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Time-independent Schrodinger Equation

d2

2
+

2 (E-U)y =0

If E >U, then ....

K= J2m[E-U] %H&y =0 ¢(x)=Asin(kx)+Bcos(kx)

h = A%+ Ae™
If U>E, then ....
J2m[u -] ﬂ—aﬁ//:o (x) = De™™ + Ee"
G ¥

X
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A Simple Differential Equation

_B Ay -
o VO =B

* Obtain U(x) and the boundary conditions for a given problem.
* Solve the 2" order equation — pretty basic
* Interpret |(,1/|2 =y as the probability of finding an electron at X

» Compute anything else you need, e.g.,

= [ad _T.osl R
— [y | O E=[y|-2=|¢d
p_;[qj[idx}pdx J [idt} g

Tl
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Qgﬁu.&g Presentation Outline

* Time Independent Schroedinger Equation
* Analytical solutions of Toy Problems
» (Almost) Free Electrons
» Tightly bound electrons — infinite potential well
»Electrons in a finite potential well
» Tunneling through a single barrier
* Numerical Solutions to Toy Problems
» Tunneling through a double barrier structure
» Tunneling through N barriers
* Additional notes
» Discretizing Schroedinger’s equation for numerical implementations

Reference: Vol. 6, Ch. 2 (pages 29-45)

* piece-wise-constant-potential-barrier tool
http://nanohub.org/tools/pcpbt

A
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Full Problem Difficult: Toy Problems First

Periodic Case 1:
Structure Free electron
PUN—
E>>U
E
Case 3:
. ° , Electron in finite well
E<U
Case 2:
Electron in infinite wel
E <<U
-
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Case 1: Solution for Particles with E>>U

d2¢/+k2w:0 K 1IZTT})[E—U] £ °

dx? h

1) Solution ¢ (x) = Asin(kx) + Bcos(kx)
ikx ik U(x)~0
=A€e" +Ae L

2) Boundary condition  ¢(x) = A€* positive going wave
=Ae™™ negative going wa\

DX
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Free Particle ...

@ (x) = Asin(kx) + Bcos(kx)
= Ae+Ae™ A
*———
w(x)= A€ positive going wave
=Ae™ negative going wa\
Ux)~0
2 * 2 2
Probability: |l//| =Yy =|A+| or |A_|
Momentum: P= J."U* {Ei}/’ dx=7nk or #ik
0 i dx
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Full Problem Difficult: Toy Problems First

Periodic Case 1:
Structure Free electron
P
E>>U
E
Case 3:
) e . Electron in finite well
E<U
Case 2:
Electron in infinite wel
E << U
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Case 2: Bound State Problems

» Mathematical interpretation of Quantum Mechanics(QM)
2
I e =inZy
2m a

» Only a few number of problems have exact mathematical solutions
» They involve specialized functions

V =00 V=00 V=00 V = ax
DR
V=0
x=0 x=L 0 X x=0 X
Coulomb _Potential Particle in a box Harmonic Oscillator Triangular Potential Well
by nucleus in an atom
) 1 o )
W (r)=AR,(r)Y,(6.9) W, (x) = Asin(k,x) W (x)= A———H,(Bx)e 2 W, (x)=NAi(¢,)
y2"n!
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1-D Particle in a Box - A Solution Guess

« (Step 1) Formulate time independent Schrddinger equation

0 O<x<L,
o elsewhere

K? d?
2max?

W(X)+V (X)(x)= Eg(x) where,V(x)= {

V =0 V =

« (Step 2) Use your intuition that the particle will
never exist outside the energy barriers to guess,

(%)= 0 0OsxslL,

wx)= #0 in the well AT MA
V=0

 (Step 3) Think of a solution in the well as: <=0 X=L

wn(X)=Asir[rli—”xJ ,n=123,..

X
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1-D Particle in a Box - Visualization

* (Step 4) Plot first few solutions

z//n(x)=Asir(T_” J n=123,..

A=A i B A /A I AW AL
e A A I VR VY

Os<x<L,
#0 inthe well

Matches the condition we guessed at step 2! #(X)=
But what do the NEGATIVE numbers mean?

* (Step 5) Plot corresponding electron densities
()" = AZsin [n”x] ,N=12,3,.. mmp The distribution of SINGLE particle
o Lol e
X=0 rstype” x=L X=0 "ptype” x=L,X=0 ‘dtype” x=L, Xx=0 -“ftype" x=

ONE particle => density is normalized to ONE £
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1 D Particle in a Box - Normalization to ONE particle

(Step 6) Normalization (determine the constant A)
Method 1) Use symmetry property of sinusoidal function

() = Azsinz(:” xj

0A= 2
LX
x=0 x=L, x=0 x=L,
Method 2) Integrate |, (X)\2 over 0~L,
2n7x
L 2 L 1-co L J L
N n2oio NIT L . _ a2k
= Io W, (X)) dx = IO A? sm{L xjdx =A? _[0 fdx =A?

2 nn n-12s
Dwn(X)—\/L:XSIF(TXXJ, 0<x<L,

X
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1-D Particle in a Box - The Solution

(Step 7) Plug the wave function back into the Schrédinger equation

wn(x):\/l_zxsi t_”x] = = v ()= )
2 277.2

A =E
2m L2 "
— . | S
L]
4[jn()():\/23i’{ﬂrxj °
L, \L S Sy n=4
2
En :h—nzzn2
2mL

>S5
1

n=123,.., 0<x<L, —

Discrete Energy Levels!

5 35
I 11
=N W
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EEES I

SEDMVCI1.D Particle in a Box - Quantum vs. Macroscopic

¢ Quantum world - Macroscopic world
» What will happen with the discretized energy levels if we increase the length of the box?

_

L, =5nm L, =50nm
i — . —
L L[]
) [
_—-

« Energy level spacing goes smaller and smaller as physical dimension
increases.

< In macroscopic world, where the energy spacing is too small to resolve,
we see continuum of energy values.

* Therefore, the quantum phenomena is only observed in nanoscale
environment.
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Presentation Outline

» Time Independent Schroedinger Equation
* Analytical solutions of Toy Problems

»Electrons in a finite potential well

http://nanohub.org/tools/pcpbt

Dx
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Full Problem Difficult: Toy Problems First

Periodic Case 1:
Structure Free electron
M E>>U

Case 3:

, ° . Electron in finite well
E<U

Case 2:
Electron in infinite wel
E <<U

DX
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Five Steps for Closed System Analytical Solution

Solution Ansatz W x) = A+ Ae™

d’y -
1) +k%y=0 —> 2Nunknowns o .
dx* for N regions w(x) =De ™ +Ee™

2) ¢Y(x=-0)=0 , Boundary Conditions at the edge

Y(x=+w) =0 Reduces 2 unknowns

3) Y. =¥ Boundary Condition at each interface:
dg| _dy Set 2N-2 equations for
X X 2N-2 unknowns (for continuous U)

4) Det (coefficient matrix)=0 ) J'°° (%, E)|2 dx =1
And find E by graphical -
or numerical solution Normalization of unity probability

for wave function
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Case 2: Bound-levels in Finite Well (steps 1,2)

N
Ef Ux)
L E
1) = Asinkx + B coskx 2) Boundary
conditions
_T:_De‘”x e at the edge
W = M ™ +Ce™™ Y(x=-x)=0
/ Y(x=+0)=0
| |
;‘PAI'JB]')I'J'E Klimeck - ECEG(Q Fall 2012 - notes gopted from Alam %




3) Boundary at each interface

— C=B
w|x=x3' - w|x=x3+ aC = —kA
dy dy
X = :> Asin(ka)+ B coska = De ™
X X=Xg dx x=xg"
kAcosfka )-kB sinka = -aDe ™
Y = Asinkx + B coskx ﬁ
Y =Ce™ j/\ Y =De ™ 0 1 -1 0 A 0
e k 0 a 0 |B|_|O
P 5\% sinka) caka) 0 -e™|[C| |0
: coska)- sinka)0 ae“®/k J|D] [0
l f
0 a
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Case 2: Bound-levels in Finite Well (step 4)

tan@ay/¢ )= 2ysi-s)

28-1
() Use Matlab function — £ - E .= [2mU,
(i) Use graphical method U, 2

det (Matrix)=0
§ = Asinkx + B coskx ﬁ

e k 0 a 0 B _
R T _\\g sinka) cska) 0 -e™|C|
D

coska)- sinka) 0 ae “®/k

Only unknown is E

i f
0 a

X
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Case 2: Bound-levels in Finite Well

X
PURDUE Klimeck - ECE606 Fall 2012 - notes adopted from Alam \5%«’

Case 2: Bound-levels in Finite Well

&
<

I
0 a

Obtained the eigenvalues
PURDUE imeck-ece => COUI Stop here in many cases o




Case 2: Bound-levels in Finite Well

steps 5 wavefunction
Need another boundary condition!

0 1 -1 0
k 0 a 0
sinka) ceska) O e :
Y = Asinkx + B coskx coska)- sinka) 0 —aDe ™ /k
Y =Ce™ Y =De ™
\ det (Matrix)=0

/\ => Linear dependent system
=> Only 3 variables are unique
- => One variable is undetermined

i | Let's assume A can be freely
Chosen => can get B,C,D
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Step 5: Wave-functions

Another boundary condition!
J. |z//| dx=1 = . i . ) .
o Non-linear => no simple linear algebra expression

j_"mczemdx+ [T Asin(ix) + Bsin(k><)]2dx+ [ D% dx=1

o o {1 -1
Get uAn K ; 0 a
sinka) cmka) 0 e | :
¢ = Asinkx + B coskx coska)- sinka) 0 —aDe ™ /k |
- Ceax — —aX
w=c S y=De —
0 a
m coska) O
""" e Get B] (1 -1 0)'To
{ 113 e ” C = a 0 _kA
| | B.C,D D| \coska) 0 &) |—Asin(ka)
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Key Summary of a Finite Quantum Well

 Problem is analytically solvable
« Electron energy is quantized and wavefunction is lo calized
* In the classical world:

» Particles are not allowed inside the barriers / wal  Is => C=D=0
« In the quantum world:

» C and D have a non-zero value!

e , Si S0, Si
» Electrons can tunnel inside a barrier ; ‘

¢ = Asinkx + B coskx
ax _ax Free states
Y =Ce Y =De
\
/\ IIIIIIIIII g
D R
[ < I % rA P, % &L QBS
Bound States
i |
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Qgﬁu.&g Presentation Outline

* Time Independent Schroedinger Equation
* Analytical solutions of Toy Problems

» Tunneling through a single barrier

http://nanohub.org/tools/pcpbt

X
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Transmission through a single barrier
Scattering Matrix approach

One matrix each for each interface: 2 S-matrices

D Transmitted : E

Incident : A =——>

C

) Incident : F

Reflected : B €=

No particles lost! Typically A=1 and F=0.

Tl
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Tunneling through a single barrier

)
Region 1 . Rcﬁ‘i“‘_’.‘l 2 ! o
P P v {elassically Torbidden) (clusx&;hleinwud)
o
. T Il . R s e
Incident: A ——> —_—> —> Transmitted : E
Reflected : B €— <& <— Incident: F
- X
L

Wave-function each region,
lPl(x) = 4¢** + o Tk
V,(x)= Ce ¥+ pe k=
1p3(x) = Eeikx + Fe"ikx

X
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Single barrier case

Applying boundary conditions at each interface (x=0 and x=L) gives,
Y(0)=y,(0) = A+B=C+D
¥1(0)= Yy(0) —ik(4-B)=-y(C-D)
Yo(L)=p3(L) — Ce 4 Det = Ee* 4 pemik- \
Yo (L) =p3(L) — -vylge ™ - Det )= ik@e’“ ~Fe
Which in matrix can be written as,

o] =4[]

Lk ke L( k) G-yl
Bl (1, Hoe 1, 8 s [F] 7]
D 1 1+i£ k=1L 1 l—iﬁ o~ (k+Y)L F F
2 Y 2 Y
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Generalization to Transfer Matrix Method

» The complete transfer matrix
Al Cl_ E] E RaC)
[B] =M, [ D] = MM, [ F] =M [F ] - T I

B <

* In general for any intermediate set of layers, the TMM Is expressed as:
A:—l — Mll I\/|12 A:
A:—l M21 M22 A:
» For multiple layers the overall transfer matrix will be
|'( r’-JlN . H T :’-11
B - =\ B

» Looks conceptually very simple and analytically pleasing
» Use it for your homework assignment for a double barrier structure!
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Single barrier case

Transmission can be found using the relations between unknown constants,
2
Al Cl_ El_ ., E CET
3] [B)- s [F]-mE] - -
\m11|
Case: E<V, Case(yL large): Strong barrier
-1
2 2
2 2
k 4
T(E)=|1+| | sn’(qr)|  TE)= zikYz exp(-2yL)
2ky k= +y
Case(yL<<1): Weak barrier Case: E>V, |
(&) 1 W22\ , )
= - 2T g
1+ (kL/Z)z T(E)=|1+ 20k sin” (kL)
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Single barrier : Concepts

Potential Energy (24
1
~ Energy (eV)
1
Energy (eV)

¢ LA O e O
10 20 30 40 1E5 1E4 1E3 1E2 {E-1 1{ED 1E-5 1E4 1E-3 1E-2 1E-1 1EO
Distance (nm) Transmizsion Coefiicient Reflection Coefficient

eTransmission is finite under the barrier — tunneling!
*Transmission above the barrier is not perfect unity!

*Quasi-bound state above the barrier.  Case:E>V,
Transmission goes to one. [19 2]2

*Computed with — http://nanohub.org/toolis/pcpot

A
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Effect of barrier thickness below the barrier

05

Wi

Fotential Energy (eV)

&

| 1
Energy (e\)
Energy (e\)

)

o

| L

@ - L L I I D—// N
i Bl ; i Ay i
10 20 30 40 1E-5 1E4 1E-3 1E-2 1E-1 1EOD 1E5 1E4 1E-3 1E-2 1E1 1ED
Distance {nm) Transmizsion Coefiicient Reflection Coefficient

eIncreased barrier width reduces tunneling probability

*Thicker barrier increase the reflection probability below the
barrier height. Case: E>V,

*Quasi-bound states occur for the
thicker barrier too.

*Computed with — http://nanohub.org/touis/pcput
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2,242 -
K-k sin®(k, L)
bk,

T(E)=|1+

Single Barrier - Key Summary

» Quantum wavefunctions can tunnel through barriers

* Tunneling is reduced with increasing barrier height and
width

* Transmission above the barrier is not unity

»2 interfaces cause constructive and destructive
interference

»Quasi bound states are formed that result in unity
transmission

A
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Presentation Outline

» Time Independent Schroedinger Equation

* Numerical Solutions to Toy Problems
» Tunneling through a double barrier structure
» Tunneling through N barriers

http://nanohub.org/tools/pcpbt

2
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Double Barrier Transmission:
Scattering Matrix approach

One matrix each for each interface: 4 S-matrices

Left Incident - Transmitted

Reflected € Right Incident

No particles lost!
Typically Left Incident wave is normalized to one.
Right incident is assumed to be zero.

Also this problem is analytically solvable! => Homework assignment
X
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Potential Enetgy (eV)

Reminder: Singlé barrier

*Transmission is finite under the barrier — tunneling!
*Transmission above the barrier is not perfect unity!
*Quasi-bound state above the barrier.
Transmission goes to one.

05 —

T u T u [
10 20 30
Distance (nm)

Energy (V)

o

1E-5 1E4 1E-3 1E-2 1E1

Transmission Coefficient

1E0

Energy (V)

05 —

o -
1E-5 1E-4 1E-3 1E-2 1E-1
Reflection Coefficient

1E0 97
&

Potential Energy (el)

* Double barriers allow a transmission probability of one / unity for discrete energies

« (reflection probability of zero) for some energies below the barrier height.
« This is in sharp contrast to the single barrier case
« Cannot be predicted by classical physics.

0.z

01 —

FPatential Energy (2%)

1 1o
Distance {nm)

T u T u T
10 20 30
Distance {nm)

0z —
o J
aZ
=
=
=
e
o
1E-3 B2 1E-1 1E0
Transmission Coeflicient
1.5
— 1
=
z
= J
=
@
=
(AT}
05 —
o
1E-5 1E-4 1E-3 1E-2 1E1 1ED

Transmission Coeflicient

02+
=
2
=
&
2
5 01—
Fial
1E-3 1E-2 1E-1 1EQ
Reflection Coeflicient
15 4
— 1
=
=z
=. i
=
@
=
w
05 —
o
1E-5 1E-4 1E-3 1E-2 1E-1 1EOQ 49
Reflection Coeficient s




Double barrier: Quasi-bound states

04 04 04

03 03 LER
5
2.
=4 = =
2 > 3
g &
5oa- — — § 02— E 02—
2 2 2
£ w w
B
o

01 0.1 01

i} o o
T T T T T T T NN 55 B 2 ) | [ILEAAL SR ek et e |
s o 15 1E3 1E2 1E-1 1E0 1E6 1E5 1E-4 1E-3 1E-2 1E-1 1E0
Distance (nr) Transmission Coefficient Reflection Coefiicient

«In addition to states inside the well, there could be states above the barrier height.

« States above the barrier height are quasi-bound or weakly bound.

«How strongly bound a state is can be seen by the width of the transmission peak.

 The transmission peak of the quasi-bound state is much broader than the peak for
the state inside the well.

o
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Effect of barrier height

0E 05
] o
04 - i i — 04—
5 %
5 i
ek _ ad -
LL' =)
= =
Sol Wz
=
£ g . 8 = = a

J ESsmmmnn
0 o
T T T T T T T I T T T TTII0T] T T T TTITTI] T T T 1171
5 10 15 1E-3 1E-2 1E-1 1E0
Distance {nm) Transmission Coeficient

Increasing the barrier height makes the resonance sharper.

*By increasing the barrier height, the confinement in the well is
made stronger, increasing the lifetime of the resonance.

*A longer lifetime corresponds to a sharper resonance.

A
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Effect of barrier thickness

05 —
=04 [ ,
> 4
5 034
= |
w
w 02
= 4
z
DD_ 0.1 — ‘ \
a S
T T T T T L LN L L. O | I I R M B8 01
10 20 1E-4 1E-3 1E-2 1E-1 1EQ
Distance {nm) Transmission Coefiicient

Increasing the barrier thickness makes the resonance
sharper.

*By increasing the barrier thickness, the confinementin the
well is made stronger, increasing the lifetime of the

resonance.
*A longer lifetime corresponds to a sharper resonance.
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04 04 in !

1 |

= ! '

0.3 @, 03 1 1

= = |

z A s ! .
z & "

=iy & J
o 0.2 g2 T

2 ] 1
w - = - |

= |
= 1

0.1 o 04 | 1

J | ' 1

1 |

! ] — 1

[T Tromr T T 1 1o L P— p— T T
1E-3 1B 1B 1EO 20 40
Transmission Coefficient Distance (nrm)

The well region in the double barrier case can be
thought of as a particle in a box.
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Particle in a box

* The time independent Schrddinger equation is
1 d?
- () +V (X)(X) = Eg(x) _ {0 0<x<L,
2m dx* where,V(X) o elsewhere

* The solution in the well is:
wn(x)=Asir(:—nxj, n=123,.. V=0 V=«

X —

* Plugging the normalized wave-functions back into
the Schrédinger equation we find that energy
levels are quantized.

l//n(X):\/Lzsi T_—”x] QUQ n=3
X X n - 2
2
£ =7 = n=1
am x=0 x=L,
PURDUE Kiimeck- ectle otk hotd Edg%tgdlﬁ)bm Alam V=0 S

Double barrier & particle in a box

N
o
.
]
k] w
— =
=g | (=i
=05 05 1
(k] -
] =
L
—
o
o

» Green: Particle in
a box energies.

¢ Red: Double
barrier energies

« Double barrier: Thick Barriers(10nm), Tall Barriers(1eV), Well(20nm).

« First few resonance energies match well with the particle in a box
energies.

« The well region resembles the particle in a box setup.

A
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Open systems Vs closed systems

il .0 } - g « Green: Particle in

202 o 035 3 a box energies.
iy | L e » Red: Double
= AL barrier energies
2 0.1 01 @ g
oy [
o L=

0 e e _..-/11 = %

S e Sl e e e '
0z 04 e 0.a 1

« Double barrier: Thinner Barriers(8nm), Shorter Barriers(0.25eV), Well(10nm).
« Even the first resonance energy does not match with the particle in a box energy.
« The well region does not resemble a particle in a box.

« A double barrier structure is an OPEN system, particle in a box is a CLOSED
system.

Tl
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Reason for deviation?

Potential profile » Wave-function

and resonance penetrates into the
energies using barrier region.

Potential Ensrgy (V)

tight-binding. « The effective length
— of the well region is
° [ S U modified.
= Distance (o) « The effective length
First excited state of the well is crucial
. 1 in determining the
wave-function 01 .
. ) "] energy levels in the
amplitude using oos | closed svstem
tight binding. 5 ystem.
- b :‘Esmnn (i) S‘D A‘D h2n2
- o En = 2 2 n2
Ground state Ml
wave-function 011 n=123K, 0<x<L,

amplitude using 5o
tight binding. - ~ N ‘

.
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Double Barrier Structures - Key Summary

* Double barrier structures can show unity transmission for
energies BELOW the barrier height

»Resonant Tunneling
» Resonance can be associated with a quasi bound state
» Can relate the bound state to a particle in a box
» State has a finite lifetime / resonance width
* Increasing barrier heights and widths:
»Increases resonance lifetime / electron residence time
» Sharpens the resonance width

2
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ric Presentation Outline

nancHUB.cr

* Time Independent Schroedinger Equation

* Numerical Solutions to Toy Problems

»Tunneling through N barriers

http://nanohub.org/tools/pcpbt

X
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1 Well => 1 Transmission Peak

Simulate Simulate

Result |Pulenhal Energy vs. Distance and Resonances ~ & Result |Transm\55mn Coeficient vs. Energy on refined energy grid o @
o o
L] L]
0.1 0.1
g
5 g
& 3
z 2
£ 005 & g5 |
&
0 0
T T T T T T T ]
0 10 E 1E4 1E3 162 1E-1 1E0
Distance () Transmission Coeflicient

13 resulis  Paramsters.

Simulafion = #1 Simulafion = #1

»Humber of Barviers = 2 »Humber of Barviers = 2
Al Al

e e
* Vb=110meV, W=6nm, B=2nm

2
PURDUE Kiimeck - ECE606 Fall 2012 - notes adopted from Alam %

2 Wells => 2 Transmission Peaks

Simulate Simulate

Result | otential Energy vs. Distance and Resonances ~| (@ Result[Transmission Coefiicient vs. Energy on refined energy grid @
=] =]
L L
0.1 0.1
B
& g
] g
£ 005 @ o5
&
0 0
T T T T T T T LA A ) B S i e
1 0 1E4 13 1E2 1B 1EQ
Distance ¢nm) Transmission Coeficient

13 results  Paramsters.

Simulation = #2 Simulation = #2
) Number of Barriers = & ) Number of Barriers = &
Al | Al

R R
* Vb=110meV, W=6nm, B=2nm Bonding/Anti-bonding State

X
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3 Wells => 3 Transmission Peaks

LEY

=

Simulate

Simulate

Result |Pulenhal Energy vs. Distance and Resonances

1= o)

.05

Potential Energy (eV)

0
Distance (nm)

Simulation = #3
» Humber of Bariers = 4

Result |Transm\55mn Coeficient vs. Energy on refined energy grid

1= o)

r T T T
163 162
Transmission Coeflicient

Simulation = #3

* Vb=110meV, W=6nm, B=2nm
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» Humber of Bariers = 4

4 Wells => 4 Transmission Peaks

Sitnulate

Simulate

Result IPntenha\ Energy vs. Distance and Resonances

] ol
B

01|

s

&

=

< 005 |

&
. L

T
k)
Distance (nm)

Simulation = #4

Al

Result |Transm\ssmn Coefiicient vs. Energy on refined energy grid B

g

L
01

B
45 9g5
o]
] T T T 1
164 1E3 1E2 TE1 1E0

Transmission Coeflicient

Simulatio

» Number of Barriers = §
[ x

]
L

» Number of Barriers = §
Al | T *
£

< Structure

* Vb=110meV, W=6nm, B=2nm

ALV CEclT
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5 Wells => 5 Transmission Peaks

i

=

Simulate Simulate

Result[Potential Energy vs. Distance and Resonances ~ @ Resutt |Transmssmn Coeflicient vs. Energy on refined energy grid & @
ol ol
L] £
01+ 01
% 4 i
s g
& B
E 005 1 005
0 IS i SN ) SN S ) SN S o
" : T : : : T
o B it it 1e2 e 1t
Distance (nm) Transmission Coeflicient

13 results  Parameters

Simulation = #5
» Humber of Barriers = & » Humber of Barriers = §
Al | [ All | ¢ oy

Simulation = #5

£

S R
* Vb=110meV, W=6nm, B=2nm
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6 Wells => 6 Transmission Peaks

Sitnulate Simulate

Result |F’ntem\a\ Energy vs. Distance and Resonances ~ @ Result |Transm\ssmn Coefiicient vs. Energy on refined energy grid o @
gl ] g
L] L
01 01|
B ]
) B
i 3
= 2
£ 005 15 005
&
44— 11t 11Tl _IL 0
T T T T T T T T T T T 1
0 E i & 1E4 1E3 1E2 TE1 1E0
Distance {nm) Transmission Coefficient

Simulation = #5 Simulatio
» Number of Barriers = 7 » Humber of Barriers = 7
Al | s 0 (1|20 N
O

< Structure < Structure
* Vb=110meV, W=6nm, B=2nm

X
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7 Wells => 7 Transmission Peaks

i

=

Simulate Simulate

Result [Potential Energy vs. Distance and Resonances ~ @ Resutt |Transmssmn Coeflicient vs. Energy on refined energy grid s @
ol ol
L] £
01+ 01
% 4 i
s g
& B
E 005 1 005
S SN O A AN B N RSN ) AN ) AN SN ) S o
" : T : : : T : T
0 0 4 o it it 1e2 e 1t
Distance (nm) Transmission Coeflicient

13 results  Parameters

Simulation = #7
» Number of Barriers = & » Number of Barriers =
All | [ T NI X

Simulation = #7

£

S | csmaum
* Vb=110meV, W=6nm, B=2nm
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8 Wells => 8 Transmission Peaks

Sitnulate Simulate

Result |F’ntem\a\ Energy vs. Distance and Resonances ~ (@ Result |Transm\ssmn Coefiicient vs. Energy on refined energy grid B
gl ] g
L] L
01 01|
B ]
) B
i 3
= 2
£ 005 15 005
&
[ S O NS B NSRS B N RN} NN SN I A B SN ) 0
T T T T T T T T T T T T 1
2 @ & 1E4 1E3 1E2 TE1 1E0
Distance {nm) Transmission Coefficient

Simulation = #5 Simulatio
» Number of Barriers = § » Number of Barriers = 9
Al | T T NS X
£

£

< Structure < Structure *
* Vb=110meV, W=6nm, B=2nm

X
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9 Wells => 9 Transmission Peaks

Simulate Simulate

Result[Potential Energy vs. Distance and Resonances ~| @ Resutt |Transmssmn Coeflicient vs. Energy on refined energy grid & @
ol ol
L] £
01+ 01
% 4 i
s g
& B
E 005 1 005
S SN D A ) N I N ) N ) K IS N Y A o

i Ty T T
1E4 163 1E2 1E1
Transmission Coeflicient

T
1E0

13 results  Paramsters

13 results  Parameters

Simulation = #3 Simulation = #3
» Number of Barriers = 10 » Number of Barriers = 10
All | [ 5. T NI X
£ £

P R
» Bandpass filter formed

puRBANG ransmission not symmetric, o

19 Wells => 19 Transmission Peaks

Sitnulate Simulate

Result |F’ntem\a\ Energy vs. Distance and Resonances ~ @ Result |Transm\ssmn Coefiicient vs. Energy on refined energy grid o @
] ol 1 g
L L
01 01|
B ]
) B
i 3
= 2
£ 005 15 005
I
[/ S W B B | N LILIL L LD 0

T T T T T T T r T T T 1
0 14 163 162 1E-1 1E0
Transmission Coeflicient

13 resulls  Paramster:

Simulation = #10 Simulation = #10
o1 | PHumber of Barriers - 20 a1 | YHumber of Barriers - 20
[ ] L

= Structure < Structure
» Bandpass filter formed

pur AN G.LENSMiSsion noLsymmetric, <

(=

T AR




29 Wells => 29 Transmission Peaks

Simulate Simulate

Result[Potential Energy vs. Distance and Resonances ~| @ Resutt |Transmssmn Coeflicient vs. Energy on refined energy grid & @
ol ol
L] £
01+ 01
% 4 i
s g
& B
E 005 1 005
o
164 ies ez e 1t

Transmission Coeflicient

13 results  Paramters

13 results  Parameters

Al I} HNumber of Barriers = 30 & ' M ‘PNuthr of Barriers = 30 &

= =

» Bandpass filter formed

. . . _
PRGNS TaNSmission not symmetric. ¢

39 Wells => 39 Transmission Peaks

Sitnulate Simulate

Result |F’ntem\a\ Energy vs. Distance and Resonances ~ (@ Result |Transm\ssmn Coefiicient vs. Energy on refined energy grid o @
gl ] g
L] L
01 01|
= 4
) B
i 3
= 2
£ 005 15 005
&
0 o
T T T T T T T T T T T 1
0 100 200 00 1E4 1E3 1E2 TE1 1E0
Distance {nm) Transmission Coefficient

13 resulls  Paramster:

Simulation = #12 Simulation = #12

Al |> HNumber of Barriers = 40 & ; ﬂ ‘buumher of Barriers = 40 &

= Structure < Structure

» Bandpass filter formed

L] i i i -
puriA G ransmission not symmetric, o

T AR ot il




49 Wells => 49 Transmission Peaks

Simulate Simulate

Result [Potential Enargy vs. Distance and Resonances </ (& Resuit|Transmission Coefficient vs. Energy on refined energy grid - @
ol ol
L] £
0.1
B J
] )
& s
o 1 005
0 o
L R B S e S G S et
164 169 1E2 151 180

Transmission Coeflicient

13 results  Paramters

13 results  Parameters

Simulation = #13 Simulation = #13

» Number of Barriers = 50 Al » Number of Barriers = 50
Al | [ 5 [ , S—

= =
» Bandpass filter formed

puRBANG ransmission not symmetric, o

N Wells => N Transmission Peaks

Simulate Simulate

Result | otential Energy vs. Distance and Resonances ~| (@ Result[Transmission Coefiicient vs. Energy on refined energy grid o @
=] =]
L L
0.1 0.1
B
& g
] g
£ 005 @ o5
&
0 0
T T T T T T T {DEBSLL AL ) B S i e ) e e )
0 1E4 13 1E2 1B
Distance ¢nm) Transmission Coeficient

1dresults  Paramsters. 1dresults  Paramsters.

Simulation = #2 Simulation = #2
¥ Number of Barriers = & ¥ Number of Barriers = &
Al | Al

e e
» Bandpass filter formed » Bandpass sharpens with

PUﬁmgi££§n§%L§§!9092 not symmetric  increasing number of wells

3
4
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1 Well => 1 Transmission Peak => 1 State

Lot =0 Lo

Pasus [Potertal Energy s, Driancs and Pasenances B Fasn[Transmission Costiart v Evargy o rned energy 9 B o [Aeonance Fem rere £l
of of o

£

i £ i

ol f.) i

I ]

Ontance fre) - " - 'rtu-wl:amw " *) ¢ - Cxcummcs * :
o b R - RS
— — —
» Bandpass filter formed » Bandpass sharpens with

puRGAMGLENSINSSIoN NOLSYmmetic,  increasing number of wells g

) =) 1
Favut [Pt Energy v vanes ndParenan I ey Coatonrt v Evy on e vy a0 T Fows[Franance Fasws v Drcuranes r
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n n i
£ 2
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i

» Bandpass filter formed
Md transmission not symmetrlc %
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» Bandpass filter formed
Rpé&ﬁpd transmission not symmetric &
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» Bandpass filter formed
Md transmission not symmetrlc %
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i=le] &

5 Wells => 5 Transmission Peaks => 5 States
s | =
asu [Fovras Energy v Oanes sna Pasennces B Avsat[Trammniicn Cosfcient vi Energy on retred srargy d T 5 Aewefworance Fean T
o sl
£ g
i i I
!nm- s E.....
e - LA A T o
s e P B ey
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» Bandpass filter formed
Rpéﬁ?{ud transmission not s

Xm metric
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B MCN

o 6 Wells => 6 Transmission Peaks => 6 States

st [Fotertal Energy va. Ditance and Frsenances = @ sk [Trasasinsicn Cosficient vi Enecgy on rebead staigy grd o B Resust [Farsenance Praks v Occunen -]
of sl a
L | n
i
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£ £ £
- L. E,.,
ot o 8
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= St 15 e
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B I 7 ) m? 7

» Bandpass filter formed

pur AN G.LENSMiSsion noLsymmetric,




7 Wells => 7 Transmission Peaks => 7 States

s | | 1
Fasut [Foterto Energy va. Dans sna Fasensnces T @ et [Tammnsicn Corficini v Energy on ired svargy gid T @ e [Revonarce Paws v Occumance - @
o] Cl
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» Bandpass filter formed
Rpé&ﬁpd transmission not symmetric &
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8 Wells => 8 Transmission Peaks => 8 States
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» Bandpass filter formed

pur AN G.LENSMiSsion noLsymmetric, o




9 Wells => 9 Transmission Peaks => 9 States

e S — T [ e
o ) ol
i £l L
! i.| i
I .
o P - [ [N £ e £ 3 g T ¥ H )
Dntance fre) Transmis shon Cosfoiant Becunnce

» Bandpass filter formed

puRBANG ransmission not symmetric,

co M 19 Wells => 19 Transmission Peaks => 19 States

nanoHUB.org

Lo |
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» Bandpass filter formed

pur S GLENSMiSsion noL symmetric
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» Bandpass filter formed
R,I,inl,?(fpd transmission not symmetric
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d"g’bmlwagl 39 Wells => 39 Transmission Peaks => 39 States

» Bandpass filter formed

pur AN G.LENSMiSsion noLsymmetric,
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» Bandpass filter formed * Cosine-like band formed

Rué&?{nd transmission not symmetrlc * Band is not symmetric \%
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N Wells => N Transmission Peaks => N States

pur A LENSMission noL symmetric « Band is not symmetric

| e 1|
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o g [y | B2
— — e |
» Bandpass filter formed * Cosine-like band formed
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N Wells => N States => 1 Band

* Vb=110meV, W=6nm, B=2nm => ground state in each well

=> what if there were excited states in each well => Vb=400meV
s | s | s |

st [Foerem nergy s Dranes snameenances = @ esue rnsmsen Coemcin vs Eneryy on esead svay g1a S 5 ana[paseoance prats v occumence
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mor N Wells => 2N States => 2 Bands

nanoHUB.org

- Vb=110meV, W=6nm, B=2nm =
£ i
; g I
H
S | | soie | [ mame |
n::‘\'misr—-wn :\(uid ........ — El % ».:|n....“r_n<v.n.-.».u. Erwar o et seergy 32 E] % Pt [Rvcnance Pears vi Gecumnce . ;
i : i
1 F ]
i sl R o
1 Vb=400meV, W=6nm, B=2nm | == }




N Wells => 2N States => 2 Bands

14
06 4

Fesanance Exergy (o)

3

Can we get more states/well?
=> Increase well width

z

Fusashal Entegy (97

rwrgr )
B

o

T T T T
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" I i i ] = -
e L Tns Crencon pm—

& .

W
1
\
b
"s.
N,
Ay

X States/Well
i => X Bands

Vb=110meV,
W=6nm, B=2nm

Vb=400meV
W=6nm, B=2nm

Vb=400meV
W=10nm, B=2nm

o =l Al |
ST oo rrrrrrrrre o . . ] -




i

J

—
i
i

g . ; Vb=110meV,
i b | ; W=6nm, B=2nm

s | . =) J =T .

" _)  Vb=400meV

B £ W=6nm, B=2nm

| | | -

Ouace " M o | scues

= =1 N e |

) 1 Vb=400meV

i c i W=10nm, B=2nm

i

| | -

ro MC Formation of energy bands

nanoHUB.org

«Each quasi-bond state will give rise to a resonance in a well. (No. of
barriers -1)

*Degeneracy is lifted because of interaction between these states.

Cosine-like bands are formed as the number of wells/barriers is
increased

«Each state per well forms a band

«Lower bands have smaller slope = > heavier mass

| e | oo |
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Presentation Outline

» Time Independent Schroedinger Equation
* Analytical solutions of Toy Problems
» (Almost) Free Electrons
» Tightly bound electrons — infinite potential well
»Electrons in a finite potential well
» Tunneling through a single barrier
* Numerical Solutions to Toy Problems
» Tunneling through a double barrier structure
» Tunneling through N barriers
 Procedure Summary
* Additional notes
» Discretizing Schroedinger’s equation for numerical implementations

Reference: Vol. 6, Ch. 2 (pages 29-45)

* piece-wise-constant-potential-barrier tool
http://nanohub.org/tools/pcpbt

o
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y Solution Ansatz W x) =A™+ Ae™
1) —w+k2¢/=0 ——> 2N unknowns

oc* for N regions ¥ x) = De"™ + B
2) Y(x=-0)=0 , Boundary Conditions at the edge
Y(x=+00) =0 Reduces 2 unknowns
3) ¥l =¥l Boundary Condition at each interface:
dg| _dy > Set 2N-2 equations for
x| O, 2N-2 unknowns (for continuous U)

4) Det (coefficient matrix)=0 5) I ” @ (x,E) dx=1
And find E by graphical ‘°°
or numerical solution Normalization of unity probability

for wave function
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Open System: Generalization to Transfer Matrix Method

* The complete transfer matrix
Al Ccl_ El E )
[ B] = M, [ D] = MM, [ F] =M [ F]

(classically allowed) v

R S
A2

egion 3
(elassically allowed)

1

* In general for any intermediate set of layers, the TMM Is expressed as:
A:—l — Mll M12 A:
A;_l M21 Mzz A:
» For multiple layers the overall transfer matrix will be
( An ) _ H T ( Ay )
\ Bu j:?..N_J By

» Looks conceptually very simple and analytically pleasing
» Use it for your homework assignment for a double barrier structure!
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!g}gﬁu‘&g Presentation Outline

* Time Independent Schroedinger Equation
* Analytical solutions of Toy Problems
» (Almost) Free Electrons
» Tightly bound electrons — infinite potential well
»Electrons in a finite potential well
» Tunneling through a single barrier
* Numerical Solutions to Toy Problems
» Tunneling through a double barrier structure
» Tunneling through N barriers
* Procedure Summary
* Additional notes
» Discretizing Schroedinger’s equation for numerical implementations

Reference: Vol. 6, Ch. 2 (pages 29-45)

* piece-wise-constant-potential-barrier tool
http://nanohub.org/tools/pcpbt
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(1) Define a grid ...

QO o

PURDUE Klimeck - ECE606 Fall 2012 - notes adopted from Alam \%




Second Derivative on a Finite Mesh

dy a®dy
+a)= +a—— +— + ..
wlx+a)=y(x) dxl, ., 2 dx®| _
Xp=a
~ B ~ d_w a2 dZw _
v(x-2)=0(x) dx X0=a+ 2 dx?| _
Xp=a
_ Y
w(x+a)ry(x-a)-2(x)=a"— 7
Xo=a
Y _ =24+ Yy
dx? ‘i a’
RURPUE Klimeck - ECE606 Fall 2012 - notes adopted from Alam \«%3

(2) Express equation in Finite Difference Form

2

-(t2’) f,xlf PO =EY| =

2ma

dzl// - Yo~ 24+ Yy
2

dx? ‘ a

[_towi—1+(2to+ui)¢i _tolﬂi+1:| =By,

%(0)=0 N unknowns w(L)=0
N
\ = =
e #/
0 1 2 -1 i i+1 N+l X

DX
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(3) Define the matrix ...

[_to‘//i—l"'(Zto + Ec.)‘/’u _to‘//i+1] =By (=2,3..N-1)
I:_t%+(2t0+ECi)l/ll_td/12:|=El//i (i=1)

[~tons + (2t + B )y —tdlds] = EW, (i=N)
Hp =EY
o Seo || -e
NxN Nx 1 \\
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1
P

B LS (4) Solve the Eigen-value Problem

nanoHUB.org

H LlJ - E___L_lJ ___ﬁxrv_vrong . U(X)
v /

Eigenvalue @ XTTTTUTUT €4
problem; N\ &
easily solved

with MATLAB N &

& nanohub
tools a

w L ]

1 2 3 4 (N-1) N
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