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2.0 Modeling approaches for reliability studies 
 
In the last class, we discussed that model for physical phenomena – including reliability 
phenomena – can often be described by three modeling approaches:  
 

1. Empirical  
2. Statistical 
3. Physical  

 
These approaches are commonly used not only in the reliability studies but also in lots of 
other areas in semiconductor industry as well as in other fields of science and 
engineering. Let me illustrate the models by considering a short and a long example, so 
that you can understand the details of the issues in reliability physics.  
 
2.1 Example 1: Failure Times of a Molecular Bridge  
 
Suppose that we have a molecular bridge of an arbitrary length L and having N number 
of molecules. We need to do the failure analysis of this bridge, i.e. how long will it take 
for the first molecular bond to break and the bridge to fail. 

A. Empirical Model: 
In the empirical model, we will take a large number of bridges with different L and N and 
measure how many bridges will fail in the given time. Here, the failure probability F is 
determined entirely from experiments. A large number of measurements and subsequent 
tabulated information are needed get a good estimate of F. 

B. Statistical Model: 
In the statistical model, we will try to characterize the probability of the failure of one 
molecule. If p is the probability that one molecule will stay attached, then  
 
Probability of bridge staying together = p N      (1) 
 
Probability of bridge failing = 1−pN = 1 − (1−q) N � qN for q << 1   (2)  
 
Hence we do not need to perform a large number of measurements as was necessary in 
the empirical model. Once we know p and q, we can apply it to a bridge with any L and 
N to find the failure probability F. 



C. Physical Model: 
In the physical model, we will formulize the physical mechanism of the molecular 
detachment from the bridge. This can be done at various levels of approximations.  
 

 
 
Consider the energy diagram (Fig. 1) for two different states of the molecular bridge: (a) 
all molecules remain intact, and (b) one of the molecules breaks away from the bridge. 
The probability q that a molecular bond breaks is the probability of transition from state 
(a) to state (b) and is given by:  
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where EB is the barrier height and �0 is the attempt to escape frequency of the molecule. 
Here we have assumed that the failure will happen linearly with time. For q << 1, the 
probability that the bridge fails is given by: 
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The amount of tabulated information required reduces gradually as one move down from 
empirical model to statistical model and finally to the physical model. 
 
 
 
 
 
 

EB = Barrier Height 

(a) All molecules 
remain intact 

(b) One molecule 
breaks away 

Figure 1 Energy diagram for molecules in a bridge 
 



2.2  A Blind Fish in a River with a Waterfall (BFRW) problem 
 
A. Empirical Model 
 
Suppose a fisherman has to acquire an area of river on lease to grow his fishes. At the 
boundary of river there is a deep fall and the fishes falling down the fall will be lost. The 
other end of the river is safe for a long distance so we can approximate it to be infinite. 
He has to acquire a minimum distance from the fall which would be safe enough to inject 
his fishes into the river. The objective is to have a certain percentage of fish safe from 
being lost over a given period of time, with the area of the river the fisherman has to 
acquire not too large so as to minimize his cost. This is an example of a classical dilemma 
between the cost and reliability which occurs quite frequently in the semiconductor 
industry.  
 

 
 
 
One way of approaching this problem is to inject fishes at some distance ‘m’ from the fall 
and to measure the number of fish falling down as a function of time. Let p (or q) be the 
probability that the fish will take a right (or left) step at any given time. It takes � units of 
time for the fish to take each step.  
 
The earliest possible time at which fish can appear at the waterfall is m�, when the fish 
has taken all steps towards the right. The probability of this happening is pm. Next group 
of fish can arrive at the waterfall at time (m+2)� , when the fishes have taken just one step 
towards the left, and the remaining m+1 steps towards the right. The corresponding 
probability is proportional to qpm+1. Similar argument can be used for longer arrival 
times. Though this resembles the binomial series, it is important to note that the 
coefficients to be used here are not same as the binomial coefficients. This is because not 
all paths considered in a binomial series are physically present for the problem at hand 
due to the existence of a threshold (water fall). 
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Figure 2 Fish in a river problem 
 



By this way, one can form a distribution f of fishes falling over the waterfall over the 
desired time as shown in the Fig. 3. From the distribution, one can compute the average 
time Tav and variance (��)2  for the fish to fall over the waterfall as: 
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By this we can decide whether the distance m will meet the requirement or not. If the 
requirement is not fulfilled the same procedure can be repeated by injecting fish further 
upstream until the requirement is satisfied. 
 
 

 
 
 

Accelerated Testing and Extrapolation (Empirical) 
 
The above approach is reliable but it has the disadvantage that it takes a very long time to 
complete this test. In the real problems, we often have a very limited time to make a 
decision and hence the above approach is not practical in most of the instances. We will 
now introduce the approach of accelerated testing and see how it can help us in these 
situations. 
 
For the above problem, suppose we have the control of the velocity of the water flow in 
the river. This can be possible in the real situation if we have a water dam on the far left 
side of the river. Another way of accelerated testing is to develop a small setup for testing 
which replicate the original problem on a smaller scale. By controlling velocity of water 
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Fig. 3 Distribution Function at the nominal probability (p ~ 0.5) 
 



we can adjust the probabilities p and q. Increase in p will increase the average velocity of 
fish moving down the river and will decrease the time for measurement. 
 

 
 
Let   p = 1 / 2 + � / 2;  
and  q = 1 / 2 – � / 2; 
 
Hence we can obtain different distributions f corresponding to the values of p or velocity 
v as shown in Fig. 4. We can extract the average time Tav and variance from the measured 
distribution using Eq. 5, 6.  
 
After doing the accelerated testing, the next step is to extrapolate the results to the 
nominal values of p. This is shown in the Fig. 5, where a linear extrapolation of data at 
p~1 is done to obtain Tav at p~0.5. If the value of Tav does not meet the requirement of 
the minimum Tav as is the case in this figure, the measurements are done on a different 
location m2 farther upstream than m1. As shown in the figure, the extrapolation of data at 
m2 indicates that this is a safe point to inject the fish. 

time mT (m+2)T 

P~0.5 

P~1 

p increasing 

Nj
f=

N

Fig. 4 Accelerated Testing 



 
 
 
 
The accelerated testing is a very common and useful approach but it has an important 
drawback. We can notice that any discrepancy in the measured data will get magnified 
several orders of magnitude after the extrapolation. Hence extreme care is needed in the 
measurements and extrapolation. This is the reason that we need more physical models to 
obtain an optimal design in many situations.         
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Fig. 5 Extrapolation in the accelerated test analysis 
 


