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Enhancement of coherent charge oscillations in
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The effect of femtosecond pulse shaping on the amplitude of optically excited coherent charge oscillations in
degenerate coupled quantum wells is analyzed. In the absence of dephasing, the final oscillating polarization
after the end of the shaped pulse depends only on the optical power spectrum; pulse shaping cannot enhance
the final coherent polarization. However, appropriately shaped ultrashort pulses can lead to strong peaks
in the oscillating dipole during the laser pulse. I present a method for designing waveforms capable of
producing strong peaks in the coherent polarization and illustrate this approach by giving several examples.
The computed results indicate the possibility of enhancing the peak oscillating dipole (and hence the resulting
terahertz emission) by at least a factor of 4.

1. INTRODUCTION

Coherent quantum-mechanical charge oscillations in
GaAs-GaAlAs heterostructures have been recently ob-
served in a series of elegant experiments.'- These os-
cillations are excited by ultrashort-pulse excitation of
quantum-well or superlattice samples and have been de-
tected by both four-wave mixing and terahertz (THz)
emission. Because these coherent charge oscillations
arise from time-varying quantum-mechanical interfer-
ence between nearly degenerate wave functions simul-
taneously excited by absorption of the ultrashort pulse,
they are closely related to the quantum-mechanical wave-
packet motions widely observed in atomic and molecular
systems. For this reason, as well as because of poten-
tial device applications, these experiments have aroused
considerable interest.

Two recent studies have explored the effect of using
simple sequences of femtosecond pulses on the excitation
of coherent charge oscillations in semiconductor quantum
wells and on the resulting THz emission.',5 These in-
vestigations have clarified the role of the optical phase in
exciting charge oscillations and have demonstrated the
ability either to reinforce or to suppress charge oscilla-
tions by controlling the pulse timing and phase. How-
ever, neither of these experiments evidenced an increase
in the peak charge oscillation amplitude as a result of
using pulse sequences rather than individual ultrashort
pulses. In this paper I analyze the efficiency of charge
oscillations excited by specially shaped femtosecond pulse
waveforms and pulse sequences and explain why ex-
periments have not resulted in enhanced oscillation am-
plitudes. I then discuss how considerable oscillation
enhancement can be achieved and derive several ex-
amples of ultrafast waveforms that would be suitable for
this purpose. The waveforms shown could readily be
generated by existing programmable pulse-shaping tech-
niques; therefore experiments based on these theoretical
results should be immediately feasible.

This study is closely related to the emerging field

of coherent control, in which researchers seek to tailor
wave-packet motions by manipulating constructive and
destructive quantum-mechanical interferences in molecu-
lar systems.9 -' 3 Coherent control could ultimately lead
to optical manipulation of chemical reactions and in the
shorter term should make possible the preparation of
well-defined quantum-mechanical states for precise spec-
troscopic determination of molecular Hamiltonians. Two
main approaches for coherent control have been sug-
gested. One approach uses specially tailored ultrashort
pulses with features faster than the natural molecular
vibrational periods to manipulate quantum-mechanical
interferences9 -12 ; the other approach utilizes the inter-
ference of multiple, phase-coherent laser frequencies.1 3

Despite considerable interest and intense theoretical ef-
forts experimentation is still at an early stage, and only
a few rather simple experimental demonstrations have
been reported.4- 9

In this paper I describe the possibility of using specially
designed multiple-quantum-well structures as a labora-
tory for testing ultrashort-pulse coherent control concepts.
One motivation for using layered semiconductors as a
coherent control laboratory is the ability to control the
Hamiltonian through the epitaxial growth process and
band-gap engineering. Therefore one may have more
knowledge of and more control over the Hamiltonian than
one has in studies of complex molecules, in which impre-
cise knowledge about the Hamiltonian is often one of the
major difficulties. A second exciting motivation is that
the ability to manipulate charge motions within layered
compound semiconductors could lead to the realization of
new classes of optoelectronic devices capable of process-
ing ultrafast optical signals.

Note that an early version of this study was previ-
ously presented in abstract form.20 In addition, an-
other group simultaneously considered the application of
coherent control concepts to alleviate inhomogeneous
broadening effects in double-quantum-well systems.2 '
One difference in the theoretical approaches taken in
these two papers is worth noting: in Ref. 21 the authors
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utilize an iterative optimization technique to arrive at the
desired optimum laser waveform; in the present paper
and in Ref. 20 I write down a formula for a near-optimum
pulse shape by inspection (although computer calculation
is still required for evaluation of this formula).

The structure of this paper is as follows. In Section 2
I summarize experiments in which ultrashort pulses
were used to excite charge oscillations resulting in THz
emission from semiconductor heterostructure. Then, in
Section 3, I focus on experiments that involve coupled
pairs of quantum wells excited by femtosecond pulse se-
quences, with an emphasis on the amplitude of the charge
oscillations achieved. I put forth a simple analytical ex-
pression that explains why experiments to date have not
resulted in enhancements in the oscillation amplitude.
In Section 4 I discuss opportunities for increasing the
magnitude of the charge motion through femtosecond
pulse shaping. In particular, I describe a methodology
for designing femtosecond optical waveforms that maxi-
mizes the peak oscillation amplitude for a fixed initial
laser pulse energy and give several illustrative examples.
In Section 5 I discuss additional issues relevant to ex-
perimental implementation of these ideas and describe
possible extensions to coherent control of charge motions
in three-quantum-well systems and superlattices. Fi-
nally, in Section 6 a summary is presented.

2. THEORETICAL BACKGROUND

In this section we consider charge oscillations in double-
coupled quantum wells (DCQW's) excited by absorption
of an ultrashort laser pulse. The situation is shown
schematically in Fig. 1. As a prototypical sample we con-
sider a DCQW design [Fig. 1(a)], which was described in
detail in connection with several pioneering experiments
performed at AT&T Bell Laboratories."2 One wide and
one narrow GaAs quantum well are separated by a thin
AlGaAs barrier region. An electric field is applied to
tilt the energy bands. When the lowest electron energy
levels in the two wells line up, the two wells couple ef-
fectively, which leads to an energy-level splitting and a
delocalization of the wave functions across the two wells.
Note that the hole energy levels remain nondegenerate,
and therefore the hole wave functions are not coupled be-
tween the two wells. Thus a short optical pulse can be
excited from the valence band in one particular well into a
conduction-band superposition state initially localized in
the same well. Because of the quantum-mechanical cou-
pling, however, this results in an oscillatory wave-packet
motion of the electron back and forth from one well to the
other. Such oscillatory charge motions were observed by
means of several experimental techniques, such as four-
wave mixing' and detection of THz radiation.2

In this analysis we are most interested in enhancing
the charge oscillation by using specially shaped laser-
excitation waveforms. Techniques for generating such
shaped waveforms, and experiments to date that use
shaped pulses for driving charge oscillations, are de-
scribed in Section 3.

In addition to the DCQW samples discussed above, ex-
periments were also reported in which ultrashort-pulse
excitation resulted in charge oscillations because of in-
terference between light- and heavy-hole excitons within

a single quantum well.3 The analysis below applies not
only to charge oscillations in DCQW structures but also
to oscillations that involve light- and heavy-hole excitons
in a single well.

Detection of THz emission is one of the cleanest ways
to observe the charge oscillation dynamics because this
technique is insensitive to phenomena that do not involve
actual charge motions. Motion of the electrons between
the two wells leads to an oscillating dipole moment, which
then radiates at the (THz) oscillation frequency. The ra-
diated electric field is proportional to the second deriva-
tive of the coherent time-varying polarization P:

(1)

The resulting THz radiation is detected by standard tech-
niques, e.g., by use of an ultrashort laser pulse to gate an
ultrafast photoconductive antenna.2 2 23

Recently Luo et al. published a density-matrix analy-
sis of induced charge oscillations in DCQW's.2 4 They
treated the DCQW as a three-level system and included a
damping term representing the dephasing of the coupled
quantum wells. Their analysis focused on the use of
phase-locked pulse pairs for controlling the charge oscil-
lation dynamics, and, by comparing their theory with ex-
perimental results obtained with phase-locked pulse
pairs," they verified the adequacy of the three-level model
for explaining the charge oscillation dynamics. Their re-
sults also showed that most of the important physics in
the experiments could be understood without inclusion
of the dephasing terms. After solving for the density
matrix, they obtained the coherent polarization P(t) by
means of the following expression:

P(t) - p11(t)(A33 - A,1) + p22(t)(A33 - 22)
- 2,ul2 Re[p 12 (t)],

where P11 and P22 are the populations of the coupled con-
duction subbands and ,ij is the dipole moment between
states i and j. The first two terms in relation (2) rep-
resent an electric-field-induced optical rectification that
arises because excitons are created in a polarized state;
these terms follow the integral of the incident optical
pulses and lead to a fast transient in the THz emission.
The last term in relation (2) is associated with oscillatory
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Fig. 1. (a) Schematic energy-level diagram of a DCQW system,
(b) schematic representation of THz radiation induced by fem-
tosecond excitation of the coupled-quantum-well system.
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charge motions between the coupled conduction subbands
in the narrow and the wide wells.

Below we focus our attention on this last, oscillatory
term, and we ignore the field-induced optical rectification
terms. Neglecting the rectification terms is justified for
two reasons: (a) for low enough electric fields the oscil-
latory term can dominate the field-induced rectification
term,2 and (b) the use of appropriately shaped femtosec-
ond waveforms can enhance the peak THz emission as-
sociated with the oscillatory polarization, whereas the
THz emission associated with rectification is expected
to be significantly reduced because of the longer dura-
tions of the shaped excitation pulses. With respect to
point (b), this effect is similar to the results of experi-
ments in which multiple-pulse sequences were used to
excite optical phonons in molecular crystals through im-
pulsive stimulated Raman scattering.14"5 In particular,
in these multiple-pulse Raman scattering experiments,
the ratio of the phonon-scattering peaks to the unwanted
scattering arising from the instantaneous (electronic)
Kerr nonlinearity was significantly enhanced relative to
experiments with single femtosecond excitation pulses.

In the analysis below, dephasing effects are neglected;
this allows us to concentrate on the effects of pulse shap-
ing on the coherent charge oscillation. Dephasing of
course does occur in semiconductors; for the DCQW's stud-
ied experimentally,2 the dephasing time is several pi-
coseconds for temperatures of 10 K, compared with a
charge oscillation period of -700 fs. Nevertheless, even
without dephasing we can still formulate some important
results describing the strength of the charge oscillation
excited and can identify opportunities for enhancing the
oscillation. In Section 5 we briefly discuss how dephas-
ing would modify the current results.

Because dephasing is not included below, we can ex-
press our analysis in terms of the wave functions (as op-
posed to the density matrix). We write the wave function
as follows:

IT) = cl(t)exp(-iElt/h)Ikl)

+ c2(t)exp(-iE2t/h)I12 ) + c3(t)103)- (3)

Here I01) and 102) are the wave functions of the cou-
pled conduction subbands and 103) is the valence-band
wave function (e.g., the heavy hole). E and E2 are the
energies of the conduction subbands, and the ground-
state energy E3 is taken to be zero. We assume that ini-
tially only the ground state is populated, so that, before
the occurrence of the laser pulse, c3 = 1, c() = C20) = 0.

We obtain the charge oscillation dynamics by solving
the Schr6dinger equation, with the optical field being in-
cluded as a perturbation term, as follows:

ih | t )= HoIT) - J-eL(t)P), (4)
at

where

eL(t) = aL(t)exp(-iflLt) + aL*(t)exp(iMLt). (5)

Here eL(t) is the total laser field (which may be specially
shaped; see Section 3), aL(t) is a slowly varying envelope
function, fIL is the center frequency of the optical pulse,
and ju is dipole moment operator.

The first-order perturbation solutions for the wave-
function amplitudes are easily obtained:

c('1(t) = L/h3 f dt'eL(t')exp(iElt'/h),

C21)(t) = I 3 dt'eL(t')exp(iE 2 t'/h).2 h (6)

We can write these formulas in a more convenient form
by introducing the notation

,Co = (El/h) - L,

02 = (E2/h) - L. (7)

The result, in which only the terms near resonance are
kept, is as follows:

C(11)(= 1/L13 f dt'aL(t')exp(i C t'),

C(2)(t) 23 fdt'aL(t')exp(i&2t')

Finally we solve for the coherent polarization:

P(t) = (TIlIt) = I.L2lC2*cl exp(iW2lt) + c.c.

21/1323 exp(iwO21t) f dt'aL(t')exp(iClt')

ft
x f dt'aL* (t')exp(- i s2l + C.,

(8)

(9)

where w21 = (E2 - El)/h is the frequency difference be-
tween the two conduction-band levels and c.c. denotes the
complex conjugate. Equation (9) shows that the coher-
ent polarization oscillates at a frequency (0 21, as expected.
Furthermore, the amplitude of the polarization is pro-
portional to the product cI(t)c 2 *(t). The coefficients c1(t)
and c2*(t) in turn resemble the Fourier transform of the
laser field (evaluated at the conduction-subband frequen-
cies), with the difference that the integrals extend only to
the time t at which P(t) is evaluated.

The expression for the polarization simplifies further
for times longer than the laser pulse duration, for which
we can set t - o. The result is as follows:

A~21/J-13A23 *
P(t) = h2ly exp(iC21t) dt'aL(t )exp(iC t')

X f dt'aL*(t')exp(-ic2t') + c.c.

= L21L13/123 exp(iw 2 lt)AL(&l)AL*(C02) + C.c. (10)
h2

Here AL(O) is the Fourier transform of electric-field en-
velope aL(t). For times after completion of the exciting
laser pulse, the terminal coherent polarization is propor-
tional to the real part of the product of the spectral am-
plitudes AL(Col)AL*(CO2) at the two conduction-subband
energies. This is an important point, to which we return
in Section 3 when we discuss the efficiency of charge os-
cillations excited by femtosecond pulse sequences. Also
note from Eq. (10) that the phase of the oscillating polar-
ization is directly related to the phase of the spectral am-
plitudes. Thus, if we write AL(@) = IAL(w))Iexp[iq5(co)],
then we can rewrite the terminal polarization as

P(t - c) - IAL(61)I IAL(J@2)Icos[&w21t + /dci1) - 002)]

(11)
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Photoconductive
Detector

Fig. 2. Schematic diagram of experiments in which shaped
femtosecond waveforms excite charge oscillations, resulting in
THz emission. The input pulse e(t) [with spectrum Ein(w)] is
reshaped by a linear filter characterized by a frequency response
H(cw). The shaped waveform or pulse sequence eL(t) [with
spectrum EL(@)] is then absorbed by the DCQW sample. We
are interested in finding the optimum filter H(w) that, for a given
pulse duration and energy from the laser, yields the highest peak
charge oscillation amplitude.

If the relative phases of the two spectral amplitudes are
changed, the phase of the terminal coherent polarization
is changed by the same amount.

3. CHARGE OSCILLATIONS IN
DOUBLE-COUPLED QUANTUM
WELLS EXCITED BY FEMTOSECOND
PULSE SEQUENCES

We are interested in charge oscillations in DCQW's ex-
cited by femtosecond pulse sequences or specially shaped
femtosecond waveforms, as shown in Fig. 2. We assume
that individual femtosecond pulses from a mode-locked
laser are converted into the required pulse sequences or
waveforms by means of a linear filter. The linear filter
can be implemented by interferometric techniques' 6 or by
Fourier-transform pulse shaping,2 5 26 or by other methods.
The filter can be characterized in terms of its frequency
response H(w), and the shaped output pulse from the fil-
ter is related to the input pulse from the laser by the
following simple formula:

eL(t) = f d exp(-icot)H(w)Eum(w), (12)

where

Ein(co) f dt exp(iwt)emi(t).

Here En(w) is the Fourier transform of the input pulse
from the laser e(t), and EL(w) = H(co)Ei(co) is the
Fourier transform of the shaped pulse eL(t). The shaped
waveform illuminates the sample, resulting in the emis-
sion of THz radiation, which one detects by gating a pho-
toconductive dipole antenna.2 2 2 3

Below we focus on the amplitude of coherent polariza-
tion (and hence THz emission) excited for a given pulse
energy at the output of the laser. In particular, we con-
sider the following question: How does the inclusion of
the pulse-shaping linear filter affect the charge oscilla-
tion amplitude?

From relations (10) and (11) we can immediately con-
clude that the terminal coherent polarization that re-
sults after the laser pulse is finished is not enhanced by
pulse shaping (again assuming that dephasing does not
play a role). The terminal polarization is proportional to

the product of the spectral amplitudes at the conduction-
subband energies. For a passive linear filter, IH(w)1 c 1;
therefore the spectral amplitudes cannot be increased by
the pulse-shaping process.

This observation is supported by experiments in which
femtosecond pulse sequences are used for excitation of
charge oscillations in DCQW's.4,5 In one experiment an
interferometer was used to split an incident pulse into
a pulse doublet, which was used to excite the coupled-
quantum-well sample. Studies of the THz emission as a
function of the delay and the phase of the second pulse
clearly revealed the importance of the optical phase in
reinforcing or canceling the induced charge oscillation.42 4
For two pulses with the proper relative timing and phase,
the peak THz signal generated by the pulse pair is roughly
four times as large as the signal generated by one pulse
alone (with the second pulse blocked). Note, however,
that this is no larger than the peak THz signal that would
be obtained with no interferometer at all. For an input
pulse e(t) = Re[am,(t)exp(-ifLt)] the envelope of the
electric field emerging from the interferometer is written
as

aL(t) = /2aij(t) + 1/2ajn(t - )exp(ifLr). (13)

The factor of one half is required because half the input
energy emerges from the unused port of the interferome-
ter. Because the coherent polarization excited by a single
pulse is proportional to the square of the electric-field am-
plitude, a single pulse emerging from the interferometer
produces only one quarter the polarization induced by the
original pulse directly from the laser. Two pulses appro-
priately phased yield the same coherent polarization as
the original pulse from the laser.

Note that one derives the same conclusion by describ-
ing the interferometer in terms of its frequency response
H(w):

H(cw) = exp(jcwT/2)cos[ 2 1) T. (14)

We can see that H(co)j c 1, as stated; therefore the ter-
minal coherent polarization is not increased by use of the
interferometer. The terminal polarization equals that
obtained with e(t) (no interferometer) when the cosine in
Eq. (14) has peaks at both conduction-subband energies.
Also note that the polarization induced per unit laser en-
ergy incident upon the sample is increased through the
filtering process; the interferometer eliminates energy at
some of the frequency components that are not useful for
creating a coherent polarization.

A second related experiment used a Fourier-transform
pulse-shaping setup to generate a train of pulses spaced
at the natural charge oscillation frequency.5 The pulse-
shaping apparatus is depicted in Fig. 3 and is described
in detail in a number of references.25 2 7 A grating and
a lens spatially disperse the incident optical-frequency
components; a spatially patterned mask is placed at the
Fourier plane to manipulate the phase and/or the am-
plitude of the individual optical frequencies. The sec-
ond grating and lens recombine the frequencies into a
single collimated beam; this yields an output pulse whose
shape is determined by the Fourier transform of the
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Fig. 3. Fourier-transform pulse-shaping apparatus. Optical-
frequency components contained in the input laser pulse are spa-
tially dispersed, filtered, and then spatially recombined. The
result is a reshaped output pulse, with the pulse shape being
determined by the Fourier transform of the phase and the
amplitude pattern transferred from the mask onto the spectrum.

spatial pattern transferred by the mask onto the spec-
trum. To a good approximation the filter function H(co)
is equal to an appropriately scaled version of the masking
function. For the multiple-pulse experiments of Ref. 5
a specially designed periodic phase mask was used to
transform the single input pulse into the desired pulse
train without loss of energy. Similar masks were used
previously to generate pulse trains for periodic excita-
tion of optical phonons in molecular crystals by impulsive
stimulated Raman scattering.'4' 5 27 Note that computer-
programmable pulse shaping was also demonstrated
with multielement liquid-crystal phase2 6 and amplitude2 8

modulators in place of fixed masks; such programmable
pulse shapers will be especially useful for generating the
optimized femtosecond waveforms described in Section 4.

The THz signals reported in the experiments of Brener
et al. 5 are shown in Fig. 4. Figure 4(a) shows the sig-
nal that resulted when the DCQW sample was excited
by a single femtosecond pulse directly from the laser,
whereas Fig. 4(b) shows the data for the case of a fem-
tosecond pulse train generated in the pulse shape. The
laser waveforms themselves are also shown for both cases
in the insets. Note that the peak THz signal for the
multiple-pulse and the single-pulse cases are the same,
although the peak optical intensity is much weaker in
the multiple-pulse case. Note also that the THz signal
does not build up at all during the first several picosec-
onds of multiple-pulse excitation but then builds up rather
abruptly within a few pulse periods. The behavior arises
because the phases of the individual pulses in the se-
quence were not all the same in this experiment (this
is an inevitable consequence of using phase-only masks
to generate the pulse train2 7). During the first part of
the pulse train the incident pulses are out of phase, and
no significant charge oscillation is induced. Near t = 0
several pulses are apparently in phase, and the charge
motion then builds up rapidly.

This observed rapid buildup motivates us to ask the
following question: Can laser pulse shapes be designed
that would significantly enhance the amplitude of the
charge oscillation and hence the radiated THz signal?
We have already seen that the terminal coherent polariza-
tion will not be improved through pulse shaping. How-
ever, the coherent polarization can be enhanced while the

laser pulse is still on. In Section 4 I show how to design
shaped laser waveforms that should significantly enhance
the peak polarization compared with a single, unshaped
pulse.

4. ENHANCING THE PEAK CHARGE
OSCILLATIONS THROUGH PULSE SHAPING

Relations (10) and (11) show that the terminal coherent
polarization as t - reaches a value determined only
by the power spectrum of the shaped pulse. In contrast,
Eq. (9) shows that the coherent polarization P(r) at a par-
ticular time 7 during the laser pulse is determined by the
Fourier transform of the electric field truncated at time
7. Therefore, to optimize P(T), one must choose a shaped
pulse so that the Fourier transform of the truncated field
is enhanced at the conduction-subband energies. Such a
pulse will excite a polarization that first peaks and then
relaxes to the terminal value dictated by the power spec-
trum. The peak polarization at time r may be signifi-
cantly higher than is possible with an unshaped pulse of
the same initial energy.

We wish to design a pulse-shaper filter H(o) that opti-
mizes the polarization at a chosen time r. We proceed by
defining a linear operator T,,(t), which we use to rewrite
Eq. (9) for the coherent polarization in the following sim-
plified form:

P(2)(t) - Re{exp(i'021t)[T,,(t) H][T6,2 (t) * H]*}, (15a)

where

ci)

C

N2
C
I-

Single-Pulse Excitation 1 - Input Pulse

T=8K, =8 MOnm 

I ~ ~ l l I

Multiple-Pulse Excitation 0.3 -Input Pulse Sequence

I I I10 I~il 0 5

-5 0 5 10

Delay (ps)

Fig. 4. Data from Brener et al.
5 showing THz signals from

DCQW's excited (a) by single femtosecond pulses and (b) by
femtosecond pulse sequences generated by a Fourier-transform
pulse-shaping apparatus. The peak THz emission (and hence
the peak coherent polarization) is approximately the same for
the two cases.
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T,(t) H = feL(t')exp(i0t')dt'. (15b)

This formulation has the advantage that for a given t the
operator T,,,(t) can easily be calculated by performance
of a series of matrix multiplications. Then, after T,, (t)
is obtained, one can choose a suitable H(w) that opti-
mizes P(t) in relations (15). We recall that the resulting
shaped laser pulse eL(t) is given by the Fourier transform
of the input spectrum multiplied by the filter response
H(oi).

Before we calculate T,,, let us first briefly discuss
its significance. From Eq. (15b), we obtain the product
T,, (r) H by multiplying H(&) by the input spectrum
Ein(&i), performing an inverse Fourier transform to ob-
tain the shaped laser field eL(t), truncating the shaped
field at time , and then performing a final (forward)
Fourier transform. If we then evaluate T,,(r) H at the
conduction-subband frequencies Co, and 02, we can imme-
diately obtain the coherent polarization P(2)(7) at time r
by using relation (15a).

The computation proceeds as follows. We write

T,,,(r) H = [FT TR(r) IFT Em,] H, (16)

where FT and IFT are the forward and the inverse
Fourier-transform operators, E represents the input
spectrum Ein(&), and TR(7) is a time-domain operator
that truncates the electric field for times t > . The fil-
ter H is taken as an N-element column vector; the other
operators are square (N x N) matrices. In particular,
we write

Hj = H(&j), (17a)

(Ein)jk = E(oj),5jk, (17b)

TRjk (7) = {6Jkfor tj > r
for t > r (17c)

FTjk = exp[i(2ir jk/N)], (17d)

IFTjk = 1 exp[-i(2vrjk/N)]. (17e)

Here jk is the Kronecker delta function (Ojk = 1 for
j = k, 8jk = 0 for j k k), and £0j and tj represent the
sample values of £0 and t, respectively. For a given 7 the
operator T,,(r) = FT TR(r) IFT E is an N x N
matrix. However, because we need to know T,, only at
frequencies &1 and (02, we need to compute only two rows
of the T matrix.

Next we discuss examples of the present calculations.
Except when otherwise noted, our assumptions are as
follows. The input pulse e(t) is taken as a Gaussian
with a full width at half-maximum (FWHM) duration of
100 fs and with a center frequency centered between the
two conduction-subband levels [L = (E + E2)/2h]. The
frequency separation of the conduction subbands (21/2ir)
is set to 2 THz. We assume that the pulse-shaping filter
is implemented by use of a 128-element liquid-crystal
modulator array within a Fourier-transform pulse-
shaping apparatus.26 Each modulator element corre-
sponds to a frequency spread f = 0.05 THz. Thus the
modulator array accommodates a total frequency span of

6.4 THz, which is enough to pass most (but not all) of
the assumed input pulse spectrum. Optical-frequency
components that fall outside this window are blocked
by a hard aperture. The filter H(co) is modeled as a
256-element vector. Of these the central 128 elements
correspond to the 128 modulator pixels; the first 64 pixels
and the last 64 pixels are set to zero to account for the
hard aperture.

Computed values of the T ,,(r) operator are plotted
in Fig. 5. Figure 5(a) shows T( ,(r ) for frequencies
to = Co, and co = 02, in addition to the input spectrum
Em (£0) (as modified by the finite window of the modula-
tor array). In this case T are simply delta functions
placed at frequencies &i, and 02, respectively, with a
peak value equal to Ein(0) at those frequencies. Thus
L c(t x) H = H( 1),)Ein( 1 l), and similarly for (02. In
this limit the coherent polarization depends only on the
spectral amplitudes of the shaped laser pulse at frequen-
cies £i1 and £02, as in Eq. (10); pulse shaping cannot en-
hance the charge oscillation for r - cc, as was discussed
above. Figure 5(b) shows ToJ and T17)21 for set to
2.5 ps. Now the T,, values broaden out as a function
of frequency and develop pronounced pedestals, although
the functions are stilled peaked at the same frequencies
as before. The phase of the Tt, operator can be quite com-
plicated, as shown in Figs. 5(c) and 5(d) for £ = Co, and
£ = C02, respectively. Because of the broadening of T,,
the product T,1 H, for example, now involves a weighted
sum of H(£0) in the vicinity of Cl. For suitable H(£)
this product can be larger than without pulse shaping,
and therefore the polarization in relations (15) can be en-
hanced in this case of finite r.

One favorable choice for H(0) is as follows:

H(o) = TI ,2()/JTz2(T) £ < QL

£o > f1L
(18)

In this case H(0) is a phase-only filter with a phase that
is conjugate to T6, (T62) for co < L ( > flL). Although
this obvious choice of H(£0) is not necessarily the true
optimum, it does a good job in enhancing the polarization
when the overlap of the T61 and the Tc2 functions is small,
as in Fig. 5.

Computed results for the coherent polarization are
shown in Fig. 6. To prevent aliasing effects, the 256-
point H(£0) and E,(£0) vectors are first stretched by a
factor of 8, with each point in the original vectors be-
coming 8 identical points in the stretched functions. The
coherent polarization is then calculated from Eq. (9) by
numerical integration. Figures 6(a) and 6(c) show the
input (unshaped) laser pulse and the resultant induced
polarization, respectively. As expected, the polarization
turns on at t = 0 and then oscillates with a constant
amplitude at frequency C021. Figures 6(b) and 6(d) show
the intensity profile of our derived waveform based on
Eq. (18) and the corresponding coherent polarization, re-
spectively. The computed polarization does indeed build
up to a strong peak at 2.5 ps, as designed; the ampli-
tude of the peak is enhanced by a factor of 3.03 compared
with the no-pulse-shaping case. For t > 2.5 ps the po-
larization decreases again to approach the same terminal
level as in the no-pulse-shaping case. Similar enhance-
ments are observed for other values of the delay in the
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range of several picoseconds. As an additional example,
Figures 7(a) and 7(b) show the optimum pulse shape de-
signed for a delay r = -2.5 ps and the corresponding in-
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evaluated at the conduction-subband energies al and 02. The
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this case), Tc1 and T,,2 broaden; this effect permits enhancement
of the peak polarization through pulse shaping. (c) Phase of
T,. (d) Phase of T62-
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Fig. 6. (a) Intensity profile of the input unshaped laser pulse
(normalized to unity). (b) Intensity profile of the shaped laser
pulse (design 1). (c) Coherent polarization resulting from the
unshaped laser pulse. The terminal polarization is normalized
to unity. (d) Coherent polarization resulting from the shaped
laser pulse. The amplitude peaks at t = 2.5 ps and is enhanced
by a factor of 3.0 compared with (b).
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mask.2 52 9 This effect sets the spectral resolution of the
pulse shaper and leads to a time window roughly equal
to the inverse spectral resolution. Typically the time
window is of the order of tens of picoseconds, although
windows of a few hundred picoseconds should be possible.
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Fig. 7. Intensity profile of the shaped laser pulse (design 2).
This is similar to the case shown in Fig. 6, but now the wave-
form is designed to give a peak polarization at t = -2.5 ps.
(b) Resulting coherent polarization, again showing a threefold
enhancement.

duced polarization, respectively. Except for the fact that
the field and the polarization peaks are now moved to
-2.5 ps, the resemblance to Fig. 6 is striking.

These theoretical results already indicate that it may
be possible to apply pulse shaping and ultrafast coher-
ent control to enhance charge motions in DCQW's. The
prescribed laser pulses, although complicated, should be
attainable by use of existing pulse-shaping technology.
One difficulty, however, is that the waveforms shown in
Figs. 6 and 7 extend over -20 ps, a time that is long com-
pared with the characteristic dephasing time. To realize
real enhancements through pulse shaping, the resulting
laser waveforms should be as short as the dephasing time.
Next we discuss several modifications to the present cal-
culation procedure that will enable us to obtain shorter
optimum pulse shapes.

One strategy involves using a modified truncation (TR)
operator in calculating Tos. The modified truncation op-
erator, which we denote TR', includes a Gaussian time
window function and is written as
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Here , which we are free to choose, is a measure of the
width of the Gaussian time window. The motivation is
that, by including the Gaussian window, our calculations
may provide waveforms that are better localized near t =
0. A similar time window arises physically in Fourier-
transform pulse shaping because of the finite Gaussian
spot sizes of the frequency components focused at the
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Fig. 8. (a) Intensity profile of the shaped laser pulse (design 3).
(b) Resulting coherent polarization, showing a 4.2-fold enhance-
ment at t = 0. (c) Coherent polarization resulting when the
shaped laser pulse is multiplied by a 10-ps Gaussian to account
for the finite spot sizes within the pulse-shaping setup. (d)
Phase of the pulse-shaping filter.
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The calculated results are shown in Fig. 8. The win-
dow parameter in TR' corresponds to a Gaussian with
a FWHM intensity duration of 10 ps, and the optimiza-
tion occurs at r = 0. Otherwise the parameters used
were the same as for Fig. 6. The intensity profile of the
shaped pulse, Fig. 8(a), is still complicated but is now con-
tained within a few picoseconds of t = 0. The shorter
duration of the shaped pulse should make it much less
sensitive to dephasing effects. The coherent polariza-
tion, Fig. 8(b), has a strong pulse at t = 0; the enhance-
ment compared with the no-pulse-shaping case is now
increased to 4.17. Note that, although a Gaussian win-
dow is assumed for calculating H(£), no window is used in
computing P(t) in Fig. 8(b). If the shaped laser pulse is
indeed multiplied by a 10-ps Gaussian before calculation
of P(t), Fig. 8(c) results. The polarization is still strongly
peaked; however, both the peak and the level at large time
values are reduced because multiplying by the time win-
dow does cut out some laser energy. Nevertheless, the
peak is still 2.61 times larger than the steady-state po-
larization without pulse shaping. Finally, note that in
this example the phase of the optimum filter, plotted in
Fig. 8(d), is much smoother than in the previous case.

Another strategy for designing temporally localized
pulse shapes is to increase the frequency spread 8f per
modulator pixel in the pulse-shaping setup. This de-
creases the maximum pulse duration attainable through
spectral filtering. Figure 9 shows results for a calcu-
lation involving a 128-element phase modulator with
6f = 0.2 THz. In this example the original truncation
operator TR [Eq. (17c)] was used, with the target time
set at 7 = 0. We actually model H(£0) as a 512-element
vector, with each element corresponding to a frequency
increment of 0.05 THz. The TV,, matrix therefore has di-
mensions 512 x 512. After computing TV,, we obtain a
first cut at H(£) by applying Eq. (18). We then group
the H(c£) vector into 128 groups made up of 4 contiguous
vector elements each, and within each group we reset
H(£0) to the average of the 4 elements in the group. As
a consequence our results apply to a 128-pixel modulator,
and the need to pad each pixel to prevent time aliasing
is built into the filter design calculations.

The intensity profile of the resulting shaped pulse is
plotted in Fig. 9(a); most of the energy falls within ± 1 ps
of t = 0. As a result polarization enhancements achieved
with this waveform should be quite robust against de-
phasing. The peak in the coherent polarization at 7 = 0
is increased by a factor of 2.94 compared with the no-
pulse-shaping case. Also, note that the averaging in-
volved in setting the final filter results in an H(£0) value
whose phase variation is quite smooth [Fig. 9(c)].

We can gain some insight by comparing the timing of
the coherent polarization with that of the shaped elec-
tric field. The shaped field in this example is dominated
by its real part, so in Fig. 10 the real part of the elec-
tric field and the polarization are plotted together. The
field envelope is seen to oscillate at 1 THz, half the 2-THz
charge oscillation frequency, as expected for a second-
order process. Importantly, the field undergoes a dra-
matic or phase shift at t = 0. Thus the field initially
oscillates nicely in phase, thereby causing P(t) to grow to
a strong peak at the target time. Directly after the peak
the field changes sign, so that it immediately begins to de-

excite the polarization to reach the terminal polarization
required by Eq. (10) and the initial power spectrum. It
is remarkable that this purely mathematical filter design
procedure results in shaped electric fields so amenable to
simple physical interpretation.

5. DISCUSSION

A. Theoretical Issues
The present treatment so far indicates that it may be pos-
sible to use specially designed laser pulses to enhance the
peak coherent polarization in DCQW's. However, two
main theoretical issues remain for future research as fol-
lows:

First, the suggested laser waveforms, although good,
are not necessarily globally optimum. It would be useful
to establish limits that define how large an enhancement
of the peak THz emission is possible in principle for a
given set of laser, modulator, and sample parameters.
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One might then use iterative optimization techniques,
such as those reported in the coherent control literature, 9

to approach these limits. Additionally, one might seek to
determine the laser and the modulator parameters (e.g.,
initial laser pulse width, number of modulator pixels,
frequency span per pixel) for which the best optimization
is possible.

Second, dephasing is ignored in the current study.
This assumption is useful at present because it allows
one to focus on the essential physics of shaped pulses
and coherent charge oscillations. I have made some at-
tempt to minimize the importance of dephasing by look-
ing for suitable shaped pulses with durations less than
or equal to the dephasing time. Nevertheless, in prepa-
ration for real experiments, one should calculate how de-
phasing affects the coherent polarization excited by the
current shaped-electric-field designs and should calculate
new laser waveforms that are optimum in the presence
of dephasing.

Finally, in the current analysis only the coherent po-
larization P(t) was calculated; the resulting THz radiation
was not actually plotted. However, because the radiation
is proportional to the second derivative of the oscillating
dipole, by enhancing the coherent polarization one should
also obtain an enhanced THz emission.

B. Additional Applications
Further prospects for coherent control in semiconductor
heterostructures, with implications beyond those of the
proposed DCQW studies, can also be envisaged. In par-

ticular, excitation with shaped ultrashort pulses may offer
interesting possibilities for controlling the charge dynam-
ics in multiple-well systems and superlattices.

In a two-well system an electron initially created in well
1 has no choices: it can tunnel only into well 2, and then
it can return only to well 1, and so forth. Pulse shap-
ing merely affects the amplitude of the induced charge
oscillation. Multiple-well systems, consisting of three (or
more) degenerate coupled quantum wells, offer new possi-
bilities compared with two-well systems. In a three-well
system an electron initially created in the leftmost well
would initially tunnel into the adjacent central well, as
before. At that point the electron now has several pos-
sibilities: it can return to the first well, it can tunnel to
the rightmost well, or the wave function can split among
the various wells. The probability that an electron will
spend time in the rightmost well depends on the design of
the three-well system and on the pulse shape. By excit-
ing the sample with a properly chosen shaped laser wave-
form, one has the possibility of controlling the extent, if
any, to which the electron becomes localized in the right-
most well. Thus, unlike for double-coupled-well systems,
in a three-well system one has the truly exciting prospect
of using coherent control to determine where the electron
will go. Ultimately this could have novel device appli-
cations, e.g., for recognizing the presence of a particular
ultrafast waveform.

Superlattices may also serve as an interesting coher-
ent control laboratory. Recent experiments resulted in
the observation of coherent charge oscillations (or Bloch
oscillations30 3 1) after ultrashort pulse excitation of super-
lattices biased by applied electric fields.6-8 These charge
oscillations may be viewed as electron-wave-packet mo-
tion. By exploiting pulse shaping to optimize the phases
and the amplitudes of the wave functions making up an
electron wave packet, one has the possibility of manipulat-
ing the coherent charge oscillation, e.g., to optimize the in-
duced dipole moment or radiation efficiency. Conversely,
by studying the THz radiation for a series of different
shaped laser waveforms one may perform spectroscopy to
gain better understanding of the wave functions. This
strategy would be similar to an approach proposed for
teaching lasers to control molecules, in which experimen-
tal results are continuously fed into an iterative learning
algorithm that then updates the laser waveform in an ef-
fort to meet some prespecified control objective.123 23 3

Finally, note that waveform design procedures similar
to those outlined here could also prove useful for coherent
control in simpler systems such as two-level atoms. For
example, one could design pulse shapes that produce a
transient peak in the upper-level population; this peak
could significantly exceed the terminal population change
permitted by the pulse area theorem. This temporary
increase in the upper population might be exploited, e.g.,
to improve the yield in two-color, pulsed photoionization
experiments.

6. SUMMARY

In this paper I have analyzed the charge oscillation am-
plitude achievable in degenerate coupled quantum wells
excited by ultrashort light pulses. This analysis shows
that, in the absence of dephasing, the terminal coher-
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ent polarization obtained after the end of the pulse de-
pends only on the optical power spectrum evaluated at
the two conduction-subband energies. Therefore pulse
shaping cannot enhance the terminal coherent polariza-
tion. In contrast, pulse shaping can lead to strong peaks
in the oscillating dipole during the laser pulse. I have
presented a methodology for designing ultrafast optical
waveforms capable of producing strong peaks in the co-
herent polarization and have illustrated this approach by
giving several examples. The computed results indicate
the possibility of enhancing the peak oscillating dipole
(and hence the resulting THz emission) by at least a factor
of 4. Because our waveform designs can be generated by
existing programmable pulse-shaping technology, experi-
ments demonstrating the concepts described in this paper
should be immediately feasible.

In a broader sense, these ideas point to the possibility
of using specially designed multiple-quantum-well struc-
tures as a laboratory for testing coherent control concepts
currently being explored in atomic and molecular systems.
One advantage of a semiconductor coherent control lab-
oratory would be the ability to tailor the Hamiltonian
through the epitaxial growth process. In addition to
two-coupled quantum-well systems, one can also seek to
design special ultrafast laser waveforms to control the
charge dynamics in systems with three or more wells or
in superlattices. In multiple-well systems such investi-
gations could lead to new possibilities for controlling the
destination of photoexcited carriers and new concepts for
using such semiconductor structures as recognition cir-
cuits for specific ultrafast waveforms. The use of shaped
pulses to excite biased superlattices could lead to en-
hanced Bloch oscillations or improved knowledge of the
superlattice wave functions.
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