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Figure 3.3.4 Graph of |X(2)| for the z-transform in (3.3.3).

3.3.2 Pole Location and Time-Domain Behavior for Causal Signals

In this subsection we consider the relation between the z -plane location of a pole pair
and the form (shape) of the corresponding signal in the time domain. The discussion
is based generally on the collection of z-transform pairs given in Table 3.3 and the
results in the preceding subsection. We deal exclusively with real, causal signals.
In particular, we see that the characteristic behavior of causal signals depends on
whether the poles of the transform are contained in the region |z} < 1, or in the
region |z| > 1, or on the circle |z] = 1. Since the circle [z]| = 1 has a radius of 1, it is
called the unit circle.

If a real signal has a z-transform with one pole, this pole has to be real. The only
such signal is the real exponential

ROC: |z| > lal

x(n) = a"u(n) S X)) = 1 —

—az
having one zero at z; = 0 and one pole at p1 = a on the real axis. Figure3.3.5
illustrates the behavior of the signal with respect to the location of the pole relative
to the unit circle. The signal is decaying if the pole is inside the unit circle, fixed if
the pole is on the unit circle, and growing if the pole is outside the unit circle. In
addition, a negative pole results in a signal that alternates in sign. Obviously, causal
signals with poles outside the unit circle become unbounded, cause overflow in digital
systems, and in general, should be avoided.
A causal real signal with a double real pole has the form

x(n) = na"u(n)

(see Table 3.3) and its behavior is illustrated in Fig. 3.3.6. Note that in contrast to
the single-pole signal, a double real pole on the unit circle results in an unbounded
signal.
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Figure 3.3.5 Time-domain behavior of a single-real-pole causal signal as a function of
the location of the pole with respect to the unit circle.
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Figure 3.3.6 Time-domain behavior of causal signals corresponding to a double (im = 2)
real pole, as a function of the pole location.
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Figure 3.3.5 Time-domain behavior of a single-real-pole causal signal as a function of

the location of the pole with respect to the unit circle.
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Figure 3.3.6 Time-domain behavior of causal signals corresponding to a double (m = 2)

real pole, as a function of the pole location.
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z-plane

Figure 3.3.7 A pair of complex-conjugate poles corresponds to causal
signals with oscillatory behavior.

Figure 3.3.7 illustrates the case of a pair of complex-conjugate poles. According
toTable 3.3, this configuration of poles results in an exponentially weighted sinusoidal
signal. The distance r of the poles from the origin determines the envelope of the
sinusoidal signal and their angle with the real positive axis, its relative frequency. Note
that the amplitude of the signal is growing if r > 1, constant if » = 1 (sinusoidal
signals), and decaying if r < 1.

Finally, Fig. 3.3.8 shows the behavior of a causal signal with a double pair of
poles on the unit circle. This reinforces the corresponding results in Fig. 3.3.6 and
illustrates that multiple poles on the unit circle should be treated with great care.

To summarize, causal real signals with simple real poles or simple complex-
conjugate pairs of poles, which are inside or on the unit circle, are always bounded in
amplitude. Furthermore, a signal with a pole (or a complex-conjugate pair of poles)
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Figure 3.3.8 Causal signal corresponding to a double pair of
complex-conjugate poles on the unit circle.

near the origin decays more rapidly than one associated with a pole near (but inside)
the unit circle. Thus the time behavior of a signal depends strongly on the location
of its poles relative to the unit circle. Zeros also affect the behavior of a signal but
not as strongly as poles. For example, in the case of sinusoidal signals, the presence
and location of zeros affects only their phase.

At this point, it should be stressed that everything we have said about causal
signals applies as well to causal LTT systems, since their impulse response is a causal
signal. Hence if a pole of a system is outside the unit circle, the impulse response of
the system becomes unbounded and, consequently, the system is unstable.

3.3.3 The System Function of a Linear Time-Invariant System

In Chapter 2 we demonstrated that the output of a (relaxed) linear time-invariant
system to an input sequence x(n) can be obtained by computing the convolution of
x(n) with the unit sample response of the system. The convolution property, derived
in Section 3.2, allows us to express this relationship in the z-domain as

Y@ = H@DX(2) (3.3.4)

where Y (z) is the z-transform of the output sequence y(n), X (z) is the z-transform
of the input sequence x(n) and H(z) is the z-transform of the unit sample response
h(n).

( )If we know h(n) and x(n), we can determine their corresponding z-transforms
H(z) and X(z), multiply them to obtain Y(z), and therefore determine y(n) by
evaluating the inverse z-transform of Y (z). Alternatively, if we know x(n) and we
observe the output y(n) of the system, we can determine the unit sample response
by first solving for H(z) from the relation

1@

H(z) = X

(3.3.5)

and then evaluating the inverse z-transform of H (z).
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Since
oo

Hiz)= Y hnm)z™" (3.3.6)

H==—00

it is clear that H(z) represents the z-domain characterization of a system, whereas
h(n) is the corresponding time-domain characterization of the system. In other
words, H(z) and h(n) are equivalent descriptions of a system in the two domains.
The transform H(z) is called the system function.

The relation in (3.3.5) is particularly useful in obtaining H(z) when the system
is described by a linear constant-coefficient difference equation of the form

N M
y) ==Y @y —k)+ Y bx(n—k) (3.3.7)

k=1 k=0

In this case the system function can be determined directly from (3.3.7) by computing
the z-transform of both sides of (3.3.7). Thus, by applying the time-shifting property,
we obtain

N M
Y@ ==Y a¥@z " + ) hX@*

k=1 k=0

N M
Y(2) (1 + Zakz_k> =X () (Z bkz”k>
k=0

k=1

M
S
H(Z) — k=0

N
1+ Z a7k
k=1

Therefore, a linear time-invariant system described by a constant-coefficient differ-
ence equation has a rational system function.

This is the general form for the system function of a system described by a
linear constant-coefficient difference equation. From this general form we obtain
two important special forms. First, if @, = 0 for 1 <k < N, (3.3.8) reduces to

Y@ _
X@

M M
. 1 Z _
H(Z) = E ka_A = W kaM k (339)
k=0 < k=0

In this case, H(z) contains M zeros, whose values are determined by the system
parameters {b;}, and an Mth-order pole at the origin z = 0. Since the system
contains only trivial poles (at z = 0) and M nontrivial zeros, it is called an all-zero
system. Clearly, such a system has a finite-duration impulse response (FIR), and it is
called an FIR system or a moving average (MA) system.
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On the other hand, if 5, =0 for 1 <k < M, the system function reduces to

by bz

L+ Dl at Y gaeV

H(z) = ap=1 (3.3.10)

In this case H(z) consists of N poles, whose values are determined by the system
parameters {a;} and an N th-order zero at the origin z = 0. We usually do not make
reference to these trivial zeros. Consequently, the system function in (3.3.10) contains
only nontrivial poles and the corresponding system is called an all-pole system. Due
to the presence of poles, the impulse response of such a system is infinite in duration,
and hence it is an IIR system.

The general form of the system function given by (3.3.8) contains both poles and
zeros, and hence the corresponding system is called a pole—zero system, with N poles
and M zeros. Poles and/or zeros at z = 0 and z = oo are implied but are not counted
explicitly. Due to the presence of poles, a pole—zero system is an IIR system.

The following example illustrates the procedure for determining the system func-
tion and the unit sample response from the difference equation.

EXAMPLEZ.3 .4

Determine the system function and the unit sample response of the system described by the
difference equation

yn) = %y(n =1 +2x(n)

Solution. By computing the z-transform of the difference equation, we obtain

Y(z) = %z_lY(z) +2X(2)

Hence the system function is

Y(z) 2
H@) = - = ———
® X(@)  1-1z1

This system has a pole at z = % and a zero at the origin. Using Table 3.3 we obtain the inverse
transform

hin) = 2(%)”14,(11)

This is the unit sample response of the system.

We have now demonstrated that rational z-transforms are encountered in com-
monly used systems and in the characterization of linear time-invariant systems. In
Section 3.4 we describe several methods for determining the inverse z-transform of
rational functions.
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3.4

Inversion of the z-Transform

As we saw in Section 3.1.2, the inverse z-transform is formally given by

x(2) = Qi—J $x@ e (3.41)

where the integral is a contour integral over a closed path C that encloses the origin
and lies within the region of convergence of X (z). For simplicity, C can be taken as
a circle in the ROC of X (z) in the z-plane.

There are three methods that are often used for the evaluation of the inverse
z-transform in practice:

1. Direct evaluation of (3.4.1), by contour integration.
2. Expansion into a series of terms, in the variables z,and 771,

3. Partial-fraction expansion and table lookup.

3.4.1 The Inverse z-Transform by Contour Integration

In this section we demonstrate the use of the Cauchy’s integral theorem to determine
the inverse z-transform directly from the contour integral.

Cauchy’s integral theorem. Let f(z) be a function of the complex variable z and
C be a closed path in the z-plane. If the derivative df (z)/dz exists on and inside the
contour C and if f(z) has no poles at z = zg, then

1 f(2) dz = { f(z0), 1if zpisinside C (3.4.2)

gj Cz7— 20 0, if zg is outside C
More generally, if the (k + 1)-order derivative of J(z) exists and f(z) has no poles
at z = zg, then

dz=4 (k=11 41 =
0, if zg is outside C

(3.4.3)

k-1
Lyg S @) 1 _d fG) , if zp isinside C

2rcj JC (z — zp)k

The values on the right-hand side of (3.4.2) and (3.4.3) are called the residues of
the pole at z = zg. The results in (3.4.2) and (3.4.3) are two forms of the Cauchy’s
integral theorem.

We can apply (3.4.2) and (3.4.3) to obtain the values of more general contour
integrals. To be specific, suppose that the integrand of the contour integral is a
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proper fraction f(z)/g(z), where f(z) has no poles inside the contour C and g(z) is

a polynomial with distinct (simple) roots zi, z2, .. ., 2, inside C. Then
1 [f@) 1 A
——"d; = — d
2mj o g(2) ¢ 27 j |:§z—2i] ¢
n 1 Ai
= — d 344
; 2 j é -z (344

n
S
i=1

where
A= G-z L9 (3.4.5)
8(2) |,y
The values {A;} are residues of the corresponding poles at z = z;,i = 1, 2,..., n.

Hence the value of the contour integral is equal to the sum of the residues of all the
poles inside the contour C.

We observe that (3.4.4) was obtained by performing a partial-fraction expansion
of the integrand and applying (3.4.2). When g(z) has multiple-order roots as well
as simple roots inside the contour, the partial-fraction expansion, with appropriate
modifications, and (3.4.3) can be used to evaluate the residues at the corresponding

poles.
In the case of the inverse z-transform, we have

1
x(n) = — X ()" dz
2nj

= Z [residue of X (z)z" ™! at z = z;] (3.4.6)

all poles {z;} inside C

D 2=z X @7 o=y

provided that the poles {z;} are simple. If X (z)z"~! has no poles inside the contour
C for one or more values of n, then x(n) = 0 for these values.

The following example illustrates the evaluation of the inverse z-transform by
use of the Cauchy’s integral theorem.

EXAMPLE 3.4.1

Evaluate the inverse z-transform of
X(@) ! lz| > la|
)= T——7, Z| > |a
1—az!

using the complex inversion integral.
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Solution. We have

) = 1% Fa dr = 1 %z”dz
i T 2wj Jel—az! Z_an cCz—a

where C is a circle at radius greater than |a|. We shall evaluate this integral using (3.4.2) with
f(z) = z". We distinguish two cases.

1. If n > 0, f(z) has only zeros and hence no poles inside C. The only pole inside C is
z=a. Hence
©x(n) = fzo) =a", n=0

. If n < 0, f(z) = z" has an nth-order pole at z = 0, which is also inside C. Thus there
are contributions from both poles. For n = —1 we have

1 1

SRR TT) e

If n = —2, we have

1 1 d 1 1
D= p—dr = — =l =0
*(=2) 27?].(}%22(1—(1) ‘T (Z—a>z:o+22 =

By continuing in the same way we can show that x(n) = 0 for n < 0. Thus

x(n) = a"u@n)

3.4.2 The Inverse z-Transform by Power Series Expansion

The basic idea in this method is the following: Given a z-transform X (z) with its
corresponding ROC, we can expand X (z) into a power series of the form

X@= ) az” (3.4.7)

He=—00

which converges in the given ROC. Then, by the uniqueness of the z-transform,
x(n) = ¢, for all n. When X (z) is rational, the expansion can be performed by long
division.

To illustrate this technique, we will invert some z-transforms involving the same
expression for X (z), but different ROC. This will also serve to emphasize again the
importance of the ROC in dealing with z-fransforms.

EXAMPLER 4.2
Determine the inverse z-transform of

1
—1.5z71 4+ 0.5z72

X(z)=1

when
(a) ROC: |zl > 1
(b) ROC: {z] < 0.5
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Solution.

(a) Since the ROC is the exterior of a circle, we expect x(n) to be a causal signal. Thus we
seek a power series expansion in negative powers of z. By dividing the numerator of
X (z) by its denominator, we obtain the power series

1 3 7 15 31
=147+ S =t

X@) = ———
@=1z S 2 4 8 16

By comparing this relation with (3.1.1), we conclude that

) =11 37 15 31 |

TER TR e
Note that in each step of the long-division process, we eliminate the lowest-power term
of z71.

(b) Inthis case the ROCis the interior of a circle. Consequently, the signal x(x) is anticausal.
To obtain a power series expansion in positive powers of z, we perform the long division
in the following way:

22° +62° + 142" +302° +62:° + - --

7237141 )1

B

1 -3z 424
3z — 272
32 —-92467°
722 — 67°
728 - 212% + 147°
157° — 147
152> — 45z 4 30°
31z% —307°
Thus
X(@) = L =272 4677 + 1424 +302° + 625 + - - -

1= 37714 1272

In this case x(n) = 0 for n > 0. By comparing this result to (3.1.1), we conclude that
x(n) ={--62,30,14,6,2,0, ?}

We observe that in each step of the long-division process, the lowest-power term of z is

eliminated. We emphasize that in the case of anticausal signals we simply carry out the

long division by writing down the two polynomials in “reverse” order (i.e., starting with
the most negative term on the left).

From this example we note that, in general, the method of long division will not
provide answers for x(n) when = is large because the long division becomes tedious.
Although the method provides a direct evaluation of x(n), a closed-form solution
is not possible, except if the resulting pattern is simple enough to infer the general
term x(n). Hence this method is used only if one wishes to determine the values of
the first few samples of the signal.
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EXAMPLES 4.3
Determine the inverse z-transform of
X@) =logl+az™h),  Iz| > lal
Solution.  Using the power series expansion for log(1 4 x), with |x| < 1, we have

i (—1)"’“61"2‘"

n

X(z) =

n=]

n
x(n) _ [ (__1)11-}-1%_, n> 1
0, n<0

Expansion of irrational functions into power series can be obtained from tables.

3.4.3 The Inverse z-Transform by Partial-Fraction Expansion

In the table lookup method, we attempt to express the function X(z) as a linear
combination
X(2) = a1X1(2) + o2 X2(2) + - + g Xk (2) (3.4.8)

where X1(2),..., Xk (z) are expressions with inverse transforms xi(n), ..., xx(n)
available in a table of z-transform pairs. If such a decomposition is possible, then
x(n), the inverse z-transform of X (z), can easily be found using the linearity prop-
erty as

x(n) = aqx1(n) + agxp(n) + - - +agxx(n) (34.9)

This approach is particularly usefulif X (z) is arational function, asin (3.3.1). Without
loss of generality, we assume that ap = 1, so that (3.3.1) can be expressed as

oAbz 4 by
1+aiz7 '+ +ayz™V

(3.4.10)

Note that if ag # 1, we can obtain (3.4.10) from (3.3.1) by dividing both numerator
and denominator by ap.

A rational function of the form (3.4.10) is called properif ay #0and M < N.
From (3.3.2) it follows that this is equivalent to saying that the number of finite zeros
is less than the number of finite poles.

An improper rational function (M > N) can always be written as the sum of
a polynomial and a proper rational function. This procedure is illustrated by the
following example.

EXAMPLE3 4.4
Express the improper rational transform
14327 + 82 4 1273

X(2) =
1+ 2270+ 3272

in terms of a polynomial and a proper function.
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Solution.  First, we note that we should reduce the numerator so that the terms z~2 and 73
are eliminated. Thus we should carry out the long division with these two polynomials written
in reverse order. We stop the division when the order of the remainder becomes z~'. Then
we obtain

1,-1

<

X@)=1+2"4 —0——
T4 322"+ §27?

In general, any improper rational function (M > N) can be expressed as

= % =co+eiz e eyoyzm MM 4 i%) (3.4.11)
The inverse z-transform of the polynomial can easily be found by inspection. We
focus our attention on the inversion of proper rational transforms, since any improper
function can be transformed into a proper function by using (3.4.11). We carry out
the development in two steps. First, we perform a partial fraction expansion of the
proper rational function and then we invert each of the terms.
Let X (z) be a proper rational function, that is,

X (@)

_BGR) _bo+biz 4 +byz™

X(z) = =
@ Az) l4+azt+ - +ayz ™V

(3.4.12)

where
ay # 0 and M <N

To simplify our discussion we eliminate negative powers of z by multiplying both the
numerator and denominator of (3.4.12) by z". This results in

_bot b1V A by M

X(2) = 3.4.13
© NtaN M+ tay ( )
which contains only positive powers of z. Since N > M, the function
X b N-1 b N-2 4 ... by N—M~1
(@) _ b A b2 A e+ bz (3.4.14)

z N +aZN T+ tay

is also always proper.

Our task in performing a partial-fraction expansion is to express (3.4.14) or,
equivalently, (3.4.12) as a sum of simple fractions. For this purpose we first factor the
denominator polynomial in (3.4.14) into factors that contain the poles p1, ps, ..., py
of X(z). We distinguish two cases.

Distinct poles. Suppose that the poles pi, po, ..., py are all different (distinct).
Then we seek an expansion of the form

X A A A
@ _ A CE N (3.4.15)
4 =Dt = P2 i— PN
The problem is to determine the coefficients A;, Az, ..., Ay. There are two ways to

solve this problem, as illustrated in the following example.
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EXAMPLE3.4.5

Determine the partial-fraction expansion of the proper function

1
1—1.5z-1 +0.5z72

X(z) = (3.4.16)

Solution.  First we eliminate the negative powers, by multiplying both numerator and de-
nominator by z%. Thus
2
z

22—157+4+05
The poles of X (z) are p; =1 and p, = 0.5. Consequently, the expansion of the form (3.4.15)is

X@) =

X(Z) _ Z _ A] AZ
7 G-1E-05 z-1'z-05 (3.4.17)

A very simple method to determine A; and A5 is to multiply the equation by the denominator
term (z — 1)(z — 0.5). Thus we obtain

1={(z2—=05)41+ (- DA, (3.4.18)
Now if we set z = p; = 1 in (3.4.18), we eliminate the term involving A,. Hence
1=01-05)4,

Thus we obtain the result A; = 2. Next we return to (3.4.18) and set z = p2 = 0.5, thus
eliminating the term involving A,, so we have

0.5=05-1DA,
and hence A, = —1. Therefore, the result of the partial-fraction expansion is

X@ 2 1

. -1 703 (3.4.19)

The example given above suggests that we can determine the coefficients Ay,
Az, ..., Ay, by multiplying both sides of (3.4.15) by each of the terms (z — i),
k=1,2,..., N, and evaluating the resulting expressions at the corresponding pole
positions, p1, pa, ..., py. Thus we have, in general,

_ X — A — A
(z— p)X(2) _ (z — p)Ay At (z— p)An (3.4.20)
Z Z—Pp1 Z— PN

Consequently, with z = py, (3.4.20) yields the kth coefficient as

— pOX
A = BT POXE) . k=1,2,....N

z z=px




(3.4.16)

mmerator and de-

1eform (3.4.15)is

(34.17)

the denominator

(3.4.18)
ence
= pp = 0.5, thus
s

(3.4.19)

:oefficients Aq,
xrms (2 — pi),
:sponding pole

(3.4.20)

(3.4.21)
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EXAMPLE 3.4.6

Determine the partial-fraction expansion of

14271
X@) =1 <

1= 14057 (3422)

Solution.  To eliminate negative powers of z in (3.4.22), we multiply both numerator and
denominator by z>. Thus

X@ 2+l
z  22—z4+05

The poles of X (z) are complex conjugates

_1 1
pr=5+is

p=z-J

ST
ST

Since p; # p;, we seek an expansion of the form (3.4.15). Thus

X(Z) Z+1 A1 A2
= = ~+
z —p)z—p2) z—p1 z—p2

To obtain Ay and A,, we use the formula (3.4.21). Thus we obtain

A G X z+1 3+l L_.3

1= = = e e T — — ] —

z z=pp ° 7 P2li=p %"’J%_%"'J% 2 2

o @opX@| _e4l] _ g-jp+l 103

2= = ST i-1-,17313
=p Pllempy 53— J3757J3

The expansion (3.4.15) and the formula (3.4.21) hold for both real and complex
poles. The only constraint is that all poles be distinct. We also note that A, = AJ.
It can be easily seen that this is a consequence of the fact that p, = p}. In other
words, complex-conjugate poles result in complex-conjugate coefficients in the partial-
fraction expansion. This simple result will prove very useful later in our discussion.

Multiple-order poles.  If X(z) has a pole of multiplicity /, that is, it contains in its
denominator the factor (z — p)', then the expansion (3.4.15) is no longer true. In
this case a different expansion is needed. First, we investigate the case of a double
pole (i.e., I =2).
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EXAMPLE3.4.7
Determine the partial-fraction expansion of

1

@ = A +z (1 —z71)?

Solution.  First, we express (3.4.23) in terms of positive powers of z, in the form
X(@) 22
2 @+DE-1)?

X(z) has a simple pole at p; = —1 and a double pole p» = p3s = 1. In such a case the
appropriate partial-fraction expansion is

X@ 72 Ay Az Az

:  GIDG-1? i+l it aoie (3.4.24)

The problem is to determine the coefficients A1, Ay, and As.
We proceed as in the case of distinct poles. To determine A;, we multiply both sides of
(3.4.24) by (z + 1) and evaluate the result at z = —1. Thus (3.4.24) becomes

Z+DX() z+1 z+1
Ty
z TSI T e

As

which, when evaluated at z = —1, yields

_ Z+1X() _

A 1
l Z z==1 4

Next, if we multiply both sides of (3.424) by (z — 1)?, we obtain

@—D’X@)  (z—1)?
z Tz +1
Now, if we evaluate (3.4.25) at z = 1, we obtain Asz. Thus

_ - 12X(@)
- z z=1 2

A1+ (z— 1Ay + A, (3.4.25)

As

The remaining coefficient A, can be obtained by differentiating both sides of (3.4.25)
with respect to z and evaluating the result at z = 1. Note that it is not necessary formally to
carry out the differentiation of the right-hand side of (3.4.25), since all terms except A, vanish
when we set z = 1. Thus

Ay

_d [(z - 1)2X(z)}
z=1

3
=7 (3.4.26)

T dz z

The generalization of the procedure in the example above to the case of an m th-
order pole (z — py)™ is straightforward. The partial-fraction expansion must contain

the terms
Ay Aoi Ak

z—pr (2 m)? (z = p)™
The coefficients {4;;} can be evaluated through differentiation as illustrated in Ex-
ample 3.4.7 for m = 2.




(3.4.23)

s form

1 such a case the

(3.4.24)

‘ply both sides of

(3.4.25)

sides of (3.4.25)
sary formally to
xcept A; vanish

(3.4.26)

ase of an mth-
1 must contain

strated in Ex-

3.4 Inversion of the z-Transform 189

Now that we have performed the partial-fraction expansion, we are ready to
take the final step in the inversion of X (z). First, let us consider the case in which
X (z) contains distinct poles. From the partial-fraction expansion (3.4.15), it easily
follows that

1 1 1

ot A
11—1712_] zl—pzz“l

X(@) =4 (3.427)

N ——
1 - pyz!

The inverse z-transform, x(n) = Z~1{X (z)}, can be obtained by inverting each term
in (3.4.27) and taking the corresponding linear combination. From Table 3.3 it follows
that these terms can be inverted using the formula

(p)"un), if ROC: [z] > |py]
-1 _ (causal signals)
z {T— | = | ~(pu(-n = 1), #ROC: [2] < |py (3428)

(anticausal signals)

If the signal x(n) is causal, the ROC is |z > ppax, Where Pmax = max{|p1|,
[p2l, ..., Ipnl}. In this case all terms in (3.4.27) result in causal signal components
and the signal x(n) is given by

x(n) = (A1p] + Aapy + - + An pi)u(n) (3.4.29)

If all poles are real, (3.4.29) is the desired expression for the signal x(n). Thus a
causal signal, having a z-transform that contains real and distinct poles, is a linear
combination of real exponential signals.

Suppose now that all poles are distinct but some of them are complex. In this case
some of the terms in (3.4.27) result in complex exponential components. However, if
the signal x(n) is real, we should be able to reduce these terms into real components.
If x(n) is real, the polynomials appearing in X (z) have real coefficients. In this case,
as we have seen in Section 3.3, if p; is a pole, its complex conjugate p; isalso a
pole. As was demonstrated in Example 3.4.6, the corresponding coefficients in the
partial-fraction expansion are also complex conjugates. Thus the contribution of two
complex-conjugate poles is of the form

xp(n) = [Ax(p)" + AL (p) Tu(n) (3.4.30)

These two terms can be combined to form a real signal component. First, we
express A; and p; in polar form (i.e., amplitude and phase) as

A = |Agle/% (3.4.31)
P = e’ (3.4.32)

where o and g are the phase components of A; and Pr. Substitution of these
relations into (3.4.30) gives

xp(n) = lAkl”/?[ej(ﬂklz+ak) 4 e—j(ﬂkll+ak)]u(,l)
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or, equivalently,
xe(n) = 2| Ai|rf cos(Ben + ap)u(n) (3.4.33)

Thus we conclude that

z1 ( A + A ) = 2| Ap|rf cos(Ben + ax)u(n) (3.4.34)
L—pezt 1= pfz?
if the ROCis |z| > |pi] = . ,

From (3.4.34) we observe that each pair of complex-conjugate poles in the z-
domain results in a causal sinusoidal signal component with an exponential envelope.
The distance r; of the pole from the origin determines the exponential weighting
(growing if r; > 1, decayingif r, < 1, constantif r; = 1). The angle of the poles with
respect to the positive real axis provides the frequency of the sinusoidal signal. The
zeros, or equivalently the numerator of the rational transform, affect only indirectly
the amplitude and the phase of x; (1) through Ay.

In the case of multiple poles, either real or complex, the inverse transform of
terms of the form A/(z — px)" is required. In the case of a double pole the following
transform pair (see Table 3.3) is quite useful:

(11— pz1)?

—1
z! {—L} = np"u(n) (3.4.35)

provided that the ROC is [z| > |p|. The generalization to the case of poles with
higher multiplicity is obtained by using multiple differentiation.

EXAMPLE3 4.8
Determine the inverse z-transform of

1
1~15z71405z2

X(z)‘z

if

(a) ROC: [z]>1

(b) ROC: |7] < 0.5

(©) ROC:05<(z] <1

Solution.  This is the same problem that we treated in Example 3.4.2. The partial-fraction
expansion for X (z) was determined in Example 3.4.5. The partial-fraction expansion of X (z)
yields
2 1

1—z-1 1-0.5z1
To invert X (z) we should apply (3.4.28) for p; = 1 and p, = 0.5. However, this requires the
specification of the corresponding ROC.

(a) In the case when the ROC s |z] > 1, the signal x () is causal and both terms in (3.4.36)

are causal terms. According to (3.4.28), we obtain

X(z) = (3.4.36)

x(m) =2(1)"u(n) — (0.5)"u(n) = (2 — 0.5Mu(n) (3.4.37)

which agrees with the result in Example 3.4.2(a).
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(b) When the ROC is |z| < 0.5, the signal x(n) is anticausal. Thus both terms in (3.4.36)
result in anticausal components. From (3.4.28) we obtain
x(m) =[-24 0.5)"u(—n - 1) (3.4.38)

(¢) Inthiscasethe ROC 0.5 < [z] < 1isaring, which implies that the signal x (n) is two-sided.
Thus one of the terms corresponds to a causal signal and the other to an anticausal signal.
Obviously, the given ROC is the overlapping of the regions |z| > 0.5 and |z| < 1. Hence
the pole p, = 0.5 provides the causal part and the poie p; = 1 the anticausal. Thus

x(n) = =2 u(—n ~ 1) — (0.5)"u@n) (3.4.39)

EXAMPLES .49

Determine the causal signal x(n) whose z-transform is given by

14271
X T e
S P
Solution.  In Example 3.4.6 we have obtained the partial-fraction expansion as

Aq Ay

X =
@ 11— p1z™? + 1— ppz™!
where
.1 3
M=h=3-73
and

L1 n 1
Pr=py = 2 J 3
Since we have a pair of complex-conjugate poles, we should use (3.4.34). The polar forms

of Ay and p; are

A = V10 inises
2
pr=—=e"*

Hence

x(n) = /10 <%) cos <7r4_n - 71.565") u(n)

EXAMPLE 3.4.10
Determine the causal signal x(n) having the z-transform

1

ﬂ@:u+rmmﬂ4ﬂ

Solution. From Example 3.4.7 we have

1 1 +3 1 +1 71
4142770 " 41—z71 20 ~z"D2

X@)=
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By applying the inverse transform relations in (3.4.28) and (3.4.35), we obtain

1 n 3 1 —_— 1 — " ?_ _’_E
x(n) = Z(_D u(n) + Zu(n) + Enu(n) = [4( D" + 7 + 2] u(n)

3.4.4 Decomposition of Rational z-Transforms

Atthis point it is appropriate to discuss some additional issues concerning the decom-
position of rational z-transforms, which will prove very useful in the implementation
of discrete-time systems.

Suppose that we have a rational z-transform X (z) expressed as

M
H(l — 7z
k=1

(3.4.40)

07N
[Ta-pmz™
k=1

where, for simplicity, we have assumed thatag = 1. If M > N [i.e., X (z) is improper],
we convert X (z) to a sum of a polynomial and a proper function
M—N
X(@) = oz + Xp(2) (3.4.41)
k=0
If the poles of X,(z) are distinct, it can be expanded in partial fractions as

! ! + + A L
= piz ] 21— poz T pyzd

Xpr(z) =A (3.4.42)

As we have already observed, there may be some complex-conjugate pairs of
poles in (3.4.42). Since we usually deal with real signals, we should avoid complex
cocfficients in our decomposition. This can be achieved by grouping and combining
terms containing complex-conjugate poles, in the following way:

A + A* B A_Ap*z—l_l_A*_A*pZ_1
L=pz7t  L=przt - 1= prt = pre=l 4 ppiz

_ bot+biz!
T ldaizl Fapz?

where
by = 2Re(4), a3 = -2Re(p)
(3.4.44)
b1 =2Re(Ap%),  az =|p|®

are the desired coefficients. Obviously, any rational transform of the form (3.4.43)
with coefficients given by (3.4.44), which is the case when a% —4a; < 0, can be
inverted using (3.4.34). By combining (3.4.41), (3.4.42), and (3.4.43) we obtain a
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partial-fraction expansion for the z-transform with distinct poles that contains real

n

coefficients. The general result is
&)

M~N Ky Ky -1
- by bor + bixz
X(z) = g * + —_— 3.4.45
© g ¢ kz__; 1+ az? k§=:1 1+apz™! +anz™? ( )

where K1 + 2K, = N. Obviously, if M = N, the first term is just a constant,
ing the decom- and when M < N, this term vanishes. When there are also multiple poles, some
nplementation additional higher-order terms should be included in (3.4.45).

An alternative form is obtained by expressing X (z) as a product of simple terms
as in (3.4.40). However, the complex-conjugate poles and zeros should be combined
to avoid complex coefficients in the decomposition. Such combinations result in
second-order rational terms of the following form:

(3.4.40) -z Y1 —zz™)  1+byz +buz™”

(I—pez DA = piz ) 1+apzt +anz™?

(3.4.46)

) isimproper], by = —2Re(zy), an = —2Re(py)

(3.4.47)

2 2
b = lzil”, ax = | pil

(3.4.41) Assuming for simplicity that M = N, we see that X(z) can be decomposed in the
following way:
s as
Ky -1 K -1 -2
14 bz 14 bz + buz
(3.4.42) X@) =bo E rae T U T oy T ane? (3.4.48)

jugate pairs of
avoid complex
and combining

where N = K1 +2K,. We will return to these important forms in Chapters 9 and 10.

3.5 Analysis of Linear Time-Invariant Systems in the z-Domain

In Section 3.3.3 we introduced the system function of a linear time-invariant system
and related it to the unit sample response and to the difference equation description
of systems. In this section we describe the use of the system function in the determi-
nation of the response of the system to some excitation signal. In Section 3.6.3, we
extend this method of analysis to nonrelaxed systems. Our attention is focused on
the important class of pole-zero systems represented by linear constant-coefficient
difference equations with arbitrary initial conditions.

We also consider the topic of stability of linear time-invariant systems and de-
scribe a test for determining the stability of a system based on the coefficients of the
denominator polynomial in the system function. Finally, we provide a detailed anal-
ysis of second-order systems, which form the basic building blocks in the realization
of higher-order systems.

(3.4.43)

(3.4.44)

: form (3.4.43)
y < 0, can be
}) we obtain a
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3.5.1 Response of Systems with Rational System Functions

Letusconsider a pole—zerosystem described by the general linear constant-coefficient
difference equation in (3.3.7) and the corresponding system function in (3.3.8). We
represent H (z) as aratio of two polynomials B(z)/A(z), where B(z) is the numerator
polynomial that contains the zeros of H(z), and A(z) is the denominator polynomial
that determines the poles of H(z). Furthermore, let us assume that the input signal
x(n) has a rational z-transform X (z) of the form

N(z)
X == 3.5.1
©=%0 (35.1)

This assumption is not overly restrictive, since, as indicated previously, most signals
of practical interest have rational z-transforms.

If the system is initially relaxed, that is, the initial conditions for the difference
equation are zero, y(—1) = y(=2) = - - - = y(—N) = 0, the z-transform of the output
of the system has the form

B(z)N(z)
A{)Q(2)

Y(z) = H()X(2) = (3.5.2)

Now suppose that the system contains simple poles p1, pa, ..., py and the z-transform
of the inputsignal contains poles g1, g2, . . ., g1, where py # g, forallk =1,2,..., N
and m =1, 2,..., L. In addition, we assume that the zeros of the numerator poly-
nomials B(z) and N(z) do not coincide with the poles {p;} and {g;}, so that there is
no pole—zero cancellation. Then a partial-fraction expansion of Y (z) yields

(3.5.3)

The inverse transform of Y (z) yields the output signal from the system in the form

L

N
Y = Ap)" () + ) Qu(gi)"u(n) (35.4)

k=1 k=1

We observe that the output sequence y(n) can be subdivided into two parts. The first
part is a function of the poles {p} of the system and is called the natural response of
the system. The influence of the input signal on this part of the response is through
the scale factors {A;}. The second part of the response is a function of the poles {g;}
of the input signal and is called the forced response of the system. The influence of
the system on this response is exerted through the scale factors {Q;}.

We should emphasize that the scale factors {A;} and {Q;} are functions of both
sets of poles {p;} and {g;}. For example, if X(z) = 0 so that the input is zero, then
Y(z) = 0, and consequently, the output is zero. Clearly, then, the natural response
of the system is zero. This implies that the natural response of the system is different
from the zero-input response.
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When X (z) and H(z) have one or more poles in common or when X (z) and/or
H(z) contain multiple-order poles, then ¥ (z) will have multiple-order poles. Con-
sequently, the partial-fraction expansion of Y (z) will contain factors of the form
1/ — piz™H*, k=1,2,...,m, where m is the pole order. The inversion of these
factors will produce terms of the form n*~!p" in the output y(n) of the system, as
indicated in Section 3.4.3.

3.5.2 Transient and Steady-State Responses

As we have seen from our previous discussion, the zero-state response of a system
to a given input can be separated into two components, the natural response and the
forced response. The natural response of a causal system has the form

N
Yor () = > A(pi)"u(n) (3.5.5)
k=1
where {py}, k=1, 2,..., N are the poles of the system and {4} are scale factors

that depend on the initial conditions and on the characteristics of the input sequence.
If |px] < 1forall k, then, y,(n) decays to zero as n approaches infinity. Insuch a

case we refer to the natural response of the system as the transient response. The rate

at which yn(n) decays toward zero depends on the magnitude of the pole positions.

If all the poles have small magnitudes, the decay is very rapid. On the other hand, if

one or more poles are located near the unit circle, the corresponding terms in y,, (1)

will decay slowly toward zero and the transient will persist for a relatively long time.
The forced response of the system has the form

L
() = Oulgi)"u(n) (3.5.6)
k=1
where {q:}, k =1,2,..., L are the poles in the forcing function and {Q,} are scale

factors that depend on the input sequence and on the characteristics of the system. If
all the poles of the input signal fall inside the unit circle, yg(n) will decay toward zero
as n approaches infinity, just as in the case of the natural response. This should not
be surprising since the input signal is also a transient signal. On the other hand, when
the causal input signal is a sinusoid, the poles fall on the unit circle and consequently,
the forced response is also a sinusoid that persistsforall # > 0. In this case, the forced
response is called the steady-state response of the system. Thus, for the system to
sustain a steady-state output for n > 0, the input signal must persist for all n > 0.
The following example illustrates the presence of the steady-state response.

EXAMPLE3.5.1

Determine the transient and steady-state responses of the system characterized by the differ-
ence equation

y(n) =05y(n — 1) + x(n)

when the input signal is x(n) = 10cos(rn/4)u(n). The system is initially at rest (i.e., it is
relaxed).
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Solution. The system function for this system is

H(z) =

1
1-0.5z"1

and therefore the system has a pole at z = 0.5. The z-transform of the input signal is (from
Table 3.3)

X(@) = 101 - (1/v/2)z7")
C1-2g 42
Consequently,

Y(@) = H()X(2)

B 10(1 — (1/+/2)z7 Y
T =05z (1 — ein/Az Y] — e in/AzT)

_ 6.3 6.78¢—78.T° 6.7801287°
T 105271 T 1—einzml T — emin/AgT

The natural or transient response is
Yar(n) = 6.3(0.5) u(n)
and the forced or steady-state response is
ye(n) = [6.78e'-728‘7(e‘f””/4) + 6.786j28‘7e_j””/4]zt n)

= 13.56 cos (%n - 28.70) u(n)

Thus we see that the steady-state response persists for all n > 0, just as the input signal persists
foralln > 0.

3.5.3 Causality and Stability

As defined previously, a causal linear time-invariant system is one whose unit sample
response h(n) satisfies the condition

hn) =0, n<0

We have also shown that the ROC of the z-transform of a causal sequence is the
exterior of a circle. Consequently, a linear time-invariant system is causal if and only
ifthe ROC of the system function is the exterior of a circle of radius r < oo, including
the point z = oo.

The stability of a linear time-invariant system can also be expressed in terms of
the characteristics of the system function. As we recall from our previous discussion,
a necessary and sufficient condition for a linear time-invariant system to be BIBO

stable is
>0

|h(n)] < o0
o0

Rz=—
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In turn, this condition implies that H (z) must contain the unit circle within its ROC.

Indeed, since
o0

H@= ) hmz™"

A=—0
it follows that

H@ < Y. k"= Y hmllz™

n=—00 n=--00

When evaluated on the unit circle (i.e., |z| = 1),

H@< Y 1h®)]

=00

Hence, if the system is BIBO stable, the unit circle is contained in the ROC of H (z).
The converse is also true. Therefore, a linear time-invariant system is BIBO stable if
and only if the ROC of the system function includes the unit circle.

We should stress, however, that the conditions for causality and stability are
different and that one does not imply the other. For example, a causal system may
be stable or unstable, just as a noncausal system may be stable or unstable. Similarly,
an unstable system may be either causal or noncausal, just as a stable system may be
causal or noncausal.

For a causal system, however, the condition on stability can be narrowed to some
extent. Indeed, a causal system is characterized by a system function H (z) having as
a ROC the exterior of some circle of radius r. For a stable system, the ROC must
include the unit circle. Consequently, a causal and stable system must have a system
function that converges for |z] > r < 1. Since the ROC cannot contain any poles of
H(z), it follows that a causal linear time-invariant system is BIBO stable if and only
if all the poles of H(z) are inside the unit circle.

EXAMPLEZ.S5.2
A linear time-invariant system is characterized by the system function
3— 4771

1-3.5z71+1.5z72

1,2
—1—%2—] 13771

H(z) =

Specify the ROC of H(z) and determine %(n) for the following conditions:
(a) The system is stable.

(b) The system is causal.

(¢) The system is anticausal.
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Solution.  The system has poles at z = § and z = 3.

(a) Since the system is stable, its ROC must include the unit circle and hence it is % < lzl < 3.
Consequently, 4(#n) is noncausal and is given as

hin) = (%)"u(n) =23)Y"'u(—n-1)

(b) Since the system is causal, its ROCis |z] > 3. In this case

1
h(n) = (?”u(n) +2(3)"u(n)

This system is unstable.

(¢) If the system is anticausal, its ROC is |z| < 0.5. Hence

1
h(n) = =[(5)" +2(3)"lu(=n = 1)

In this case the system is unstable.

3.5.4 Pole-Zero Cancellations

When a z-transform has a pole that is at the same location as a zero, the pole is
canceled by the zero and, consequently, the term containing that pole in the inverse
z-transform vanishes. Such pole—zero cancellations are very important in the analysis
of pole—zero systems.

Pole-zero cancellations can occur either in the system function itself or in the
product of the system function with the z-transform of the input signal. In the first
case we say that the order of the system is reduced by one. In the latter case we say
that the pole of the system is suppressed by the zero in the input signal, or vice versa.
Thus, by properly selecting the position of the zeros of the input signal, it is possible
to suppress one or more system modes (pole factors) in the response of the system.
Similarly, by proper selection of the zeros of the system function, it is possible to
suppress one or more modes of the input signal from the response of the system.

When the zero is located very near the pole but not exactly at the same location,
the term in the response has a very small amplitude. For example, nonexact pole—
zero cancellations can occur in practice as a result of insufficiant numerical precision
used in representing the coefficients of the system. Consequently, one should not
attempt to stabilize an inherently unstable system by placing a zero in the input signal
at the location of the pole. '

EXAMPLE3.5.3

Determine the unit sample response of the system characterized by the difference equation

y(n)=25y(n—1)—yn~2)+x(n) — 5x(n — 1) + 6x(n — 2)
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Solution.  The system function is

1—5z74 + 6272
1-25z71+z72

H(z) =

_1-57 462
T -4z hd -2z

This system has poles at p; = 2 and p; = % Consequently, at first glance it appears that the

unit sample response is

1—577" + 6277
d-1zHa -2

_ A 4 B
=t z—% 7—2

By evaluating the constants at z = % and z = 2, we find that

Y(2) = H@)X(2) =

A= —, B =0
2
The fact that B = 0 indicates that there exists a zero at z = 2 which cancels the pole at
7z = 2. In fact, the zeros occur at z = 2 and z = 3. Consequently, H(z) reduces to

1-3z7Y z-3
H(z):————l ]: T
1—52# Z— 3

2.5777

=1
-1

- 1
1—§Z

and therefore
h(n) = 8(n) — 2.5(%)"‘%:,(;1 -1

The reduced-order system obtained by canceling the common pole and zero is characterized
by the difference equation

y(n) = %y(n —D+x@) —3x@x-1

Although the original system is also BIBO stable due to the pole—zero cancellation, in a
practical implementation of this second-order system, we may encounter an instability due to

imperfect cancellation of the pole and the zero.

EXAMPLE3.54

Determine the response of the system

5 1
y(n) = gy(n -1- gy(n -2 +x(m)

to the input signal x(n) = 8(n) — §6( —1).
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Solution.  The system function is

1
HO=15 1=
1
(1=327)(1-327)
This system has two poles, one at 7 = % and the other at z = % The z-transform of the input
signal is .

1
X@)=1-2z7"
@) 3
In this case the input signal contains a zero at z = % which cancels the pole at z
Consequently,

Y(2) = HX ()
Y() = -
. e

and hence the response of the system is

yn) = (%)"u(n)

Clearly, the mode (%)” is suppressed from the output as a result of the pole—zero cancellation.

3.5.5 Multiple-Order Poles and Stability

As we have observed, a necessary and sufficient condition for a causal linear time-
invariant system to be BIBO stable is that all its poles lie inside the unit circle. The
input signal is bounded if its z-transform contains poles {g;}, k = 1, 2, ..., L, which
satisfy the condition |g;| < 1 for all k. We note that the forced response of the
system, given in (3.5.6), is also bounded, even when the input signal contains one or
more distinct poles on the unit circle.

In view of the fact that a bounded input signal may have poles on the unit circle,
it might appear that a stable system may also have poles on the unit circle. This is
not the case, however, since such a system produces an unbounded response when
excited by an input signal that also has a pole at the same position on the unit circle.
The following example illustrates this point.

EXAMPLE3.5.5
Determine the step response of the causal system described by the difference equation
y() =y —1) +x(m)

Solution.  The system function for the system is

H(z)=1~ —
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We note that the system contains a pole on the unit circle at z = 1. The z-transform of the
input signal x(n) = u(n) is

X(2) =

1-z1
which also contains a pole at z = 1. Hence the output signal has the transform
Y(2) = H(z)X(2)

1
(1-2z1)?

which contains a double pole atz=1.
The inverse z-transform of Y (z) is
y(@) = (n+ Dun)

which is a ramp sequence. Thus y(n) is unbounded, even when the input is bounded. Conse-
quently, the system is unstable.

Example 3.5.5 demonstrates clearly that BIBO stability requires that the system
poles be strictly inside the unit circle. If the system poles are all inside the unit circle
and the excitation sequence x(n) contains one or more poles that coincide with the
poles of the system, the output Y (z) will contain multiple-order poles. As indicated
previously, such multiple-order poles resultin an output sequence that contains terms
of the form

Aen® (p)"u(n)
where 0 < b < m — 1 and m is the order of the pole. If |px| < 1, these terms decay
to zero as n approaches infinity because the exponential factor (p;)" dominates the
term n”. Consequently, no bounded input signal can produce an unbounded output
signal if the system poles are all inside the unit circle.

Finally, we should state that the only useful systems which contain poles on the
unit circle are the digital oscillators discussed in Chapter 5. We call such systems
marginally stable.

3.5.6 Stability of Second-Order Systems
In this section we provide a detailed analysis of a system having two poles. As we shall
see in Chapter 9, two-pole systems form the basic building blocks for the realization

of higher-order systems.
Let us consider a causal two-pole system described by the second-order differ-

ence equation

ym) = —a1y(n — 1) —azy(n — 2) + box(n) (3.5.7)
The system function is
Y(2) by
H(z) = -
® X@ l1+azt+az!
(3.5.8)
boz?

Ztaz+m
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This system has two zeros at the origin and poles at

[ 2

a ajy —4az
,Pr=——

P1, P2 7 4

The system is BIBO stable if the poles lie inside the unit circle, thatis, if |p1] < 1
and |ps| < 1. These conditions can be related to the values of the coefficients a3 and
az. In particular, the roots of a quadratic equation satisfy the relations

(3.5.9)

(3.5.10)
(3.5.11)

a1 = —(p1+ p2)
az = p1p2

From (3.5.10) and (3.5.11) we casily obtain the conditions that a; and a; must satisfy
for stability. First, a; must satisfy the condition

laz] = |pip2l = Ip1llp2l < 1 (3.5.12)

The condition for a; can be expressed as

lal <1+4+a (3.5.13)

Therefore, a two-pole system is stable if and only if the coefficients a; and a;
satisfy the conditions in (3.5.12) and (3.5.13).

The stability conditions given in (3.5.12) and (3.5.13) define a region in the co-
efficient plane (a1, a ), which is in the form of a triangle, as shown in Fig. 3.5.1. The
system is stable if and only if the point (a1, a2) lies inside the triangle, which we call
the stability triangle.

Complex-

Stability
triangle

conjugate
poles

“

Real and equal poles

5 A

2 4y
Real and distinct poles

ay=—a;—1

Figure 3.5.1 Region of stability (stability triangle) in the
(a1, ay) coefficient plane for a second-order system.




(3.5.9)

atis,if |py} < 1
fficients a; and
18

(3.5.10)
(3.5.11)

a; must satisfy

(3.5.12)

(3.5.13)

2nts a1 and ap

gion in the co-
Fig. 3.5.1. The
, which we call
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The characteristics of the two-pole system depend on the location of the poles
or, equivalently, on the location of the point (a;, az) in the stability triangle. The
poles of the system may be real or complex conjugate, depending on the value of the
discriminant A = a% — 4ay. The parabola ay = a% /4 splits the stability triangle into
two regions, as illustrated in Fig. 3.5.1. The region below the parabola (a? > 4ay)
corresponds to real and distinct poles. The points on the parabola (af = 4a, ) result
in real and equal (double) poles. Finally, the points above the parabola correspond
to complex-conjugate poles.

Additional insight into the behavior of the system can be obtained from the unit
sample responses for these three cases.

Real and distinct poles (a% > 4ay). Since py, p2 are real and p; # ps, the system
function can be expressed in the form

Aq Az
H() = + 3.5.14
© 1—piz7! 1= poz? ( )

where ) .,
A= 0P, T2 (3.5.15)

P1—p2 p1—p2
Consequently, the unit sample response is
by n+1 n+1
h(n) = ————(p{™" = py" Hu(n) (3.5.16)
pP1— P2

Therefore, the unit sample response is the difference of two decaying exponential
sequences. Figure 3.5.2 illustrates a typical graph for 4 (n) when the poles are distinct.

Real and equal poles (a? = 4a;). In this case p; = p» = p = —a1/2. The system
function is
H) = — 2 (3.5.17)
YT A=y .
h(n)
201
1.5
1.0 ¢
0.5 k- I
..... IITTTT”’.....--------------A---------------

Figure 3.5.2 Plot of h(n) given by (3.5.16) with p; = 0.5, p» = 0.75;
h(n) = [1/(p1 — p)1(PT — pyTHum).
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and hence the unit sample response of the system is
h(n) = bo(n + 1) p"u(n) (3.5.18)

We observe that ~(n) is the product of a ramp sequence and a real decaying expo-
nential sequence. The graph of h(n) is shown in Fig. 3.5.3.

Complex-conjugate poles (a7 < 4a;). Since the poles are complex conjugate, the
system function can be factored and expressed as

A*
1-pz! 1z przt
Ao
T 1—reiwz=l T 1 —pe~Jeoz-1

H(z) =
(3.5.19)

where p = re/® and 0 < wy < 7. Note that when the poles are complex conjugates,
the parameters a1 and a; are related to » and wg according to

a; = —2r cos wy

(3.5.20)

a2=r2

The constant A in the partial-fraction expansion of H (z) is easily shown to be

_ bop  borel™
Cp—p* (/0 —eien)

. (3.5.21)
boe!®0

- j2 sin wq

[IITTT???»q...

0

Figure 3.5.3 Plot of i(n) given by (3.5.18) with p
Dyp"un).
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h(n)
12 H
1.0}
08}

06
04 r

o.z- l { Hl HT o 126 SESNDVL TSV T

0.4
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~1.0F
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Figure 3.5.4 Plot of h(n) given by (3.5.22) with bp = 1, wo = /4,
r=0.9; h(n) = [bor"/(sin wp)] sin[(n + Dwolu(n).

Consequently, the unit sample response of a system with complex-conjugate poles is

boi‘n ej(n+l)a)0 . e—j(n+l)w0

- - u(n)
sin wy 2]
(3.5.22)

n

hn) =

bor

sin(n 4+ Daou(n)
0

In this case i(n) has an oscillatory behavior with an exponentially decaying
envelope when r < 1. The angle wp of the poles determines the frequency of
oscillation and the distance r of the poles from the origin determines the rate of
decay. When r is close to unity, the decay is slow. When » is close to the origin, the
decay is fast. A typical graph of A(n) is illustrated in Fig. 3.5.4.

3.6 The One-sided z-Transform

The two-sided z-transform requires that the corresponding signals be specified for the
entire time range —co < n < oo. This requirement prevents its use for a very useful
family of practical problems, namely the evaluation of the output of nonrelaxed
systems. As we recall, these systems are described by difference equations with
nonzero initial conditions. Since the input is applied at a finite time, say ng, both
input and output signals are specified for n > ng, but by no means are zero for
n < ng. Thus the two-sided z-transform cannot be used. In this section we develop
the one-sided z-transform which can be used to solve difference equations with initial

conditions.




