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A Neural Network
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A Neural Network is a (Functional) Program
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A (Functional) Program
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A (Functional) Program is a (Neural) Network

£ wo,wi] [xo,x1] 2

let o = wo XXp
nh = w; Xx
y = thh+1n
iny
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A (Functional) Program is a (Neural) Network

A
£ [wo, wi] [xo,x1] = \X ¢
let 710 = wpxxg )
1 = wp XX "'/\ fo
y = thh+1n

iny
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A (Functional) Program is a (Neural) Network

A
f wo, wi] [x0,x1] =
let p = wy X xg
1T = wp XX
y = ty+1n

iny
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A (Functional) Program is a (Neural) Network
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A (Functional) Program is a (Neural) Network

wo X0 w1 X1
A
f wo, wi] [x0,x1] =
let p = wy X xg
I t
nh = w; Xx ! !
y = ty+1n
iny
y

Siskind (Purdue Elmore Family ECE) ECE49595NL Lecture 28: AD—III Spring 2024 3/25




Evaluating a Network
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Evaluating a Network
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Evaluating a Network
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Matrix multiplication and transposition

(X; x Xo)' =X] x X]
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Programs as function composition

f=fio-of,

X| = f1 Xo

Xn = fn Xn—1
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The chain rule applied to programs

T fxo= (T fuXn—1) X - x (T fi Xo)
(Tfx0) =(Tfixo) ¥ x (T fr%Xn1)"
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Computing the Jacobian

X1 = (J fi Xo)
X5 = (J frx) xX|
g:(jfnxn—l)x)m
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Computing the transpose of the Jacobian

anl (jfn anl)T

S~r S~

Xn—2 (jfn—l Xn—Z)T X Xn—l

Y02(\7f1 XO)TXYl
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Unary machine-state transition functions

X{Li] = U X[Ri]
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Binary machine-state transition functions
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What a unary machine-state transition function does

Xi—1 = ( xi[1]] - xil[L,-]/-~x,-1[R,»} x;_1[m]|)
X; = fixi—1 = (|xi—1[1] ‘ co g X1 [Ri] |- [ Xi— 1 [Ry] X;_1|m] ‘)
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What a binary machine-state transition function does
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Computing a Jacobian-vector product

X, = (J f Xo) X Xo

x| = (J fi X0) X Xg

7

Xp = (jfn anl) X Xp—1
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Computing a vector-Jacobian product

o= (T fx0) X X,

—
Xp—1 =

(jfn anl)T X Yn

X0 = (J fixo) X x4
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Jacobian of a unary primitive

L; R;
| |
1
1
L, — 0 u
1
R, — 1
1

Siskind (Purdue Elmore Family ECE) ECE49595NL Lecture 28: AD—III Spring 2024 16/25



Jacobian of a binary primitive

Lt Ri Sl
1 1 {
1
1
L — 0 b, b}
1
R; — 1
S; — 1
1
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Unary single-step Jacobian-vector product

xi 1] | xi-1[1
Xi—1[Li — 1] 1 xi (L — 1]
W % Xi_1[Ri] 0 W xi_1|Li]
xiLi+1] | = 1 Xii[Li + 1]
X1[Ri] ! x;1[Ri]
— 1 o
Xi—1[m] Xi_1[m]

W =D Ui Xj—1 [R,]
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Binary single-step Jacobian-vector product

x1[1] ! xi1[1]
x—1lLi — 1] i X i[Li— 1]
By 5 X1 [Ri] + b % X1 [S] 0 4 v, xizi[L]
Xi—1[Li + 1] 1 Xi—1[Li + 1]
xi_1[Ri ! xi—1[Ri]
— 1 .

Xi—1 [S;] Xi—1 [51]
. 1 —
Xi—i[m] Xi—1[m]

by = Dy bi (xi—1[Ri], xi—1[S])
by =Dy bi (xi—1[Ri], xi—1[Si])
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Unary si

gle-step vector-Jacobian product

W =D u; X,‘_I[R,'}
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Binary single-step vector-Jacobian product
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XL — 1] 1
0 0
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Forward Mode

f=fio-of,
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Forward Mode

f:fl o...ofn
J(f)(x0) = T (fu) (Xn—1) x === x T (f1)(x0)
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Forward Mode

f :fl O« ofn
J(f)(x0) = T (fu) (Xn—1) x === x T (f1)(x0)
%n = J(f)(x0) X Xo
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Forward Mode

f :fl O« ofn
J(f)(x0) = T (fu) (Xn—1) x === x T (f1)(x0)
%n = J(f)(x0) X Xo

x1 = f1(xo)
X1 = J(f1)(x0) X %o

Xn :fn(xn—l)
)/Cn = j(fn)(xnfl) X )/Cnfl
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Reverse Mode

f=fio-of,
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Reverse Mode

f=fio-of,
T () x0)" = T (fi)(x0)" % -+ x T (fu) (va—1)"
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Reverse Mode

f=hfio-ofy
T (x0)" =T () (x0)" x -+ x T(fa) (xaz1)"
Xo = J(f)(x0)" x X,
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Reverse Mode

f=hfio-ofy
T (x0)" =T () (x0)" x -+ x T(fa) (xaz1)"
Xo = J(f)(x0)" x X,

x1 = fi(xo)

Xn :fn(xn—l>
Xp—1 = j(fn)(xn—l) X Xp

xo = J(fi)(x0) x Xi
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Forward Mode by Overloading

x1 = fi(xo)
X1 = J(fi)(x0) X %o

Xn :fn(xn—l)
)en - j(fn)(xn—l) X -),Cn—l
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Forward Mode by Overloading

Siskind (Purdue Elmore Family ECE)
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Forward Mode by Overloading

x;i = fi(xi1)
(xi, i) = (fi(xiz1), T (fi) (xi-1) X %i1)
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Forward Mode by Overloading

x;i = fi(xi1)
(xi, i) = (fi(xiz1), T (fi) (xi-1) X %i1)

—\
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Reverse Mode

x1 = fi(xo)

Xn :fn(xn—l)
kn—l = j(fn)(xn—l) X kn

xo = J(fi)(x0) X X1
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