [Fig. 3(b)].
Tunable beam splitter.—In addition to a randomly

chosen set of single-qubit rotations, we can also explore
coherent quantum state control across a specified trajec-
tory. Previously, we found a set of analytical solutions for
tunable frequency beam splitters [23], where the reflectivity
can be set anywhere between 0 and 0.5 simply by changing
the depth of the phase shift α imparted by the QFP shaper
between frequency bins 0 and 1 (while both EOMs remain
fixed) [37]. We sample 21 evenly spaced α ∈ ½0; 2π� for
implementation, and again repeat the QST measurement for
the same state input j0i. Figure 4 depicts the experimental
results. As we increase α, the output state is moved from
the north pole (j0i) to the equator (jþi ¼ Hj0i), and then
back to the north pole (j0i), following a counterclockwise
trajectory on the Bloch sphere (dashed line in Fig. 4) [37].
Again all measurements are in excellent agreement with
theory (F ρ > 0.98).
Discussion.—In addition to addressing fundamental

questions in frequency-bin quantum state control, the
findings described here appear particularly relevant in
the applications of quantum communications and network-
ing. Indeed, one of the inherent benefits of frequency-bin
encoding is its compatibility with fiber-optic communica-
tions: the QFP paradigm already leverages commercial
telecom components (EOMs and pulse shapers), and
frequency-bin operations can be extensively paralleli-
zed according to the principles of wavelength-division
multiplexing (WDM). This synergy has enabled several

FIG. 3. Arbitrary single-qubit rotations on the QFP. (a) Re-
trieved Bayesian samples plotted on the Bloch sphere (green dots)
following 41 different transformations Uðθ;φ; 0Þ. Three exam-
ples are highlighted in the inset, where blue dots mark the
corresponding ideal states. (b) Associated state fidelities, grouped
by θ value, with each data point corresponding to a randomly
chosen φ. The mean and standard deviation are computed from
1024 Bayesian samples.

FIG. 4. Tunable beam splitter. (a) Ideal output state trajectory
(dashed line) and retrieved Bayesian samples (green dots) plotted
on the Bloch sphere. (b) Bayesian state fidelities as function of
pulse shaper phase α.
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recent quantum networking demonstrations invoking
WDM for distributing entanglement in other degrees of
freedom [45–48]; the QFP approach moves even further
by exploiting frequency bins for encoding quantum infor-
mation as well, and the fully arbitrary unitaries realized
here should make feasible an array of quantum networking
protocols with frequency bins. Whereas the previously
shown Hadamard (θ ¼ π=2) [22,23] would be sufficient
(along with the identity) for basis measurements in quan-
tum key distribution [49], it is only through these more
general unitaries that the full range of qubit quantum
information protocols can be realized. For example, both
superdense coding [50] and quantum teleportation [51]
require single-qubit gates including a full 180° rotation
(θ ¼ π), and the standard CHSH Bell inequality [52]
relies on measurements preceded by unitaries with
θ ∈ ½0; π=4; π=2; 3π=4�.
Moreover, while we have focused specifically on the

fundamental two-level qubit here, one of the salient
features of the frequency degree of freedom is its natural
compatibility with high-dimensional qudit (d > 2) encod-
ing [18,19,53,54]. Importantly, the same design procedure
adopted here can be applied for the construction of arbitrary
qudit operations as well. As initial examples, we have
numerically found 2dþ 1 EOMs and pulse shapers suffi-
cient for high-dimensional frequency hopping (up to
d ¼ 5) using single-tone rf modulation [36]; we have also
found d − 1 rf harmonics capable of realizing d-dimen-
sional discrete Fourier transformations (up to d ¼ 10) on a
single three-element QFP. The main limitations in moving
to higher dimensions, then, are technical in nature—
namely, the complexity of rf drive waveforms and the
number of pulse shapers and EOMs available.
On the characterization side, our focus on QST of an

arbitrarily rotated state corroborates the gate performance
estimated from classical measurements. On the other hand,
quantum process tomography (QPT) would be required for
a complete quantum-mechanical description of the gate
itself [55]. This procedure relies on preparation of multiple
input states (four in the case of a single-qubit operation),
followed by QSTof each output after the QFP, which would
necessitate additional components beyond those available
to us. Given our understanding of the physical mechanisms
involved in the QFP, we do not expect fundamentally new
insights from QPT. Nevertheless, realization of complete
QPT—perhaps leveraging Bayesian techniques for experi-
mental simplifications—would prove valuable in future
work, as a means to further validate performance.
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