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Size Hyperparameters and Indices

▶ L: number of sentences
▶ l: sentence index
▶ Il: number of words in sentence l
▶ I: number of words when only one sentence
▶ i: word position in sentence l
▶ K: number of words in dictionary
▶ k: word index in dictionary
▶ J: number of states
▶ j: state index
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Random Variables

▶ Tli ∈ {1, . . . , J}: state index at position i of sentence l
▶ Wli ∈ {1, . . . ,K}: word index at position i of sentence l
▶ Ti ∈ {1, . . . , J}: state index at position i when only one sentence
▶ Wi ∈ {1, . . . ,K}: word index at position i when only one sentence
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Model Parameters

▶ bj = Pr(Tl1 = j) (∀l)
▶ ajj′ = Pr(Tli+1 = j′|Tli = j) (∀l)(∀i)
▶ cjk = Pr(Wli = k|Tli = j) (∀l)(∀i)
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Sampling

1 i := 1
2 Sample Ti from b.
3 Sample Wi from cTi .
4 i := i + 1
5 Sample Ti from aTi−1 .
6 Go to 3.
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State Sequence Probability

▶ Pr(W1 = k1, . . . ,WI = kI,T1 = j1, . . . ,TI = jI|a, b, c)
▶ = Pr(W⃗ = k⃗, T⃗ = j⃗|a, b, c)
▶ = p(⃗k, j⃗)

▶ = bT1cT1W1

I∏
i=2

aTi−1TicTiWi
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Maximum A Posteriori Probability (MAP estimate)
Naı̈ve Method

▶ (arg) max
j1,...,jI

Pr(W1 = k1, . . . ,WI = kI,T1 = j1, . . . ,TI = jI|a, b, c)

▶ = (arg)max
j⃗

Pr(W⃗ = k⃗, T⃗ = j⃗|a, b, c)

▶ = (arg)max
j⃗

p(⃗k, j⃗)
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Viterbi Probabilities

▶ δij = max
j1,...,ji

Pr(W1 = k1, . . . ,Wi = ki,T1 = j1, . . . ,Ti = ji|a, b, c)
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Viterbi Algorithm

▶ δ1j = bjcjW1 (∀j)

▶ δij =

(
max

j′
δi−1j′aj′j

)
cjWi (∀i > 1)(∀j)
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Maximum A Posteriori Probability (MAP estimate)
Fast Method

▶ max
j1,...,jI

Pr(W1 = k1, . . . ,WI = kI,T1 = j1, . . . ,TI = jI|a, b, c)

▶ = max
j⃗

Pr(W⃗ = k⃗, T⃗ = j⃗|a, b, c)

▶ = max
j⃗

p(⃗k, j⃗)

▶ = max
j
δIj
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Likelihood Estimation
Naı̈ve Method

▶ Pr(Wl1 = kl1, . . . ,WlIl = klIl |a, b, c)
▶ = Pr(W⃗l = k⃗l|a, b, c)
▶ =

∑
j⃗l

Pr(W⃗l = k⃗l, T⃗l = j⃗l|a, b, c)

▶ =
∑

j⃗l

p(k⃗l, j⃗l)

▶ =
∑

j⃗l

bT1cT1W1

I∏
i=2

aTi−1TicTiWi
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Forward Probabilities

▶ αlij = Pr(Wl1 = kl1, . . . ,Wli = kli,Tli = j|a, b, c)
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Backward Probabilities

▶ βlij = Pr(Wli+1 = kli+1, . . . ,WlIl = klIl ,Tli = j|a, b, c)
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Forward Algorithm

▶ αl1j = bjcjWl1 (∀l)(∀j)

▶ αlij =

∑
j′
αli−1j′aj′j

 cjWli (∀l)(∀i > 1)(∀j)
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Backward Algorithm

▶ βlIlj = 1 (∀l)(∀j)

▶ βlij =
∑

j′
ajj′cj′Wli+1βli+1j′ (∀l)(∀i < Il)(∀j)
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Likelihood Estimation
Fast Method

▶ Pr(Wl1 = kl1, . . . ,WlIl = klIl |a, b, c)
▶ = Pr(W⃗l = k⃗l|a, b, c)
▶ =

∑
j⃗l

Pr(W⃗l = k⃗l, T⃗l = j⃗l|a, b, c)

▶ =
∑

j⃗l

p(k⃗l, j⃗l)

▶ =
∑

j⃗l

bT1cT1W1

I∏
i=2

aTi−1TicTiWi

▶ =
∑

j

αlIlj

▶ =
∑

j

bjclWl1βl1j
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Forward-Backward Algorithm (E-step)

▶ Pr(Wl1 = kl1, . . . ,WlIl = klIl ,Tli = j|a, b, c)
▶ = Pr(W⃗l = k⃗l,Tli = j|a, b, c)
▶ = αlijβlij

▶ γlij = Pr(Tli = j|a, b, c)
▶ =

αlijβlij
Pr(Wl1=kl1,...,WlIl=klIl |a,b,c)

▶ =
αlijβlij∑
j

αlIlj

▶ =
αlijβlij∑

j

bjclWl1βl1j
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Forward-Backward Algorithm (E-step)

▶ Pr(Wl1 = kl1, . . . ,WlIl = klIl ,Tli = j,Tli+1 = j′|a, b, c)
▶ = Pr(W⃗l = k⃗l,Tli = j,Tli+1 = j′|a, b, c)
▶ = αlijajj′cj′Wli+1βli+1j′

▶ ψlijj′ = Pr(Tli = j,Tli+1 = j′|a, b, c)

▶ =
αlijajj′cj′Wli+1

βli+1j′

Pr(Wl1=kl1,...,WlIl=klIl |a,b,c)

▶ =
αlijajj′cj′Wli+1

βli+1j′∑
j

αlIlj

▶ =
αlijajj′cj′Wli+1

βli+1j′∑
j

bjclWl1βl1j
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Baum-Welch Reestimation Procedure (M-step)

▶ bj :∝
∑

l

γl1j (∀j)

▶ ajj′ :∝
∑

l,i

ψlijj′ (∀j)(∀j′)

▶ cjk :∝
∑

l,i,Wli=k

γlij (∀j)(∀k)
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